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Chapter 1 Introduction and Basic Concepts 


Introduction, Classification, and System 


1-1C 
Solution We are to define internal, external, and open-channel flows. 
Analysis External flow is the flow of an unbounded fluid over a surface such as a plate, a wire, or a pipe. The flow 


in a pipe or duct is internal flow if the fluid is completely bounded by solid surfaces. The flow of liquids in a pipe is 
called open-channel flow if the pipe is partially filled with the liquid and there is a free surface, such as the flow of 
water in rivers and irrigation ditches. 


Discussion As we shall see in later chapters, there different approximations are used in the analysis of fluid flows based 
on their classification. 





1-2C 
Solution We are to define incompressible and compressible flow, and discuss fluid compressibility. 
Analysis A fluid flow during which the density of the fluid remains nearly constant is called incompressible flow. 


A flow in which density varies significantly is called compressible flow. A fluid whose density is practically independent 
of pressure (such as a liquid) is commonly referred to as an “incompressible fluid,” although it is more proper to refer to 
incompressible flow. The flow of compressible fluid (such as air) does not necessarily need to be treated as compressible 
since the density of a compressible fluid may still remain nearly constant during flow — especially flow at low speeds. 


Discussion It turns out that the Mach number is the critical parameter to determine whether the flow of a gas can be 
approximated as an incompressible flow. If Ma is less than about 0.3, the incompressible approximation yields results that 
are in error by less than a couple percent. 





1-3C 
Solution We are to define the no-slip condition and its cause. 
Analysis A fluid in direct contact with a solid surface sticks to the surface and there is no slip. This is known as 


the no-slip condition, and it is due to the viscosity of the fluid. 


Discussion There is no such thing as an inviscid fluid, since all fluids have viscosity. 





1-4C 
Solution We are to define forced flow and discuss the difference between forced and natural flow. We are also to 
discuss whether wind-driven flows are forced or natural. 


Analysis In forced flow, the fluid is forced to flow over a surface or in a tube by external means such as a pump or a 
fan. In natural flow, any fluid motion is caused by natural means such as the buoyancy effect that manifests itself as the rise 
of the warmer fluid and the fall of the cooler fluid. The flow caused by winds is natural flow for the earth, but it is 
forced flow for bodies subjected to the winds since for the body it makes no difference whether the air motion is caused 
by a fan or by the winds. 


Discussion As seen here, the classification of forced vs. natural flow may depend on your frame of reference. 
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Chapter 1 Introduction and Basic Concepts 


1-5C 
Solution We are to define a boundary layer, and discuss its cause. 
Analysis When a fluid stream encounters a solid surface that is at rest, the fluid velocity assumes a value of zero at 


that surface. The velocity then varies from zero at the surface to the freestream value sufficiently far from the surface. The 
region of flow in which the velocity gradients are significant and frictional effects are important is called the 
boundary layer. The development of a boundary layer is caused by the no-slip condition. 


Discussion As we shall see later, flow within a boundary layer is rotational (individual fluid particles rotate), while that 
outside the boundary layer is typically irrotational (individual fluid particles move, but do not rotate). 





1-6C 
Solution We are to discuss the differences between classical and statistical approaches. 
Analysis The classical approach is a macroscopic approach, based on experiments or analysis of the gross behavior 


of a fluid, without knowledge of individual molecules, whereas the statistical approach is a microscopic approach based 
on the average behavior of large groups of individual molecules. 


Discussion The classical approach is easier and much more common in fluid flow analysis. 





1-7C 
Solution We are to define a steady-flow process. 
Analysis A process is said to be steady if it involves no changes with time anywhere within the system or at the 


system boundaries. 


Discussion The opposite of steady flow is unsteady flow, which involves changes with time. 





1-8C 
Solution We are to define stress, normal stress, shear stress, and pressure. 
Analysis Stress is defined as force per unit area, and is determined by dividing the force by the area upon which it 


acts. The normal component of a force acting on a surface per unit area is called the normal stress, and the tangential 
component of a force acting on a surface per unit area is called shear stress. In a fluid at rest, the normal stress is called 
pressure. 


Discussion Fluids in motion may have additional normal stresses, but when a fluid is at rest, the only normal stress is 
the pressure. 





1-9C 
Solution We are to define system, surroundings, and boundary. 
Analysis A system is defined as a quantity of matter or a region in space chosen for study. The mass or region 


outside the system is called the surroundings. The real or imaginary surface that separates the system from its 
surroundings is called the boundary. 


Discussion Some authors like to define closed systems and open systems, while others use the notation “system” to 
mean a closed system and “control volume” to mean an open system. This has been a source of confusion for students for 
many years. [See the next question for further discussion about this. ] 
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1-10C 
Solution We are to discuss when a system is considered closed or open. 
Analysis Systems may be considered to be closed or open, depending on whether a fixed mass or a volume in space 


is chosen for study. A closed system (also known as a control mass or simply a system) consists of a fixed amount of 
mass, and no mass can cross its boundary. An open system, or a control volume, is a properly selected region in space. 


Discussion In thermodynamics, it is more common to use the terms open system and closed system, but in fluid 
mechanics, it is more common to use the terms system and control volume to mean the same things, respectively. 





Mass, Force, and Units 


1-11C 
Solution We are to discuss the difference between pound-mass and pound-force. 
Analysis Pound-mass \bm is the mass unit in English system whereas pound-force lbf is the force unit in the 


English system. One pound-force is the force required to accelerate a mass of 32.174 Ibm by 1 ft/s”. In other words, the 
weight of a 1-lbm mass at sea level on earth is 1 lbf. 


Discussion It is not proper to say that one Ibm is equal to one lbf since the two units have different dimensions. 





1-12C 
Solution We are to discuss the difference between kg-mass and kg-force. 
Analysis The unit kilogram (kg) is the mass unit in the SI system, and it is sometimes called kg-mass, whereas kg- 


force (kgf) is a force unit. One kg-force is the force required to accelerate a 1-kg mass by 9.807 m/s”. In other words, the 
weight of 1-kg mass at sea level on earth is | kg-force. 


Discussion It is not proper to say that one kg-mass is equal to one kg-force since the two units have different 
dimensions. 





1-13C 
Solution We are to calculate the net force on a car cruising at constant velocity. 
Analysis There is no acceleration, thus the net force is zero in both cases. 


Discussion By Newton’s second law, the force on an object is directly proportional to its acceleration. If there is zero 
acceleration, there must be zero net force. 
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1-14 
Solution A plastic tank is filled with water. The weight of the combined system is to be determined. 


Assumptions The density of water is constant throughout. 


Properties The density of water is given to be p = 1000 kg/m’. 








Analysis The mass of the water in the tank and the total mass are Miank=3 kg 

m,, =p V=(1000 kg/m*)(0.2 m*) = 200 kg 

Metal = My + Mane = 200 + 3 = 203 kg 
Thus, 

2 1 N 
W =mg =(203 kg)(9.81 m/s’ )} ————— |=1991N=1990 N 
1 kg- m/s” 

where we give the final answer to three significant digits. 
Discussion Note the unity conversion factor in the above equation. 
1-15 
Solution The interior dimensions of a room are given. The mass and weight of the air in the room are to be 
determined. 


Assumptions The density of air is constant throughout the room. 


Properties The density of air is given to be p = 1.16 kg/m’. 





ROOM 
Analysis The mass of the air in the room is AIR 
m= pV=(1.16 kg/m*)(6x6x8 m°)=334.1 kg =334 kg 6X6X8 m? 
Thus, 
2 1N 
W =mg = (334.1 kg)(9.81 m/s” )| ———Y— |=3277N ~ 3280 N 
1 kg-m/s 


Discussion Note that we round our final answers to three significant digits, but use extra digit(s) in intermediate 
calculations. Considering that the mass of an average man is about 70 to 90 kg, the mass of air in the room is probably 
larger than you might have expected. 





Sie The variation of gravitational acceleration above sea level is given as a function of altitude. The height at 
which the weight of a body decreases by 1% is to be determined. z 
Analysis The weight of a body at the elevation z can be expressed as 

W = mg = m(9.807 — 3.32 x 10% z) 
In our case, 

W =0.99W, = 0.99mg, = 0.99(m)(9.807) 
Substituting, 

0.99(9.807) = (9.807 -3.32x10°%z) —— z=29,540 m = 29,500 m 2 

Sea level 


where we have rounded off the final answer to three significant digits. 


Discussion This is more than three times higher than the altitude at which a typical commercial jet flies, which is about 
30,000 ft (9140 m). So, flying in a jet is not a good way to lose weight — diet and exercise are always the best bet. 
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1-17E 
Solution An astronaut takes his scales with him to the moon. It is to be determined how much he weighs on the 
spring and beam scales on the moon. 


Analysis 
(a) A spring scale measures weight, which is the local gravitational force applied on a body: 
1 lbf 


W = mg = (150 Ibm)(5.48 ft/s?) ene 
32.2 lbm - ft/s 


| = 25.5 Ibf 


(b) A beam scale compares masses and thus is not affected by the variations in gravitational acceleration. The beam scale 
reads what it reads on earth, 


W =150 Ibf 


Discussion The beam scale may be marked in units of weight (lbf), but it really compares mass, not weight. Which 
scale would you consider to be more accurate? 





1-18 
Solution The acceleration of an aircraft is given in g’s. The net upward force acting on a man in the aircraft is to be 
determined. 
Analysis From Newton's second law, the applied force is 
3 1N 
F =ma=m(6 g)=(90 kg)(6x9.81 m/s°)) ————, |=5297 N=5300 N 
1 kg-m/s 


where we have rounded off the final answer to three significant digits. 


Discussion The man feels like he is six times heavier than normal. You get a similar feeling when riding an elevator to 
the top of a tall building, although to a much lesser extent. 





1-19 [Also solved by EES on enclosed CD] 


Solution A rock is thrown upward with a specified force. The acceleration of the rock is to be determined. 
Analysis The weight of the rock is 
W =mg =(5 kg)(9.79 m/s” )| ————_, |= 48.95 N= 49.0 N 
1 kg-m/s 


Then the net force that acts on the rock is 


Po = F =F lon =150-48.95=101.05 N 
Rock 
From Newton's second law, the acceleration of the rock becomes B 
101.05 N { 1 kg- m/s? 
a- Æ- 10105N]|1 g: m/s = 20.2 m/s2 
m 5kg IN 


Discussion This acceleration is more than twice the acceleration at which it would fall (due to gravity) if dropped. 
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Solution The previous problem is recalculated using EES. The entire EES solution is to be printed out, including the 
numerical results with proper units. 


Analysis The EES Equations window is printed below, followed by the Solution window. 


W=m*g"[N]" 

m=5"[kg]" 

g=9.79"[m/s*2]" 

"The force balance on the rock yields the net force acting on the rock as" 

F_net = F_up - F_down"[N]" 

F_up=150"[N]" 

F_down=W"[N]" 

"The acceleration of the rock is determined from Newton's second law." 

F_net=a*m 

“To Run the program, press F2 or click on the calculator icon from the Calculate menu" 


SOLUTION 
Variables in Main 
a=20.21 [m/s’2] 
F_down=48.95 [N] 
F_net=101.1 [N] 
F_up=150 [N] 
g=9.79 [m/s*2] 
m=5 [kg] 
W=48.95 [N] 


The final results are W = 49.0 N and a = 20.2 m/s’, to three significant digits, which agree with the results of the previous 
problem. 


Discussion Items in quotation marks in the EES Equation window are comments. Units are in square brackets. 





1-21 
Solution Gravitational acceleration g and thus the weight of bodies decreases with increasing elevation. The percent 
reduction in the weight of an airplane cruising at 13,000 m is to be determined. 


Properties The gravitational acceleration g is 9.807 m/s” at sea level and 9.767 m/s’ at an altitude of 13,000 m. 


Analysis Weight is proportional to the gravitational acceleration g, and thus the percent reduction in weight is 
equivalent to the percent reduction in the gravitational acceleration, which is determined from 


% Reduction in weight = % Reduction in g = Ag x100 = —— x100 = 0.41% 
g ; 


Therefore, the airplane and the people in it will weigh 0.41% less at 13,000 m altitude. 





Discussion Note that the weight loss at cruising altitudes is negligible. Sorry, but flying in an airplane is not a good 
way to lose weight. The best way to lose weight is to carefully control your diet, and to exercise. 
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Chapter 1 Introduction and Basic Concepts 


Modeling and Solving Problems, and Precision 


1-22C 
Solution We are to discuss the difference between accuracy and precision. 
Analysis Accuracy refers to the closeness of the measured or calculated value to the true value whereas precision 


represents the number of significant digits or the closeness of different measurements of the same quantity to each 
other. A measurement or calculation can be very precise without being very accurate, and vice-versa. When 
measuring the boiling temperature of pure water at standard atmospheric conditions, for example, a temperature 
measurement of 97.861°C is very precise, but not as accurate as the less precise measurement of 99.0°C. 


Discussion Accuracy and precision are often confused; both are important for quality engineering measurements. 





1-23C 
Solution We are to discuss the difference between analytical and experimental approaches. 
Analysis The experimental approach (testing and taking measurements) has the advantage of dealing with the 


actual physical system, and getting a physical value within the limits of experimental error. However, this approach is 
expensive, time consuming, and often impractical. The analytical approach (analysis or calculations) has the advantage 
that it is fast and inexpensive, but the results obtained are subject to the accuracy of the assumptions and idealizations made 
in the analysis. 


Discussion Most engineering designs require both analytical and experimental components, and both are important. 
Nowadays, computational fluid dynamics (CFD) is often used in place of pencil-and-paper analysis and/or experiments. 





1-24C 
Solution We are to discuss the importance of modeling in engineering. 
Analysis Modeling makes it possible to predict the course of an event before it actually occurs, or to study 


various aspects of an event mathematically without actually running expensive and time-consuming experiments. 
When preparing a mathematical model, all the variables that affect the phenomena are identified, reasonable assumptions 
and approximations are made, and the interdependence of these variables are studied. The relevant physical laws and 
principles are invoked, and the problem is formulated mathematically. Finally, the problem is solved using an appropriate 
approach, and the results are interpreted. 


Discussion In most cases of actual engineering design, the results are verified by experiment — usually by building a 
prototype. CFD is also being used more and more in the design process. 





1-25C 
Solution We are to discuss choosing a model. 
Analysis The right choice between a crude and complex model is usually the simplest model that yields adequate 


results. Preparing very accurate but complex models is not necessarily a better choice since such models are not much use 
to an analyst if they are very difficult and time consuming to solve. At a minimum, the model should reflect the essential 
features of the physical problem it represents. 


Discussion Cost is always an issue in engineering design, and “adequate” is often determined by cost. 
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1-26C 
Solution We are to discuss how differential equations arise in the study of a physical problem. 
Analysis The description of most scientific problems involves equations that relate the changes in some key 


variables to each other, and the smaller the increment chosen in the changing variables, the more accurate the description. 
In the limiting case of infinitesimal changes in variables, we obtain differential equations, which provide precise 
mathematical formulations for the physical principles and laws by representing the rates of changes as derivatives. 


Discussion As we shall see in later chapters, the differential equations of fluid mechanics are known, but very difficult 
to solve except for very simple geometries. Computers are extremely helpful in this area. 





1-27C 
Solution We are to discuss the value of engineering software packages. 
Analysis Software packages are of great value in engineering practice, and engineers today rely on software 


packages to solve large and complex problems quickly, and to perform optimization studies efficiently. Despite the 
convenience and capability that engineering software packages offer, they are still just tools, and they cannot replace 
traditional engineering courses. They simply cause a shift in emphasis in the course material from mathematics to physics. 


Discussion While software packages save us time by reducing the amount of number-crunching, we must be careful to 
understand how they work and what they are doing, or else incorrect results can occur. 





1-28 OY 


Solution We are to determine a positive real root of the following equation using EES: 2x° - 10x°° — 3x = -3. 

Analysis Using EES software, copy the following lines and paste on a blank EES screen to verify the solution: 
2*x^3-10*x^0.5-3*x = -3 

Answer: x = 2.063 (using an initial guess of x = 2) 


Discussion To obtain the solution in EES, click on the icon that looks like a calculator, or Calculate-Solve. 





1-29 Kon 


Solution We are to solve a system of 2 equations and 2 unknowns using EES. 
Analysis Using EES software, copy the following lines and paste on a blank EES screen to verify the solution: 


x^3-y^2=7.75 
3*x*y+y=3.5 


Answers: x = 2.0, y = 0.50. 


Discussion To obtain the solution in EES, click on the icon that looks like a calculator, or Calculate-Solve. 
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1-30 BS 


Solution We are to solve a system of 3 equations with 3 unknowns using EES. 

Analysis Using EES software, copy the following lines and paste on a blank EES screen to verify the solution: 
2*x-y+z=5 
3*x^2+2*y=Z+2 
x*y+2*z=8 

Answers: x = 1.141, y = 0.8159, z = 3.535. 


Discussion To obtain the solution in EES, click on the icon that looks like a calculator, or Calculate-Solve. 





1-31 e 


Solution We are to solve a system of 3 equations with 3 unknowns using EES. 

Analysis Using EES software, copy the following lines and paste on a blank EES screen to verify the solution: 
x^2*y-z=1 
x-3*y^0.5+Xx*Z=-2 
X+Y-Z=2 


Answers:x=1, y=1, z=0. 


Discussion To obtain the solution in EES, click on the icon that looks like a calculator, or Calculate-Solve. 





Review Problems 


1-32 
Solution The gravitational acceleration changes with altitude. Accounting for this variation, the weights of a body at 
different locations are to be determined. 


Analysis The weight of an 80-kg man at various locations is obtained by substituting the altitude z (values in m) into 
the relation 


IN 
W = mg = 8019807 -33210 zmt | 


1 kg- m/s” 
Sea level: (z= 0 m): W = 80x(9.807-3.32x 10°x0) = 80x9.807 = 784.6 N 
Denver: (z = 1610 m): W = 80x(9.807-3.32x10°x 1610) = 80x9.802 = 784.2 N 
Mt. Ev.: (z = 8848 m): W = 80x(9.807-3.32x10°x8848) = 80x9.778 = 782.2 N 


Discussion We report 4 significant digits since the values are so close to each other. The percentage difference in 
weight from sea level to Mt. Everest is only about -0.3%, which is negligible for most engineering calculations. 
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1-33 
Solution A man is considering buying a 12-0z steak for $3.15, or a 320-g steak for $2.80. The steak that is a better 
buy is to be determined. 


Assumptions The steaks are of identical quality. 


Analysis To make a comparison possible, we need to express the cost of each steak on a common basis. We choose 1 
kg as the basis for comparison. Using proper conversion factors, the unit cost of each steak is determined to be 


12 ounce steak: Unit Cost = (Ss = ee ) = $9.26/kg 


















120z )\11bm )| 0.45359 kg FJER 
EN A 
320 gram steak: - SO 
RARAA ALO” 
$2.80 )( 1000 g A RAR 
Unit Cost =| —— = $8.75/kg tae ee 
320¢ )\ 1kg et ease rc KA 
OO 


Therefore, the steak at the international market is a better buy. LLAIN AAAA ADAADA 


Discussion Notice the unity conversion factors in the above equations. 





1-34 
Solution The thrust developed by the jet engine of a Boeing 777 is given to be 
85,000 pounds. This thrust is to be expressed in N and kgf. 


Analysis Noting that 1 lbf = 4.448 N and 1 kgf = 9.81 N, the thrust developed is 
expressed in two other units as 


4.448 N 

1lbf 
Lkgf 

9.81N 





Thrust in N: Thrust = (85,000 wot ) =3.78x10°N 





Thrust in kef: Thrust = (37.8x 10° nf ) = 3.85104 kgf 


Discussion Because the gravitational acceleration on earth is close to 10 m/s’, it turns out that the two force units N and 
kgf differ by nearly a factor of 10. This can lead to confusion, and we recommend that you do not use the unit kgf. 





Design and Essay Problem 


1-35 
Solution We are to write an essay on mass- and volume-measurement devices. 


Discussion Students’ essays should be unique and will differ from each other. 





SQ 
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Chapter 2 Properties of Fluids 


Density and Specific Gravity 


2-1C 
Solution We are to discuss the difference between intensive and extensive properties. 
Analysis Intensive properties do not depend on the size (extent) of the system but extensive properties do depend 


on the size (extent) of the system. 


Discussion An example of an intensive property is temperature. An example of an extensive property is mass. 





2-2C 
Solution We are to define specific gravity and discuss its relationship to density. 
Analysis The specific gravity, or relative density, is defined as the ratio of the density of a substance to the density 


of some standard substance at a specified temperature (the standard is water at 4°C, for which py0 = 1000 kg/m’). That 
is,|SG = P/ Py |. When specific gravity is known, density is determined from | 2 = SGX Py}. 


























Discussion Specific gravity is dimensionless and unitless [it is just a number without dimensions or units]. 





2-3C 
Solution We are to discuss the applicability of the ideal gas law. 


Analysis A gas can be treated as an ideal gas when it is at a high temperature and/or a low pressure relative to its 
critical temperature and pressure. 


Discussion Air and many other gases at room temperature and pressure can be approximated as ideal gases without any 
significant loss of accuracy. 





2-4C 
Solution We are to discuss the difference between R and R,,. 
Analysis R,, is the universal gas constant that is the same for all gases, whereas R is the specific gas constant that is 





different for different gases. These two are related to each other by |R = RK, /M |, where M is the molar mass (also called 











the molecular weight) of the gas. 


Discussion Since molar mass has dimensions of mass per mole, R and R, do not have the same dimensions or units. 
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Chapter 2 Properties of Fluids 


ute A balloon is filled with helium gas. The number of moles and the mass of helium are to be determined. 
Assumptions At specified conditions, helium behaves as an ideal gas. 

Properties The universal gas constant is R, = 8.314 kPa.m*/kmol.K. The molar mass of helium is 4.0 kg/kmol. 
Analysis The volume of the sphere is 


V -Ír =513 m)? =113.1 m? 


Assuming ideal gas behavior, the number of moles of He is determined from 


200 kPa)(113.1 m? 
nate __CO Oth TY ____9.986 kmol 
R,T (8.314 kPa: m?/kmol- K)(293 K) 


Then the mass of He is determined from 


m= NM = (9.286 kmol)(4.0kg/kmol)= 37.1 kg 





Discussion Although the helium mass may seem large (about half the mass of an adult man!), it is much smaller than 
that of the air it displaces, and that is why helium balloons rise in the air. 





AS 


2-6 


Solution A balloon is filled with helium gas. The effect of the balloon diameter on the mass of helium is to be 
investigated, and the results are to be tabulated and plotted. 


















































Analysis The EES Equations window is shown below, followed by the Solution window and the parametric table. 
"Given Data" 
{D=6"[m]"} 500 
P=200"[kPa]" 
dei k P = 200 kPa —o— 
P=100"[kPa]" sia P = 100 kPa —*— 
R_u=8.314"[kJ/kmol*k] m [kg] 
"Solution" 300 
P*V=N*R_u*(T+273) 
V=4"*pi*(D/2)*3/3"[m43]" 
m=N*MOLARMASS(Helium)"[kg]" 200 
D [m] m [kg] 
0.5 0.01075 100 
2.111 0.8095 
3.722 4.437 
5.333 13.05 0 - 
6.944 28.81 0 2 4 6 8 10 12 14 
8.556 53.88 D [m] 
10.17 90.41 Mass of Helium in Balloon as function of Diameter 
11.78 140.6 
13.39 206.5 
15 290.4 
Discussion Mass increases with diameter as expected, but not linearly since volume is proportional to D°. 
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Chapter 2 Properties of Fluids 
2-7 
Solution An automobile tire is inflated with air. The pressure rise of air in the tire when the tire is heated and the 
amount of air that must be bled off to reduce the temperature to the original value are to be determined. 


Assumptions 1 At specified conditions, air behaves as an ideal gas. 2 The volume of the tire remains constant. 
Properties The gas constant of air is R = 0.287 kPa-m*/kg-K. 
Analysis Initially, the absolute pressure in the tire is 

F = P, + Pim = 210+ 100 = 310 kPa 


atm 


Treating air as an ideal gas and assuming the volume of the tire to remain 
constant, the final pressure in the tire is determined from 





PV, PV. T. 323K 
=~ = — > P, =P, = — (310kPa) = 336kPa 
T, T> T, 298K 
Thus the pressure rise is Tire 
25°C 
AP = P, - P =336-310 = 26.0 kPa 210 kPa 
The amount of air that needs to be bled off to restore pressure to its original value is 
PV 310kPa)(0.025m°* 
ma aa ies = 0.0906kg 
RT, (0.287kPa -m”/kg- K)(298K) 
_ PV (310kPa)(0.025m*) 





My 


> = 0.0836kg 
RT, (0.287kPa-m*/kg - K)(323K) 


Am =m, —m, = 0.0906 — 0.0836 = 0.0070 kg 


Discussion Notice that absolute rather than gage pressure must be used in calculations with the ideal gas law. 





2-8E 
Solution An automobile tire is under-inflated with air. The amount of air that needs to be added to the tire to raise its 
pressure to the recommended value is to be determined. 


Assumptions 1 At specified conditions, air behaves as an ideal gas. 2 The volume of the tire remains constant. 


Properties The gas constant of air is R = 0.3704 psia-ft*/lbm-R. 


Analysis The initial and final absolute pressures in the tire are ees 
P) = Poi + Pam = 20 + 14.6 = 34.6 psia 90°F 
P= Py + Pam = 30 + 14.6 = 44.6 psia 20 psia 


Treating air as an ideal gas, the initial mass in the tire is 
PV (34.6 psia)(0.53 ft?) 


—— = 0.0900 Ibm 
RT, (0.3704 psia- ft?/Ibm -R)(550 R) 





mı 


Noting that the temperature and the volume of the tire remain constant, the final mass in the tire becomes 
OPV (44.6 psia)(0.53 ft? ) 


> =0.1160 Ibm 
RT, (0.3704 psia - ft?/Ibm - R)(550 R) 





my 


Thus the amount of air that needs to be added is Am =m, —m, = 0.1160—0.0900= 0.0260 Ibm 


Discussion Notice that absolute rather than gage pressure must be used in calculations with the ideal gas law. 
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2-9E 
Solution 


Chapter 2 Properties of Fluids 


A rigid tank contains slightly pressurized air. The amount of air that needs to be added to the tank to raise 


its pressure and temperature to the recommended values is to be determined. 


Assumptions 
Properties 


Analysis 


My 


Thus the amount of air added is 


1 At specified conditions, air behaves as an ideal gas. 2 The volume of the tank remains constant. 
The gas constant of air is R = 0.3704 psia-ft*/lbm-R. 


Treating air as an ideal gas, the initial volume and the final mass in the tank are determined to be 


m,RT, _ (20 Ibm)(0.3704 psia -ft*/lbm -R)(530 R) 








= 196.3 ft? 
P 20 psia 
P,V 35 psia)(196.3 ft? 
= on ) 33.73 tm Air, 20 Ibm 
> (0.3704 psia- ft?/Ibm - R)(550 R) 20 psia 


70°F 





Am =m, -m = 33.73-20.0=13.7 Ibm 


Discussion 


As the temperature slowly decreases due to heat transfer, the pressure will also decrease. 
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Chapter 2 Properties of Fluids 


Solution A relation for the variation of density with elevation is to be obtained, the density at 7 km elevation is to be 
calculated, and the mass of the atmosphere using the correlation is to be estimated. 


Assumptions 1 Atmospheric air behaves as an ideal gas. 2 The earth is perfectly spherical with a radius of 6377 km at sea 
level, and the thickness of the atmosphere is 25 km. 

















Properties The density data are given in tabular form as a function of radius and elevation, where r = z + 6377 km: 
r, km zkm  p,kg/m* 14 
6377 0 1.225 
6378 1 1.112 
6379 2 1.007 
6380 3 0.9093 
6381 4 0.8194 “g 
6382 5 0.7364 D 
6383 6 0.6601 r 
6385 8 0.5258 
6387 10 0.4135 
6392 15 0.1948 
6397 20 0.08891 e ek a a a y 
6402 25 0.04008 z, km 
Analysis Using EES, (1) Define a trivial function “rho= a+z” in the Equation window, (2) select new parametric table 


from Tables, and type the data in a two-column table, (3) select Plot and plot the data, and (4) select Plot and click on curve 
fit to get curve fit window. Then specify 2" order polynomial and enter/edit equation. The results are: 


A(z) =atbz+ cz = 1.20252 — 0.101674z + 0.0022375z’ for the unit of kg/m’, 
(or, (2) = (1.20252 — 0.101674z + 0.0022375z7)x10” for the unit of kg/km*) 


where z is the vertical distance from the earth surface at sea level. At z = 7 km, the equation gives p= 0.600 kg/m’. 


(b) The mass of atmosphere is evaluated by integration to be 


h h 
m= | pav = | (a+bz +02 Amy + 2)°dz = 40 (a+bz+cz" rg +2rọz +z’ )dz 
z=0 z=0 
V 


=4rlaryh+ry(2a+brp)h? 12+ (at 2bro +crg h? 13+ (b+ 2crq)h* 14+4ch? /5| 
where ro = 6377 km is the radius of the earth, h = 25 km is the thickness of the atmosphere. Also, a = 1.20252, 
b = -0.101674, and c = 0.0022375 are the constants in the density function. Substituting and multiplying by the factor 10” to 
convert the density from units of kg/km’ to kg/m’, the mass of the atmosphere is determined to be approximately 


m= 5.09x10'® kg 


EES Solution for final result: 


a=1.2025166 

b=-0.10167 

c=0.0022375 

r=6377 

h=25 
m=4*pi*(a*r^2*h+r*(2*a+b*r)*h^2/2+(a+2*b*r+c*r^2)*h^3/3+(b+2*c*r)*h^4/4+c*h^5/5)*1E+9 


Discussion At 7 km, the density of the air is approximately half of its value at sea level. 
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Chapter 2 Properties of Fluids 


Vapor Pressure and Cavitation 


2-11C 
Solution We are to define vapor pressure and discuss its relationship to saturation pressure. 
Analysis The vapor pressure P, of a pure substance is defined as the pressure exerted by a vapor in phase 


equilibrium with its liquid at a given temperature. In general, the pressure of a vapor or gas, whether it exists alone or in 
a mixture with other gases, is called the partial pressure. During phase change processes between the liquid and vapor 
phases of a pure substance, the saturation pressure and the vapor pressure are equivalent since the vapor is pure. 


Discussion Partial pressure is not necessarily equal to vapor pressure. For example, on a dry day (low relative 
humidity), the partial pressure of water vapor in the air is less than the vapor pressure of water. If, however, the relative 
humidity is 100%, the partial pressure and the vapor pressure are equal. 





2-12C 
Solution We are to discuss whether the boiling temperature of water increases as pressure increases. 
Analysis Yes. The saturation temperature of a pure substance depends on pressure; in fact, it increases with pressure. 


The higher the pressure, the higher the saturation or boiling temperature. 


Discussion This fact is easily seen by looking at the saturated water property tables. Note that boiling temperature and 
saturation pressure at a given pressure are equivalent. 





2-13C 

Solution We are to determine if temperature increases or remains constant when the pressure of a boiling substance 
increases. 

Analysis If the pressure of a substance increases during a boiling process, the temperature also increases since the 


boiling (or saturation) temperature of a pure substance depends on pressure and increases with it. 


Discussion We are assuming that the liquid will continue to boil. If the pressure is increased fast enough, boiling may 
stop until the temperature has time to reach its new (higher) boiling temperature. A pressure cooker uses this principle. 





2-14C 
Solution We are to define and discuss cavitation. 
Analysis In the flow of a liquid, cavitation is the vaporization that may occur at locations where the pressure 


drops below the vapor pressure. The vapor bubbles collapse as they are swept away from the low pressure regions, 
generating highly destructive, extremely high-pressure waves. This phenomenon is a common cause for drop in 
performance and even the erosion of impeller blades. 


Discussion The word “cavitation” comes from the fact that a vapor bubble or “cavity” appears in the liquid. Not all 
cavitation is undesirable. It turns out that some underwater vehicles employ “super cavitation” on purpose to reduce drag. 
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Chapter 2 Properties of Fluids 
2-15 
Solution The minimum pressure in a piping system to avoid cavitation is to be determined. 


Properties The vapor pressure of water at 40°C is 7.38 kPa. 


Analysis To avoid cavitation, the pressure anywhere in the flow should not be allowed to drop below the vapor (or 
saturation) pressure at the given temperature. That is, 
Pin = Pex @arc = 7.38 kPa 


Therefore, the pressure should be maintained above 7.38 kPa everywhere in flow. 


Discussion Note that the vapor pressure increases with increasing temperature, and thus the risk of cavitation is greater 
at higher fluid temperatures. 





2-16 
Solution The minimum pressure in a pump is given. It is to be determined if there is a danger of cavitation. 


Properties The vapor pressure of water at 20°C is 2.339 kPa. 


Analysis To avoid cavitation, the pressure everywhere in the flow should remain above the vapor (or saturation) 
pressure at the given temperature, which is 


P, = Pec = 2-339 kPa 


v s 


The minimum pressure in the pump is 2 kPa, which is less than the vapor pressure. Therefore, a there is danger of 
cavitation in the pump. 


Discussion Note that the vapor pressure increases with increasing temperature, and thus there is a greater danger of 
cavitation at higher fluid temperatures. 





2-17E 
Solution The minimum pressure in a pump is given. It is to be determined if there is a danger of cavitation. 


Properties The vapor pressure of water at 70°F is 0.3632 psia. 


Analysis To avoid cavitation, the pressure everywhere in the flow should remain above the vapor (or saturation) 
pressure at the given temperature, which is 
P, = P aep = 0.3632 psia 


The minimum pressure in the pump is 0.1 psia, which is less than the vapor pressure. Therefore, there is danger of 
cavitation in the pump. 


Discussion Note that the vapor pressure increases with increasing temperature, and the danger of cavitation increases at 
higher fluid temperatures. 





2-18 
Solution The minimum pressure in a pump to avoid cavitation is to be determined. 


Properties The vapor pressure of water at 25°C is 3.17 kPa. 


Analysis To avoid cavitation, the pressure anywhere in the system should not be allowed to drop below the vapor (or 
saturation) pressure at the given temperature. That is, 


Pa = Paese =3-17 kPa 


Therefore, the lowest pressure that can exist in the pump is 3.17 kPa. 


Discussion Note that the vapor pressure increases with increasing temperature, and thus the risk of cavitation is greater 
at higher fluid temperatures. 
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Chapter 2 Properties of Fluids 


Energy and Specific Heats 


2-19C 
Solution We are to discuss the difference between macroscopic and microscopic forms of energy. 
Analysis The macroscopic forms of energy are those a system possesses as a whole with respect to some outside 


reference frame. The microscopic forms of energy, on the other hand, are those related to the molecular structure of a 
system and the degree of the molecular activity, and are independent of outside reference frames. 


Discussion We mostly deal with macroscopic forms of energy in fluid mechanics. 





2-20C 
Solution We are to define total energy and identify its constituents. 
Analysis The sum of all forms of the energy a system possesses is called total energy. In the absence of magnetic, 


electrical, and surface tension effects, the total energy of a system consists of the kinetic, potential, and internal 
energies. 


Discussion All three constituents of total energy (kinetic, potential, and internal) need to be considered in an analysis of 
a general fluid flow. 





2-21C 
Solution We are to list the forms of energy that contribute to the internal energy of a system. 
Analysis The internal energy of a system is made up of sensible, latent, chemical, and nuclear energies. The 


sensible internal energy is due to translational, rotational, and vibrational effects. 


Discussion We deal with the flow of a single phase fluid in most problems in this textbook; therefore, latent, chemical, 
and nuclear energies do not need to be considered. 





2-22C 
Solution We are to discuss the relationship between heat, internal energy, and thermal energy. 
Analysis Thermal energy is the sensible and latent forms of internal energy. It does not include chemical or 


nuclear forms of energy. In common terminology, thermal energy is referred to as heat. However, like work, heat is not a 
property, whereas thermal energy is a property. 


Discussion Technically speaking, “heat” is defined only when there is heat transfer, whereas the energy state of a 
substance can always be defined, even if no heat transfer is taking place. 





2-23C 
Solution We are to define and discuss flow energy. 
Analysis Flow energy or flow work is the energy needed to push a fluid into or out of a control volume. Fluids at 


rest do not possess any flow energy. 


Discussion Flow energy is not a fundamental quantity, like kinetic or potential energy. However, it is a useful concept 
in fluid mechanics since fluids are often forced into and out of control volumes in practice. 
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Chapter 2 Properties of Fluids 


2-24C 
Solution We are to compare the energies of flowing and non-flowing fluids. 
Analysis A flowing fluid possesses flow energy, which is the energy needed to push a fluid into or out of a 


control volume, in addition to the forms of energy possessed by a non-flowing fluid. The total energy of a non-flowing 
fluid consists of internal and potential energies. If the fluid is moving as a rigid body, but not flowing, it may also have 
kinetic energy (e.g., gasoline in a tank truck moving down the highway at constant speed with no sloshing). The total 
energy of a flowing fluid consists of internal, kinetic, potential, and flow energies. 


Discussion Flow energy is not to be confused with kinetic energy, even though both are zero when the fluid is at rest. 





2-25C 
Solution We are to explain how changes in internal energy can be determined. 
Analysis Using specific heat values at the average temperature, the changes in the specific internal energy of ideal 








gases can be determined from | Au =c,, ,,,AT |. For incompressible substances, c, = cy = c and [Au = C avg AT |, 




















Discussion If the fluid can be treated as neither incompressible nor an ideal gas, property tables must be used. 














2-26C 

Solution We are to explain how changes in enthalpy can be determined. 

Analysis Using specific heat values at the average temperature, the changes in specific enthalpy of ideal gases can be 
determined from | Ah = € p avg AT |. For incompressible substances, c, = c, = c and | Ah = Au + vAP = C ag AT + VAP |, 




















Discussion If the fluid can be treated as neither incompressible nor an ideal gas, property tables must be used. 





Coefficient of Compressibility 


2-27C 
Solution We are to discuss the coefficient of compressibility and the isothermal compressibility. 
Analysis The coefficient of compressibility represents the variation of pressure of a fluid with volume or density 


at constant temperature. Isothermal compressibility is the inverse of the coefficient of compressibility, and it represents 
the fractional change in volume or density corresponding to a change in pressure. 


Discussion The coefficient of compressibility of an ideal gas is equal to its absolute pressure. 





2-28C 
Solution We are to define the coefficient of volume expansion. 
Analysis The coefficient of volume expansion represents the variation of the density of a fluid with temperature at 


constant pressure. It differs from the coefficient of compressibility in that the latter represents the variation of pressure of 
a fluid with density at constant temperature. 


Discussion The coefficient of volume expansion of an ideal gas is equal to the inverse of its absolute temperature. 
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Chapter 2 Properties of Fluids 


2-29C 
Solution We are to discuss the sign of the coefficient of compressibility and the coefficient of volume expansion. 
Analysis The coefficient of compressibility of a fluid cannot be negative, but the coefficient of volume expansion can 


be negative (e.g., liquid water below 4°C). 


Discussion This is the reason that ice floats on water. 





2-30 
Solution The percent increase in the density of an ideal gas is given for a moderate pressure. The percent increase in 
density of the gas when compressed at a higher pressure is to be determined. 


Assumptions The gas behaves an ideal gas. 


Analysis For an ideal gas, P = pRT and (OP/ 0p); =RT = P/ p , and thus Kigeat gas = P . Therefore, the coefficient 


of compressibility of an ideal gas is equal to its absolute pressure, and the coefficient of compressibility of the gas increases 
with increasing pressure. 








Substituting x = P into the definition of the coefficient of compressibility x = -— a = - and rearranging 
Aviv Apip 
gives 
Ap _ AP 
p P 


Therefore, the percent increase of density of an ideal gas during isothermal compression is equal to the percent 
increase in pressure. 

Ap AP 11-10 
p P 10 
Ap AP 101-100 © 
pe P 10 — 


At 10 atm: =10% 





At 100 atm: 1% 


Therefore, a pressure change of 1 atm causes a density change of 10% at 10 atm and a density change of 1% at 100 atm. 


Discussion If temperature were also allowed to change, the relationship would not be so simple. 





2-31 
Solution Using the definition of the coefficient of volume expansion and the expression Pigeaiga; =1/T , it is to be 


shown that the percent increase in the specific volume of an ideal gas during isobaric expansion is equal to the percent 
increase in absolute temperature. 


Assumptions The gas behaves an ideal gas. 





Analysis The coefficient of volume expansion £ can be expressed as 8 = (2) ï ary . 
V\OT )p AT 


Noting that Aigeaigas =1/T for an ideal gas and rearranging give 


Av AT 
vV T 


Therefore, the percent increase in the specific volume of an ideal gas during isobaric expansion is equal to the 
percent increase in absolute temperature. 


Discussion We must be careful to use absolute temperature (K or R), not relative temperature (°C or °F). 
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Chapter 2 Properties of Fluids 
2-32 
Solution Water at a given temperature and pressure is compressed to a high pressure isothermally. The increase in 
the density of water is to be determined. 


Assumptions 1 The isothermal compressibility is constant in the given pressure range. 2 An approximate analysis is 


performed by replacing differential changes by finite changes. 


Properties The density of water at 20°C and 1 atm pressure is p; = 998 kg/m’. The isothermal compressibility of water 
is given to be a= 4.80 x 10° atm’. 


Analysis When differential quantities are replaced by differences and the properties œ and £ are assumed to be 
constant, the change in density in terms of the changes in pressure and temperature is expressed approximately as 


Ap = apAP — BpAT 
The change in density due to a change of pressure from 1 atm to 800 atm at constant temperature is 
Ap = apAP =(4.80x10~ atm’!)(998 kg/m*)(800—1)atm = 38.3 kg/m? 


Discussion Note that the density of water increases from 998 to 1036.3 kg/m’ while being compressed, as expected. 
This problem can be solved more accurately using differential analysis when functional forms of properties are available. 





2-33 
Solution Water at a given temperature and pressure is heated to a higher temperature at constant pressure. The 
change in the density of water is to be determined. 


Assumptions 1 The coefficient of volume expansion is constant in the given temperature range. 2 An approximate 
analysis is performed by replacing differential changes in quantities by finite changes. 


Properties The density of water at 15°C and 1 atm pressure is p, = 999.1 kg/m’. The coefficient of volume expansion 
at the average temperature of (15+95)/2 = 55°C is B= 0.484 x 10° K". 


Analysis When differential quantities are replaced by differences and the properties œ and J are assumed to be 
constant, the change in density in terms of the changes in pressure and temperature is expressed approximately as 


Ap = apAP — BpAT 
The change in density due to the change of temperature from 15°C to 95°C at constant pressure is 
Ap =—BpAT =-(0.484x107? K!)(999.1 kg/m? )(95—15)K = -38.7 kg/m? 
Discussion Noting that Ap = p, — P,, the density of water at 95°C and 1 atm is 
P2 =P, t+Ap = 999.14 (—38.7) = 960.4 kg/m? 
which is very close to the listed value of 961.5 kg/m’ at 95°C in water table in the Appendix. This is mostly due to 8 


varying with temperature almost linearly. Note that the density of water decreases while being heated, as expected. This 
problem can be solved more accurately using differential analysis when functional forms of properties are available. 
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Chapter 2 Properties of Fluids 
2-34 
Solution Saturated refrigerant-134a at a given temperature is cooled at constant pressure. The change in the density 
of the refrigerant is to be determined. 


Assumptions 1 The coefficient of volume expansion is constant in the given temperature range. 2 An approximate 
analysis is performed by replacing differential changes in quantities by finite changes. 


Properties The density of saturated liquid R-134a at 10°C is p, =1261 kg/m’. The coefficient of volume expansion at 
the average temperature of (10+0)/2 = 5°C is B= 0.00269 K”. 


Analysis When differential quantities are replaced by differences and the properties œ and J are assumed to be 
constant, the change in density in terms of the changes in pressure and temperature is expressed approximately as 


Ap = apAP — BpAT 

The change in density due to the change of temperature from 10°C to 0°C at constant pressure is 
Ap =—BpAT = —(0.00269 K"!)(1261kg/m?)(0—10)K =33.9 kg/m? 

Discussion Noting that Ap = p, — p; , the density of R-134a at 0°C is 
Po =P, t+Ap =1261+33.9 =1294.9 kg/m? 


which is almost identical to the listed value of 1295 kg/m’ at 0°C in R-134a table in the Appendix. This is mostly due to 2 
varying with temperature almost linearly. Note that the density increases during cooling, as expected. 





2-35 
Solution A water tank completely filled with water can withstand tension caused by a volume expansion of 2%. The 
maximum temperature rise allowed in the tank without jeopardizing safety is to be determined. 


Assumptions 1 The coefficient of volume expansion is constant. 2 An approximate analysis is performed by replacing 
differential changes in quantities by finite changes. 3 The effect of pressure is disregarded. 


Properties The average volume expansion coefficient is given to be B= 0.377 x 10° K". 


Analysis When differential quantities are replaced by differences and the properties œ and J are assumed to be 
constant, the change in density in terms of the changes in pressure and temperature is expressed approximately as 


Ap = apAP — BpAT 
A volume increase of 2% corresponds to a density decrease of 2%, which can be expressed as Ap =—0.02¢ . Then the 
decrease in density due to a temperature rise of AT at constant pressure is 

—0.02p = —foAT 
Solving for AT and substituting, the maximum temperature rise is determined to be 


ar = 002 002 53.0K =53.0°C 


B  0.377x10° K"! 


Discussion This result is conservative since in reality the increasing pressure will tend to compress the water and 
increase its density. 
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Chapter 2 Properties of Fluids 
2-36 
Solution A water tank completely filled with water can withstand tension caused by a volume expansion of 1%. The 
maximum temperature rise allowed in the tank without jeopardizing safety is to be determined. 


Assumptions 1 The coefficient of volume expansion is constant. 2 An approximate analysis is performed by replacing 
differential changes in quantities by finite changes. 3 The effect of pressure is disregarded. 


Properties The average volume expansion coefficient is given to be B= 0.377 x 10° K". 


Analysis When differential quantities are replaced by differences and the properties œ and J are assumed to be 
constant, the change in density in terms of the changes in pressure and temperature is expressed approximately as 


Ap = apAP — BpAT 


A volume increase of 1% corresponds to a density decrease of 1%, which can be expressed as Ap =—0.01p . Then the 


decrease in density due to a temperature rise of AT at constant pressure is 
—0.01p = —foAT 
Solving for AT and substituting, the maximum temperature rise is determined to be 


0.01 _ 0.01 


= ———— — = 26.5 K = 26.5°C 
B 0377x103 K" 


AT 


Discussion This result is conservative since in reality the increasing pressure will tend to compress the water and 
increase its density. The change in temperature is exactly half of that of the previous problem, as expected. 
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Chapter 2 Properties of Fluids 
2-37 
Solution The density of seawater at the free surface and the bulk modulus of elasticity are given. The density and 
pressure at a depth of 2500 m are to be determined. 


Assumptions 1 The temperature and the bulk modulus of elasticity of seawater is constant. 2 The gravitational 
acceleration remains constant. 


Properties The density of seawater at free surface where the pressure is given to be 1030 kg/m’, and the bulk modulus 
of elasticity of seawater is given to be 2.34 x 10° N/m’. 


Analysis The coefficient of compressibility or the bulk modulus of elasticity of fluids is expressed as 
oP dP 
K = p| — or K = p— (at constant T ) 
p jr dp 


The differential pressure change across a differential fluid height of dz is given as 
dP = pgdz 
Combining the two relations above and rearranging, 
dz dz d dz 
e ca , _8 


dp dp pP K 





Integrating from z = 0 where p = pọ =1030 kg/m? toz=z where p=p gives 


P dp gfe 1 1 gz 
(24. y e 
Po Pp K <0 Po P K 





Solving for p gives the variation of density with depth as 
1 


P= ILJA 
(1/ p,)-(gz/K) 
Substituting into the pressure change relation dP = pgdz and integrating from z = 0 where P = P) = 98 kPa to z = z where 
P=P gives 
i a re E 
Py 9 (1/ py))—-(gz/«) 1-(p,gz/K) 


which is the desired relation for the variation of pressure in seawater with depth. At z = 2500 m, the values of density and 
pressure are determined by substitution to be 


1 





p= > - 5s ——~ = 1041 kg/m® 
1/(1030 kg/m?) — (9.81 m/s” )(2500 m) (2.3410? N/m?) 
P = (98,000 Pa) + (2.34%109 N/m?) Inf —— 
1 = (1030 kg/m * )(9.81 m/s (2500 m) (2.34 x10° N/m”) 


= 2.55010’ Pa 
= 25.50 MPa 


since | Pa= 1 N/m? = 1 kg/m-s’ and 1 kPa = 1000 Pa. 


Discussion Note that if we assumed p = p, = constant at 1030 kg/m’, the pressure at 2500 m would be P = Py + pgz = 
0.098 + 25.26 = 25.36 MPa. Then the density at 2500 m is estimated to be 


Ap = paAP =(1030)(2340 MPa) !(25.26MPa) =11.1kg/m? and thus p= 1041 kg/m? 
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Chapter 2 Properties of Fluids 


Viscosity 

2-38C 

Solution We are to define and discuss viscosity. 

Analysis Viscosity is a measure of the “stickiness” or “resistance to deformation” of a fluid. It is due to the 


internal frictional force that develops between different layers of fluids as they are forced to move relative to each other. 
Viscosity is caused by the cohesive forces between the molecules in liquids, and by the molecular collisions in gases. In 
general, liquids have higher dynamic viscosities than gases. 


Discussion The ratio of viscosity u to density p often appears in the equations of fluid mechanics, and is defined as the 
kinematic viscosity, v= u lp. 





2-39C 
Solution We are to discuss Newtonian fluids. 
Analysis Fluids whose shear stress is linearly proportional to the velocity gradient (shear strain) are called 


Newtonian fluids. Most common fluids such as water, air, gasoline, and oils are Newtonian fluids. 


Discussion In the differential analysis of fluid flow, only Newtonian fluids are considered in this textbook. 





2-40C 
Solution We are to compare the settling speed of balls dropped in water and oil; namely, we are to determine which 
will reach the bottom of the container first. 


Analysis When two identical small glass balls are dropped into two identical containers, one filled with water and the 
other with oil, the ball dropped in water will reach the bottom of the container first because of the much lower 
viscosity of water relative to oil. 


Discussion Oil is very viscous, with typical values of viscosity approximately 800 times greater than that of water at 
room temperature. 





2-41C 
Solution We are to discuss how dynamic viscosity varies with temperature in liquids and gases. 
Analysis (a) The dynamic viscosity of liquids decreases with temperature. (b) The dynamic viscosity of gases 


increases with temperature. 


Discussion A good way to remember this is that a car engine is much harder to start in the winter because the oil in the 
engine has a higher viscosity at low temperatures. 





2-42C 
Solution We are to discuss how kinematic viscosity varies with temperature in liquids and gases. 
Analysis (a) For liquids, the kinematic viscosity decreases with temperature. (b) For gases, the kinematic 


viscosity increases with temperature. 


Discussion You can easily verify this by looking at the appendices. 
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Chapter 2 Properties of Fluids 
2-43 
Solution A block is moved at constant velocity on an inclined surface. The force that needs to be applied in the 
horizontal direction when the block is dry, and the percent reduction in the required force when an oil film is applied on the 
surface are to be determined. 


Assumptions 1 The inclined surface is plane (perfectly flat, although tilted). 2 The friction coefficient and the oil film 
thickness are uniform. 3 The weight of the oil layer is negligible. 


Properties The absolute viscosity of oil is given to be = 0.012 Pa-s = 0.012 N-s/m’. 


Analysis (a) The velocity of the block is constant, and thus its 
acceleration and the net force acting on it are zero. A free body diagram of the a 0.8 m/s 
block is given. Then the force balance gives 


YF, =0: F,—F, cos20°— Fy, sin20°=0 (1) 
> Fy =0: Fy; cos20°-F, sin20°-W=0 (2) 
Friction force: Fr = fF yy (3) 





Substituting Eq. (3) into Eq. (2) and solving for Fy; gives 
150 N 
Fy, = d - = L - =177.0N 
cos 20°— f sin 20° cos 20° —0.27 sin 20° 
Then from Eq. (1): 


F, = Fy cos20°+ Fy; sin 20° = (0.27 x177 N) cos 20° + (177 N) sin 20° = 105.5 N 


(b) In this case, the friction force is replaced by the shear force 
applied on the bottom surface of the block due to the oil. Because 
of the no-slip condition, the oil film sticks to the inclined surface 
at the bottom and the lower surface of the block at the top. Then 
the shear force is expressed as 








E hear = TrA, 
= yA 
0.8 m/ 
= (0.012 N.s/m?)(0.5% 0.2 m?) 


=2.4N 


Replacing the friction force by the shear force in part (a), 
> Fy =0: Fy —Fyheqr 008 20°— Fyn sin20°=0 (4) 
>) Fy =0:  Fy2 60820°—F spear Sin20°-W =0 (5) 


shear 


Eq. (5) gives Fyn =(F. 


shear 


sin 20° +W )/ cos 20° = [(2.4 N) sin 20° + (150 N)]/ cos 20° = 160.5 N 


Substituting into Eq. (4), the required horizontal force is determined to be 


F> = F hear C0S20° + Fy; Sin 20° = (2.4 N) cos 20° + (160.5 N) sin 20° = 57.2 N 
Then, our final result is expressed as 


Percentage reduction in required force = í = x 100% = a x 100% = 45.8% 


1 





Discussion Note that the force required to push the block on the inclined surface reduces significantly by oiling the 
surface. 
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Chapter 2 Properties of Fluids 
2-44 
Solution The velocity profile of a fluid flowing though a circular pipe is given. The friction drag force exerted on the 
pipe by the fluid in the flow direction per unit length of the pipe is to be determined. 


Assumptions The viscosity of the fluid is constant. 











Analysis The wall shear stress is determined from its definition to be 
du d p -nr"! NHU max 
Ty, =H = —M max Lhi- ) = — HUU mnax me 
dr |,=r dr\ R") R” |r R U(T) = imax (1-"/R®) 


Note that the quantity du /dr is negative in pipe flow, and the negative sign 
is added to the 7, relation for pipes to make shear stress in the positive 
(flow) direction a positive quantity. (Or, du /dr =- du /dy since y = R - r). 
Then the friction drag force exerted by the fluid on the inner surface of the 
pipe becomes 


F=r A = EB (aR) L = 20 ly L 





w w 


Therefore, the drag force per unit length of the pipe is 





F | L = 2N TL nax |- 











Discussion Note that the drag force acting on the pipe in this case is independent of the pipe diameter. 
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Chapter 2 Properties of Fluids 


2-45 
Solution A thin flat plate is pulled horizontally through an oil layer sandwiched between two plates, one stationary 
and the other moving at a constant velocity. The location in oil where the velocity is zero and the force that needs to be 


applied on the plate are to be determined. 
Assumptions 1 The thickness of the plate is negligible. 2 The velocity profile in each oil layer is linear. 
Properties The absolute viscosity of oil is given to be = 0.027 Pa-s = 0.027 N-s/m’. 


Analysis (a) The velocity profile in each oil layer relative to the fixed wall is as shown in the figure below. The point 
of zero velocity is indicated by point A, and its distance from the lower plate is determined from geometric considerations 
(the similarity of the two triangles in the lower oil layer) to be 


2.6- 
26-ya_ 1 > ya = 0.60 mm 
Ya 0.3 


Fixed wall 








Moving wall 


(b) The magnitudes of shear forces acting on the upper and lower surfaces of the plate are 


V-0 1m/s 











du 2 2 
Foenear. upper = Tw. upper Ay = HAg|—| = uA, —— = (0.027 N s/m? )(0.2x0.2 m?) = 1.08 N 
a ee dy h 1.0x10° m 
V=V; 1-(-0. 
Fhear, lower = 7 w, lower A, E HA, = = HA, "= (0.027 N- s/m? )(0.2 x 0.2 m’ ) ua a =0.54 N 
dy h, 2.6x107 m 








Noting that both shear forces are in the opposite direction of motion of the plate, the force F is determined from a force 
balance on the plate to be 


+F, =1.08+0.54=1.62 N 


shear, lower 


F=F. 


shear, upper 


Discussion Note that wall shear is a friction force between a solid and a liquid, and it acts in the opposite direction of 
motion. 
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Chapter 2 Properties of Fluids 
2-46 
Solution A frustum shaped body is rotating at a constant 
angular speed in an oil container. The power required to i 
maintain this motion and the reduction in the required power 
input when the oil temperature rises are to be determined. 
Assumptions The thickness of the oil layer remains constant. 


Properties The absolute viscosity of oil is given to be w= 

0.1 Pa-s = 0.1 N-s/m? at 20°C and 0.0078 Pa:s at 80°C. 7 
Analysis The velocity gradient anywhere in the oil of | 

film thickness h is V/h where V = ær is the tangential 

velocity. Then the wall shear stress anywhere on the surface of L= 12 cm 






the frustum at a distance r from the axis of rotation is 
SAE 10W oil of 
du V or : . 
Ty =H— =U =U film thickness h 
dr h h 


The shear force acting on differential area dA on the surface, 
the torque it generates, and the shaft power associated with it 
are expressed as 
































2 
dF =1,dA= u- dA dT =rdF = u“ —dA 
O : o’ 
T=#2 | r?dA Way = aT = #2 | rèadA 
h JA : h JA 
Top surface: For the top surface, dA = 2zrdr . Substituting and integrating, 
. œ’ çpI2 Qnuw? ¢P!2 2nua r* Hi mua D* 
War,rop == [andr = f rar- = 7H 
oe h ¢r=0 h r=0 h 4 ay 32h 
. mua d* 
Bottom surface: A relation for the bottom surface is obtained by replacing D by d, Wy, pottom = ee 
h 
Side surface: The differential area for the side surface can be expressed as dA = 2ardz . From geometric considerations, the 
variation of radius with axial distance is expressed as r = S a Zs 
: ae D-d 2L 4m sya : : 
Differentiating gives dr = dz or dz= hed dr. Therefore, dA = 22dz = J rdr . Substituting and integrating, 
D/2 
. uo’ çP!2 , 47L Anuw’L (P12 3 Ana’ L r’ mua’ L(D* —d”) 
Waro = f r rar = EO = [ r-dr= = 
i h J=0 D-d h(D-d) Jr=a12 W(D-d) 4} an 16h(D-d) 
Then the total power required becomes 
_ mua’ D* 


Wo, total = Wan, top + Wop, bottom + Wo, side — 


32h 


4 
(arp eDi 2, 
D-d 


where d/D = 4/12 = 1/3. Substituting, 
2 2 4 B 4 
(0.1 N-s/m* )(200 /s) “ (0.12 m) 1a x 2(0.12 œw [1 - (1/3) 4 1W )-270 w 





Waria = 
Toa 32(0.0012 m) (0.12—0.04)m [1 Nm/s 


Noting that power is proportional to viscosity, the power required at 80°C is 


; lige 0.0078 N - s/m? 
Wen, total, 80°C 7 sore Wo, total, 20°C -——_... > (270 W) =21.1W 


20°C 0.1N-s/m2 





Therefore, the reduction in the requires power input at 80°C is Reduction = W,, iia, 20° ~ Wa tora, gore = 270 - 21.1 = 249 W, 
which is about 92%. 


Discussion Note that the power required to overcome shear forces in a viscous fluid greatly depends on temperature. 





2-20 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 2 Properties of Fluids 
2-47 
Solution A clutch system is used to transmit torque through an oil film between two identical disks. For specified 
rotational speeds, the transmitted torque is to be determined. 


Assumptions 1 The thickness of the oil film is uniform. 2 The rotational speeds of the disks remain constant. 


Properties The absolute viscosity of oil is given to be = 0.38 N-s/m’. 





Driving 


SAE 30W oil 





Analysis The disks are rotting in the same direction at different angular speeds of @, and of @ . Therefore, we can 
assume one of the disks to be stationary and the other to be rotating at an angular speed of @, — @,. The velocity gradient 


anywhere in the oil of film thickness h is V /h where V =(@, —@, )r is the tangential velocity. Then the wall shear stress 


anywhere on the surface of the faster disk at a distance r from the axis of rotation can be expressed as 
_ du: V_  (@ -0 
wani pS h 
Then the shear force acting on a differential area dA on the surface and the h 
torque generation associated with it can be expressed as 


= Oolr 
iP ag ghey OO" orja 
h Or 





(Q, —@>) 


2 
2. = 
AT = rd = yp Oar = TES) 


h 
Integrating, 


_ TMQ, - @> )p4* 


4 D/2 
_ 21-0) [rar _ 2mpl@, =) r* 
r=0 32h 


h h 4 r=0 


T 





Noting that @ = 277 n, the relative angular speed is 





0, =o, = 22 (ñ, =) = (22 radrev)[(1450-1398) rev/min J| mi2 


) = 5.445 rad/s , 
6 


s 
Substituting, the torque transmitted is determined to be 





„r — 70-38 N s/m? )(5.445 /s)(0.30 m) * 
32(0.003 m) 


=0.55N.m 


Discussion Note that the torque transmitted is proportional to the fourth power of disk diameter, and is inversely 
proportional to the thickness of the oil film. 
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Chapter 2 Properties of Fluids 


2-48 Kou 


Solution We are to investigate the effect of oil film thickness on the transmitted torque. 


Analysis The previous problem is reconsidered. Using EES software, the effect of oil film thickness on the 
torque transmitted is investigated. Film thickness varied from 0.1 mm to 10 mm, and the results are tabulated and 


TUCO — 0 )p* 


plotted. The relation used is T = 
32h 


. The EES Equations window is printed below, followed by the 


tabulated and plotted results. 


mu=0.38 

n1=1450 "rpm" 

w1=2*pi*n1/60 "rad/s" 

n2=1398 "rpm" 

w2=2*pi*n2/60 "rad/s" 

D=0.3 "m" 
Tq=pi*mu*(w1-w2)*(D^4)/(32*h) 






































18 
Film thickness Torque transmitted 
h, mm T, Nm 
0.1 16.46 
0.2 8.23 
0.4 4.11 T 
0.6 2.74 = 
0.8 2.06 = 
1 1.65 o 
2 0.82 m 
4 0.41 
6 0.27 
8 0.21 
10 0.16 



































0 0.002 0.004 0.006 0.008 0.01 
h [m] 


Conclusion Torque transmitted is inversely proportional to oil film thickness, and the film thickness should be as small as 
possible to maximize the transmitted torque. 


Discussion To obtain the solution in EES, we set up a parametric table, specify h, and let EES calculate T for each 
value of h. 
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Chapter 2 Properties of Fluids 
2-49 
Solution A multi-disk Electro-rheological “ER” clutch is considered. The ER fluid has a shear stress that is expressed 
as T=T, + “(du/dy). A relationship for the torque transmitted by the clutch is to be obtained, and the numerical value of 


the torque is to be calculated. 


Assumptions 1 The thickness of the oil layer between the disks is constant. 2 The Bingham plastic model for shear stress 
expressed as T=7, + 4(du/dy) is valid. 


Properties The constants in shear stress relation are given to be z= 0.1 Pa-s and 7, = 2.5 kPa. 


h=1.2 mm 







Output shaft 
Input shaft 


i ; Plates mounted on shell 
Plates mounted on input shaft y y y 


Variable magnetic field 


Analysis (a) The velocity gradient anywhere in the oil of film thickness h is V/h where V = ar is the tangential velocity 
relative to plates mounted on the shell. Then the wall shear stress anywhere on the surface of a plate mounted on the input 
shaft at a distance r from the axis of rotation is expressed as 


or 
h 


Then the shear force acting on a differential area dA on the surface of a disk and the torque generation associated with it are 
expressed as 





du V 
feat y Se =T, +4 


dF =t „dA = @ F u= emar 
E ‘1 


3 
dT = rdF = fr, + uZ) emar = zeer? +u - Ja 


Integrating, 





R 
R, or? r° uart f Ty 3 3 Ho 4 4 
T=2a[ tyre + dr=2z7)|T, + = 27| —(R5 — Rj )+ R, -R 
A u) 4 4h |. oo ge 


1 
1 


This is the torque transmitted by one surface of a plate mounted on the input shaft. Then the torque transmitted by both 
surfaces of N plates attached to input shaft in the clutch becomes 


Ty oO 
T=47N| 2 (R3 -R2)+ (Rs - R 
3 (R3 -Ri ) 4h (Ry -R,) 
(b) Noting that @ = 2mm = 27(2400 rev/min) = 15,080 rad/min = 251.3 rad/s and substituting, 


2500 N/m? (0.1N-s/m?)(251.3/s) 


20m)? - (0. 3 
ey =O 4(0.0012 m) 


T=(47)d0 i [(0.20 m)* —(0.05 m)* ] =2060N-m 


Discussion Can you think of some other potential applications for this kind of fluid? 
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Chapter 2 Properties of Fluids 
2-50 
Solution A multi-disk magnetorheological “MR” clutch is considered The MR fluid has a shear stress that is 
expressed as tr =7, + K(du/dy)”. A relationship for the torque transmitted by the clutch is to be obtained, and the 


numerical value of the torque is to be calculated. 


Assumptions 1 The thickness of the oil layer between the disks is constant. 2 The Herschel-Bulkley model for shear stress 
expressed as t= 7, + K(du/dy)” is valid. 


Properties The constants in shear stress relation are given to be 7,= 900 Pa, K = 58 Pa-s” , and m = 0.82. 
h=1.2mm 







Output shaft 
Input shaft 


; : Plates mounted on shell 
Plates mounted on input shaft ž w wy y 


Variable magnetic field 
Analysis (a) The velocity gradient anywhere in the oil of film thickness h is V/h where V = ar is the tangential velocity 


relative to plates mounted on the shell. Then the wall shear stress anywhere on the surface of a plate mounted on the input 
shaft at a distance r from the axis of rotation is expressed as 


reat + K|) =r, +K(*) =r, +K( Z) 
) 7 ) 


Then the shear force acting on a differential area dA on the surface of a disk and the torque generation associated with it are 
expressed as 


m m m m+2 
dF =t „dA = b + «(= Joma and dT =rdF = fz $ (=) Joma = afr yke \n 
A > 





h” 





Integrating, 
R, m_,m+2 3 m „m+3 ]®2 T. m 
T=2z[ nr ek r dr =27 poar, =27 D> (R3 - R?) +E R?” R") 
R; h” © 3 (m+3)h” R 3 (m+3)h” 
1 


This is the torque transmitted by one surface of a plate mounted on the input shaft. Then the torque transmitted by both 
surfaces of N plates attached to input shaft in the clutch becomes 


Ko - (R R”) 
(m+3)h 
(b) Noting that œ = 2m =27(2400 rev/min) = 15,080 rad/min = 251.3 rad/s and substituting, 





Ty 
| 7 (R3 -RŽ)+ 


(58 N- s°®/m? )(251.3 /s)”™ 


900 N/m? 
T =(47)(11)} ——— - 
(r 3 | (0.82 +3) (0.0012 m)”” 


(0.20 m) -(0.05 m) | a [(0.20 m” - (0.05 my] 


= 103.4 N=103 kKN-m 


Discussion Can you think of some other potential applications for this kind of fluid? 
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Chapter 2 Properties of Fluids 
2-51 
Solution The torque and the rpm of a double cylinder viscometer are given. The viscosity of the fluid is to be 
determined. 


Assumptions 1 The inner cylinder is completely submerged in oil. 2 The 
viscous effects on the two ends of the inner cylinder are negligible. 3 The fluid 
is Newtonian. 


Analysis Substituting the given values, the viscosity of the fluid is 
determined to be 
TZ (0.8 N-m)(0.0012 m) 


b= = 0.0231 N s/m? 
4° R'ùL 42° (0.075 m)° (200/60s")(0.75 m) 


Discussion This is the viscosity value at the temperature that existed during 
the experiment. Viscosity is a strong function of temperature, and the values 
can be significantly different at different temperatures. 








2-52E 
Solution The torque and the rpm of a double cylinder viscometer are 
given. The viscosity of the fluid is to be determined. 


Assumptions 1 The inner cylinder is completely submerged in the fluid. 2 
The viscous effects on the two ends of the inner cylinder are negligible. 3 The 
fluid is Newtonian. 





Analysis Substituting the given values, the viscosity of the fluid is determined 
to be i 
l= 0.05 in 


TZ (1.2 Ibf - ft)(0.05/12 ft) fluid 


=— = 5 —— = 9.97 x10 Ibf-s/ft? 
4a Ren 47° (5.6/12 ft)” (250/ 60s” )(3 ft) 





Discussion This is the viscosity value at temperature that existed during 
the experiment. Viscosity is a strong function of temperature, and the values can be significantly different at different 
temperatures. 
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Chapter 2 Properties of Fluids 
2-53 
Solution The velocity profile for laminar one-dimensional flow through a circular pipe is given. A relation for 
friction drag force exerted on the pipe and its numerical value for water are to be determined. 


Assumptions 1 The flow through the circular pipe is one-dimensional. 2 The fluid is Newtonian. 


Properties The viscosity of water at 20°C is given to be 0.0010 kg/m:s. U(F) = Umax( 1-7 /R°) 
Analysis The velocity profile is given by u(r) = u nax h - =) 


where R is the radius of the pipe, r is the radial distance from the center of 
the pipe, and max is the maximum flow velocity, which occurs at the 
center, r = 0. The shear stress at the pipe surface is expressed as 

du r? —2r 
dr 





_ 2 Lu max 


r=R R 





Ty =—H 








a 1 
= U max = — AU max 
a a ha T 


Note that the quantity du/dr is negative in pipe flow, and the negative sign is added to the 7, relation for pipes to make 
shear stress in the positive (flow) direction a positive quantity. (Or, du/dr = —du/dy since y = R — r). Then the friction drag 
force exerted by the fluid on the inner surface of the pipe becomes 


2 La max 


Fp =t,Ay = (2aRL) = 4auLu 


max 


Substituting we get Fp = 4auLu,,,, =47(0.0010 kg/m-s)(15 m)(3 ois 18] = 0.565 N 


1kg -m/s 


Discussion In the entrance region and during turbulent flow, the velocity gradient is greater near the wall, and thus the 
drag force in such cases will be greater. 





2-54 

Solution The velocity profile for laminar one-dimensional flow through a circular pipe is given. A relation for 
friction drag force exerted on the pipe and its numerical value for water are to be determined. 

Assumptions 1 The flow through the circular pipe is one-dimensional. 2 The fluid is Newtonian. 


Properties The viscosity of water at 20°C is given to be 0.0010 kg/m:s. U(T) = Umax(1-17/R2) 
Analysis The velocity profile is given by u(r) = uU max - 5) 
R 


where R is the radius of the pipe, r is the radial distance from the center of 
the pipe, and max is the maximum flow velocity, which occurs at the 
center, r = 0. The shear stress at the pipe surface can be expressed as 


7 g~“ j d I r? a —2r 
w = U max = — AMU max 
r=R dr R? p R? 





2 uu max 


r=R R 





dr 








Note that the quantity du/dr is negative in pipe flow, and the negative sign is added to the 7, relation for pipes to make 
shear stress in the positive (flow) direction a positive quantity. (Or, du/dr = —du/dy since y = R — r). Then the friction drag 
force exerted by the fluid on the inner surface of the pipe becomes 


2 La max 


Fy =A, = (2aRL) = 4quLu 


max 


ay oen 


Substituting, we get Fp = 47uLu max = 47 (0.0010 kg/m - s)(15 m)(5 m/s) 
1kg- m/s 


Discussion In the entrance region and during turbulent flow, the velocity gradient is greater near the wall, and thus the 
drag force in such cases will be larger. 
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Chapter 2 Properties of Fluids 


Surface Tension and Capillary Effect 


2-55C 
Solution We are to define and discuss surface tension. 
Analysis The magnitude of the pulling force at the surface of a liquid per unit length is called surface tension ©. 


It is caused by the attractive forces between the molecules. The surface tension is also surface energy (per unit area) since it 
represents the stretching work that needs to be done to increase the surface area of the liquid by a unit amount. 


Discussion Surface tension is the cause of some very interesting phenomena such as capillary rise and insects that can 
walk on water. 





2-56C 
Solution We are to analyze the pressure difference between inside and outside of a soap bubble. 
Analysis The pressure inside a soap bubble is greater than the pressure outside, as evidenced by the stretch of 


the soap film. 


Discussion You can make an analogy between the soap film and the skin of a balloon. 





2-57C 
Solution We are to define and discuss the capillary effect. 
Analysis The capillary effect is the rise or fall of a liquid in a small-diameter tube inserted into the liquid. It is 


caused by the net effect of the cohesive forces (the forces between like molecules, like water) and adhesive forces (the 
forces between unlike molecules, like water and glass). The capillary effect is proportional to the cosine of the contact 
angle, which is the angle that the tangent to the liquid surface makes with the solid surface at the point of contact. 


Discussion The contact angle determines whether the meniscus at the top of the column is concave or convex. 





2-58C 
Solution We are to determine whether the level of liquid in a tube will rise or fall due to the capillary effect. 
Analysis The liquid level in the tube will drop since the contact angle is greater than 90°, and cos(110°) < 0. 


Discussion This liquid must be a non-wetting liquid when in contact with the tube material. Mercury is an example of a 
non-wetting liquid with a contact angle (with glass) that is greater than 90°. 





2-59C 
Solution We are to compare the capillary rise in small and large diameter tubes. 
Analysis The capillary rise is inversely proportional to the diameter of the tube, and thus capillary rise is greater in 


the smaller-diameter tube. 


Discussion Note however, that if the tube diameter is large enough, there is no capillary rise (or fall) at all. Rather, the 
upward (or downward) rise of the liquid occurs only near the tube walls; the elevation of the middle portion of the liquid in 
the tube does not change for large diameter tubes. 
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Chapter 2 Properties of Fluids 
2-60E 
Solution A slender glass tube is inserted into kerosene. The capillary rise of kerosene in the tube is to be determined. 


Assumptions 1 There are no impurities in the kerosene, and no contamination on the 
surfaces of the glass tube. 2 The kerosene is open to the atmospheric air. 


Properties The surface tension of kerosene-glass at 68°F (20°C) is o, = 
0.028x0.06852 = 0.00192 Ibf/ft. The density of kerosene at 68°F is p = 51.2 lbm/ft’. 
The contact angle of kerosene with the glass surface is given to be 26°. 





Analysis Substituting the numerical values, the capillary rise is determined to be 
H- 2o cos _ 2(0.00192 Ibf/ft)(cos26°) 32.2 Ibm- ft/s? 
psR (51.2 Ibm/ft*)(32.2 ft/s” )(0.015/12 ft) 1 Ibf 


= 0.0539 ft = 0.650 in 


Discussion The capillary rise in this case more than half of an inch, and thus it is clearly noticeable. 





2-61 
Solution A glass tube is inserted into a liquid, and the capillary rise is measured. 
The surface tension of the liquid is to be determined. 


Assumptions 1 There are no impurities in the liquid, and no contamination on the 
surfaces of the glass tube. 2 The liquid is open to the atmospheric air. 


Properties The density of the liquid is given to be 960 kg/m’. The contact angle is 
given to be 15°. 





Analysis Substituting the numerical values, the surface tension is determined from 
the capillary rise relation to be 


3 2 
a _ Se ee OOA ZWO AN 0232 Ni 
2cos @ 2(cos 15°) 1kg-m/s” 


Discussion Since surface tension depends on temperature, the value determined is valid at the liquid’s temperature. 





2-62 
Solution The diameter of a soap bubble is given. The gage pressure inside the bubble is to be determined. 


Assumptions The soap bubble is in atmospheric air. 


Properties The surface tension of soap water at 20°C is o, = 0.025 N/m. 
Analysis The pressure difference between the inside and the outside of a 
bubble is given by 
4o, Soap 





AP ubble = P; ~ Po = R bubble 


P 
In the open atmosphere Py = Pam, and thus AP, pie is equivalent to the gage 


pressure. Substituting, 





4(0.025 N 
P, gage = AP ubble = 4(0.025 N/m) =100 N/m2 =100 Pa 
f 0.002/2 m 
4(0.025 N/m) 2 
P; gage = AP, = —____~ =4N/m* =4Pa 
i,gage bubble 0.05/2 m 


Discussion Note that the gage pressure in a soap bubble is inversely proportional to the radius. Therefore, the excess 
pressure is larger in smaller bubbles. 
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Chapter 2 Properties of Fluids 
2-63 
Solution Nutrients dissolved in water are carried to upper parts of plants. The 
height to which the water solution rises in a tree as a result of the capillary effect is to 
be determined. 


Assumptions 1 The solution can be treated as water with a contact angle of 15°. 2 
The diameter of the tube is constant. 3 The temperature of the water solution is 20°C. 


Properties The surface tension of water at 20°C is o, = 0.073 N/m. The density of 
water solution can be taken to be 1000 kg/m’. The contact angle is given to be 15°. 


Analysis Substituting the numerical values, the capillary rise is determined to be 
2 . p S 2 0.005 mir 
he O, COs ġ = 2 — ) - 1kg. m/s -5.75m .005 mm 
pgR (1000 kg/m” )(9.81 m/s* )(2.5x10™° m) IN 





Discussion Other effects such as the chemical potential difference also cause the 
fluid to rise in trees. 





2-64 
Solution The force acting on the movable wire of a liquid film suspended on a U-shaped wire frame is measured. The 
surface tension of the liquid in the air is to be determined. 


Assumptions 1 There are no impurities in the liquid, and no contamination on the surfaces of the wire frame. 2 The liquid 
is open to the atmospheric air. 


Analysis Substituting the numerical values, the surface tension is determined from the surface tension force relation 
to be 


o, = -2012N__ 0.075 N/m 
s= 3b 20.08m) 


Discussion The surface tension depends on temperature. Therefore, the value 
determined is valid at the temperature of the liquid. 
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Chapter 2 Properties of Fluids 


2-65 
Solution A steel ball floats on water due to the surface tension effect. The maximum diameter of the ball is to be 


Oo 


determined, and the calculations are to be repeated for aluminum. A A A 


Assumptions 1 The water is pure, and its 
temperature is constant. 2 The ball is dropped on 
water slowly so that the inertial effects are negligible. 
3 The contact angle is taken to be 0° for maximum 
diameter. 


Properties The surface tension of water at 20°C 
is o; = 0.073 N/m. The contact angle is taken to be 
0°. The densities of steel and aluminum are given to 
be Pete: = 7800 kg/m? and pa; = 2700 kg/m’. 


Analysis The surface tension force and the 
weight of the ball can be expressed as 


F,=2Do, and W =mg = pgV = pgaD? /6 


When the ball floats, the net force acting on the ball in the vertical direction is zero. Therefore, setting F, =W and solving 





: . l6o PE i . ’ : 
for diameter D gives D = _{—— . Substititing the known quantities, the maximum diameters for the steel and aluminum 
PE 


balls become 














6 .073N 1kg- m/s? 
D steel = fa = na 2 a 2 & mus = 2.4x107 m=2.4 mm 
PS (7800 kg/m* )(9.81m/s~*) 1N 
6 ; ae 
Dy =|- = = - a 7 Ikem i ciki meim 
ps (2700 kg/m” )(9.81 m/s~ ) IN 


Discussion Note that the ball diameter is inversely proportional to the square root of density, and thus for a given 
material, the smaller balls are more likely to float. 





Review Problems 


2-66 
Solution The pressure in an automobile tire increases during a trip while its volume remains constant. The percent 
increase in the absolute temperature of the air in the tire is to be determined. 


Assumptions 1 The volume of the tire remains constant. 2 Air is an ideal gas. 





Analysis Noting that air is an ideal gas and the volume is constant, the ratio of absolute temperatures after and before 
the trip are 
PV, PV, T, P, 
Mia i y E T 
T nD, T, P, 290kPa 


Therefore, the absolute temperature of air in the tire will increase by 6.9% during this trip. 


Discussion This may not seem like a large temperature increase, but if the tire is originally at 20°C (293.15 K), the 
temperature increases to 1.069(293.15 K) = 313.38 K or about 40.2°C. 
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Chapter 2 Properties of Fluids 
2-67 
Solution A large tank contains nitrogen at a specified temperature and pressure. Now some nitrogen is allowed to 
escape, and the temperature and pressure of nitrogen drop to new values. The amount of nitrogen that has escaped is to be 
determined. 


Assumptions The tank is insulated so that no heat is transferred. 








Analysis Treating N, as an ideal gas, the initial and the final masses in the tank are determined to be 
PV (800kPa)(20m*) 
m = = 3 9kg 
RT, (0.2968kPa-m~/kg - K)(298K) 
P,V 600kPa)(20m° 
m, = 2 ( x ) Okg 


RT, (0.2968kPa- m/kg -K)(293K) 
Thus the amount of N, that escaped is Am=m,—m, =180.9—138.0= 42.9 kg 





Discussion Gas expansion generally causes the temperature to drop. This principle is used in some types of 
refrigeration. 





2-68 
Solution Suspended solid particles in water are considered. A relation is to be developed for the specific gravity of 


the suspension in terms of the mass fraction C 


s, Mass 


and volume fraction C, „a Of the particles. 


Assumptions 1 The solid particles are distributed uniformly in water so that the solution is homogeneous. 2 The effect of 
dissimilar molecules on each other is negligible. 


Analysis Consider solid particles of mass m, and volume V; dissolved in a fluid of mass my and volume V,,. The total 
volume of the suspension (or mixture) is 
Vin = V; ae V; 
Dividing by V, and using the definition C, vo =V, /Vm give 
V; V; 
1=C, vol tT > —-=1-¢, vol (1) 
i Vn Vn , 


The total mass of the suspension (or mixture) is 


M, =m, +My 


Dividing by m,, and using the definition C, mass = Ms / Mm give 





EE E Q) 
mn BV m ey, 
Combining equations | and 2 gives 
Pr 1- Cs mass 
Pa Oaa 


When the fluid is water, the ratio pp / P, is the inverse of the definition of specific gravity. Therefore, the desired relation 


for the specific gravity of the mixture is 
1-C,, 
SG, = Pm _ s,vol 
Pf 1 ~ Css 














which is the desired result. 


Discussion As a quick check, if there were no particles at all, SG,, = 0, as expected. 
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Chapter 2 Properties of Fluids 
2-69 
Solution The specific gravities of solid particles and carrier fluids of a slurry are given. The relation for the specific 
gravity of the slurry is to be obtained in terms of the mass fraction C and the specific gravity SG, of solid particles. 


5, Mass 


Assumptions 1 The solid particles are distributed uniformly in water so that the solution is homogeneous. 2 The effect of 
dissimilar molecules on each other is negligible. 





Analysis Consider solid particles of mass m, and volume V; dissolved in a fluid of mass mp and volume V,,. The total 
volume of the suspension (or mixture) is V„ =V, +V}. 
Dividing by V,, gives 
vy. Vv V, V 
jetty y ajoa l. qP Pa =1-C, nn SG,, (1) 
Vn Vin V, V, Mp / Pn M, Ps dias SG, 


since ratio of densities is equal two the ratio of specific gravities, and m, /m,, =C The total mass of the suspension 


s, mass * 


(or mixture) is m,, =m, +m, . Dividing by mn and using the definition Cy mass = Ms / M, give 


1 = C, mass + + = C, mass t A ! > Pm = 1 2) 
OO Ma O Pha V, Pr d- C, „mass Wn 





Taking the fluid to be water so that p,,/, =SG,, and combining equations | and 2 give 


= l1- C, massSG „ /SG, 


m 1-C 


s,mass 


SG 


Solving for SG,, and rearranging gives 





6. 
1+C, „a (1/SG, -1) 


s, mass 











which is the desired result. 


Discussion As a quick check, if there were no particles at all, SG,, = 0, as expected. 





2-70E 
Solution The minimum pressure on the suction side of a water pump is given. The maximum water temperature to 
avoid the danger of cavitation is to be determined. 


Properties The saturation temperature of water at 0.95 psia is LOO°F. 
Analysis To avoid cavitation at a specified pressure, the fluid temperature everywhere in the flow should remain 
below the saturation temperature at the given pressure, which is 

ae a Toi @ 0.95 psia = 100°F 


Therefore, T must remain below 100°F to avoid the possibility of cavitation. 


Discussion Note that saturation temperature increases with pressure, and thus cavitation may occur at higher pressure at 
locations with higher fluid temperatures. 
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Chapter 2 Properties of Fluids 
2-71 
Solution Air in a partially filled closed water tank is evacuated. The absolute pressure in the evacuated space is to be 
determined. 


Properties The saturation pressure of water at 60°C is 19.94 kPa. 


Analysis When air is completely evacuated, the vacated space is filled with water vapor, and the tank contains a 
saturated water-vapor mixture at the given pressure. Since we have a two-phase mixture of a pure substance at a specified 
temperature, the vapor pressure must be the saturation pressure at this temperature. That is, 


P = P e «c = 19.94 kPa = 19.9 kPa 


v s 


Discussion If there is any air left in the container, the vapor pressure will be less. In that case the sum of the component 
pressures of vapor and air would equal 19.94 kPa. 


















































Solution The variation of the dynamic viscosity of water with absolute temperature is given. Using tabular data, a 
relation is to be obtained for viscosity as a 4" order polynomial. The result is to be compared to Andrade’s equation in the 
form of u=D-e?". 
Properties The viscosity data are given in tabular form as 
T(K) u (Pas) 0.0018 r ; i : 
273.15 3 f \ 
L/BTEIU 0.0016 
278.15  1.519x10 | T 
283.15 1.307x10° 0.0014 
293.15 1.002x10° L A 
303.15 7.975x10* 0.0012 
313.15 6.529x10* f 
=. 
333.15  4.665x10% Soun x 
353.15  3.547x10* 0.0008 
373.15 2.828x10“ | 
0.0006 
Analysis Using EES, (1) Define a trivial L 
function “a=mu+T” in the equation window, (2) 0.0004 B e 
select new parametric table from Tables, and H 
type the data in a two-column table, (3) select 0.0002 i i i i i 
Plot and plot the data, and (4) select plot and 270 292 314 336 358 380 
click on “curve fit” to get curve fit window. T 


Then specify polynomial and enter/edit equation. The equations and plot are shown here. 


H = 0.489291758 - 0.00568904387T + 0.0000249152104 T° - 4.86155745x10°T? + 3.56198079x10"' T* 
u = 0.000001475*EXP(1926.5/T) [used initial guess of a0=1.8x10° and a1=1800 in mu=a0*exp(a1/T)] 


At T = 323.15 K, the polynomial and exponential curve fits give 
Polynomial: (323.15 K) = 0.0005529 Pa-s (1.1% error, relative to 0.0005468 Pa-s) 
Exponential: (323.15 K) = 0.0005726 Pa-s (4.7% error, relative to 0.0005468 Pa-s) 


Discussion This problem can also be solved using an Excel worksheet, with the following results: 
Polynomial: A = 0.4893, B = -0.005689, C = 0.00002492, D = -0.000000048612, and E = 0.00000000003562 


Andrade’s equation: | £¢ = 1.807952 —6* e'°°7 
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Chapter 2 Properties of Fluids 
2-73 
Solution The velocity profile for laminar one-dimensional flow between two parallel plates is given. A relation for 
friction drag force exerted on the plates per unit area of the plates is to be obtained. 


Assumptions 1 The flow between the plates is one-dimensional. 2 The -4 nly ine 
fluid is Newtonian. u(y) = 4U max b/ (y/ n) ] 


Analysis The velocity profile is given by u(y) = 4u max [y [h- (y / ny | 


where A is the distance between the two plates, y is the vertical distance 
from the bottom plate, and max is the maximum flow velocity that occurs at 
midplane. The shear stress at the bottom surface can be expressed as 


2 
1 2 
= Ayu max a 2 = 4 uu max = ~ 2r) 
dy\h h a h h 


Because of symmetry, the wall shear stress is identical at both bottom and top plates. Then the friction drag force exerted by 
the fluid on the inner surface of the plates becomes 





_ du 


4 yu 
Ty =H =— 
dy 


max 


h 








y=0 


y=0 





8 Lu 
Fp = 2T pA plate = a plate 
Therefore, the friction drag per unit plate area is 
8 Lu 
F D / A plate = S 











Discussion Note that the friction drag force acting on the plates is inversely proportional to the distance between plates. 





2-74 

Solution The laminar flow of a Bingham plastic fluid in a horizontal pipe 
of radius R is considered. The shear stress at the pipe wall and the friction drag 
force acting on a pipe section of length L are to be determined. 

Assumptions 1 The fluid is a Bingham plastic with T =T, + u(du/dr) where 


T, is the yield stress. 2 The flow through the pipe is one-dimensional. 














Tx 
Analysis The velocity profile is given by u(r) = a (r> —R?)+—(r—R) where AP/L is the pressure drop along 
u 
the pipe per unit length, xis the dynamic viscosity, r is the radial distance from the centerline. Its gradient at the pipe wall 
(r=R) is 
T, fa 
a g í AP r?-R?) +r w) -|2r ar ) au (= R+r, | 
dr\,-r dr\4uL 4 R 4uL u „R #¥ 2L : 








Substituing into 7 = 7, + s(du/dr), the wall shear stress at the pipe surface becomes 


AP AP 
ate tyra Pha 


y 





r=R 


Then the friction drag force exerted by the fluid on the inner surface of the pipe becomes 








Fp =7,A,y = (2°, + = R \aRL) = aati 2°, +r) =4aRLt, + aR” AP 








Discussion Note that the total friction drag is proportional to yield shear stress and the pressure drop. 
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Chapter 2 Properties of Fluids 
2-75 
Solution A circular disk immersed in oil is used as a damper, as shown in the figure. It is to be shown that the 
4 


damping torque is Tyamping =C@ where C = 0.5aul/a +1/b)R : 
Assumptions 1 The thickness of the oil layer on each 
side remains constant. 2 The velocity profiles are linear 
on both sides of the disk. 3 The tip effects are negligible. 
4 The effect of the shaft is negligible. 


Analysis The velocity gradient anywhere in the oil 
of film thickness a is V/a where V = œr is the tangential 
velocity. Then the wall shear stress anywhere on the 
upper surface of the disk at a distance r from the axis of 
rotation can be expressed as 


a dy a a 
Then the shear force acting on a differential area dA on 
the surface and the torque it generates can be expressed as 


dF =t „dA = u dA 
a 





Damping oil 


ar? 


dT = rdF = u dA 





a 
Noting that dA = 27rdr and integrating, the torque on the top surface is determined to be 











Trp => | 77da = Hor r? (Qar)dr = =the pi yee © mR 
a dA a ¢r=0 a 4r=0 a 4 bg 2a 
The torque on the bottom surface is obtained by replaying a by b, 
Tbottom = naan 
2b 


The total torque acting on the disk is the sum of the torques acting on the top and bottom surfaces, 
RA (1 1 
Typ =H (442) 





T è =T = 
damping, total bottom to 
ping, p 2 a b 


or, 





4 
muR (1 1 
Tdamping, total =Co where C= 5 (= +=] 


This completes the proof. 


Discussion Note that the damping torque (and thus damping power) is inversely proportional to the thickness of oil 
films on either side, and it is proportional to the 4" power of the radius of the damper disk. 
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Chapter 2 Properties of Fluids 
2-76E 
Solution A glass tube is inserted into mercury. The capillary drop of mercury in the tube is to be determined. 


Assumptions 1 There are no impurities in mercury, and no contamination on the surfaces of the glass tube. 2 The mercury 
is open to the atmospheric air. 


Properties The surface tension of mercury-glass in atmospheric air at 68°F (20°C) is o, = 0.440x0.06852 = 0.03015 
Ibf/ft. The density of mercury is p = 847 Ibm/ft’ at 77°F, but we can also use this value at 68°F. The contact angle is given 


to be 140°. 
Analysis Substituting the numerical values, the capillary drop is determined to be 
5) = 27.808 ___2(0.03015 Ibf/ft)(cos140°) = m is 
pak — (847 Ibm/ft’)(32.2 fi/s’)(0.45/12 ft) 1 Ibf TT amelie 
=—0.00145 ft =-0.0175 in 


Discussion The negative sign indicates capillary drop instead of rise. The drop is 
very small in this case because of the large diameter of the tube. 





2-77 
Solution A relation is to be derived for the capillary rise of a liquid between two large parallel plates a distance t 
apart inserted into a liquid vertically. The contact angle is given to be ¢. 


Assumptions There are no impurities in the liquid, and no contamination on the surfaces of the plates. 


Analysis The magnitude of the capillary rise between two large parallel plates can be determined from a force 
balance on the rectangular liquid column of height h and width w between the plates. The bottom of the liquid column is at 
the same level as the free surface of the liquid reservoir, and thus the pressure there must be atmospheric pressure. This will 
balance the atmospheric pressure acting from the top surface, and thus these two effects will cancel each other. The weight 
of the liquid column is 


t 
W =mg = pg V = pg(wxtxh) 


Equating the vertical component of the surface tension force to the weight gives 


W= F surface => pgs(wxtxh) = 2wo, cos ? Ai h 
ir 
Canceling w and solving for h gives the capillary rise to be Liquid p 
2 
Capillary rise: h= ZO SASY i 
pst 


Discussion The relation above is also valid for non-wetting liquids (such as mercury in glass), and gives a capillary 
drop instead of a capillary rise. 
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Chapter 2 Properties of Fluids 
2-78 
Solution A journal bearing is lubricated with oil whose viscosity is 
known. The torques needed to overcome the bearing friction during start-up 
and steady operation are to be determined. 


Assumptions 1 The gap is uniform, and is completely filled with oil. 2 The 
end effects on the sides of the bearing are negligible. 3 The fluid is 
Newtonian. 


Properties The viscosity of oil is given to be 0.1 kg/m-s at 20°C, and 
0.008 kg/m-s at 80°C. 


Analysis The radius of the shaft is R = 0.04 m. Substituting the given 
values, the torque is determined to be 











At start up at 20°C: 
2 p3; 472 (0.04 m)? -1)(0. 
T 2g Sho dikes m“ (0.04 m)? (500/60 s~ )(0.30 m) _0.79N-m 
l 0.0008 m 
During steady operation at 80°C: 
2 p3- 2 3 -1 
4 .04 . 
T=u 4z Rnl _ (0.008 kg/m s) a” (0.04 m)~ (500/60s~ )(0.30 m) -0.063 N-m 
l 0.0008 m 


Discussion Note that the torque needed to overcome friction reduces considerably due to the decrease in the viscosity 
of oil at higher temperature. 





Design and Essay Problems 


2-79 to 2-81 
Solution Students’ essays and designs should be unique and will differ from each other. 
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Chapter 3 Pressure and Fluid Statics 


Pressure, Manometer, and Barometer 


3-1C 
Solution We are to discuss the difference between gage pressure and absolute pressure. 
Analysis The pressure relative to the atmospheric pressure is called the gage pressure, and the pressure relative 


to an absolute vacuum is called absolute pressure. 


Discussion Most pressure gages (like your bicycle tire gage) read relative to atmospheric pressure, and therefore read 
the gage pressure. 





3-2C 
Solution We are to explain nose bleeding and shortness of breath at high elevation. 
Analysis Atmospheric air pressure which is the external pressure exerted on the skin decreases with increasing 


elevation. Therefore, the pressure is lower at higher elevations. As a result, the difference between the blood pressure 
in the veins and the air pressure outside increases. This pressure imbalance may cause some thin-walled veins such 
as the ones in the nose to burst, causing bleeding. The shortness of breath is caused by the lower air density at higher 
elevations, and thus lower amount of oxygen per unit volume. 


Discussion People who climb high mountains like Mt. Everest suffer other physical problems due to the low pressure. 





3-3C 
Solution We are to examine a claim about absolute pressure. 
Analysis No, the absolute pressure in a liquid of constant density does not double when the depth is doubled. It 


is the gage pressure that doubles when the depth is doubled. 


Discussion This is analogous to temperature scales — when performing analysis using something like the ideal gas law, 
you must use absolute temperature (K), not relative temperature (°C), or you will run into the same kind of problem. 





3-4C 
Solution We are to compare the pressure on the surfaces of a cube. 
Analysis Since pressure increases with depth, the pressure on the bottom face of the cube is higher than that on 


the top. The pressure varies linearly along the side faces. However, if the lengths of the sides of the tiny cube suspended 
in water by a string are very small, the magnitudes of the pressures on all sides of the cube are nearly the same. 


Discussion In the limit of an “infinitesimal cube”, we have a fluid particle, with pressure P defined at a “point”. 





3-5C 
Solution We are to define Pascal’s law and give an example. 
Analysis Pascal’s law states that the pressure applied to a confined fluid increases the pressure throughout by 


the same amount. This is a consequence of the pressure in a fluid remaining constant in the horizontal direction. An 
example of Pascal’s principle is the operation of the hydraulic car jack. 


Discussion The above discussion applies to fluids at rest (hydrostatics). When fluids are in motion, Pascal’s principle 
does not necessarily apply. However, as we shall see in later chapters, the differential equations of incompressible fluid 
flow contain only pressure gradients, and thus an increase in pressure in the whole system does not affect fluid motion. 
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3-6C 
Solution We are to compare the volume and mass flow rates of two fans at different elevations. 
Analysis The density of air at sea level is higher than the density of air on top of a high mountain. Therefore, the 


volume flow rates of the two fans running at identical speeds will be the same, but the mass flow rate of the fan at sea level 
will be higher. 


Discussion In reality, the fan blades on the high mountain would experience less frictional drag, and hence the fan 
motor would not have as much resistance — the rotational speed of the fan on the mountain would be slightly higher than 
that at sea level. 





3-7 

Solution The pressure in a vacuum chamber is measured by a vacuum gage. The H 
absolute pressure in the chamber is to be determined. 24 kPa 
Analysis The absolute pressure in the chamber is determined from 


P bs = Pim — Prac =92-24 = 68 kPa Patm = 92 kPa 


Discussion We must remember that “vacuum pressure” is the negative of gage pressure — hence the negative sign. 





3-8E 

Solution The pressure in a tank is measured with a manometer by measuring the differential height of the manometer 
fluid. The absolute pressure in the tank is to be determined for two cases: the manometer arm with the (a) higher and (b) 
lower fluid level being attached to the tank. 


Assumptions The fluid in the manometer is incompressible. 
Properties The specific gravity of the fluid is given to be SG = 1.25. The density of water at 32°F is 62.4 Ibm/ft’. 
Analysis The density of the fluid is obtained by multiplying its specific gravity by the density of water, 


P =SGX Py,o = (1.25)(62.4 Ibm/ft*) = 78.0 Ibm/ft* 


The pressure difference corresponding to a differential height of 28 in between the two arms of the manometer is 





2 
AP = pgh = (78lbm/ft? )(32. 174 ft/s? )(28/12 ft) a > a ~ |=1.26psia 
32.174lbm - ft/s? | 144in 


Then the absolute pressures in the tank for the two cases become: 






Pai 
(a) The fluid level in the arm attached to the tank is higher (vacuum): 
P = Pim — Pa = 12.7 -1.26 = 11.44 psia = 11.4 psia 
SG= 1.25 


(b) The fluid level in the arm attached to the tank is lower: 


Pos = Page t Pim = 12.7 +1.26 =13.96 psia = 14.0 psia 
Pam = 12.7 psia 
Discussion The final results are reported to three significant digits. Note 
that we can determine whether the pressure in a tank is above or below 
atmospheric pressure by simply observing the side of the manometer arm 


with the higher fluid level. 
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Solution The pressure in a pressurized water tank is measured by a multi-fluid manometer. The gage pressure of air 
in the tank is to be determined. 


Assumptions The air pressure in the tank is uniform (1.e., its variation with elevation is negligible due to its low density), 
and thus we can determine the pressure at the air-water interface. 


Properties The densities of mercury, water, and oil are given to be 13,600, 1000, and 850 kg/m’, respectively. 


Analysis Starting with the pressure at point 1 at the air-water interface, and moving along the tube by adding (as we 
go down) or subtracting (as we go up) the pgh terms until we reach point 2, and setting the result equal to Pam since the 


tube is open to the atmosphere gives 
P, + P water gh F Poi Blo T P mercury £%3 = Pam 
Solving for P4, 


Pi = Fat = P water Zh — Poi Bho + Pmereury 23 
or, 
P =P iin = E(P mercury%3 Pm P water E Poiih2) 


Noting that P) page =P) - Pam and substituting, 


= (9.81 m/s” )[(13,600 kg/m *)(0.46 m) — (1000 kg/m? )(0.2 m) 


-(850 kg/m? )(0.3 mf ee) 


P, gage 





1kg-m/s” }\1000 N/m? 
= 56.9 kPa 


Discussion Note that jumping horizontally from one tube to the next and realizing that pressure remains the same in the 
same fluid simplifies the analysis greatly. 





3-10 
Solution The barometric reading at a location is given in height of mercury column. The atmospheric pressure is to 
be determined. 


Properties The density of mercury is given to be 13,600 kg/m’. 


Analysis The atmospheric pressure is determined directly from 


1N 1 kPa 
P.. = pgh =(13,600 kg/m? )(9.81 m/s” )(0.750 m)| ———— a] 
im = PRK =| sim )| I red 1000 N/m? 
=100.1 kPa ~100 kPa 


Discussion We round off the final answer to three significant digits. 100 kPa is a fairly typical value of atmospheric 
pressure on land slightly above sea level. 
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Solution The gage pressure in a liquid at a certain depth is given. The gage pressure in the same liquid at a different 
depth is to be determined. 


Assumptions The variation of the density of the liquid with depth is negligible. 


Analysis The gage pressure at two different depths of a liquid can be expressed as P, = pgh, and P, = pgh,. 
Taking their ratio, 
P ph h : 
Po pgh hy i 
Solving for P, and substituting gives 1 hy 
h 12m 
P, =— P =—— (28 kPa) =112 kPa 2 
h, 3m 


Discussion Note that the gage pressure in a given fluid is proportional to depth. 





3-12 
Solution The absolute pressure in water at a specified depth is given. The local atmospheric pressure and the 
absolute pressure at the same depth in a different liquid are to be determined. 


Assumptions The liquid and water are incompressible. 


Properties The specific gravity of the fluid is given to be SG = 0.85. We take the density of water to be 1000 kg/m’. 
Then density of the liquid is obtained by multiplying its specific gravity by the density of water, 


p =SGx Py,9 = (0.85)(1000 kg/m*) = 850 kg/m? 


Analysis (a) Knowing the absolute pressure, the atmospheric pressure can be determined from 
Lr > P = pgh Pam 
3 3 1 kPa 
=(145 kPa)-—(1000 kg/m°)(9.81 m/s*)(5 m) —————; |=96.0 kPa 
1000 N/m h 
(b) The absolute pressure at a depth of 5 m in the other liquid is b 


P = Pam F pgh 


1kPa 
= (96.0 kPa) + (850 kg/m*)(9.81 m/s*)(5 —— 
( a) + ( g/m’ )( s“ )( m] 
=137.7 kPa = 138 kPa 


Discussion Note that at a given depth, the pressure in the lighter fluid is lower, as expected. 





3-13E 
Solution It is to be shown that 1 kgf/em? = 14.223 psi. 
Analysis Noting that 1 kgf = 9.80665 N, 1 N = 0.22481 lbf, and | in = 2.54 cm, we have 


= 2.20463 lbf 


22481 Ibf 
I kgf =9.80665 N = (9.80665 N ae) 


2.54 cm 





2 
and L kgf/cm? = 2.20463 Ibf/em? = (2.20463 son? = 14.223 Ibf/in” = 14.223 psi 


Discussion This relationship may be used as a conversion factor. 
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Solution The weight and the foot imprint area of a person are given. The pressures this man exerts on the ground 
when he stands on one and on both feet are to be determined. 


Assumptions The weight of the person is distributed uniformly on foot imprint area. Le 


Analysis The weight of the man is given to be 200 lbf. Noting that 
pressure is force per unit area, the pressure this man exerts on the ground is 








(a) On one foot: pols 2 WE. ese ipiin= 5.56 psi 
A 36in? 

(a) On both feet: P= LA 2 o = 2.78 lbf/in? = 2.78 psi 
2A 2x36in 


Discussion Note that the pressure exerted on the ground (and on the feet) is reduced by half when the person stands on 
both feet. 





3-15 
Solution The mass of a woman is given. The minimum imprint area per shoe needed to enable her to walk on the 
snow without sinking is to be determined. 


Assumptions 1 The weight of the person is distributed uniformly on the imprint area of the shoes. 2 One foot carries the 
entire weight of a person during walking, and the shoe is sized for walking conditions (rather than standing). 3 The weight 
of the shoes is negligible. 


Analysis The mass of the woman is given to be 70 kg. For a pressure of 0.5 kPa on the 
snow, the imprint area of one shoe must be 


A= 








r ne Meetmed IN I 1kPa 


]=1.37 m? 
P P 0.5 kPa 1kg-m/s? J 1000 N/m? 


Discussion This is a very large area for a shoe, and such shoes would be impractical to use. Therefore, some sinking of 
the snow should be allowed to have shoes of reasonable size. 





3-16 
Solution The vacuum pressure reading of a tank is given. The absolute pressure in the tank is to be determined. 


Properties The density of mercury is given to be p = 13,590 kg/m’. 


Analysis The atmospheric (or barometric) pressure can be expressed as ORPA 
Pii = pgh i n j E 
= (13,590 kg/m?)(9.807 m/s? )(0.755 m)} ————~ | ——— 
1 kg -m/s^ A 1000 N/m Pam = 755MmMHg 


=100.6 kPa 
Then the absolute pressure in the tank becomes 


Ping = Pam — Pae =100.6-30 =70.6 kPa 


a atm ~ * vac 


Discussion The gage pressure in the tank is the negative of the vacuum pressure, i.€., Pgage = —30.0 kPa. 
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3-17E 
Solution A pressure gage connected to a tank reads 50 psi. The absolute pressure in the tank is to be determined. 
Properties The density of mercury is given to be p = 848.4 Ibm/ft’. G 
| 
Analysis The atmospheric (or barometric) pressure can be expressed as 50 psia 
Pia = pgh 2 
3 2 11bf 1 ft 
= (848.4 Ibm/ft" )(32.174 ft/s” )(29.1/12 ft) z O 
i 32.174 Ibm - ft/s 144 in 
=14.29 psia 
Then the absolute pressure in the tank is 
Foe = le 50+14.29 = 64.29 psia = 64.3 psia 
Discussion This pressure is more than four times as much as standard atmospheric pressure. 
3-18 
Solution A pressure gage connected to a tank reads 500 kPa. The absolute pressure i 
in the tank is to be determined. 500 kPa 
Analysis The absolute pressure in the tank is determined from 
Ping = Ponge + Paim = 500 +94 = 594 kPa Paim = 94 kPa 
Discussion This pressure is almost six times greater than standard atmospheric pressure. 
3-19 
Solution A mountain hiker records the barometric reading before and after a hiking trip. The vertical distance 
climbed is to be determined. 
Assumptions The variation of air density and the gravitational acceleration with 
altitude is negligible. 780 mbar 


Properties The density of air is given to be p = 1.20 kg/m’. 





Analysis Taking an air column between the top and the bottom of the mountain 
and writing a force balance per unit base area, we obtain 
930 mbar 
Wair /A= Petter T Pop 


(Pgh) ait = Fhottom — Pop 





IN 1b 
(1.20 kg/m?)(9.81 m/s” )(A) 5 z = | = (0.930 —0.780) bar 
1 kg -m/s 100,000 N/m 


It yields h = 1274 m = 1270 m (to 3 significant digits), which is also the distance climbed. 


Discussion A similar principle is used in some aircraft instruments to measure elevation. 
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Solution A barometer is used to measure the height of a building by recording reading at the bottom and at the top of 
the building. The height of the building is to be determined. 


Assumptions The variation of air density with altitude is negligible. 


Properties The density of air is given to be p = 1.18 kg/m’. The density of mercury is 13,600 kg/m’. 


Analysis Atmospheric pressures at the top and at the bottom of the building are 730 mmHg 
Pa =E h)a 1 N 1 kP 

= (13,600 kg/m°)(9.807 m/s?)(0.730 m| ——— | < 
1 kg-m/s 1000 N/m 

=97.36 kPa 

Et = (P Eh honom 1 N 1 KP 

=(13,600 kg/m*)(9.807 m/s”)(0.755 m) = 7 -e 
1kg-m/s° /\ 1000 N/m 

=100.70 kPa 





Taking an air column between the top and the bottom of the building, we write a force balance per unit base area, 


Wir / A= T otom = Fop and (pgh dix = Te athe ~ Fop 


(1.18 kg/m*)(9.807 m/s*)(h) eS Se = (100.70 —97.36) kPa 
1 kg-m/s* }/\ 1000 N/m 


which yields h = 288.6 m = 289 m, which is also the height of the building. 


Discussion There are more accurate ways to measure the height of a building, but this method is quite simple. 


Solution The previous problem is reconsidered. The EES solution is to be printed out, including proper units. 





Analysis The EES Equations window is printed below, followed by the Solution window. 


P_bottom=755"[mmHg]" 

P_top=730"[mmHg]" 

g=9.807 "[m/s‘2]" "local acceleration of gravity at sea level" 

rho=1.18"[kg/m‘’3]" 

DELTAP_abs=(P_bottom-P_top)*CONVERT('mmHg','kPa’)"[kPa]" "Delta P reading from the 
barometers, converted from mmHg to kPa." 

DELTAP_h =rho*g*h/1000 "[kPa]" "Equ. 1-16. Delta P due to the air fluid column height, h, 
between the top and bottom of the building." 

"Instead of dividing by 1000 Pa/kPa we could have multiplied rho*g*h by the EES function, 
CONVERT('Pa','kPa')" 

DELTAP_abs=DELTAP_h 


SOLUTION 
Variables in Main 
DELTAP_abs=3.333 [kPa] DELTAP_h=3.333 [kPa] 
g=9.807 [m/s*2] h=288 [m] 
P_bottom=755 [mmHg] P_top=730 [mmHg] 


rho=1.18 [kg/m‘3] 


Discussion To obtain the solution in EES, simply click on the icon that looks like a calculator, or Calculate-Solve. 
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Solution A diver is moving at a specified depth from the water surface. The pressure exerted on the surface of the 
diver by the water is to be determined. 


Assumptions The variation of the density of water with depth is negligible. 
Properties The specific gravity of sea water is given to be SG = 1.03. We take the density of water to be 1000 kg/m’. 


Analysis The density of the sea water is obtained by multiplying its specific gravity 
by the density of water which is taken to be 1000 kg/m*: 


P =SG X Py,o = (1.03)(1000 kg/m°) =1030 kg/m? 


P atm 


The pressure exerted on a diver at 30 m below the free surface of the sea is 
the absolute pressure at that location: 





P=P,,+ Pgh 
1 kPa 
= (101 kPa) + (1030 kg/m?)(9.807 m/s”)(30 — 
( a)+( g/m )( s“)( red 
=404 kPa 


Discussion This is about 4 times the normal sea level value of atmospheric pressure. 





3-23E 

Solution A submarine is cruising at a specified depth from the water 

surface. The pressure exerted on the surface of the submarine by water is to be P 
determined. atm 


Assumptions The variation of the density of water with depth is negligible. 


Properties The specific gravity of sea water is given to be SG = 1.03. The 
density of water at 32°F is 62.4 Ibm/ft’. 


Analysis The density of the seawater is obtained by multiplying its specific 
gravity by the density of water, 





P=SGX Py,9 = (1.03)(62.4 lbm/ft*) = 64.27 Ibm/ft° 


The pressure exerted on the surface of the submarine cruising 300 ft below the free surface of the sea is the absolute 
pressure at that location: 
P=Pyy, + pgh 
é P 1 lbf 1ft? 
=(14.7 psia) + (64.27 Ibm/ft" (32.174 ft/s” )(300 ft)) ———______,_ || —___, 
; . 32.174 lbm- ft/s” )\ 144 in 
=148.6 psia = 149 psia 


where we have rounded the final answer to three significant digits. 


Discussion This is more than 10 times the value of atmospheric pressure at sea level. 
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3-24 
Solution A gas contained in a vertical piston-cylinder device is pressurized by a spring and by the weight of the 
piston. The pressure of the gas is to be determined. 
Analysis Drawing the free body diagram of the piston and balancing the vertical forces yields F spring 

PA= Pam +W + F pring Patm 
Thus, 

mg+F 
P — Pa + & spring 
A 
2 
= (95 kPa) + 4 KBIO-807 mis) +60 Nj _1 KPa | _ 193.4 kPa =123 kPa P 
35x10™ m 1000 N/m’ 
W=mg 

Discussion This setup represents a crude but functional way to control the pressure in a tank. 
z KS 
Solution The previous problem is reconsidered. The effect of the spring force in the range of 0 to 500 N on the 


pressure inside the cylinder is to be investigated. The pressure against the spring force is to be plotted, and results are to be 
discussed. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


g=9.807"[m/s‘2]" 

P_atm= 95"[kPa]" 

m_piston=4"[kg]" 

{F_spring=60"[N]"} 

A=35*CONVERT(‘cm/2','m’2')"[m“2]" 

W_piston=m_piston*g"[N]" 

F_atm=P_atm*A*CONVERT(‘kPa’,'N/m“2')"[N]" 

"From the free body diagram of the piston, the balancing vertical forces yield:" 
F_gas= F_atm+F_spring+W_piston"[N]" 
P_gas=F_gas/A*CONVERT('N/m‘2','kPa’)"[kPa]" 
























































Results: 
Fepring [N] Pas [kPa] 
0 106.2 
55.56 122.1 
111.1 138 a 
166.7 153.8 x 
222.2 169.7 äi 
277.8 185.6 S 
333.3 201.4 a 
388.9 217.3 
444.4 233.2 
500 249.1 
0 100 200 300 400 500 
F spring [N] 
Discussion The relationship is linear, as expected. 
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3-26 [Also solved using EES on enclosed DVD] 
Solution Both a pressure gage and a manometer are attached to a tank of gas to measure its pressure. For a specified 
reading of gage pressure, the difference between the fluid levels of the two arms of the manometer is to be determined for 


mercury and water. 


Properties The densities of water and mercury are given to be Pwyater = 1000 kg/m? and be Pug = 13,600 kg/m’. 








Analysis The gage pressure is related to the vertical distance h between the two fluid levels by 
P 
ere —> f= 80 kPa 
PE LD) 
(a) For mercury, 
P age kP 2 1 k s32 h 
h- 28 = a a i 1 kN/m 000 kg/m -s OBD in 
Pug& (13600 kg/m” )(9.807 m/s~)\_ 1 kPa 1kN 
(b) For water, 
O Peage 80 kPa 1kN/m2 )( 1000 kg/m-s? pani 
PH,og (1000 kg/m*)(9.807m/s*)\_ 1 kPa 1kN ' 


Discussion The manometer with water is more precise since the column height is bigger (better resolution). However, a 
column of water more than 8 meters high would be impractical, so mercury is the better choice of manometer fluid here. 
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Solution The previous problem is reconsidered. The effect of the manometer fluid density in the range of 800 to 
13,000 kg/m? on the differential fluid height of the manometer is to be investigated. Differential fluid height is to be plotted 
as a function of the density, and the results are to be discussed. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 
Function fluid_density(Fluid$) 


If fluid$='Mercury' then fluid_density=13600 else fluid_density=1000 
end 


{Input from the diagram window. If the diagram window is hidden, then all of the input must come from the 
equations window. Also note that brackets can also denote comments - but these comments do not appear 
in the formatted equations window.} 


{Fluid$='Mercury' 


P_atm = 101.325 "kpa" 
DELTAP=80 "kPa Note how DELTAP is displayed on the Formatted Equations Window."} 
g=9.807 "m/s2, local acceleration of gravity at sea level" 


rho=Fluid_density(Fluid$) "Get the fluid density, either Hg or H2O, from the function" 

"To plot fluid height against density place {} around the above equation. Then set up the parametric table 
and solve." 

DELTAP = RHO*g*h/1000 

"Instead of dividing by 1000 Pa/kPa we could have multiplied by the EES function, CONVERT(‘Pa’,'kPa’)" 
h_mm=h*convert('m','mm') "The fluid height in mm is found using the built-in CONVERT function." 
P_abs= P_atm + DELTAP 


"To make the graph, hide the diagram window and remove the {}brackets from Fluid$ and from P_atm. 
Select New Parametric Table from the Tables menu. Choose P_abs, DELTAP and h to be in the table. 
Choose Alter Values from the Tables menu. Set values of h to range from 0 to 1 in steps of 0.2. Choose 
Solve Table (or press F3) from the Calculate menu. Choose New Plot Window from the Plot menu. 
Choose to plot P_abs vs h and then choose Overlay Plot from the Plot menu and plot DELTAP on the same 
scale." 


Tank Fluid Gage and Absolute Pressures vs Manometer Fluid Height 
Results: 240 









































hmm [mm] | p [kg/m] 

10197 800 

3784 2156 

2323 3511 © 
1676 4867 > 
1311 6222 S 
1076 7578 = 
913.1 8933 a 
792.8 10289 2 
700.5 11644 a. 
627.5 13000 














0.00 0.20 0.40 0.60 0.80 1.00 
Manometer Fluid Height, m 
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Manometer Fluid Height vs Manometer Fluid Density 











11000 
8800- 
6600- 
E L 
£ 4400- 
E L 
£ 
= 2200+ 
0 
0 2000 4000 6000 8000 10000 12000 14000 
p [kg/m^3] 
Discussion Many comments are provided in the Equation window above to help you learn some of the features of EES. 
3-28 
Solution The air pressure in a tank is measured by an oil manometer. For a 


given oil-level difference between the two columns, the absolute pressure in the 
tank is to be determined. 


Properties The density of oil is given to be p = 850 kg/m’. 
Analysis The absolute pressure in the tank is determined from 
P = Lpa T peh 


a 


= (98 kPa) +(850 kg/m*)(9.81 m NOAS a ar 
1000 N/m 
= 101.75 kPa = 102 kPa 






Pum = 98 kPa 


Discussion If a heavier liquid, such as water, were used for the manometer fluid, the column height would be smaller, 
and thus the reading would be less precise (lower resolution). 
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3-29 
Solution The air pressure in a duct is measured by a mercury manometer. For a given mercury-level difference 
between the two columns, the absolute pressure in the duct is to be determined. 
Properties The density of mercury is given to be p = 13,600 kg/m’. 
Analysis (a) The pressure in the duct is above atmospheric pressure since the fluid t 
column on the duct side is at a lower level. 
Air 15}mi 
(b) The absolute pressure in the duct is determined from 
P 


P=Pin + pgh 


=(100 kPa) + (13,600 kg/m°)(9.81 m/s”)(0.015 m) ~- ae 
1 kg-m/s? )\ 1000 N/m 
=102.00 kPa = 102 kPa 


Discussion When measuring pressures in a fluid flow, the difference between two pressures is usually desired. In this 
case, the difference is between the measurement point and atmospheric pressure. 





3-30 
Solution The air pressure in a duct is measured by a mercury manometer. For a given mercury-level difference 
between the two columns, the absolute pressure in the duct is to be determined. 


Properties The density of mercury is given to be p = 13,600 kg/m’. 


Analysis (a) The pressure in the duct is above atmospheric pressure since the fluid column on the duct side is at a 
lower level. 
(b) The absolute pressure in the duct is determined from 

P =i Pv ay pgh 


a 


= (100 kPa) + (13,600 kg/m*)(9.81 m/s”)(0.030 m) ee ae 
1 kg-m/s° }\ 1000 N/m 
= 104.00 kPa = 104 kPa 


Discussion The final result is given to three significant digits. 





3-14 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 3 Pressure and Fluid Statics 
3-31 
Solution The systolic and diastolic pressures of a healthy person are given in mm of Hg. These pressures are to be 
expressed in kPa, psi, and meters of water column. 


Assumptions Both mercury and water are incompressible substances. 
Properties We take the densities of water and mercury to be 1000 kg/m’ and 13,600 kg/m’, respectively. 


Analysis Using the relation P = pgh for gage pressure, the high and low pressures are expressed as 


IN 1 kP: 
Pyigh = Aghia = (13,600 kg/m°)(9.81 m/s?)(0.12 m| —— | ——— |=16.0 kPa 
> 1 kg-m/s* }\ 1000N/m 


1N 1 kP 
Pow = PZMow = (13,600 kg/m? )(9.81 m/s” )(0.08 m) a — =10.7 kPa 
1 kg:m/s^ J 1000 N/m 


Noting that 1 psi = 6.895 kPa, 
l psi 1 psi 
6.895 kPa 6.895kPa 


For a given pressure, the relation P = pgh is expressed for mercury and water as P = P water Zh water and 


Prigh = (16.0 Kral ]-2:92 psi and Po = (10.7 KPa J-158 psi 


P = P mercury Zhmercury - Setting these two relations equal to each other and solving for water height gives 








P mercury 
P= P water & h water — P mercury & h mercury > water — Pone mercury h 
Therefore, 
P mercur 13,600 kg/m? 
Awater, high = M mercury, high = en (0.12 m)= 1.63 m 
O Powe ~ 1000 kg/m 
P mercur 13,600 kg/m? 
water, low = M mercury, low = oe (0.08 m) = 1 .09 m 
P water 1000 kg/ m 


Discussion Note that measuring blood pressure with a water monometer would involve water column heights higher 
than the person’s height, and thus it is impractical. This problem shows why mercury is a suitable fluid for blood pressure 
measurement devices. 





3-32 
Solution A vertical tube open to the atmosphere is connected to the vein in the arm of a person. The height that the 
blood rises in the tube is to be determined. 


Assumptions 1 The density of blood is constant. 2 The gage pressure of blood is 120 mmHg. 

Properties The density of blood is given to be p= 1050 kg/m’. 

Analysis For a given gage pressure, the relation P= gh can be expressed for Blood 

mercury and blood as P= Ppioog 2 bloog and P= P mercury Ehinercuiy: Setting these two h 


relations equal to each other we get 

P = Prlood 8 oi00d = Pincesney Oh instciny 
Solving for blood height and substituting gives 
i _ 13,600 kg/m* 
Prod 0 1050 kg/m? 


P mercury 


(0.12 m) = 1.55 m 





flood = 


Discussion Note that the blood can rise about one and a half meters in a tube connected to the vein. This explains why 
TV tubes must be placed high to force a fluid into the vein of a patient. 
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Chapter 3 Pressure and Fluid Statics 
3-33 
Solution A man is standing in water vertically while being completely submerged. The difference between the 
pressure acting on his head and the pressure acting on his toes is to be determined. 


Assumptions Water is an incompressible substance, and thus the density does not change with depth. 


Properties We take the density of water to be 9 =1000 kg/m’. 


Mead 

Analysis The pressures at the head and toes of the person can be expressed as 

Pead i Pam + PBN read and Poe = Paim + PBA ioe 
where A is the vertical distance of the location in water from the free surface. The pressure 
difference between the toes and the head is determined by subtracting the first relation 
above from the second, Moe 

Poe ae Pros m PBA ioe = PEA read T PZ(hoe ~ Arad ) 
Substituting, 

IN 1kP. 
Proce — Pheag = (1000 kg/m? )(9.81 m/s” )(1.80 m - of | | =17.7 kPa 


1kg-m/s? }\ 1000N/m? 


Discussion This problem can also be solved by noting that the atmospheric pressure (1 atm = 101.325 kPa) is 
equivalent to 10.3-m of water height, and finding the pressure that corresponds to a water height of 1.8 m. 





3-34 

Solution Water is poured into the U-tube from one arm and oil from the other arm. The water column height in one 
arm and the ratio of the heights of the two fluids in the other arm are given. The height of each fluid in that arm is to be 
determined. 


Assumptions Both water and oil are incompressible substances. 
Properties The density of oil is given to be (4 = 790 kg/m’. We take the density of water to be Ay =1000 kg/m’. 


Analysis The height of water column in the left arm of the manometer is given to be hy; = 0.70 m. We let the height 
of water and oil in the right arm to be Aw and h, respectively. Then, 4, = 6/,,. Noting that both arms are open to the 
atmosphere, the pressure at the bottom of the U-tube can be expressed as 


Prottom = Paim + Pw ghy and Prottom = Pam + Py hyo +p, 8h, 
Setting them equal to each other and simplifying, 


Pw 2w = Py Zhw + Pagha = Pwhyi = Pyħw2 + Paha > hyi =hyot (Pa! Pwha 


Noting that h, = 6h, and we take ~, =i, the water and oil column heights in the Water oil 
second arm are determined to be 
0.7m =h,,. +(790/1000)64,,. > hy, =0.122m ha 
0.7m =0.122m+(790/1000)h, — hh, =0.732m hwi 


hyo 
Discussion Note that the fluid height in the arm that contains oil is higher. This is 
expected since oil is lighter than water. 
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Chapter 3 Pressure and Fluid Statics 
3-35 
Solution The hydraulic lift in a car repair shop is to lift cars. The fluid gage pressure that must be maintained in the 
reservoir is to be determined. 


W=mg 


Assumptions The weight of the piston of the lift is negligible. 


Analysis Pressure is force per unit area, and thus the gage pressure required is simply the P imn 
ratio of the weight of the car to the area of the lift, 








W_ mg „egos mtd 1kN 


gage 3 3 > |=278kN/m? =278kPa 
= A nD’I4  n030m)?/4  (1000kg:-m/s 


Discussion Note that the pressure level in the reservoir can be reduced by using a piston with a larger area. 





3-36 
Solution Fresh and seawater flowing in parallel horizontal pipelines are connected to each other by a double U-tube 
manometer. The pressure difference between the two pipelines is to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The effect 
of air column on pressure is negligible. 


Properties The densities of seawater and mercury are given to 
be Psea = 1035 kg/m? and pyg = 13,600 kg/m’. We take the density 
of water to be pw=1000 kg/m’. 


Analysis Starting with the pressure in the fresh water pipe 
(point 1) and moving along the tube by adding (as we go down) or 
subtracting (as we go up) the pgh terms until we reach the sea 


water pipe (point 2), and setting the result equal to P gives 
P, E Pushy ~ Pug ele 5 Pair Zair + Prea Zfisea = P, 


Rearranging and neglecting the effect of air column on pressure, 





Pi -P, =—Pw ghy + Pug Sig Psea Zfisea = 8 (Pre MHe — Pw hy 2 Psea Asea ) 
Substituting, 


P, —P, = (9.81 m/s” )[(13600 kg/m? )(0.1 m) 


— (1000 kg/m? )(0.6 m) — (1035 kg/m*)(0.4 m)] — 
1000 kg - m/s 


= 3.39 kN/m” = 3.39 kPa 


Therefore, the pressure in the fresh water pipe is 3.39 kPa higher than the pressure in the sea water pipe. 


Discussion A 0.70-m high air column with a density of 1.2 kg/m* corresponds to a pressure difference of 0.008 kPa. 
Therefore, its effect on the pressure difference between the two pipes is negligible. 
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Chapter 3 Pressure and Fluid Statics 
3-37 
Solution Fresh and seawater flowing in parallel horizontal pipelines are connected to each other by a double U-tube 
manometer. The pressure difference between the two pipelines is to be determined. 


Assumptions All the liquids are incompressible. 


Properties The densities of seawater and mercury are given to be psa = 1035 kg/m? and Pug = 13,600 kg/m’. We take 
the density of water to be p,,=1000 kg/m’. The specific gravity of oil is given to be 0.72, and thus its density is 720 kg/m’. 


Analysis Starting with the pressure in the fresh water pipe (point 1) and moving along the tube by adding (as we go 
down) or subtracting (as we go up) the pgh terms until we reach the sea water pipe (point 2), and setting the result equal 


to P) gives 
Pi + Pwahy T Pug ele Poi oii + Psea Zhisea = P, 
Rearranging, 


Pi -P, = -Py ily + Pug ele + Poil Zhoil 7 Psea Zfisea 
7 E(P ngng + PoitMoit = Pelt ~ Psea sea ) 
Substituting, 


P, — Py = (9.81 m/s” )[(13600 kg/m? )(0.1 m) + (720 kg/m? (0.7 m) — (1000 kg/m° )(0.6 m) 
- (1035 kg/m? )(0.4 m)] — 
1000 kg - m/s 
=8.34kN/m* =8.34 kPa 


Therefore, the pressure in the fresh water pipe is 8.34 kPa higher than the pressure in the sea water pipe. 





Discussion The result is greater than that of the previous problem since the oil is heavier than the air. 
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Chapter 3 Pressure and Fluid Statics 
3-38E 
Solution The pressure in a natural gas pipeline is measured by a double U-tube manometer with one of the arms 
open to the atmosphere. The absolute pressure in the pipeline is to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The effect of air column on pressure is negligible. 3 The pressure 
throughout the natural gas (including the tube) is uniform since its density is low. 


Properties We take the density of water to be p, = 62.4 lbm/ft*. The specific gravity of mercury is given to be 13.6, 
and thus its density is Pyg = 13.6x62.4 = 848.6 lbm/ft’. 


Analysis Starting with the pressure at point | in the natural gas pipeline, and moving along the tube by adding (as we 
go down) or subtracting (as we go up) the gh terms until we reach the free surface of oil where the oil tube is exposed to 
the atmosphere, and setting the result equal to Pim gives 


Pi — PHg shy, E P water Z water = Patim 
Solving for P;, 


P = Pisin + Pug Shue + P water għ 
Substituting, 





1 lbf 1ft? 
P =14.2 psia + (32.2 ft/s” )[(848.6 Ibm/ft* )(6/12 ft) + (62.41bm/ft* )(27/12 ft)] —— - 
32.2 Ibm- ft/s” }\ 144 in 


= 18.1 psia 


Water 


Natural 
gas 





Mercury 


Discussion Note that jumping horizontally from one tube to the next and realizing that pressure remains the same in the 
same fluid simplifies the analysis greatly. Also, it can be shown that the 15-in high air column with a density of 0.075 
lbm/ft* corresponds to a pressure difference of 0.00065 psi. Therefore, its effect on the pressure difference between the two 
pipes is negligible. 
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Chapter 3 Pressure and Fluid Statics 
3-39E 
Solution The pressure in a natural gas pipeline is measured by a double U-tube manometer with one of the arms 
open to the atmosphere. The absolute pressure in the pipeline is to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The pressure throughout the natural gas (including the tube) is 
uniform since its density is low. 


Properties We take the density of water to be p, = 62.4 lbm/ft*. The specific gravity of mercury is given to be 13.6, 
and thus its density is Pug = 13.6x62.4 = 848.6 lbm/ft’. The specific gravity of oil is given to be 0.69, and thus its density is 
Poit = 0.69x62.4 = 43.1 Ibm/ft*. 


Analysis Starting with the pressure at point | in the natural gas pipeline, and moving along the tube by adding (as we 
go down) or subtracting (as we go up) the gh terms until we reach the free surface of oil where the oil tube is exposed to 


the atmosphere, and setting the result equal to Pam gives 
P, — PHg Shi, + Poi Noir ~ P water Zf water = Paim 
Solving for P}, 
P, z Pim + Puggnug + P water gh F Poi hoi 


Substituting, 


P, =14.2psia + (32.2 ft/s” )[(848.6 lbm/ft? )(6/12 ft) + (62.41bm/ft? (27/12 ft) 


1lbf 1ft? 
-— (43.11bm/ft? )(15/12 fÐ] —— - 
32.2Ibm- ft/s” }\ 144in 





=17.7psia 


Water 





Discussion Note that jumping horizontally from one tube to the next and realizing that pressure remains the same in the 
same fluid simplifies the analysis greatly. 
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Chapter 3 Pressure and Fluid Statics 
3-40 
Solution The gage pressure of air in a pressurized water tank is measured simultaneously by both a pressure gage 
and a manometer. The differential height A of the mercury column is to be determined. 


Assumptions The air pressure in the tank is uniform (1.e., its variation with elevation is negligible due to its low density), 
and thus the pressure at the air-water interface is the same as the indicated gage pressure. 


Properties We take the density of water to be p, =1000 kg/m*. The specific gravities of oil and mercury are given to 
be 0.72 and 13.6, respectively. 


Analysis Starting with the pressure of air in the tank (point 1), and moving along the tube by adding (as we go down) 
or subtracting (as we go up) the pgh terms until we reach the free surface of oil where the oil tube is exposed to the 


atmosphere, and setting the result equal to Pam gives 


P, +Pyghy — Pre hye = Poit ghoi = Pam 
Rearranging, 

P = Pim = Poi khoi + Pug Shug -Py ghy 
or, 

P gage 


= Psoioii + Ps, Hee -hy 
PwS 


Substituting, 








65 kPa | 1000 kg: m/s? 


; 5 5 — |= 0.72 (0.75 m) +13.6x hy, -0.3m 
(1000 kg/m*)(9.81 m/s”) J\ 1kPa.-m 


Solving for hy, gives hy, = 0.47 m. Therefore, the differential height of the mercury column must be 47 cm. 


Discussion Double instrumentation like this allows one to verify the measurement of one of the instruments by the 
measurement of another instrument. 
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Chapter 3 Pressure and Fluid Statics 
3-41 
Solution The gage pressure of air in a pressurized water tank is measured simultaneously by both a pressure gage 
and a manometer. The differential height A of the mercury column is to be determined. 


Assumptions The air pressure in the tank is uniform (i.e., its variation with elevation is negligible due to its low density), 
and thus the pressure at the air-water interface is the same as the indicated gage pressure. 


Properties We take the density of water to be p, =1000 kg/m*. The specific gravities of oil and mercury are given to 
be 0.72 and 13.6, respectively. 


Analysis Starting with the pressure of air in the tank (point 1), and moving along the tube by adding (as we go down) 
or subtracting (as we go up) the pgh terms until we reach the free surface of oil where the oil tube is exposed to the 


atmosphere, and setting the result equal to Pam gives 


P, + Pw8hw — Pug Shy, = Poit ghoi = Pam 


Rearranging, 


Pi = Pai = PoilZhoil + Pug Zug -= Pw 8hy 








or, 

P age 

ae = SG yiNoit +SG He Hg = hy 

Pwg 
Substituting, 

2 
2 - 100V E ue = 0.72 (0.75 m) +13.6x hye -0.3m 
(1000 ke/m?)(9.81 m/s?) | 1kPa.-m 


Solving for hyg gives hy, = 0.32 m. Therefore, the differential height of the mercury column must be 32 cm. 


Discussion Double instrumentation like this allows one to verify the measurement of one of the instruments by the 
measurement of another instrument. 





3-42 
Solution The top part of a water tank is divided into two compartments, and a fluid with an unknown density is 
poured into one side. The levels of the water and the liquid are measured. The density of the fluid is to be determined. 


Assumptions 1 Both water and the added liquid are incompressible substances. 2 The added liquid does not mix with 
water. 


Properties We take the density of water to be 9 =1000 kg/m’. 


Fluid 
Analysis Both fluids are open to the atmosphere. Noting that the pressure 7 


of both water and the added fluid is the same at the contact surface, the pressure Water 
at this surface can be expressed as 


F oistenst = Pot + ps ghe = Poem + Pw8hw hy 


Simplifying, we have p, gh, = p,,gh,, . Solving for pp gives 


h _ 45cm 


w 


hy Pu 80 cm 








p, = (1000 kg/m*) = 562.5 kg/m° = 563 kg/m’? 


Discussion Note that the added fluid is lighter than water as expected (a heavier fluid would sink in water). 
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Chapter 3 Pressure and Fluid Statics 
3-43 
Solution A load on a hydraulic lift is to be raised by pouring oil from a thin tube. The height of oil in the tube 
required in order to raise that weight is to be determined. 


Assumptions 1 The cylinders of the lift are vertical. 2 There are no leaks. 3 Atmospheric pressure act on both sides, and 
thus it can be disregarded. 


Properties The density of oil is given to be 2 =780 kg/m’. 


Analysis Noting that pressure is force per unit area, the gage pressure in the fluid under the load is simply the ratio of 
the weight to the area of the lift, 


p -¥__ mz _ (500 kg)(9.81 m/s”) 
e A aD?I4 (1.20 m)?/4 





uoy 5 = 434kN/m? = 4.34 kPa 
1000 kg- m/s 


The required oil height that will cause 4.34 kPa of pressure rise is 





Prrce = Pgh > 


oe Pz (780 ke/m3)(9.81 m/s2) 


p- Pe 4.34 KN/m? 1000 kg: m/s? 
1kN/m? 


=0.567m 


Therefore, a 500 kg load can be raised by this hydraulic lift by simply raising the oil level in the tube by 56.7 cm. 





Discussion Note that large weights can be raised by little effort in hydraulic lift by making use of Pascal’s principle. 
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Chapter 3 Pressure and Fluid Statics 
3-44E 
Solution Two oil tanks are connected to each other through a mercury manometer. For a given differential height, 
the pressure difference between the two tanks is to be determined. 


Assumptions 1 Both the oil and mercury are incompressible fluids. 2 
The oils in both tanks have the same density. 


Properties The densities of oil and mercury are given to be (i = 
45 Ibm/ft’ and Pye = 848 lbm/ft’. 


Analysis Starting with the pressure at the bottom of tank 1 : 
(where pressure is P;) and moving along the tube by adding (as we go 10m 
down) or subtracting (as we go up) the pgh terms until we reach the , 
bottom of tank 2 (where pressure is P2) gives n 
Pot poi gly +h2)- Pugghe - Pong = Po 
where h, = 10 in and hz = 32 in. Rearranging and simplifying, 
Mercury 


P-P, = Pug gh — Poi Zh = (Pug = Po EN2 


Substituting, 





2 
AP = P, — P, =(848- 45 lbm/ft? )(32.2 ft/s” )(32/12 ft) er ze > |=14.9 psia 
32.2lbm - ft/s” A 144in 


Therefore, the pressure in the left oil tank is 14.9 psia higher than the pressure in the right oil tank. 


Discussion Note that large pressure differences can be measured conveniently by mercury manometers. If a water 
manometer were used in this case, the differential height would be over 30 ft. 





3-45 
Solution The standard atmospheric pressure is expressed in terms of mercury, water, and glycerin columns. 


Assumptions The densities of fluids are constant. 


Properties The specific gravities are given to be SG = 13.6 for mercury, SG = 1.0 for water, and SG = 1.26 for 
glycerin. The standard density of water is 1000 kg/m’, and the standard atmospheric pressure is 101,325 Pa. 











Analysis The atmospheric pressure is expressed in terms of a fluid column height as 
Pim = pgh=SGp,gh > h= 
atm PE Pw ò SGp,,g 
Substituting, 
2 2 
(a) Mercury: h=— = 101,325 n = | kg A = 0.759 m 
SGp,g  13.6(1000 kg/m’)(9.81 m/s~)\_ 1 N/m 
2 2 
(b) Water: h= Pm = ee al i a =10.3m 
SGp,g  1(1000 kg/m’)(9.81 m/s’)\ 1 N/m 
2 2 
(c) Glycerin: h= Fm = UUD à a 5 Lie n = 8.20 m 
SGp,„g 1.26(1000 kg/m`)(9.81 m/s“)|\ 1 N/m 


Discussion Using water or glycerin to measure atmospheric pressure requires very long vertical tubes (over 10 m for 
water), which is not practical. This explains why mercury is used instead of water or a light fluid. 





3-24 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 3 Pressure and Fluid Statics 
3-46 
Solution A glass filled with water and covered with a thin paper is inverted. The pressure at the bottom of the glass 
is to be determined. 


Assumptions 1 Water is an incompressible substance. 2 The weight of the paper is negligible. 3 The atmospheric 
pressure is 100 kPa. 


P bottom 

Properties We take the density of water to be 9 =1000 kg/m’. 
Analysis The paper is in equilibrium, and thus the net force acting on the 
paper must be zero. A vertical force balance on the paper involves the pressure 
forces on both sides, and yields 

LA cise = Fi Áglass => P, = Pim 
That is, the pressures on both sides of the paper must be the same. 
The pressure at the bottom of the glass is determined from the hydrostatic Pi 
pressure relation to be 

Patin = Phottom + POR tase > PFbottora = Pita = PBN grass 
Substituting, 

3 5 IN 1kPa P. 
Prottom = (100 kPa) — (1000 kg/m” )(9.81 m/s“ )(0.1 m)) ——— | ———— |= 99.0 kPa am 
Ikg m/s 1000 N/m 


Discussion Note that there is a vacuum of 1 kPa at the bottom of the glass, and thus there is an upward pressure force 
acting on the water body, which balanced by the weight of water. As a result, the net downward force on water is zero, and 
thus water does not flow down. 
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Chapter 3 Pressure and Fluid Statics 
3-47 
Solution Two chambers with the same fluid at their base are separated by a piston. The gage pressure in each air 
chamber is to be determined. 


Piston 


Assumptions 1 Water is an incompressible substance. 2 The 
variation of pressure with elevation in each air chamber is 
negligible because of the low density of air. 


Properties We take the density of water to be p =1000 
kg/m’. 


Analysis The piston is in equilibrium, and thus the net 
force acting on the piston must be zero. A vertical force 
balance on the piston involves the pressure force exerted by 
water on the piston face, the atmospheric pressure force, and 
the piston weight, and yields 


Po Aniston = Patm A wW Po = Pp, + iston 
C~*piston ~ + atm ^*piston + piston > Cc ~* atm + A 
piston 


The pressure at the bottom of each air chamber is determined 
from the hydrostatic pressure relation to be 











aa iston = W, iston TR 
Para = Pg = Po + pgCE = Pim + — + pgCE > Poir A gage = ——— + pgCE 
piston piston 
= W piston = W piston = 
Pirs = Pp = Pe -pgCD = Pim + — pgCD > PiirB, gage = — pgCD 
piston piston 
Substituting, 
25N IN 
Paaa =— N+. (1000 kg/m?)(9.81 m/s?)(0.25 m)| —N —_]= 2806 N/m? = 2.81 kPa 
ae es 70(0.3 my /4 1 kg-m/s* 
25N 


= —_———___ - (1000 kg/m*)(9.81 m/s*)(0.25 m| 


Pir Bi aéae 7 = -2099 N/m? = -2.10 kPa 
mbee (0.3 m}? /4 


1 kg- m/s? 


Discussion Note that there is a vacuum of about 2 kPa in tank B which pulls the water up. 
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Chapter 3 Pressure and Fluid Statics 
3-48 
Solution A double-fluid manometer attached to an air pipe is considered. The specific gravity of one fluid is known, 
and the specific gravity of the other fluid is to be determined. 


Assumptions 1 Densities of liquids are constant. 2 The air pressure in the tank is uniform (i.e., its variation with elevation 
is negligible due to its low density), and thus the pressure at the air-water interface is the same as the indicated gage 
pressure. 


Properties The specific gravity of one fluid is given to be 13.55. We take the standard density of water to be 1000 
kg/m’. 

Analysis Starting with the pressure of air in the tank, and moving along the tube by adding (as we go down) or 
subtracting (as we go up) the pgh terms until we reach the free surface where the oil tube is exposed to the atmosphere, 


and setting the result equal to Patm give 


Pair + P18hy — 28h = Pim > Pah 


air air atm 


=SG,/p,, gh, -SG,p,,gh, 


Rearranging and solving for SG», 





an 76—100) kP m/s? 
sG, = 8G, 24 Fi Pim _ 13,55922 m , ( ) A 1000 _kg-m/s*) _4 34 
hy Pyghy 0.40 m | (1000 kg/m*)(9.81 m/s*)(0.40 m) J. 1 kPa-m 


Air 
P=76 kPa 


Fluid 2 
SG, 





Discussion Note that the right fluid column is higher than the left, and this would imply above atmospheric pressure in 
the pipe for a single-fluid manometer. 
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Chapter 3 Pressure and Fluid Statics 
3-49 
Solution The pressure difference between two pipes is measured by a double-fluid manometer. For given fluid 
heights and specific gravities, the pressure difference between the pipes is to be calculated. 


Assumptions All the liquids are incompressible. 


Properties The specific gravities are given to be 13.5 for mercury, 1.26 for glycerin, and 0.88 for oil. We take the 
standard density of water to be p,=1000 kg/m’. 


Analysis Starting with the pressure in the water pipe (point A) and moving along the tube by adding (as we go down) 
or subtracting (as we go up) the pgh terms until we reach the oil pipe (point B), and setting the result equal to Pg give 
Pa + Py8hy + Pug8ghng ~ P gy hgy + Ppi ghoi = Pg 
Rearranging and using the definition of specific gravity, 
P, -P, =SG,,p, gh, +SG ee Shy, — SG,,, Py ghia, +SG ppp Zhi 
= £P, (SG,,h, +SG jpg -SG gygy +SG ohon ) 


w “w gly" “gly oil 


Substituting, 


P; — P, = (9.81 m/s? )(1000 kg/m *)[1(0.6 m) + 13.5(0.2 m) — 1.26(0.45 m) + 0.88(0.1 m)] ee ee 
1000 kg - m/s 


=27.7 kN/m? = 27.7 kPa 


Therefore, the pressure in the oil pipe is 27.7 kPa higher than the pressure in the water pipe. 






Glycerin, 
SG=1.26 


Mercury, 
SG=13.56 


Discussion Using a manometer between two pipes is not recommended unless the pressures in the two pipes are 
relatively constant. Otherwise, an over-rise of pressure in one pipe can push the manometer fluid into the other pipe, 
creating a short circuit. 
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Chapter 3 Pressure and Fluid Statics 
3-50 
Solution The fluid levels in a multi-fluid U-tube manometer change as a result of a pressure drop in the trapped air 
space. For a given pressure drop and brine level change, the area ratio is to be determined. 


Assumptions 1 All the liquids are incompressible. 2 Pressure in the brine pipe remains constant. 3 The variation of 
pressure in the trapped air space is negligible. 


Properties The specific gravities are given to be 13.56 for mercury and 1.1 for brine. We take the standard density of 
water to be p,,=1000 kg/m’. 


Analysis It is clear from the problem statement and the figure that the brine pressure is much higher than the air 
pressure, and when the air pressure drops by 0.7 kPa, the pressure difference between the brine and the air space also 
increases by the same amount. Starting with the air pressure (point A) and moving along the tube by adding (as we go 
down) or subtracting (as we go up) the pgh terms until we reach the brine pipe (point B), and setting the result equal to Pg 


before and after the pressure change of air give 


Before: Pa + Pw8hw + Pugghng, 1 — Por8hvr, = Pg 


After: P32 + Pw8hw + Pugghng,2 ~ Por8ghor2 = Pg 


Subtracting, 


P -P 


#2 =§G,,,Ah,, -SG,,Ah,, =0 (1) 


w 


P2 — Pa + Pug Z^hyg ~ Porg^hy =0 > 


where Ahyg and Ah,, are the changes in the differential mercury and brine column heights, respectively, due to the drop 


in air pressure. Both of these are positive quantities since as the mercury-brine interface drops, the differential fluid heights 
for both mercury and brine increase. Noting also that the volume of mercury is constant, we have 4; Ahyg left = 42Ahyg rignt 


and 
P> — P4; = -0.7 kPa = -700 N/m? = -700 kg/m - s? 
Ah, = 0.005 m 
Alyy = Altyg right + Aug left = Apr + Ah A/A; = Ahy (1+ A/A) 
Substituting, 
N = [13.56 x 0.005(1 + A,/A, )-.1.1x 0.005] m 
(1000 kg/m~ )(9.81 m/s“ ) 
It gives 


A,/A, = 0.1 34 





Discussion In addition to the equations of hydrostatics, we also utilize conservation of mass in this problem. 
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Chapter 3 Pressure and Fluid Statics 
3-51 
Solution Two water tanks are connected to each other through a mercury manometer with inclined tubes. For a given 
pressure difference between the two tanks, the parameters a and @ are to be determined. 


Assumptions Both water and mercury are incompressible liquids. 


Properties The specific gravity of mercury is given to be 13.6. We take the standard density of water to be p,,=1000 
kg/m’. 


Analysis Starting with the pressure in the tank A and moving along the tube by adding (as we go down) or 
subtracting (as we go up) the pgh terms until we reach tank B, and setting the result equal to Pz give 


P4+ Pw8at PygS2a-—pyga=Pp > 2pysga=Pz— Py 


Rearranging and substituting the known values, 











P-P $ -m/s? 
q=2 4 = adal | 1000ke m/s | 0.0750m=7.50 cm 
2PHeg 2(13.6)(1000 kg/m” )(9.81 m/s* ) 1kN 
From geometric considerations, 
26.8sin@d=2a (cm) 
Therefore, 
dpa e O >  6=34.0° 
26.8 26.8 








Discussion Note that vertical distances are used in manometer analysis. Horizontal distances are of no consequence. 
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Chapter 3 Pressure and Fluid Statics 
3-52 
Solution A multi-fluid container is connected to a U-tube. For the given specific gravities and fluid column heights, 
the gage pressure at A and the height of a mercury column that would create the same pressure at A are to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The multi-fluid container is open to the atmosphere. 


Properties The specific gravities are given to be 1.26 for glycerin and 0.90 for oil. We take the standard density of 
water to be p,,=1000 kg/m’, and the specific gravity of mercury to be 13.6. 


Analysis Starting with the atmospheric pressure on the top surface 
of the container and moving along the tube by adding (as we go down) or 
subtracting (as we go up) the pgh terms until we reach point A, and 


setting the result equal to P, give 
Poi + Poi Soi +Py ghy = Pory Zhgiy = P, 
Rearranging and using the definition of specific gravity, 


P, z P = SG 5 Py Zoi F SG „2,8l, ~ SG 4, Py Bgy 


atm 


or 


P 


A,gage 


= £0, (SG yuh, +SG,,h,, —SG yy hy ) 


oil” “oil ww gly’ “gly 





Substituting, 
2 3 1kN 
Pi gage = (9.81 m/s” )(1000 kg/m ~ )[0.90(0.70 m) + 1(0.3 m) — 1.26(0.70 m)} a 
; 1000 kg - m/s 


= 0.471kN/m? =0.471kPa 
The equivalent mercury column height is 





ae 0.471 kKN/m? [~~ kg-m/s? 


= 0.00353 m =0.353 cm 
Pueg (13.6)(1000 kg/m? )(9.81 m/s?) 1kN 


Discussion Note that the high density of mercury makes it a very suitable fluid for measuring high pressures in 
manometers. 
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Chapter 3 Pressure and Fluid Statics 


Fluid Statics: Hydrostatic Forces on Plane and Curved Surfaces 


3-53C 
Solution We are to define resultant force and center of pressure. 
Analysis The resultant hydrostatic force acting on a submerged surface is the resultant of the pressure forces 


acting on the surface. The point of application of this resultant force is called the center of pressure. 


Discussion The center of pressure is generally not at the center of the body, due to hydrostatic pressure variation. 





3-54C 
Solution We are to examine a claim about hydrostatic force. 
Analysis Yes, because the magnitude of the resultant force acting on a plane surface of a completely submerged 


body in a homogeneous fluid is equal to the product of the pressure Pc at the centroid of the surface and the area A of the 
surface. The pressure at the centroid of the surface is Po = Py + pghc where he is the vertical distance of the centroid 


from the free surface of the liquid. 


Discussion We have assumed that we also know the pressure at the liquid surface. 





3-55C 
Solution We are to consider the effect of plate rotation on the hydrostatic force on the plate surface. 
Analysis There will be no change on the hydrostatic force acting on the top surface of this submerged horizontal flat 


plate as a result of this rotation since the magnitude of the resultant force acting on a plane surface of a completely 
submerged body in a homogeneous fluid is equal to the product of the pressure Pc at the centroid of the surface and the 
area A of the surface. 


Discussion If the rotation were not around the centroid, there would be a change in the force. 





3-56C 
Solution We are to explain why dams are bigger at the bottom than at the top. 
Analysis Dams are built much thicker at the bottom because the pressure force increases with depth, and the 


bottom part of dams are subjected to largest forces. 


Discussion Dam construction requires an enormous amount of concrete, so tapering the dam in this way saves a lot of 
concrete, and therefore a lot of money. 





3-57C 
Solution We are to explain how to determine the horizontal component of hydrostatic force on a curved surface. 
Analysis The horizontal component of the hydrostatic force acting on a curved surface is equal (in both magnitude 


and the line of action) to the hydrostatic force acting on the vertical projection of the curved surface. 


Discussion We could also integrate pressure along the surface, but the method discussed here is much simpler and 
yields the same answer. 
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Chapter 3 Pressure and Fluid Statics 


3-58C 
Solution We are to explain how to determine the vertical component of hydrostatic force on a curved surface. 
Analysis The vertical component of the hydrostatic force acting on a curved surface is equal to the hydrostatic 


force acting on the horizontal projection of the curved surface, plus (minus, if acting in the opposite direction) the 
weight of the fluid block. 


Discussion We could also integrate pressure along the surface, but the method discussed here is much simpler and 
yields the same answer. 





3-59C 
Solution We are to explain how to determine the line of action on a circular surface. 
Analysis The resultant hydrostatic force acting on a circular surface always passes through the center of the circle 


since the pressure forces are normal to the surface, and all lines normal to the surface of a circle pass through the center of 
the circle. Thus the pressure forces form a concurrent force system at the center, which can be reduced to a single 
equivalent force at that point. If the magnitudes of the horizontal and vertical components of the resultant hydrostatic force 
are known, the tangent of the angle the resultant hydrostatic force makes with the horizontal is |tan œ = Fy / Fy |. 














Discussion This fact makes analysis of circular-shaped surfaces simple. There is no corresponding simplification for 
shapes other than circular, unfortunately. 





3-60 
Solution A car is submerged in water. The hydrostatic force on the door and its line of action are to be determined 
for the cases of the car containing atmospheric air and the car is filled with water. 


Assumptions 1 The bottom surface of the lake is horizontal. 2 The door can be approximated as a vertical rectangular 
plate. 3 The pressure in the car remains at atmospheric value since there is no water leaking in, and thus no compression of 
the air inside. Therefore, we can ignore the atmospheric pressure in calculations since it acts on both sides of the door. 


Properties We take the density of lake water to be 1000 kg/m’ throughout. 


Analysis (a) When the car is well-sealed and thus the pressure inside the car is the atmospheric pressure, the average 
pressure on the outer surface of the door is the pressure at the centroid (midpoint) of the surface, and is determined to be 


Pre = Po = phe = pg(st+b/2) 


1kN 


= (1000 kg/m’) (9.81 m/s? )(8+1.1/2 M 


) = 83.88 kN/m? 


Then the resultant hydrostatic force on the door becomes s=8m 
Fg = Pive A = (83.88 kN/m?°)(0.9 mx1.1m)=83.0 kN 


The pressure center is directly under the midpoint of the plate, and its distance 
from the surface of the lake is determined to be 





2 2 
b 1.1 Ll hea 


Yp =S+—+————__ = 8+ — + ——____= 
2 12(s+b/2) 2  12(8+1.1/2) Door, 1.1 m x 0.9 m 


(b) When the car is filled with water, the net force normal to the surface of the door is zero since the pressure on both sides 
of the door will be the same. 


Discussion Note that it is impossible for a person to open the door of the car when it is filled with atmospheric air. But 
it takes little effort to open the door when car is filled with water, because then the pressure on each side of the door is the 
same. 
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Chapter 3 Pressure and Fluid Statics 
3-61E 
Solution The height of a water reservoir is controlled by a cylindrical gate hinged to the reservoir. The hydrostatic 
force on the cylinder and the weight of the cylinder per ft length are to be determined. 


Assumptions 1 The hinge is frictionless. 2 Atmospheric pressure acts on both sides of the gate, and thus it can be ignored 
in calculations for convenience. 


Properties We take the density of water to be 62.4 Ibm/ft* throughout. 


Analysis (a) We consider the free body diagram of the liquid block enclosed by the circular surface of the cylinder 
and its vertical and horizontal projections. The hydrostatic forces acting on the vertical and horizontal plane surfaces as 
well as the weight of the liquid block per ft length of the cylinder are: 


Horizontal force on vertical surface: 


Fy =F, =PyeA= pghcA = pg(s+R/2)A 


ave 


= (62.4 Ibm/ft* )(32.2 ft/s? (13 +2 /2 f(2 ft x inf) 
32.2 Ibm - ft/s 


= 1747 lbf 


Vertical force on horizontal surface (upward): 


F, = P, A = pgh A = PEM sott0mA 


avg 


1 lbf 
= (62.4 Ibm/ft? )(32.2 ft/s? )(15 ft)(2 ft x 1 ft)} = 
( M ees lamas) 


= 1872 lbf 
Weight of fluid block per ft length (downward): 





W = mg = pgV = pe(R* —aR* / 4)(1ft) = pgR? (1-7 / 4)(1 ft) 


= (62.4 Ibm/ft? )(32.2 ft/s” )(2 ft)” (1- /4)(1 (| 
32.2 Ibm - ft/s 


= 54 lbf 
Therefore, the net upward vertical force is 


Fy =F, —W =1872-54 =1818 lbf 
Then the magnitude and direction of the hydrostatic force acting on the cylindrical surface become 
F, =| F; +F; =V1747 +1818? = 2521 lbf = 2520 Ibf 


Fy _ 1818 Ibf _ 
Fy 1747 bf 


tan 0 = 1.041 + 6=46.1° 





Therefore, the magnitude of the hydrostatic force acting on the cylinder is 2521 lbf per ft length of the cylinder, and its line 
of action passes through the center of the cylinder making an angle 46.1° upwards from the horizontal. 


(b) When the water level is 15-ft high, the gate opens and the reaction force at the bottom of the cylinder becomes zero. 
Then the forces other than those at the hinge acting on the cylinder are its weight, acting through the center, and the 
hydrostatic force exerted by water. Taking a moment about the point A where the hinge is and equating it to zero gives 


F,Rsin@-W,jR=0 — W.,,=F,sin@ =(2521 Ibf)sin46.1° =1817 lbf = 1820 Ibf (per ft) 


cyl cyl 


Discussion The weight of the cylinder per ft length is determined to be 1820 Ibf, which corresponds to a mass of 1820 
Ibm, and to a density of 145 Ibm/ft’ for the material of the cylinder. 
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Chapter 3 Pressure and Fluid Statics 
3-62 
Solution An above the ground swimming pool is filled with water. The hydrostatic force on each wall and the 
distance of the line of action from the ground are to be determined, and the effect of doubling the wall height on the 
hydrostatic force is to be assessed. 


Assumptions Atmospheric pressure acts on both sides of the wall of the pool, and thus it can be ignored in calculations 
for convenience. 


Properties We take the density of water to be 1000 kg/m? throughout. 


Analysis The average pressure on a surface is the pressure at the centroid 
(midpoint) of the surface, and is determined to be 


Pug =P. = phe = pgth/2) 


1N 
=(1000 kg/m°)(9.81 m/s? )(1.5/2 Mir) Fr 


=7357.5 N/m? 





Then the resultant hydrostatic force on each wall becomes 


F, = P ,A=(7357.5 N/m? )(4 mx1.5 m)=44,145 N = 44.1 KN 


avg 


The line of action of the force passes through the pressure center, which is 2h/3 from the free surface and h/3 from the 
bottom of the pool. Therefore, the distance of the line of action from the ground is 


yp= £ = = =0.50 m (from the bottom) 


If the height of the walls of the pool is doubled, the hydrostatic force quadruples since 
Fr = pghc A= pg(h!2)(hxw) = pgwh* 2 
and thus the hydrostatic force is proportional to the square of the wall height, h’. 


Discussion This is one reason why above-ground swimming pools are not very deep, whereas in-ground swimming 
pools can be quite deep. 
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Chapter 3 Pressure and Fluid Statics 
3-63E 
Solution A dam is filled to capacity. The total hydrostatic force on the dam, and the pressures at the top and the 
bottom are to be determined. 


Assumptions Atmospheric pressure acts on both sides of the dam, and thus it can be ignored in calculations for 
convenience. 


Properties We take the density of water to be 62.4 lbm/ft’ throughout. 


Analysis The average pressure on a surface is the pressure at the centroid 
(midpoint) of the surface, and is determined to be 


Ere = pghe = pg(h/2) 


= (62.4 Ibm/ft’ )(32.2 ft/s” )(200/2 "sna 
‘ m -Its 






h=200 ft 
= 6240 Ibf/ft? 


Then the resultant hydrostatic force acting on the dam becomes 


F, = PA = (6240 Ibf/ft” ) (200 ftx 1200 ft) = 1.50 x 10° Ibf 


ave 


Resultant force per unit area is pressure, and its value at the top and the bottom of the dam becomes 


Pop = PZhop = 0 Ibt/ft? 
1 lbf 


32.2 Ibm - ft/s” 


Discussion The values above are gave pressures, of course. The gage pressure at the bottom of the dam is about 86.6 
psig, or 101.4 psia, which is almost seven times greater than standard atmospheric pressure. 


Baoom = P&Myouom = (62.4 Ibm/ft? )(32.2 ft/s” )(200 o ) =12,480 Ibf/ft? = 12,500 Ibf/ft? 





3-64 
Solution A room in the lower level of a cruise ship is considered. The hydrostatic force acting on the window and 
the pressure center are to be determined. 


Assumptions Atmospheric pressure acts on both sides of the window, and thus it can be ignored in calculations for 
convenience. 


Properties The specific gravity of sea water is given to be 1.025, and thus its density is 1025 kg/m’. 


Analysis The average pressure on a surface is the pressure at the centroid 
(midpoint) of the surface, and is determined to be 


Pi. = Po = pghe = (1025 kg/m’ )(9.81 m/s” )(5 m5) = 50,276 N/m? Sm 
Then the resultant hydrostatic force on each wall becomes 
F, = PyA = P laD? / 4] = (50,276 N/m’)[ (0.3 m)* /4] = 3554 N =~ 3550 N 
a D=0.3 m 


The line of action of the force passes through the pressure center, whose vertical 
distance from the free surface is determined from 


_ ETIN AR N/A | 4 R? _ 5, 015m) 
Yp = Yc yA Ve yoaR® Ve 4y, 45m) 


iG: 


=5.0011 m=5.00m 





Discussion For small surfaces deep in a liquid, the pressure center nearly coincides with the centroid of the surface. 
Here, in fact, to three significant digits in the final answer, the center of pressure and centroid are coincident. 
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Chapter 3 Pressure and Fluid Statics 
3-65 
Solution The cross-section of a dam is a quarter-circle. The hydrostatic force on the dam and its line of action are to 
be determined. 


Assumptions Atmospheric pressure acts on both sides of the dam, and thus it can be ignored in calculations for 
convenience. 


Properties We take the density of water to be 1000 kg/m’ throughout. 
Analysis We consider the free body diagram of the liquid block enclosed by the circular surface of the dam and its 
vertical and horizontal projections. The hydrostatic forces acting on the vertical and horizontal plane surfaces as well as the 
weight of the liquid block are: 
Horizontal force on vertical surface: 
Fa = F, = P,,4A = pgh,A= pg(R/2)A 
3 2 IN 
= (1000 kg/m*)(9.81 m/s*)(10/2 m)(10 m x 100 m)| ———— 
1 kg-m/s 
= 4.905x10’ N 


Vertical force on horizontal surface is zero since it coincides with the free 
surface of water. The weight of fluid block per m length is 





F, =W = pgV = pglwx aR? / 4] 


= (1000 kg/m * )(9.81 m/s” )[(100 m)(10 m)?/4] — 
1lkg-m/s 
= 7.105x10' N 


Then the magnitude and direction of the hydrostatic force acting on the surface of the dam become 





F, =F} + F? = [(4-905x10 N) +(7.705x10’ N) =9.134x10’ N=9.13x10" N 


F, _7.705x10" N 


F Ton => 0=57.5° 
H . 


tan = 





Therefore, the line of action of the hydrostatic force passes through the center of the curvature of the dam, making 57.5° 
downwards from the horizontal. 


Discussion If the shape were not circular, it would be more difficult to determine the line of action. 
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Chapter 3 Pressure and Fluid Statics 
3-66 
Solution A rectangular plate hinged about a horizontal axis along its upper edge blocks a fresh water channel. The 
plate is restrained from opening by a fixed ridge at a point B. The force exerted to the plate by the ridge is to be determined. 


Assumptions Atmospheric pressure acts on both sides of the plate, and thus it can be ignored in calculations for 
convenience. 


Properties We take the density of water to be 1000 kg/m’ throughout. 


Analysis The average pressure on a surface is the pressure at the centroid 
(midpoint) of the surface, and is determined to be 
Pye = Fo = pghe = pg(h/2) s=1m 
3 2 1 kN 5 
= (1000 kg/m°)(9.81 m/s?°)(4/2 m)| ——— | = 19.62 kN/m 
1000 kg - m/s” 






Then the resultant hydrostatic force on each wall becomes 


F, = P,,A = (19.62 kN/m*)(4 mx5 m)=392 kN Haam 
F. 
The line of action of the force passes through the pressure center, which is 24/3 See 


from the free surface, B 
2x(4 
Yp am m) = 2.667 m 


Taking the moment about point A and setting it equal to zero gives 
DM, =0 > Fe(st+yp)=Fiidge AB 


Solving for Fyiage and substituting, the reaction force is determined to be 


ce ap (+ 2.667) M 305 KN) = 288 KN 
AB 5m 





Discussion The difference between Fr and F'jage is the force acting on the hinge at point A. 
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cD) 


3-67 E 


Chapter 3 Pressure and Fluid Statics 


Solution The previous problem is reconsidered. The effect of water depth on the force exerted on the plate by the 
ridge as the water depth varies from 0 to 5 m in increments of 0.5 m is to be investigated. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


g=9.81 "m/s2" 
rho=1000 "kg/m3" 
s=1 "m" 


w=5 "m" 

A=w*h 
P_ave=rho*g*h/2000 "kPa" 
F_R=P_ave*A "kN" 







































































y_p=2*h/3 
F_ridge=(s+y_p)*F_R/(s+h) 
Dept Pires Fpr Yp Fridge 
h, m kPa kN m kN 
0.0 0 0.0 0.00 0 
0.5 2.453 6.1 0.33 5 
1.0 4.905 24.5 0.67 20 
1.5 7.358 55.2 1.00 44 
2.0 9.81 98.1 1.33 76 
2.5 12.26 153.3 1.67 117 
3.0 14.72 220.7 2.00 166 
3.5 17.17 300.4 2.33 223 
4.0 19.62 392.4 2.67 288 
4.5 22.07 496.6 3.00 361 
5.0 24.53 613.1 3.33 443 
450 
400 
350 
300 
250 
= L 
x 200 
o l 
2 150 A 
W400 wa 
0 i 














Discussion The force on the ridge does not increase linearly, as we may have suspected. 
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Chapter 3 Pressure and Fluid Statics 
3-68E 
Solution The flow of water from a reservoir is controlled by an L-shaped gate hinged at a point A. The required 
weight W for the gate to open at a specified water height is to be determined. 


Assumptions 1 Atmospheric pressure acts on both sides of the gate, and thus it can be ignored in calculations for 
convenience. 2 The weight of the gate is negligible. 


Properties We take the density of water to be 62.4 lbm/ft’ throughout. 


Analysis The average pressure on a surface is the pressure at the centroid 
(midpoint) of the surface, and is determined to be 


Pry = pghe = pg(h/2) 


= (62.4 Ibm/ft’ )(32.2 ft/s” (12/2 "(sa 
32.2 Ibm -ft/s 


= 374.4 Ibf/ft 


Then the resultant hydrostatic force acting on the dam becomes 


F, = P,, A= (374.4 Ibfift” )(12 ftx5 ft) = 22,464 Ibf 


avg 





The line of action of the force passes through the pressure center, which is 2h/3 

from the free surface, 

_ 2h 2x2 ft) | 
3 3 


Yp 8ft 


Taking the moment about point A and setting it equal to zero gives 
$ M,=0 >  Fa(st+yp)=WAB 


Solving for W and substituting, the required weight is determined to be 


w -ŻE p, = OEB 659 464 bf) = 30,900 Ibf 
AB 8 ft 


Discussion Note that the required weight is inversely proportional to the distance of the weight from the hinge. 
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Chapter 3 Pressure and Fluid Statics 
3-69E 
Solution The flow of water from a reservoir is controlled by an L-shaped gate hinged at a point A. The required 
weight W for the gate to open at a specified water height is to be determined. 


Assumptions 1 Atmospheric pressure acts on both sides of the gate, and thus it can be ignored in calculations for 
convenience. 2 The weight of the gate is negligible. 


Properties We take the density of water to be 62.4 lbm/ft’ throughout. 


Analysis The average pressure on a surface is the pressure at the centroid 
(midpoint) of the surface, and is determined to be 


Pry = Pgh, = pg(h/2) 


= (62.4 Ibm/ft’ )(32.2 fi/s)(8/2 Vreer) 
32.2 Ibm -ft/s 


= 249.6 lbf/ft? 


Then the resultant hydrostatic force acting on the dam becomes 


F, = P,„A = (249.6 Ibf/ft? )(8 ftx 5 ft) = 9984 Ibf 


avg 





The line of action of the force passes through the pressure center, which is 2h/3 

from the free surface, 

_ 2h _ 2x(8 ft) 
3 





Yp = 5.333 ft 


Taking the moment about point A and setting it equal to zero gives 
DM ,=0 >  Fa(st+yp)=WAB 
Solving for W and substituting, the required weight is determined to be 
eee (7+5.333) ft 
AB 8 ft 


wW (9984 Ibf) =15,390 Ibf = 15,400 Ibf 


Discussion Note that the required weight is inversely proportional to the distance of the weight from the hinge. 
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Chapter 3 Pressure and Fluid Statics 
3-70 
Solution Two parts of a water trough of semi-circular cross-section are held together by cables placed along the 
length of the trough. The tension T in each cable when the trough is full is to be determined. 


Assumptions 1 Atmospheric pressure acts on both sides of the trough wall, and thus it can be ignored in calculations for 
convenience. 2 The weight of the trough is negligible. 


Properties We take the density of water to be 1000 kg/m’ throughout. 


Analysis To expose the cable tension, we consider half of the trough whose cross-section is quarter-circle. The 
hydrostatic forces acting on the vertical and horizontal plane surfaces as well as the weight of the liquid block are: 


Horizontal force on vertical surface: 
Fa =F, = P,,A= pghoA = pg(R/2)A 
= (1000 kg/m*)(9.81 m/s*)(0.5/2 m)(0.5 m x 3 m) et 
1 kg-m/s” 
= 3679 N 


The vertical force on the horizontal surface is zero, since it coincides with the 
free surface of water. The weight of fluid block per 3-m length is 


F, =W = pgV = pg[wx aR? /4] 





= (1000 kg/m * )(9.81 m/s” )[(3m) (0.5 mrali] 
1kg- m/s 


=5779N 


Then the magnitude and direction of the hydrostatic force acting on the surface of the 3-m long section of the trough 
become 





Fp = F2 +F? = 679 N)? +(5779 N)? =6851N 
_ Fy _5TT9N 


= =1571 > 0=57.5° 
Fy 3679N 


tan 0 





Therefore, the line of action passes through the center of the curvature of the trough, making 57.5° downwards from the 
horizontal. Taking the moment about point A where the two parts are hinged and setting it equal to zero gives 


$m, =0 —>  F,Rsin(90—57.5)° = TR 
Solving for 7 and substituting, the tension in the cable is determined to be 
T = F,sin(90—57.5)° = (6851 N)sin (90 —57.5)° = 3681 N = 3680 N 


Discussion This problem can also be solved without finding Fr by finding the lines of action of the horizontal 
hydrostatic force and the weight. 
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Chapter 3 Pressure and Fluid Statics 
3-71 
Solution Two parts of a water trough of triangular cross-section are held together by cables placed along the length 
of the trough. The tension 7 in each cable when the trough is filled to the rim is to be determined. 


Assumptions 1 Atmospheric pressure acts on both sides of the trough wall, and thus it can be ignored in calculations for 
convenience. 2 The weight of the trough is negligible. 


Properties We take the density of water to be 1000 kg/m’ throughout. 


Analysis To expose the cable tension, we consider half of the trough whose cross-section is triangular. The water 
height / at the midsection of the trough and width of the free surface are 


h = Lsin 8 = (0.75 m)sin45° = 0.530 m 
b = Lcos@ = (0.75 m)cos45° = 0.530 m 


The hydrostatic forces acting on the vertical and horizontal plane surfaces as 
well as the weight of the liquid block are determined as follows: 


Horizontal force on vertical surface: 


Fa =F,=P,,A=pgh,A=pg(h/2)A 





IN 
=(1000 kg/m*)(9.81 m/s*)(0.530/2 m)(0.530 m x 6 Dives 


=8267 N 


The vertical force on the horizontal surface is zero since it coincides with the free surface 
of water. The weight of fluid block per 6-m length is 


Fy, =W = pgV = pg[wxbh/ 2] 
= (1000 kg/m? )(9.81 m/s? )[(6 m)(0.530 m)(0.530 m)/2] es 
1kg-m/s 


= 8267 N 


The distance of the centroid of a triangle from a side is 1/3 of the height of the triangle for that side. Taking the moment 
about point A where the two parts are hinged and setting it equal to zero gives 


+My=0 = W + Fy ==Th 


Solving for T and substituting, and noting that A = b, the tension in the cable is determined to be 
F, +W (8267 +8267) N 
3 3 


Discussion The analysis is simplified because of the symmetry of the trough. 


T =5511N=5510N 
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Chapter 3 Pressure and Fluid Statics 
3-72 
Solution Two parts of a water trough of triangular cross-section are held together by cables placed along the length 
of the trough. The tension 7 in each cable when the trough is filled to the rim is to be determined. 


Assumptions 1 Atmospheric pressure acts on both sides of the trough wall, and thus it can be ignored in calculations for 
convenience. 2 The weight of the trough is negligible. 


Properties We take the density of water to be 1000 kg/m’ throughout. 


Analysis To expose the cable tension, we consider half of the trough whose cross-section is triangular. The water 
height is given to be h = 0.4 m at the midsection of the trough, which is equivalent to the width of the free surface b since 
tan 45° = b/h = 1. The hydrostatic forces acting on the vertical and horizontal plane surfaces as well as the weight of the 
liquid block are determined as follows: 


Horizontal force on vertical surface: 


Fi, =F, = Py A= pgh A= pg(h/2)A 


1N 
= (1000 kg/m*)(9.81 m/s*)(0.4/2 m)(0.4 m x 3 m{ 8) 


= 2354 N 





The vertical force on the horizontal surface is zero since it coincides with the free surface 
of water. The weight of fluid block per 3-m length is 


Fy =W = pgV = pglwxbh/ 2] 
= (1000 kg/m )(9.81 m/s* )[(3 m)(0.4 m)(0.4 m)/2] — 
1kg -m/s 
= 2354 N 


The distance of the centroid of a triangle from a side is 1/3 of the height of the triangle for that side. Taking the moment 
about point A where the two parts are hinged and setting it equal to zero gives 


$m,=0 > W 4 Fy = =Th 


Solving for T and substituting, and noting that A = b, the tension in the cable is determined to be 


_ F +W _(2354+2354) N 
3 


T =1569 N = 1570N 





Discussion The tension force here is a factor of about 3.5 smaller than that of the previous problem, even though the 
trough is more than half full. 
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Chapter 3 Pressure and Fluid Statics 
3-73 
Solution A retaining wall against mud slide is to be constructed by rectangular concrete blocks. The mud height at 
which the blocks will start sliding, and the blocks will tip over are to be determined. 


Assumptions Atmospheric pressure acts on both sides of the wall, and thus it can be ignored in calculations for 
convenience. 


Properties The density is given to be 1800 kg/m’ for the mud, and 2700 kg/m’ for concrete blocks. 


Analysis (a) The weight of the concrete wall per unit length (Z = | m) and the friction force between the wall and the 
ground are 
3 2 3 IN 
Wiiock = PZV = (2700 kg/m” )(9.81 m/s“ [0.2 x 0.8 1m”) — |= 4238.N 
1lkg-m/s 
Fiction = LLM block = 0-3(4238 N) =1271N t=0.2 m 


The hydrostatic force exerted by the mud to the wall is 


Fa =F, = P4 = pghcA= pg(h/2)A 


0.8 m 
IN 

= (1800 kg/m” )(9.81 m/s? )(/2) (xA l) 
= 8829h* N 





Setting the hydrostatic and friction forces equal to each other gives Friction 


Fy = Friction > 8829h” =1271 — h=0.38 m 


(b) The line of action of the hydrostatic force passes through the pressure center, which is 2h/3 from the free surface. The 
line of action of the weight of the wall passes through the midplane of the wall. Taking the moment about point A and 
setting it equal to zero gives 


YM =0 > Wyo 12) = Fy (213) > Wotocx (t/ 2) = 88293 13 


Solving for h and substituting, the mud height for tip over is determined to be 


h oe ~ (22288202) -0.52m 
2x8829 2x8829 ' 


Discussion The concrete wall will slide before tipping. Therefore, sliding is more critical than tipping in this case. 
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Chapter 3 Pressure and Fluid Statics 
3-74 
Solution A retaining wall against mud slide is to be constructed by rectangular concrete blocks. The mud height at 
which the blocks will start sliding, and the blocks will tip over are to be determined. 


Assumptions Atmospheric pressure acts on both sides of the wall, and thus it can be ignored in calculations for 
convenience. 


Properties The density is given to be 1800 kg/m’ for the mud, and 2700 kg/m’ for concrete blocks. 


Analysis (a) The weight of the concrete wall per unit length (Z = | m) and the friction force between the wall and the 
ground are 
3 2 3 IN 
Wiock = PZV = (2700 kg/m” )(9.81 m/s* )[0.4x0.8x 1m”) 7 | EON 
1kg -m/s 
=0.4 

Fiction = HLM block = 0-3(8476 N) = 2543 N i 7 

The hydrostatic force exerted by the mud to the wall is 


IN 
= (1800 kam) mie)A/ 202 (tS) 





= 8829h? N 
F friction 
Setting the hydrostatic and friction forces equal to each other gives 


Fy = Friction > 8829h” =2543 > h=0.54 m 


(b) The line of action of the hydrostatic force passes through the pressure center, which is 24/3 from the free surface. The 
line of action of the weight of the wall passes through the midplane of the wall. Taking the moment about point A and 
setting it equal to zero gives 


YM =0 > Wyo 12) = Fy (213) > Wetocx (t/2) = 88293 13 


Solving for h and substituting, the mud height for tip over is determined to be 


; oe ~ (2247603) ee 
2x 8829 2x 8829 ` 


Discussion Note that the concrete wall will slide before tipping. Therefore, sliding is more critical than tipping in this 
case. 
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Chapter 3 Pressure and Fluid Statics 
3-75 [Also solved using EES on enclosed DVD] 
Solution A quarter-circular gate hinged about its upper edge controls the flow of water over the ledge at B where the 
gate is pressed by a spring. The minimum spring force required to keep the gate closed when the water level rises to A at 
the upper edge of the gate is to be determined. 


Assumptions 1 The hinge is frictionless. 2 Atmospheric pressure acts on both sides of the gate, and thus it can be ignored 
in calculations for convenience. 3 The weight of the gate is negligible. 


Properties We take the density of water to be 1000 kg/m? throughout. 


Analysis We consider the free body diagram of the liquid block enclosed by the circular surface of the gate and its 
vertical and horizontal projections. The hydrostatic forces acting on the vertical and horizontal plane surfaces as well as the 
weight of the liquid block are determined as follows: 


Horizontal force on vertical surface: 
Fy =F; = PreA = pghcA = pg(R/2)A 


= (1000 kg/m? )(9.81 m/s” )(3/2 m)(4m x 3m) ee 
1000 kg: m/s 


=176.6 kN 
Vertical force on horizontal surface (upward): 





F, = Pug = pgh A = PEM sotomA 


= (1000 kg/m’) (9.81 m/s”)(3 m)(4 m x 3 m r) =353.2 KN 
The weight of fluid block per 4-m length (downwards): 
W = pgV = pg| wx zR? /4] 
= (1000 kg/m*)(9.81 m/s*)| (4 m)2(3 wl ae) = 277.4 KN 
g-m/s 


Therefore, the net upward vertical force is 


Fy = F, -W =353.2 -277.4 = 75.8 kN 


Then the magnitude and direction of the hydrostatic force acting on the surface of the 4-m long quarter-circular section of 
the gate become 


Fp =F +F} =4(176.6 kN)? + (75.8 kN)? =192.2 kN 


F 
tang = a OE 0.429 > 0=23.2° 
Fy 176.6kN 


Therefore, the magnitude of the hydrostatic force acting on the gate is 192.2 KN, and its line of action passes through the 
center of the quarter-circular gate making an angle 23.2° upwards from the horizontal. 


The minimum spring force needed is determined by taking a moment about the point A where the hinge is, and 
setting it equal to zero, 


YM, =0 > FRRsin(90-0)—FypringR = 0 


pring 


Solving for F’p,ing and substituting, the spring force is determined to be 


F, spring 


= Fpsin(90- 0) = (192.2 kN) sin(90° — 23.2°) = 177 kN 


Discussion Several variations of this design are possible. Can you think of some of them? 
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Chapter 3 Pressure and Fluid Statics 
3-76 
Solution A quarter-circular gate hinged about its upper edge controls the flow of water over the ledge at B where the 
gate is pressed by a spring. The minimum spring force required to keep the gate closed when the water level rises to A at 
the upper edge of the gate is to be determined. 


Assumptions 1 The hinge is frictionless. 2 Atmospheric pressure acts on both sides of the gate, and thus it can be ignored 
in calculations for convenience. 3 The weight of the gate is negligible. 


Properties We take the density of water to be 1000 kg/m’ throughout. 


Analysis We consider the free body diagram of the liquid block enclosed by the circular surface of the gate and its 
vertical and horizontal projections. The hydrostatic forces acting on the vertical and horizontal plane surfaces as well as the 
weight of the liquid block are determined as follows: 
Horizontal force on vertical surface: 

Fy =F, =PyeA= pghc A= pg(R/2)A 


= (1000 kg/m? )(9.81 m/s” )(4/2 m)(4 mx 4 m) — > a 
1000 kg - m/s 


=313.9 kN 
Vertical force on horizontal surface (upward): 


F, = ee = pghcA = PENpottom A 





= (1000 kg/m?)(9.81 m/s” )(4 m)(4 m x4 m) ae 
1000 kg : m/s 


= 627.8 kN 
The weight of fluid block per 4-m length (downwards): 


W = pgV = pg[wx zR? /4] 


1kN 
= (1000 kg/m*)(9.81 m/s” )[(4 m)z(4 m)? /4] ——— 
1000 kg - m/s 

= 493.1kN 

Therefore, the net upward vertical force is 
Fy =F, —W = 627.8—493.1=134.7 kN 

Then the magnitude and direction of the hydrostatic force acting on the surface of the 4-m long quarter-circular section of 
the gate become 





Fp = FZ +P? =¥G13.9 KN)? + (134.7 KN)? =341.6 kN 
Fy _134.7kN 
Fy 313.9kKN 


Therefore, the magnitude of the hydrostatic force acting on the gate is 341.6 KN, and its line of action passes through the 
center of the quarter-circular gate making an angle 23.2° upwards from the horizontal. 


tan 0 = =0.429 > @=23.2° 


The minimum spring force needed is determined by taking a moment about the point A where the hinge is, and 
setting it equal to zero, 


YM, =0 + F,Rsin(90-6)-F, 


sprig’ =0 
Solving for Fring and substituting, the spring force is determined to be 


F, 


spring 


= F,sin (90 - 0) = (341.6 kN)sin (90° —23.2°) =314 kN 


Discussion If the previous problem is solved using a program like EES, it is simple to repeat with different values. 
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Chapter 3 Pressure and Fluid Statics 


Buoyancy 

3-77C 

Solution We are to define and discuss the buoyant force. 

Analysis The upward force a fluid exerts on an immersed body is called the buoyant force. The buoyant force is 


caused by the increase of pressure in a fluid with depth. The magnitude of the buoyant force acting on a submerged 
body whose volume is Vis expressed as |F's = P,gV|. The direction of the buoyant force is upwards, and its line of 














action passes through the centroid of the displaced volume. 


Discussion If the buoyant force is greater than the body’s weight, it floats. 





3-78C 
Solution We are to compare the buoyant force on two spheres. 
Analysis The magnitude of the buoyant force acting on a submerged body whose volume is V is expressed as 


F, =p,gV, which is independent of depth. Therefore, the buoyant forces acting on two identical spherical balls 


submerged in water at different depths is the same. 


Discussion Buoyant force depends only on the volume of the object, not its density. 





3-79C 
Solution We are to compare the buoyant force on two spheres. 
Analysis The magnitude of the buoyant force acting on a submerged body whose volume is V is expressed as 


Fg =p; gV , which is independent of the density of the body ( pris the fluid density). Therefore, the buoyant forces 


acting on the 5-cm diameter aluminum and iron balls submerged in water is the same. 


Discussion Buoyant force depends only on the volume of the object, not its density. 





3-80C 
Solution We are to compare the buoyant forces on a cube and a sphere. 
Analysis The magnitude of the buoyant force acting on a submerged body whose volume is V is expressed as 


Fg =P} gV , which is independent of the shape of the body. Therefore, the buoyant forces acting on the cube and 


sphere made of copper submerged in water are the same since they have the same volume. 


Discussion The two objects have the same volume because they have the same mass and density. 
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Chapter 3 Pressure and Fluid Statics 
3-81C 
Solution We are to discuss the stability of a submerged and a floating body. 


Analysis A submerged body whose center of gravity G is above the center of buoyancy B, which is the centroid 
of the displaced volume, is unstable. But a floating body may still be stable when G is above B since the centroid of 
the displaced volume shifts to the side to a point B’ during a rotational disturbance while the center of gravity G of 
the body remains unchanged. If the point B’ is sufficiently far, these two forces create a restoring moment, and return the 
body to the original position. 


Discussion Stability analysis like this is critical in the design of ship hulls, so that they are least likely to capsize. 





3-82 
Solution The density of a liquid is to be determined by a hydrometer by establishing division marks in water and in 
the liquid, and measuring the distance between these marks. 


Properties We take the density of pure water to be 1000 kg/m’. 


Analysis A hydrometer floating in water is in static equilibrium, and the buoyant force F's exerted by the liquid must 
always be equal to the weight W of the hydrometer, Fg = W. 


Fg = P2 V oub = pgha, 


where h is the height of the submerged portion of the hydrometer and A, is the mark for water 
cross-sectional area which is constant. 


In pure water: W=p,,gh,,A. 
In the liquid: W = PriquiaSMiquiaAc 


Setting the relations above equal to each other (since both equal the weight of 
the hydrometer) gives 


Pw8ghw4e = Priquidtiquia A, 





Solving for the liquid density and substituting, 


ho 10 cm 3 3 3 
‘i= = „ =————— (1000 kg/m") = 1053 kg/m” = 1050 kg/m 
Priguia h P water (10-0.5) m. 8 ) 8 g 


liquid 





Discussion Note that for a given cylindrical hydrometer, the product of the fluid density and the height of the 
submerged portion of the hydrometer is constant in any fluid. 
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Chapter 3 Pressure and Fluid Statics 
3-83E 
Solution A concrete block is lowered into the sea. The tension in the rope is to be determined before and after the 
block is immersed in water. 


Assumptions 1 The buoyancy force in air is negligible. 2 The weight of the rope is negligible. 
Properties The density of steel block is given to be 494 Ibm/ft’. 


Analysis (a) The forces acting on the concrete block in air are its downward weight and the upward pull action 
(tension) by the rope. These two forces must balance each other, and thus the tension in the rope must be equal to the 
weight of the block: 


V =42R* /3=47(1.5 ft) /3 = 14.137 ft° 
F, =W = Poong V 
1 lbf 
32.2 Ibm - ft/s” 
(b) When the block is immersed in water, there is the additional force of buoyancy 
acting upwards. The force balance in this case gives 


F, = pV = (62.4 Ibm/ft’ )(32.2 ft/s” )(14.137 e 


= (494 lbm/ft? )(32.2 fuls*) (14. 137 ef ) = 6984 lbf = 6980 Ibf 


1 lbf 


—————— |=882 lbf 
32.2 Ibm - ft/s? ) 


Frw =W — F; = 6984-882 = 6102 lbf = 6100 Ibf 


Discussion Note that the weight of the concrete block and thus the tension of the rope 
decreases by (6984 — 6102)/6984 = 12.6% in water. 








3-84 
Solution An irregularly shaped body is weighed in air and then in water with a spring scale. The volume and the 
average density of the body are to be determined. 


Properties We take the density of water to be 1000 kg/m’. 


Assumptions 1 The buoyancy force in air is negligible. 2 The body is completely submerged in water. 





Analysis The mass of the body is 
2 
_ Wee T7200 n. lkg-m/s* | _ 733.9 kg Water Fy Air 
g 9.81 m/s IN 





The difference between the weights in air and in water is due to the buoyancy 
force in water, 
F B7 Wair -W 


water 


= 7200 - 4790 = 2410 N 





Water = 4790 N W wic=6800 N 
Noting that F’'y = PwatergV , the volume of the body is determined to be 


F, 2410 N 


= = = 0.2457 m* = 0.246 m°® 
Pasg (1000 kg/m* )(9.81 m/s”) 


V 





Then the density of the body becomes 


=m = 133.2 k8 _ 5987 kg/m? = 2990 kg/m’? 
V 0.2457m 


Discussion The volume of the body can also be measured by observing the change in the volume of the container when 
the body is dropped in it (assuming the body is not porous). 
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Chapter 3 Pressure and Fluid Statics 
3-85 
Solution The height of the portion of a cubic ice block that extends above the water surface is measured. The height 
of the ice block below the surface is to be determined. 


Assumptions 1 The buoyancy force in air is negligible. 2 The top surface of the ice block is parallel to the surface of the 
sea. 


Properties The specific gravities of ice and seawater are given to be 0.92 and 1.025, respectively, and thus the 
corresponding densities are 920 kg/m’ and 1025 kg/m’. 


Analysis The weight of a body floating in a fluid is equal to the buoyant force acting on it (a consequence of vertical 
force balance from static equilibrium). Therefore, in this case the average density of the body must be equal to the density 
of the fluid since 


WF B > P body & V otal = Pfluid E Vsibmerged 


10 cm 
V ibms P body Ice block 
maa So Sea 
V otal P fluid 
W 
The cross-sectional of a cube is constant, and thus the “volume ratio” can be h 


replaced by “height ratio”. Then, 


Comes = P body ~~ h _ Pice 5 h 0.92 





aa Pma h+0.10 Prater h+0.10 1.025 
Fg 
where A is the height of the ice block below the surface. Solving for h gives 


h = 0.876 m = 87.6 cm 


Discussion Note that the 0.92/1.025 = 90% of the volume of an ice block remains under water. For symmetrical ice 
blocks this also represents the fraction of height that remains under water. 





3-86 
Solution A man dives into a lake and tries to lift a large rock. The force that the man needs to apply to lift it from the 
bottom of the lake is to be determined. 


Assumptions 1 The rock is c completely submerged in water. 2 The buoyancy force in air is negligible. 


Properties The density of granite rock is given to be 2700 kg/m°?. We take the density of water to be 1000 kg/m’. 


Analysis The weight and volume of the rock are 
1N 
W = mg =(170kg)(9.81m/s” )| ————— |= 1668 N i 
& 8 kemi 2 Water 
-m TUe _ 9.96296 m? 


P 2700kg/m? 


The buoyancy force acting on the rock is 
W J | Fat =W - Fp 
IN 
1 kg: m/s? 
The weight of a body submerged in water is equal to the weigh of the body in air 

minus the buoyancy force, 
W, =W a -F =1668-618 =1050 N 


in water in air 


F, = PvaeeZV = (1000 kg/m* )(9.81 m/s” )(0.06296 wf =618N 


Wina 1050 N IN 
g 9.81 m/s’ (1 kg- m/s” 


person who can lift 107 kg on earth can lift this rock in water. 


Discussion This force corresponds to a mass of m= 


|- 107 kg . Therefore, a 
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Chapter 3 Pressure and Fluid Statics 
3-87 
Solution An irregularly shaped crown is weighed in air and then in water with a spring scale. It is to be determined if 
the crown is made of pure gold. 


Assumptions 1 The buoyancy force in air is negligible. 2 The crown is completely submerged in water. 
Properties We take the density of water to be 1000 kg/m’. The density of gold is given to be 19300 kg/m’, 


Analysis The mass of the crown is 





Wa _ 314N ap 


=3.20 kg 
g  981m/s? IN 


The difference between the weights in air and in water is due to the buoyancy 
force in water, and thus 


Fg =W -W 


air water 








=31.4-28.9 = 2.50 N 
Water Air 
Noting that Fg = Pwaterg V , the volume of the crown is determined to be way Crown, 





Fsg 

Vand 
> 

A 





F 2.50 N < wr r 
V= = = 5~ = 2.548104 m? 
Pwater& (1000 kg/m” )(9.81 m/s* ) 
Then the density of the crown becomes W eater = 2.95 ket Woig = 3.20 ket 


20k 
aE © __ 12,560 kg/m? 
V 2.548x10 m? 


which is considerably less than the density of gold. Therefore, the crown is NOT made of pure gold. 


Discussion This problem can also be solved without doing any under-water weighing as follows: We would weigh a 
bucket half-filled with water, and drop the crown into it. After marking the new water level, we would take the crown out, 
and add water to the bucket until the water level rises to the mark. We would weigh the bucket again. Dividing the weight 
difference by the density of water and g will give the volume of the crown. Knowing both the weight and the volume of the 
crown, the density can easily be determined. 
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Chapter 3 Pressure and Fluid Statics 
3-88 
Solution The average density of a person is determined by weighing the person in air and then in water. A relation is 
to be obtained for the volume fraction of body fat in terms of densities. 


Assumptions 1 The buoyancy force in air is negligible. 2 The body is considered to consist of fat and muscle only. 3 The 
body is completely submerged in water, and the air volume in the lungs is negligible. 


Analysis The difference between the weights of the person in air and in 
water is due to the buoyancy force in water. Therefore, 
Fg = W air T W water > Prwater& V= W air T W water 


Knowing the weights and the density of water, the relation above gives the volume of 
the person. Then the average density of the person can be determined from 

ie m War /g 

ave V V 

Under assumption #2, the total mass of a person is equal to the sum of the masses of the fat and muscle tissues, and the 
total volume of a person is equal to the sum of the volumes of the fat and muscle tissues. The volume fraction of body fat is 
the ratio of the fat volume to the total volume of the person. Therefore, 
=y 


V =V +V, 


muscle Where Vp, = XV and V 


muscle 


V =(1-X V 


muscle 


mM = M fat + M muscle 


Water Air 


Noting that mass is density times volume, the last relation can be written as 


Pave V= Prat Viat + P muscle Viriaselé 
Pave V= Piat X fat V + P muscle ad — X fat W 


Canceling the Vand solving for xfa gives the desired relation, 








_ Prmuscle a Pavg 
P muscle = Prat 


X fat 











Wwater 


Discussion Weighing a person in water in order to determine its volume is 
not practical. A more practical way is to use a large container, and measuring 
the change in volume when the person is completely submerged in it. 
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Chapter 3 Pressure and Fluid Statics 
3-89 
Solution The volume of the hull of a boat is given. The amounts of load the boat can carry in a lake and in the sea 
are to be determined. 


Assumptions 1 The dynamic effects of the waves are disregarded. 2 The buoyancy force in air is negligible. 


Properties The density of sea water is given to be 1.03x1000 = 1030 kg/m’. We take the density of water to be 1000 
kg/m’. 























Analysis The weight of the unloaded boat is 
Woa = Mg = (8560 kg)(9.81 m/s”) =el = 84.0 kN 
1000 kg - m/s 
ya 
The buoyancy force becomes a maximum when the entire hull of the boat is submerged 
in water, and is determined to be 
C 
1kN 
Fs take = PlakeV = (1000 kg/m? (9.81 m/s* )(150 m*)} ——— | = 1472 kN 
a eae 1000 kg - m/s? 
3 2 3 LkN 
Fg sea = Psea& V = (1030 kg/m” )(9.81 m/s“ )(150 m~ )} ——_—__ |= 1516 kN T 
, 1000 kg - m/s > a 
load boat 


he total weight of a floating boat (load + boat itself) is equal to the buoyancy 
force. Therefore, the weight of the maximum load is 


Wioad, lake = Fg» lake — Whoat = 1472 —84 = 1388 kN 
Wioad, sea = E —Wioat = 1516 -84 =1432 kN 


B,sea 


The corresponding masses of load are 





— Weaataxe _ 1388 KN a kg - m/s? 


: = 141,500 kg = 142,000 kg 
g (9.81 m/s” 1kN 


M oad,lake 





W, . m/s? 
Maaa 2—1 -= Tiaa 1000 kg - m/s” =145,970 kg = 146,000 kg 
i g 9.81 m/s 1 KN 
Discussion Note that this boat can carry nearly 4500 kg more load in the sea than it can in fresh water. Fully-loaded 


boats in sea water should expect to sink into water deeper when they enter fresh water, such as a river where the port may 
be. 
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Chapter 3 Pressure and Fluid Statics 


Fluids in Rigid-Body Motion 


3-90C 
Solution We are to discuss when a fluid can be treated as a rigid body. 
Analysis A moving body of fluid can be treated as a rigid body when there are no shear stresses (i.e., no motion 


between fluid layers relative to each other) in the fluid body. 


Discussion When there is no relative motion between fluid particles, there are no viscous stresses, and pressure (normal 
stress) is the only stress. 





3-91C 

Solution We are to compare the pressure at the bottom of a glass of water moving at various velocities. 

Analysis The water pressure at the bottom surface is the same for all cases since the acceleration for all four cases is 
zero. 


Discussion When any body, fluid or solid, moves at constant velocity, there is no acceleration, regardless of the 
direction of the movement. 





3-92C 
Solution We are to compare the pressure in a glass of water for stationary and accelerating conditions. 
Analysis The pressure at the bottom surface is constant when the glass is stationary. For a glass moving on a 


horizontal plane with constant acceleration, water will collect at the back but the water depth will remain constant at the 
center. Therefore, the pressure at the midpoint will be the same for both glasses. But the bottom pressure will be low at 
the front relative to the stationary glass, and high at the back (again relative to the stationary glass). Note that the 
pressure in all cases is the hydrostatic pressure, which is directly proportional to the fluid height. 


Discussion We ignore any sloshing of the water. 





3-93C 
Solution We are to analyze the pressure in a glass of water that is rotating. 
Analysis When a vertical cylindrical container partially filled with water is rotated about its axis and rigid body 


motion is established, the fluid level will drop at the center and rise towards the edges. Noting that hydrostatic pressure is 
proportional to fluid depth, the pressure at the mid point will drop and the pressure at the edges of the bottom surface 
will rise due to the rotation. 


Discussion The highest pressure occurs at the bottom corners of the container. 
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Chapter 3 Pressure and Fluid Statics 


3-94 
Solution A water tank is being towed by a truck on a level road, and the angle the free surface makes with the 
horizontal is measured. The acceleration of the truck is to be determined. 

; i i À i ax 
Assumptions 1 The road is horizontal so that acceleration has no vertical component (a; = 0). i y 


2 Effects of splashing, breaking, driving over bumps, and climbing hills are assumed to be 
secondary, and are not considered. 3 The acceleration remains constant. 





Analysis We take the x-axis to be the direction of motion, the z-axis to be the upward 
vertical direction. The tangent of the angle the free surface makes with the horizontal is 
a 
tan 0 =—— 
gta, 


Solving for a, and substituting, 
a, =(g+a,) tan @ = (9.81 m/s” +0) tan 15° = 2.63 m/s? 


Discussion Note that the analysis is valid for any fluid with constant density since we used no information that pertains 
to fluid properties in the solution. 








3-95 

Solution Two water tanks filled with Tank A Tank B 

water, one stationary and the other moving fe 

upwards at constant acceleration. The tank with t ys 
the higher pressure at the bottom is to be E 
determined. 8 

Assumptions 1 The acceleration remains Z 2 

constant. 2 Water is an incompressible e | 
substance. Water 2 Water z 
Properties We take the density of water to 1 0 


be 1000 kg/m’. 


Analysis The pressure difference between two points | and 2 in an incompressible fluid is given by 
P, -P =-pa,(x1-x1)-p(g+a,)(Zz2-21) or P-P, =p(g+a,)(Z,-z1) 


since a, = 0. Taking point 2 at the free surface and point 1 at the tank bottom, we have P, = P, 


um aNd Zz, — z; =A and thus 


P gage z Phottom = P(g +a, )h 


Tank A: We have a, = 0, and thus the pressure at the bottom is 


1kN 
Py votom = Pg 4 = (1000 kg/m?)(9.81 m/s” )(8 m)} ———— | = 78.5 kN/m” 
Dipa SARM , 1000 kg - m/s? 
Tank B: We have a, = +5 m/s’, and thus the pressure at the bottom is 
P = p(g +a, )hz = (1000 kg/m? )(9.81+5 m/s” )(2 m) = EN __ |= 996i? 
B, bottom z B 1000 kg , m/s 2 


Therefore, tank A has a higher pressure at the bottom. 


Discussion | We can also solve this problem quickly by examining the relation Pyouom = P(g +a-,)h. Acceleration for 
tank B is about 1.5 times that of Tank A (14.81 vs 9.81 m/s’), but the fluid depth for tank A is 4 times that of tank B (8 m 
vs 2 m). Therefore, the tank with the larger acceleration-fluid height product (tank A in this case) will have a higher 
pressure at the bottom. 
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Chapter 3 Pressure and Fluid Statics 
3-96 
Solution A water tank is being towed on an uphill road at constant acceleration. The angle the free surface of water 
makes with the horizontal is to be determined, and the solution is to be repeated for the downhill motion case. 





Uphill . Downhill |ë 
motion | & motion 





Horizontal 


Assumptions 1 Effects of splashing, breaking, driving over bumps, and climbing hills are assumed to be secondary, and 
are not considered. 2 The acceleration remains constant. 


Analysis We take the x- and z-axes as shown in the figure. From geometrical considerations, the horizontal and 
vertical components of acceleration are 

ad, =acosa 

a, =asina 
The tangent of the angle the free surface makes with the horizontal is 


2 
20° 
oe = ee -0.4078 > 6=22.2° 
gta, gtasina 9.81m/s* +(5 m/s )sin 20° 





When the direction of motion is reversed, both a, and a, are in negative x- and z-direction, respectively, and thus become 
negative quantities, 


a, =—acosa 
a, =—asina 


Then the tangent of the angle the free surface makes with the horizontal becomes 


a, acosa -(5 m/s”) cos 20° 
tan 0 = = 


=-0.5801 — 6=-30.1° 
gta, gt+asina 9.81m/s* —(5m/s”)sin 20° 





Discussion Note that the analysis is valid for any fluid with constant density, not just water, since we used no 
information that pertains to water in the solution. 
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Chapter 3 Pressure and Fluid Statics 
3-97E 
Solution A vertical cylindrical tank open to the atmosphere is rotated about the centerline. The angular velocity at 
which the bottom of the tank will first be exposed, and the maximum water height at this moment are to be determined. 





Assumptions 1 The increase in the rotational speed is very slow so that the liquid in the container always acts as a rigid 
body. 2 Water is an incompressible fluid. 


Analysis Taking the center of the bottom surface of the rotating vertical cylinder as the origin (r = 0, z = 0), the 
equation for the free surface of the liquid is given as 


2 
z, (1) = hy -——(R? -2r?) 
s 4g 
where ho = 1 ft is the original height of the liquid before rotation. Just before dry spot appear at the center of bottom 


surface, the height of the liquid at the center equals zero, and thus z,(0) = 0. Solving the equation above for @ and 
substituting, 





4(32.2 ft/s” )(1 ft) 
o=,- = |-> = 11.35 rad/s = 11.4 rad/s 
R (1 ft) 


4gh 


Noting that one complete revolution corresponds to 27 radians, the rotational speed of the container can also be expressed 
in terms of revolutions per minute (rpm) as 





<n somes 60s 
l min 


~ 2m 7 2a rad/rev 


)=108 rpm 


Therefore, the rotational speed of this container should be limited to 108 rpm to avoid any dry spots at the bottom surface 
of the tank. 
The maximum vertical height of the liquid occurs a the edges of the tank (r = R = 1 ft), and it is 
2p2 2 2 
11. d 1ft 
aR = cart) +4 35 rad/s) : ) 
4(32.2 ft/s“) 





z,(R) =hy + = 2.00 ft 


Discussion Note that the analysis is valid for any liquid since the result is independent of density or any other fluid 
property. 
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Chapter 3 Pressure and Fluid Statics 
3-98 


Solution A cylindrical tank is being transported on a level road at constant acceleration. The allowable water height 
to avoid spill of water during acceleration is to be determined. 





D=40 cm 


Assumptions 1 The road is horizontal during acceleration so that acceleration has no vertical component (a, = 0). 2 
Effects of splashing, breaking, driving over bumps, and climbing hills are assumed to be secondary, and are not considered. 
3 The acceleration remains constant. 


Analysis We take the x-axis to be the direction of motion, the z-axis to be the upward vertical direction, and the 
origin to be the midpoint of the tank bottom. The tangent of the angle the free surface makes with the horizontal is 








tan 0 = Ox = = 0.4077 (and thus 0 = 22.2°) 
gta, 9.81+0 


The maximum vertical rise of the free surface occurs at the back of the tank, and the vertical midplane experiences no rise 
or drop during acceleration. Then the maximum vertical rise at the back of the tank relative to the midplane is 


AZ max = (D/2) tan 8 = [(0.40 m)/2] x 0.4077 = 0.082 m = 8.2 cm 
Therefore, the maximum initial water height in the tank to avoid spilling is 
himax = tank — AZ max = 60 -8.2 = 51.8 cm 


Discussion Note that the analysis is valid for any fluid with constant density, not just water, since we used no 
information that pertains to water in the solution. 





3-60 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 3 Pressure and Fluid Statics 
3-99 
Solution A vertical cylindrical container partially filled with a liquid is rotated at constant speed. The drop in the 
liquid level at the center of the cylinder is to be determined. 


<q 


| 
Free i 
surface 


h, = 60 cm 


Zs 





|e aad), 


Assumptions 1 The increase in the rotational speed is very slow so that the liquid in the container always acts as a rigid 
body. 2 The bottom surface of the container remains covered with liquid during rotation (no dry spots). 


Analysis Taking the center of the bottom surface of the rotating vertical cylinder as the origin (r = 0, z = 0), the 
equation for the free surface of the liquid is given as 


2 
z,(r) =y -&— (R? -2r?) 
4g 


where ho = 0.6 m is the original height of the liquid before rotation, and 


@ = 2m =2n(120 revinin + = 
60s 





) = 12.57 rad/s 


Then the vertical height of the liquid at the center of the container where r = 0 becomes 


o’ R? (12.57 rad/s)” (0.20 m)? 


= (0.60 m) — - =0.44m 
4(9.81 m/s?) 





Z,(0) =hp - 


Therefore, the drop in the liquid level at the center of the cylinder is 
Atop, center = Ao — Zs (0) = 0.60 -0.44 =0.16 m 


Discussion Note that the analysis is valid for any liquid since the result is independent of density or any other fluid 
property. Also, our assumption of no dry spots is validated since zo(0) is positive. 
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Chapter 3 Pressure and Fluid Statics 
3-100 
Solution The motion of a fish tank in the cabin of an elevator is considered. The pressure at the bottom of the tank 
when the elevator is stationary, moving up with a specified acceleration, and moving down with a specified acceleration is 
to be determined. 


Fish Tank 
2 
e 
| f a, = 3 m/s? 
h = 40 cm 
| z | 
Water 2 
So 
0 1 


Assumptions 1 The acceleration remains constant. 2 Water is an incompressible substance. 
Properties We take the density of water to be 1000 kg/m’. 


Analysis The pressure difference between two points | and 2 in an incompressible fluid is given by 
Py —P, =—pa,(X%_ —x\)— P(g ta, \Z2-2) Or P,—P) = p(g +a, )(Z2 —21) 


since a, = 0. Taking point 2 at the free surface and point | at the tank bottom, we have P, = P. 


im and z,—z, =A and thus 


Pr gage z Phottom = P(g +a, yh 


(a) Tank stationary: We have a, = 0, and thus the gage pressure at the tank bottom is 


1kN 


Prvottom = Pgh = (1000 kg/m*)(9.81 m/s? (0.4 m)} ———- 
pas re = 1000 kg - m/s” 


= 3.92 kN/m* =3.92 kPa 


(b) Tank moving up: We have a, = +3 m/s”, and thus the gage pressure at the tank bottom is 


Potom = (€ +a, )hg = (1000 kg/m? )(9.81+3 m/s ° )(0.4 mf =5.12kN/m? =5.12kPa 


1000 kg: m/s” 
(c) Tank moving down: We have a- = -3 m/s’, and thus the gage pressure at the tank bottom is 


1kN 


Protom = P(E +4; hg = (1000 kg/m *)(9.81—3 m/s” )(0.4 m)} ——— 
a a 1000 kg - m/s? 


) = 2.72 kN/m? =2.72 kPa 


Discussion Note that the pressure at the tank bottom while moving up in an elevator is almost twice that while moving 
down, and thus the tank is under much greater stress during upward acceleration. 
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Chapter 3 Pressure and Fluid Statics 
3-101 
Solution A vertical cylindrical milk tank is rotated at constant speed, and the pressure at the center of the bottom 
surface is measured. The pressure at the edge of the bottom surface is to be determined. 


D 


| 
Free i 
surface 


| 
| 
| 
Zy i 


zZ 





0! r 


& 


Assumptions 1 The increase in the rotational speed is very slow so that the liquid in the container always acts as a rigid 
body. 2 Milk is an incompressible substance. 


Properties The density of the milk is given to be 1030 kg/m’. 
Analysis Taking the center of the bottom surface of the rotating vertical cylinder as the origin (r = 0, z = 0), the 
equation for the free surface of the liquid is given as 


2 
z (r)=h -&— (R? -2r?) 
4g 


where R = 1.5 m is the radius, and 


O =2m =27(12 revimin| 4 ans 
60s 





= 1.2566 rad/s 


The fluid rise at the edge relative to the center of the tank is 


2 p2 2 p2 2 p2 1.2 d 2 1. 2 
Nes eeltee slp) ee cou =1.1811m 
4g 4g 2g 2(9.81 m/s“) 





The pressure difference corresponding to this fluid height difference is 


1kN 


AP potom = PAH = (1030 kg/m?)(9.81 m/s” )(1.1811 m)| ————. 
1000 kg - m/s 


|= rssi? =1.83 kPa 


Then the pressure at the edge of the bottom surface becomes 


P. 


bottom, edge 


=P 


bottom, center 


+ AP, = 130+1.83=131.83 kPa=132 kPa 


bottom 


Discussion Note that the pressure is 1.4% higher at the edge relative to the center of the tank, and there is a fluid level 
difference of 1.18 m between the edge and center of the tank, and these differences should be considered when designing 
rotating fluid tanks. 
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Chapter 3 Pressure and Fluid Statics 


3-102 
Solution Milk is transported in a completely filled horizontal cylindrical tank accelerating at a specified rate. The 
maximum pressure difference in the tanker is to be determined. 


a, =- 3 m/s” 





Assumptions 1 The acceleration remains constant. 2 Milk is an incompressible substance. 
Properties The density of the milk is given to be 1020 kg/m’. 


Analysis We take the x- and z- axes as shown. The horizontal acceleration is in the negative x direction, and thus a, 
is negative. Also, there is no acceleration in the vertical direction, and thus a, = 0. The pressure difference between two 
points | and 2 in an incompressible fluid in linear rigid body motion is given by 





P, —P, =—pa, (x. —x,)— plg +a, (Zz. —2)) > Py -P, =—pa,(%2 -%)— pez, -721) 


The first term is due to acceleration in the horizontal direction and the resulting compression effect towards the back of the 
tanker, while the second term is simply the hydrostatic pressure that increases with depth. Therefore, we reason that the 
lowest pressure in the tank will occur at point 1 (upper front corner), and the higher pressure at point 2 (the lower rear 
corner). Therefore, the maximum pressure difference in the tank is 








AP ax = Py — Py = Py (X%_ —X1) — P8(Z2 — 21) = 1, (%2 — x1) + B(Z2 -2))] 


=—(1020 kg/m?) |(-2.5 m/s? (7 m) + (9.81 m/s? (3 of | 
1000 kg -m/s 


= (17.9+30.0) KN/m? = 47.9 kPa 
since x; =0, x2=7 m, Z; = 3 m, and z; = 0. 
Discussion Note that the variation of pressure along a horizontal line is due to acceleration in the horizontal direction 


while the variation of pressure in the vertical direction is due to the effects of gravity and acceleration in the vertical 
direction (which is zero in this case). 
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Chapter 3 Pressure and Fluid Statics 
3-103 
Solution Milk is transported in a completely filled horizontal cylindrical tank decelerating at a specified rate. The 
maximum pressure difference in the tanker is to be determined. 


Assumptions 1 The acceleration remains constant. 2 Milk is an incompressible substance. 


Properties The density of the milk is given to be a3 m 
1020 kg/m’. | s 
Analysis We take the x- and z- axes as shown. g 7m 


The horizontal deceleration is in the x direction, and 
thus a, is positive. Also, there is no acceleration in 
the vertical direction, and thus a, = 0. The pressure 
difference between two points | and 2 in an 
incompressible fluid in linear rigid body motion is 
given by 








Py — Py = pa, (X%2 —x1)—- P(E +4, )Z2- 21) > Py - Py =—pa,(%2 —*)— pg(Z2 — 21) 
The first term is due to deceleration in the horizontal direction and the resulting compression effect towards the front of the 
tanker, while the second term is simply the hydrostatic pressure that increases with depth. Therefore, we reason that the 
lowest pressure in the tank will occur at point | (upper front corner), and the higher pressure at point 2 (the lower rear 
corner). Therefore, the maximum pressure difference in the tank is 


APnax = Py —P, =—pa, (x2 — x) — pg(Z2 —2,) =—[a, (%2 — x1) + 82 —2,)] 








= -(1020 kg/m3)|(2.5 m/s? )(-7 m) + (9.81 m/s? )(-3 | agit 
1000 kg - m/s 


= (17.9+ 30.0) kN/m” = 47.9 kPa 
since xı =7 m, X2 = 0, zı = 3 m, and z? = Q. 
Discussion Note that the variation of pressure along a horizontal line is due to acceleration in the horizontal direction 


while the variation of pressure in the vertical direction is due to the effects of gravity and acceleration in the vertical 
direction (which is zero in this case). 





3-104 

Solution A vertical U-tube partially filled with 
alcohol is rotated at a specified rate about one of its arms. 
The elevation difference between the fluid levels in the two 
arms is to be determined. 


Assumptions 1 Alcohol is an incompressible fluid. N 


Analysis Taking the base of the left arm of the U-tube “=. 
as the origin (r = 0, z = 0), the equation for the free surface 
of the liquid is given as 


2 
z (r) = ho ae ~2r?) 


where /y = 0.20 m is the original height of the liquid before rotation, 

and @ = 4.2 rad/s. The fluid rise at the right arm relative to the fluid 

level in the left arm (the center of rotation) is 

oR?) [, _@R? |) _@?R* _ (4.2 rad/s)? (0.25 m)? 
° 4g ) 2g 29.81 m/s?) 





=0.056 m 











Ah =z, (R)-z,(0)= G + 


Discussion The analysis is valid for any liquid since the result is independent of density or any other fluid property. 
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Chapter 3 Pressure and Fluid Statics 
3-105 
Solution A vertical cylindrical tank is completely filled with gasoline, and the tank is rotated about its vertical axis at 
a specified rate. The pressures difference between the centers of the bottom and top surfaces, and the pressures difference 
between the center and the edge of the bottom surface are to be determined. 





Assumptions 1 The increase in the rotational speed is very slow so that the liquid in the container always acts as a rigid 
body. 2 Gasoline is an incompressible substance. 


Properties The density of the gasoline is given to be 740 kg/m’. 


Analysis The pressure difference between two points | and 2 in an incompressible fluid rotating in rigid body motion 
is given by 





2 
© 
P, n= es 4) P2(Z2 =Z) 
where R = 0.60 m is the radius, and 


@ = 2m =2n(70 rev/min Tin 
60s 





) = 7.330 rad/s 


(a) Taking points 1 and 2 to be the centers of the bottom and top surfaces, respectively, we have 7r; =r, =0 and 


Zy —Z, =h=3m. Then, 


P. 


center, top — 


Prenter, bottom — 0- pg(z2 = Z1) = —pgh 


1kN 


= ~(740 kg/m*)(9.81 m/s” )(3 m)} ————_ 
1000 kg - m/s 


|- 21.8 kN/m? = 21.8 kPa 


(b) Taking points 1 and 2 to be the center and edge of the bottom surface, respectively, we have 7, =0, 7, =R, and 
Z2 =Z] =0. Then, 


2 2 p2 
R 
PP R -o-0-22 R 


P, edge, bottom ~~ P, center, bottom — 





_ (740 kg/m * (7.33 rad/s) (0.60 m)” 1kN 


5 =7.16 kN/m? =7.16 kPa 
2 1000 kg - m/s 


Discussion Note that the rotation of the tank does not affect the pressure difference along the axis of the tank. But the 
pressure difference between the edge and the center of the bottom surface (or any other horizontal plane) is due entirely to 
the rotation of the tank. 





3-66 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


3-106 


Chapter 3 Pressure and Fluid Statics 


Solution The previous problem is reconsidered. The effect of rotational speed on the pressure difference between the 
center and the edge of the bottom surface of the cylinder as the rotational speed varies from 0 to 500 rpm in increments of 


50 rpm is to be investigated. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


g=9.81 "m/s2" 
rho=740 "kg/m3" 
R=0.6 "m" 

h=3 "m" 


omega=2*pi*n_dot/60 "rad/s" 
DeltaP_axis=rho*g*h/1000 "kPa" 


DeltaP_bottom=rho*omega*2*R‘2/2000 "kPa" 







































































Rotation rate Angular speed AP center-edge 
ń , rpm a, rad/s kPa 
0 0.0 0.0 
50 5.2 3.7 
100 10.5 14.6 
150 15.7 32.9 
200 20.9 58.4 
250 26.2 91.3 
300 31.4 131.5 
350 36.7 178.9 
400 41.9 233.7 
450 47.1 295.8 
500 52.4 365.2 
400 
350 
300 
@ 250 
Q. | 
7 200 
oa 
= L 
150 
100 
50 
0 
0 100 200 , 300 400 
n, rpm 


Discussion The pressure rise with rotation rate is not linear, but rather quadratic. 





3-67 


PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 3 Pressure and Fluid Statics 





3-107 
Solution A water tank partially filled with water is being towed by a truck on a level road. The maximum 
acceleration (or deceleration) of the truck to avoid spilling is to be determined. a, 
< 
Assumptions 1 The road is horizontal so that acceleration has no 
vertical component (a, = 0). 2 Effects of splashing, breaking, driving Ah =2 ft 
over bumps, and climbing hills are assumed to be secondary, and are i OO 2 
not considered. 3 The acceleration remains constant. 
Analysis We take the x-axis to be the direction of motion, the z- Z Water hy= 6 ft 
axis to be the upward vertical direction. The shape of the free surface tank 
just before spilling is shown in figure. The tangent of the angle the free 
surface makes with the horizontal is given by 0 x 
a 
tan 0 = — > a, =gtand L=20 ft 
gta, 


À : : s Ah aor 
where a, = 0 and, from geometric considerations, tan@ is tan 0 = In Substituting, we get 


& simp" e228) = 
LIS (20 ft)/2 


2ft _ 6.44 mis? 





The solution can be repeated for deceleration by replacing a, by — ax. We obtain a, = -6.44 m/s’. 


Discussion Note that the analysis is valid for any fluid with constant density since we used no information that pertains 
to fluid properties in the solution. 





3-108E 
Solution A water tank partially filled with water is being towed by a truck on a level road. The maximum 
acceleration (or deceleration) of the truck to avoid spilling is to be determined. 


Assumptions 1 The road is horizontal so that deceleration has no vertical component (a, = 0). 2 Effects of splashing and 
driving over bumps are assumed to be secondary, and are not considered. 3 The deceleration remains constant. 





Analysis We take the x-axis to be the direction of motion, a, 
the z-axis to be the upward vertical direction. The shape of the = 
free surface just before spilling is shown in figure. The tangent 
of the angle the free surface makes with the horizontal is given 6 Ah = 0.5 ft 
en en ey pe _ gon tT 
tang = — > a, =-g tan 0 Water hy|= 3 ft 
Eta; Z tank 
where a, = 0 and, from geometric considerations, tan@ is 
Ah 
tan 0 = — 
L/2 0 x — 
bstituti | 
Substituting, ISk 


2 0.5 ft 


a, =-gtan@ =-g A ~(32.2 ft/s”) = -4.08 ft/s? 
ae (8 ft)/2 





Discussion Note that the analysis is valid for any fluid with constant density since we used no information that pertains 
to fluid properties in the solution. 
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Chapter 3 Pressure and Fluid Statics 
3-109 
Solution Water is transported in a completely filled horizontal cylindrical tanker accelerating at a specified rate. The 
pressure difference between the front and back ends of the tank along a horizontal line when the truck accelerates and 
decelerates at specified rates. 


a, =-3 m/s” 





Assumptions 1 The acceleration remains constant. 2 Water is an incompressible substance. 
Properties We take the density of the water to be 1000 kg/m’. 


Analysis (a) We take the x- and z- axes as shown. The horizontal acceleration is in the negative x direction, and thus 
da, is negative. Also, there is no acceleration in the vertical direction, and thus a, = 0. The pressure difference between two 
points 1 and 2 in an incompressible fluid in linear rigid body motion is given by 





P, —P, =—pa, (x2 —x,)— plg+a,)(Z. — 21) > P, -P, =—pa, (x2 -x;) 


since z2 - Zı = 0 along a horizontal line. Therefore, the pressure difference between the front and back of the tank is due to 
acceleration in the horizontal direction and the resulting compression effect towards the back of the tank. Then the pressure 
difference along a horizontal line becomes 

1kN 
1000 kg - m/s” 





AP = P, — P, =—pa,(x, —-x,)= {10004-20823} ]-21nvm? =21 kPa 


since xı = 0 and x: = 7 m. 


(b) The pressure difference during deceleration is determined the way, but a, = 4 m/s’ in this case, 


1kN 
1000 kg: m/s” 





AP =P, -P = -pa (x, -x)= 1000 hn W427 ]--28i0n? =-20 kPa 


Discussion Note that the pressure is higher at the back end of the tank during acceleration, but at the front end during 
deceleration (during breaking, for example) as expected. 





3-69 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 3 Pressure and Fluid Statics 
Review Problems 


3-110 
Solution One section of the duct of an air-conditioning system is laid underwater. The upward force the water 
exerts on the duct is to be determined. 


Assumptions 1 The diameter given is the outer diameter of the duct (or, the thickness of the duct material is negligible). 2 
The weight of the duct and the air in is negligible. 


Properties The density of air is given to be p= 1.30 kg/m®. We take the density of water to be 1000 kg/m’. 


Analysis Noting that the weight of the duct and the air in it is negligible, the net upward force acting on the duct is 
the buoyancy force exerted by water. The volume of the underground section of the duct is 


V = AL = (aD? /4)L =[2(0.15 m)7/4](20 m) = 0.3534 m? 
Then the buoyancy force becomes 


1kN 
1000 kg - m/s? 





Fp = pgV = (1000 kg/m?)(9.81 m/s” (0.3534 my = 3.47 kN 


Discussion The upward force exerted by water on the duct is 3.47 kN, which is equivalent to the weight of a mass of 
354 kg. Therefore, this force must be treated seriously. 





3-111 
Solution A helium balloon tied to the ground carries 2 people. The acceleration of the balloon when it is first 
released is to be determined. 


Assumptions The weight of the cage and the ropes of the balloon is negligible. 
Properties The density of air is given to be p = 1.16 kg/m’. The density of helium gas is 1/7th of this. 
Analysis The buoyancy force acting on the balloon is 


Vano = 407°/3 = 40(5 m) /3=523.6 m° 


balloon 


1 N 
Fy = Pair Voanoon = (1-16 kg/m°)(9.81 m/s°)(523.6 m°) ——,; |=5958.4 N Helium 
1 kg-m/s b 
alloon 
The total mass is 
1.16 3 3 
Mye = Pu V = = kg/m e230 m”) =86.8 kg 
Moar = Mye + Mpeope = 86.8 +2 x70 = 226.8 kg 
The total weight is 
1N 
W =m = (226.8 kg)(9.81 m/s*)} ——— |=2224.9 N 
total ( g)( l: kg , m/s? ) 


Thus the net force acting on the balloon is 
F a = F -W = 5958.6 — 2224.9 = 3733.5 N 


Then the acceleration becomes 
| Fa _ 3733.5 N{1 kg- m/s? 
226.8 kg 1N 


Discussion This is almost twice the acceleration of gravity — aerodynamic drag on the balloon acts quickly to slow 
down the acceleration. 


m = 140 kg 





m 


) =16.5 m/s? 


total 
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Chapter 3 Pressure and Fluid Statics 


3-112 


Solution The previous problem is reconsidered. The effect of the number of people carried in the balloon on 
acceleration is to be investigated. Acceleration is to be plotted against the number of people, and the results are to be 
discussed. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


"Given Data:" 

rho_air=1.16"[kg/m‘3]" "density of air" 
g=9.807"[m/s’2]" 

d_balloon=10"[m]" 

m_1person=70"[kg]" 

{NoPeople = 2} "Data suppied in Parametric Table" 


"Calculated values:" 

rho_He=rho_air/7"[kg/m*3]" “density of helium" 

r_balloon=d_balloon/2"[m]" 

V_balloon=4*pi*r_balloon’*3/3"[m43]" 

m_people=NoPeople*m_1person"[kg]" 

m_He=rho_He*V_balloon"[kg]" 

m_total=-m_He+m_people"[kg]" 

"The total weight of balloon and people is:" 

W_total=m_total*g"[N]" 

"The buoyancy force acting on the balloon, F_b, is equal to the weight of the air displaced by the 
balloon." 

F_b=rho_air*V_balloon*g"[N]" 

"From the free body diagram of the balloon, the balancing vertical forces must equal the product of the 
total mass and the vertical acceleration:" 

F_b- W_total=m_total*a_up 








Aup [m/s7 No. People 
28.19 
16.46 
10.26 
6.434 
3.831 
1.947 
0.5204 

-0.5973 
-1.497 
-2.236 





























©} 00} NI] O} O01; BJ Oo} Po] 





4 
oO 











aup [m/s^2] 

















1 2 3 4 5 6 7 8 9 10 
NoPeople 


Discussion As expected, the more people, the slower the acceleration. In fact, if more than 7 people are on board, the 
balloon does not rise at all. 
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Chapter 3 Pressure and Fluid Statics 
3-113 
Solution A balloon is filled with helium gas. The maximum amount of load the balloon can carry is to be 
determined. 


Assumptions The weight of the cage and the ropes of the balloon is negligible. 


Properties The density of air is given to be p = 1.16 kg/m’. The density of 
helium gas is 1/7th of this. 






Analysis In the limiting case, the net force acting on the balloon will be zero. 
That is, the buoyancy force and the weight will balance each other: 
W =mg = Fg 
Fg 5958.4 N 
Miotal 7 =-= ey ge 607.4 kg Helium 
E 9.81 m/s balloon 

Thus, 

M people = Moai — Mye = 607.4- 86.8 = 520.6 kg = 521 kg 


Discussion When the net weight of the balloon and its cargo exceeds the weight of the 
air it displaces, the balloon/cargo is no longer “lighter than air”, and therefore cannot rise. 





3-114E 
Solution The pressure in a steam boiler is given in kgf/cm”. It is to be expressed in psi, kPa, atm, and bars. 
Analysis We note that 1 atm = 1.03323 kgf/cm’, 1 atm = 14.696 psi, 1 atm = 101.325 kPa, and 1 atm = 1.01325 bar 


(inner cover page of text). Then the desired conversions become: 


l atm 


In atm: P = (15 kgf/cm?) ————— 
1.03323 kgf/cm? 


) = 72.6 atm 





Tipik P=(15 keten 1 atm Sx psi 
1 atm 


1.03323 kgf/cm? = 1067 psi = 1070 psi 





In kPa: P= cs ktm | 1 atm (ee 


eae ) =7355 kPa = 7360 kPa 


1 atm 





1.03323 kgf/cm? 


In bars: P= 05 ketlem 1 atm (a 
1 atm 


= 73.55 bar = 73.6 bar 


Discussion Note that the units atm, kgf/cm’, and bar are almost identical to each other. All final results are given to 
three significant digits, but conversion ratios are typically precise to at least five significant digits. 
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Chapter 3 Pressure and Fluid Statics 
3-115 
Solution A barometer is used to measure the altitude of a plane relative to the ground. The barometric readings at the 
ground and in the plane are given. The altitude of the plane is to be determined. 


Assumptions The variation of air density with altitude is negligible. 

Properties The densities of air and mercury are given to be pair = 1.20 kg/m? and Pmercury = 13,600 kg/m’. 

Analysis Atmospheric pressures at the location of the plane and the ground level are 
Piane = (pgh) plane 


1N 1kP 

= (13,600 kg/m? )(9.81 m/s” (0.690 m)} ————~ — 
1 kg -m/s 1000 N/m 

= 92.06 kPa 


Porgand = (pgh) ground 


1N 1kP 

= (13,600 kg/m? )(9.81 m/s” (0.753 m) ——_~ —_<~* 
1kg-m/s~ }\ 1000 N/m 

= 100.46 kPa 


Taking an air column between the airplane and the ground and writing a force 
balance per unit base area, we obtain 


Wiz | A= P, 





air round ~ + plane 
(P8h) air = Proana =i pline 
IN 1 kP 
(1.20 kg/m?)(9.81 m/s” )(h) ——; + = (100.46 — 92.06) kPa 0 Sea level 
1kg-m/s~ A 1000 N/m 


It yields h = 714 m, which is also the altitude of the airplane. 


Discussion Obviously, a mercury barometer is not practical on an airplane — an electronic barometer is used instead. 





3-116 
Solution A 10-m high cylindrical container is filled with equal volumes of water and oil. The pressure difference 
between the top and the bottom of the container is to be determined. 


Properties The density of water is given to be p = 1000 kg/m’. The 
specific gravity of oil is given to be 0.85. 


Analysis The density of the oil is obtained by multiplying its specific Oil 
gravity by the density of water, SG = 0.85 

P = SG x Pro = (0.85)(1000 kg/m°) = 850 kg/m? h=10m 
The pressure difference between the top and the bottom of the cylinder Water 


is the sum of the pressure differences across the two fluids, 


AP otal = AR + AP ter = (pgh)., + (82) ror 1 kP 
=[(850 kg/m°)(9.81 m/s?)(5 m)+(1000 kg/m°)(9.81 m/s?)5 m|| ———=— 
1000 N/m 
=90.7 kPa 


Discussion The pressure at the interface must be the same in the oil and the water. Therefore, we can use the rules for 
hydrostatics across the two fluids, since they are at rest and there are no appreciable surface tension effects. 
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Chapter 3 Pressure and Fluid Statics 
3-117 
Solution The pressure of a gas contained in a vertical piston-cylinder device is measured to be 500 kPa. The mass of 
the piston is to be determined. 





Assumptions There is no friction between the piston and the cylinder. Pam 
Analysis Drawing the free body diagram of the piston and balancing the vertical 
forces yield 
W 7 PA = Pam A 
P 
me = (P~ Fam) 4 1000 kg/m-s? MENE 
(m)(9.81 m/s?) = (500-100 kPa)(30x10~ m?)}| — S5 
1 kPa 


Solution of the above equation yields m= 122 kg. 


Discussion The gas cannot distinguish between pressure due to the piston weight and atmospheric pressure — both 
“feel” like a higher pressure acting on the top of the gas in the cylinder. 





3-118 
Solution The gage pressure in a pressure cooker is maintained constant at 100 kPa by a petcock. The mass of the 
petcock is to be determined. 


Assumptions There is no blockage of the pressure release valve. 


Analysis Atmospheric pressure is acting on all surfaces of the petcock, which balances itself out. Therefore, it can 
be disregarded in calculations if we use the gage pressure as the cooker pressure. A force balance on the petcock (ZF = 0) 
yields 














‘eas P, m 
W = P ee t 
E Page (100 kPa)(4x10° m*){ 1000 kg/m-s” 
g 9.81 m/s” 1 kPa 
=0.0408 kg = 40.8 g P 
W = mg 
Discussion The higher pressure causes water in the cooker to boil at a higher temperature. 
3-119 
Solution A glass tube open to the atmosphere is attached to a water pipe, and the pressure at the bottom of the tube is 
measured. It is to be determined how high the water will rise in the tube. 
Properties The density of water is given to be p= 1000 kg/m’. 
Analysis The pressure at the bottom of the tube can be expressed as 
P = Pim + (Pgh) 
Solving for h, h 
j -Pn Pam= 92 atm 
PE 
B (115-92) kPa 1 kg-m/s° \/ 1000 N/m? Water E 
(1000 kg/m*)(9.8 m/s”) 1N 1 kPa 
=2.35 m 


Discussion Even though the water is flowing, the water in the tube itself is at rest. If the pressure at the tube bottom had 
been given in terms of gage pressure, we would not have had to take into account the atmospheric pressure term. 
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Chapter 3 Pressure and Fluid Statics 
3-120 
5.256 


Solution The average atmospheric pressure is given as Pim = 101.325(1—0.02256 z) where z is the altitude in 


km. The atmospheric pressures at various locations are to be determined. 


Analysis Atmospheric pressure at various locations is obtained by substituting the altitude z values in km into the 
relation P, = 101.325(1—0.02256z)°°° . The results are tabulated below. 

Atlanta: (z = 0.306 km): Pam = 101.325(1 - 0.02256x0.306)°**° = 97.7 kPa 

Denver: (z = 1.610 km): Pam = 101.325(1 - 0.02256x1.610)°?*° = 83.4 kPa 

M. City: (z = 2.309 km): Patm = 101.325(1 - 0.02256x2.309)°° = 76.5 kPa 

Mt. Ev.: (z = 8.848 km): Pum = 101.325(1 - 0.02256x8.848)°?° = 31.4 kPa 


Discussion It may be surprising, but the atmospheric pressure on Mt. Everest is less than 1/3 that at sea level! 





3-121 
Solution The air pressure in a duct is measured by an inclined manometer. For a given vertical level difference, the 
gage pressure in the duct and the length of the differential fluid column are to be determined. 


Assumptions The manometer fluid is an incompressible substance. 


Properties The density of the liquid is given to be p = 0.81 kg/L = 810 kg/m’. 





Analysis The gage pressure in the duct is determined from 
gagi =P, S -Pim = peh = 
: i , y IN 1 Pa Air 
= (810kg/m*)(9.81 m/s*)(0.08m)| ————— 5 
1kg-m/s* )\ 1N/m 
= 636 Pa L 
The length of the differential fluid column is 8 cm 
L =h/sin@ = (8 cm)/sin35° = 13.9 em 35° 


Discussion Note that the length of the differential fluid column is extended considerably by inclining the manometer 
arm for better readability (and therefore higher precision). 





3-122E 

Solution Equal volumes of water and oil are poured into a U-tube from different arms, and the oil side is pressurized 
until the contact surface of the two fluids moves to the bottom and the liquid levels in both arms become the same. The 
excess pressure applied on the oil side is to be determined. 


Assumptions 1 Both water and oil are incompressible substances. 2 Oil does not mix with water. 3 The cross-sectional 
area of the U-tube is constant. 


Properties The density of oil is given to be (i = 49.3 Ibm/ft’. We take the density of water to be py = 62.4 ue 


Analysis Noting that the pressure of both the water and the oil is the same 
at the contact surface, the pressure at this surface can be expressed as 
P. 


contact — Polow u Paging = Eis + Py gh, 
Noting that h, = ,, and rearranging, 
am blow 7 Pose ~ Pa = (p, 7 Poil ) gh 1 lbf T fe 30in 
=(62.4- 49.3. Ibm/ft* (32.2 ft/s” )(30/12 ft)} ————— 
2 32.2 Ibm- ft/s? )\ 144 in? 
= 0.227 psi 


Discussion When the person stops blowing, the oil rises and some water flows into the right arm. It can be shown that 
when the curvature effects of the tube are disregarded, the differential height of water is 23.7 in to balance 30-in of oil. 


Water Blown 





3-75 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 3 Pressure and Fluid Statics 
3-123 
Solution It is given that an IV fluid and the blood pressures balance each other when the bottle is at a certain height, 
and a certain gage pressure at the arm level is needed for sufficient flow rate. The gage pressure of the blood and elevation 
of the bottle required to maintain flow at the desired rate are to be determined. 


Assumptions 1 The IV fluid is incompressible. 2 The IV bottle is open to the atmosphere. 

Properties The density of the IV fluid is given to be p= 1020 kg/m’. 

Analysis (a) Noting that the IV fluid and the blood pressures balance each other when the bottle is 1.2 m above the 

arm level, the gage pressure of the blood in the arm is simply equal to the gage pressure of the IV fluid at a depth of 1.2 m, 
P = 


P; 
gage, arm abs ~ P, ee 


atm 7 PEM sem-pottie L KN T W 

= (1020 kg/m? )(9.81 m/s?)(1.20 of | oe Bottle 
1000 kg- m/s? J| 1 KN/ 

-12.0 kPa coe = 


(b) To provide a gage pressure of 20 kPa at the arm level, the height of the bottle from 12m 
the arm level is again determined from P, age,arm = ZZharm-bottle tO be 


h z P gage, arm 
arm-bottle 7 
PE 


20kPa m kg- m/s? |: kN/m? 


= =2.0m 
(1020 kg/m*)(9.81 m/s”) 1kN 1kPa | 


Discussion Note that the height of the reservoir can be used to control flow rates in gravity driven flows. When there is 
flow, the pressure drop in the tube due to friction should also be considered. This will result in raising the bottle a little 
higher to overcome pressure drop. 
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Chapter 3 Pressure and Fluid Statics 
3-124 
Solution A gasoline line is connected to a pressure gage through a double-U manometer. For a given reading of the 
pressure gage, the gage pressure of the gasoline line is to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The effect of air column on pressure is negligible. 


Properties The specific gravities of oil, mercury, and gasoline are given to be 0.79, 13.6, and 0.70, respectively. We 
take the density of water to be Ay = 1000 kg/m’. 


Analysis Starting with the pressure indicated by the pressure gage and moving along the tube by adding (as we go 
down) or subtracting (as we go up) the gh terms until we reach the gasoline pipe, and setting the result equal to Peasotine 


gives 
Fas E Pw gh, + Poii8hoi ~ Pueg’ = P gasoline EPgasoline = Pasoline 
Rearranging, 


= P e 7 Pa Zh, — SG ah 


gasoline gage oil’ “oil 


T SGu, hyg + SG gasoline Nogined 


Substituting, 


P 


gasoline 


= 370 kPa -(1000 kg/m’ )(9.81 m/s”)[(0.45 m) —0.79(0.5 m) +13.6(0.1 m) +0.70(0.22 m)] 


z 1 kN ( 1 kPa 
1000 kg: m/s? J\1 kN/m? 
= 354.6 kPa = 355 kPa 


Therefore, the pressure in the gasoline pipe is 15.4 kPa lower than the pressure reading of the pressure gage. 


Da = 370 kPa 
Oil 


Air 





Water 


Discussion Note that sometimes the use of specific gravity offers great convenience in the solution of problems that 
involve several fluids. 
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Chapter 3 Pressure and Fluid Statics 
3-125 
Solution A gasoline line is connected to a pressure gage through a double-U manometer. For a given reading of the 
pressure gage, the gage pressure of the gasoline line is to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The effect of air column on pressure is negligible. 


Properties The specific gravities of oil, mercury, and gasoline are given to be 0.79, 13.6, and 0.70, respectively. We 
take the density of water to be Ay = 1000 kg/m’. 


Analysis Starting with the pressure indicated by the pressure gage and moving along the tube by adding (as we go 
down) or subtracting (as we go up) the pgh terms until we reach the gasoline pipe, and setting the result equal to Peasotine 


gives 
Prage — Pw gh, + PaissnoiS aicohel — PHg ghiyg T P gasoline Eh gasoline = F gasoline 
Rearranging, 
Pasoline = T sige > PwElhy SG alcohol Žs,alcohol + SG hug hyg + SG gasoline ls gasoline ) 


Substituting, 


P 


gasoline 


= 240 kPa -(1000 kg/m° )(9.81 m/s?)[(0.45 m) — 0.79(0.5 m) +13.6(0.1 m) + 0.70(0.22 m)] 


x 1 kN ( 1 kPa 
1000 kg- m/s” }\1 kN/m? 
= 224.6 kPa = 225 kPa 


Therefore, the pressure in the gasoline pipe is 15.4 kPa lower than the pressure reading of the pressure gage. 


Page = 240 kPa 






Water 


Mercury 


Discussion Note that sometimes the use of specific gravity offers great convenience in the solution of problems that 
involve several fluids. 
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Chapter 3 Pressure and Fluid Statics 
3-126E 
Solution A water pipe is connected to a double-U manometer whose free arm is open to the atmosphere. The 
absolute pressure at the center of the pipe is to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The solubility of the liquids in each other is negligible. 


Properties The specific gravities of mercury and oil are given to be 13.6 and 0.80, respectively. We take the density of 
water to be py = 62.4 lbm/ft’. 


Analysis Starting with the pressure at the center of the water pipe, and moving along the tube by adding (as we go 
down) or subtracting (as we go up) the pgh terms until we reach the free surface of oil where the oil tube is exposed to the 


atmosphere, and setting the result equal to Pa, gives 

Pyater pipe = P yates Sl waren F Paleshoi 2 taieokel — Pie 2 as = Pai Sot = Fam 
Solving for Pwater pipe, 

Pyater pipe = Patm + P water 8 (Awater — 9 ot “aicohet FO tg ty FSO oa) 
Substituting, 


P 


water pipe 


=14.2psia + (62.4lbm/ft? )(32.2 ft/s” )[(35/12 ft) —0.80(60/12 ft) +13.6(15/12 fÐ 


2 
+.0.8(40/12 ft)] x TEER i n 

` 32.2 Ibm- ft/s? | 144 in 
=22.3 psia 





Therefore, the absolute pressure in the water pipe is 22.3 psia. 


Oil 


Oil 


Mercury 





Discussion Note that jumping horizontally from one tube to the next and realizing that pressure remains the same in the 
same fluid simplifies the analysis greatly. 





3-79 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 3 Pressure and Fluid Statics 
3-127 
Solution The pressure of water flowing through a pipe is measured by an arrangement that involves both a pressure 
gage and a manometer. For the values given, the pressure in the pipe is to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The effect of air column on pressure is negligible. 


Properties The specific gravity of gage fluid is given to be 2.4. We take the standard density of water to be p,, = 1000 
kg/m’. 


Analysis Starting with the pressure indicated by the pressure gage and moving along the tube by adding (as we go 
down) or subtracting (as we go up) the pgh terms until we reach the water pipe, and setting the result equal to Pwater give 


Prage + yh = P sage EM sage = Pw8ghyz = Pyater 


Rearranging, 
Pira = Page + Pa 8 (Aa —SG pagoen ~na ) = Page + Pug (M -SG 


water gage gage’ "gage gage 


gage Sin 8 — L,sin0) 
Noting that sin @ =8/12 = 0.6667 and substituting, 
P ater = 30 kPa + (1000 kg/m *)(9.81 m/s )[(0.50 m) — 2.4(0.06 m)0.6667 — (0.06 m)0.6667] 
7 1kN 1kPa 
1000 kg- m/s? )\1kN/m? 
= 33.6 kPa 


Therefore, the pressure in the gasoline pipe is 3.6 kPa over the reading of the pressure gage. 





Gage fluid 
SG=2.4 


Discussion Note that even without a manometer, the reading of a pressure gage can be in error if it is not placed at the 
same level as the pipe when the fluid is a liquid. 
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Chapter 3 Pressure and Fluid Statics 
3-128 
Solution A U-tube filled with mercury except the 18-cm high portion at the top. Oil is poured into the left arm, 
forcing some mercury from the left arm into the right one. The maximum amount of oil that can be added into the left arm 
is to be determined. 


Assumptions 1 Both liquids are incompressible. 2 The U-tube is perfectly vertical. 
Properties The specific gravities are given to be 2.72 for oil and 13.6 for mercury. 


Analysis Initially, the mercury levels in both tubes are the same. When oil is poured into the left arm, it will push the 
mercury in the left down, which will cause the mercury level in the right arm to rise. Noting that the volume of mercury is 
constant, the decrease in the mercury volume in left column must be equal to the increase in the mercury volume in the 
right arm. Therefore, if the drop in mercury level in the left arm is x, the rise in the mercury level in the right arm A 
corresponding to a drop of x in the left arm is 

Vern = Vai 


right > n(2d)? x =md*h > h= 4x 


The pressures at points A and B are equal P, = Pg and thus 


Pam + Poi &Aoit + x) Paim + P Hg Z^ Hg => SG p128 (hai + x) = SG ppn g (5x) 
Solving for x and substituting, 


SG piho = 2.72 (18 cm) 


x= = 0.75 cm 
5SG pg -SG  5x13.6-2.72 


Therefore, the maximum amount of oil that can be added into the left arm is 


V 


oil, max 


= z(2d / 2)? (ha + x) = z (2 cm)? (18 +0.75 cm) = 236 cm? = 0.236 L 


Oil 
SG=2.72 







hoi = 18cm 


Mercury 
SG=13.6 


Discussion Note that the fluid levels in the two arms of a U-tube can be different when two different fluids are 
involved. 
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Chapter 3 Pressure and Fluid Statics 
3-129 
Solution The pressure buildup in a teapot may cause the water to overflow through the service tube. The maximum 
cold-water height to avoid overflow under a specified gage pressure is to be determined. 


Assumptions 1 Water is incompressible. 2 Thermal expansion and the amount of water in the service tube are negligible. 
3 The cold water temperature is 20°C. 


Properties The density of water at 20°C is p, = 998.0 kg/m’. 


Analysis From geometric considerations, the vertical distance between the bottom of the teapot and the tip of the 
service tube is 


h,.. =4+12cos 40° = 13.2cm 


tip 


This would be the maximum water height if there were no pressure build-up inside by the steam. The steam pressure inside 
the teapot above the atmospheric pressure must be balanced by the water column inside the service tube, 





By. gage — PwAh, 
or, 
P, age ` 1 ke. 2 2 
Ah, =—* = ed oe an 
PwS (998.0kg/m°)(9.81m/s2)|  1KN I kPa 


Therefore, the water level inside the teapot must be 3.3 cm below the tip of the service tube. Then the maximum initial 
water height inside the teapot to avoid overflow becomes 


hy, max = hip — Ah, =13.2-3.3 = 9.9 cm 


w, max 





Heat 


Discussion We can obtain the same result formally by starting with the vapor pressure in the teapot and moving along 
the service tube by adding (as we go down) or subtracting (as we go up) the pgh terms until we reach the atmosphere, and 


setting the result equal to Pam: 


Paim a yeaa -Py 8ghy = Paim > P irgage = Pwhhy 
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Chapter 3 Pressure and Fluid Statics 
3-130 
Solution The pressure buildup in a teapot may cause the water to overflow through the service tube. The maximum 
cold-water height to avoid overflow under a specified gage pressure is to be determined by considering the effect of 
thermal expansion. 


Assumptions 1 The amount of water in the service tube is negligible. 3 The cold water temperature is 20°C. 
Properties The density of water is p,, = 998.0 kg/m’ at 20°C, and p, = 957.9 kg/m? at 100°C 


Analysis From geometric considerations, the vertical distance between the bottom of the teapot and the tip of the 
service tube is 


h,.. =4+12cos 40° = 13.2cm 


tip 


This would be the maximum water height if there were no pressure build-up inside by the steam. The steam pressure inside 
the teapot above the atmospheric pressure must be balanced by the water column inside the service tube, 





P,, gage — Pyshh, 
or, 
F; gage . . 2 2 
Ah, =— = ya > LOOO KE E. O asa 
Pug (998.0 kg/m°)(9.81 m/s?) IkN I kPa 


Therefore, the water level inside the teapot must be 3.4 cm below the tip of the service tube. Then the height of hot water 
inside the teapot to avoid overflow becomes 


hy, = Nip —Ahy, =13.2-3.4 =9.8 cm 


tip 
The specific volume of water is 1/998 m*/kg at 20°C and 1/957.9 m’/kg at 100°C. Then the percent drop in the volume of 
water as it cools from 100°C to 20°C is 


Vignec — Voce — 
Volume reduction = LLC — 20C _ VE =0.040 or 4.0% 


Vinee 1/957.9 


Volume is proportional to water height, and to allow for thermal 
expansion, the volume of cold water should be 4% less. 
Therefore, the maximum initial water height to avoid overflow 
should be 


h = (1-0.040)h,, = 0.96x9.8cm =9.4em 


Ww, max 





Discussion Note that the effect of thermal expansion can be quite significant. 
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Chapter 3 Pressure and Fluid Statics 
3-131 
Solution The temperature of the atmosphere varies with altitude z as T =T- z, while the gravitational 


acceleration varies by g(z)= gọ /(1+z/6,370,320)*. Relations for the variation of pressure in atmosphere are to be 


obtained (a) by ignoring and (b) by considering the variation of g with altitude. 


Assumptions The air in the troposphere behaves as an ideal gas. 


Analysis (a) Pressure change across a differential fluid layer of thickness dz in the vertical z direction is 
dP = - pgdz 
From the ideal gas relation, the air density can be expressed as p = £ . Then, 
RT ~ RT 0 R(Ty — fz) 
P 
dP = 
RT, 0 RT, pp E" 


Separating variables and integrating from z = 0 where P = P) toz =z where P = P, 


P dP Joe o gdz 
( 


Py P ) R(T) - £z) 
Performing the integrations. 
In = = Epa A A 
Py RB 7 0 


Rearranging, the desired relation for atmospheric pressure for the case of constant g becomes 

£E 
[iz | BR 
T, 


0 











P=nfi- 





(b) When the variation of g with altitude is considered, the procedure remains the same but the expressions become more 
complicated, 
P Zo 
R(T, — fz) (1+ z / 6,370,320)? 
Separating variables and integrating from z = 0 where P = P) toz =z where P =P, 





PdP { Bot 
RP 0 R(Ty — Bz) +z/ 6,370,320)? 


Performing the integrations, 


1 1 i l+ l 
(1+ kT) /ByA+hz) (1+kT)/B)? Ty - fz|, 





j _ §0 
P RB 








where R = 287 J/kg-K = 287 m’/s”-K is the gas constant of air. After some manipulations, we obtain 











pee Zo begs ae ee 
g R(B+kTa) | 1+1/kz 1+k/8 1- ÆlIT 








where To = 288.15 K, B = 0.0065 K/m, go = 9.807 m/s’, k = 1/6,370,320 m!, and zis the elevation in m.. 


Discussion When performing the integration in part (b), the following expression from integral tables is used, together 
with a transformation of variable x = 7) — fz , 


f dx 1 1 a+bx 
= In 


x(a +bx)? a(a+bx) a? x 





Also, for z = 11,000 m, for example, the relations in (a) and (5) give 22.62 and 22.69 kPa, respectively. 
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Chapter 3 Pressure and Fluid Statics 


3-132 
Solution The variation of pressure with density in a thick gas layer is given. A relation is to be obtained for pressure 
as a function of elevation z. 


Assumptions The property relation P = Cp" is valid over the entire region considered. 


Analysis The pressure change across a differential fluid layer of thickness dz in the vertical z direction is given as, 


dP =-pgdz 
Also, the relation P = Cp” can be expressed as C = P / p” = P) / po , and thus 


P= Po (PI P)” 


Substituting, 


dP = -gp (P / P})"” dz 


Separating variables and integrating from z=0 where P=P) =Cp, toz=z where P =P, 


P iz 
f (P/ Py) "dP =—pya| dz 
Py 0 


Performing the integrations. 




















P n-l)/n 
(PIP pe n—1 Posz 

h~ =z > D aliss 

-l/n+1 Py n Py 

Solving for P, 
nI(n-1) 

pap i- 2) Poe 

g n P 











which is the desired relation. 


Discussion The final result could be expressed in various forms. The form given is very convenient for calculations as 
it facilitates unit cancellations and reduces the chance of error. 
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3-133 


Solution 


Assumptions 


Properties 


Analysis 


Chapter 3 Pressure and Fluid Statics 


A pressure transducer is used to measure pressure by generating analogue signals, and it is to be calibrated 
by measuring both the pressure and the electric current simultaneously for various settings, and the results are to be 
tabulated. A calibration curve in the form of P = aI + b is to be obtained, and the pressure corresponding to a signal of 10 
mA is to be calculated. 


Mercury is an incompressible liquid. 


The specific gravity of mercury is given to be 13.56, and thus its density is 13,560 kg/m’. 


For a given differential height, the pressure can be calculated from 


P = pgAh 


For Ah = 28.0 mm = 0.0280 m, for example, 


P =13.56(1000 kg/m*)(9.81 m/s? )(0.0280 ml ot (| = 3.72 kPa 


1000 kg: m/s” )\1kN/m? 


Repeating the calculations and tabulating, we have 


























Ah(mm) | 28.0 181.5 | 297.8 | 413.1 | 765.9 | 1027 1149 1362 1458 1536 
P{kPa) | 3.72 24.14 | 39.61 | 54.95 | 101.9 | 136.6 | 152.8 181.2 193.9 204.3 
I(mA)_ | 4.21 5.78 6.97 8.15 11.76 | 14.43 15.68 17.86 18.84 19.64 


























A plot of P versus J is given below. It is clear that the pressure varies linearly with the current, and using EES, the best 
curve fit is obtained to be 


P= 13.007 - 51.00 


For J = 10 mA, for example, we would get P = 79.0 kPa. 


(kPa) for 4.21</<19.64. 


Multimeter 






Pressure 





225 


180 


transducer 














135 


90 






Pressurized 
Air, P 





P, kPa 


45 






Rigid container Mätometer 




































Mercury 





8 10 


Discussion 


12 14 


IL, mA 


SG=13.5 
a 





Note that the calibration relation is valid in the specified range of currents or pressures. 
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Chapter 3 Pressure and Fluid Statics 
3-134 
Solution A system is equipped with two pressure gages and a manometer. For a given differential fluid height, the 
pressure difference AP = P,- P; is to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The effect of air column on pressure is negligible. 


Properties The specific gravities are given tone 2.67 for the gage fluid and 0.87 for oil. We take the standard density 
of water to be pẹ = 1000 kg/m’. 


Analysis Starting with the pressure indicated by the pressure gage 2 and moving along the tube by adding (as we go 
down) or subtracting (as we go up) the pgh terms and ignoring the air spaces until we reach the pressure gage 1, and 
setting the result equal to P; give 

P, = P age gli gage + Poi Shon = Pi 
Rearranging, 

P, -F = Pa 2 (SG ageer - SG paha) 


Substituting, 


P, — P, = (1000 kg/m °)(9.81 m/s” )[2.67(0.08 m) — 0.87(0.65 m)] To. Ea 
1000 kg - m/s 1kN/m 


=-3.45 kPa 


Therefore, the pressure reading of the left gage is 3.45 kPa lower than that of the right gage. 


Manometer 
fluid, SG=2.67 





Discussion The negative pressure difference indicates that the pressure differential across the oil level is greater than 
the pressure differential corresponding to the differential height of the manometer fluid. 
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Chapter 3 Pressure and Fluid Statics 
3-135 
Solution An oil pipeline and a rigid air tank are connected to each other by a manometer. The pressure in the 
pipeline and the change in the level of manometer fluid due to a air temperature drop are to be determined. 


Assumptions 1 All the liquids are incompressible. 2 The effect of air column on pressure is negligible. 3 The air volume 
in the manometer is negligible compared with the volume of the tank. 


Properties The specific gravities are given to be 2.68 for oil and 13.6 for mercury. We take the standard density of 
water to be p,, = 1000 kg/m*. The gas constant of air is 0.287 kPa-m*/kg-K. 


Analysis (a) Starting with the oil pipe and moving along the tube by adding (as we go down) or subtracting (as we 
go up) the gh terms until we reach the air tank, and setting the result equal to Pair give 

Poa + Poo + PugSltug = Pair 
The absolute pressure in the air tank is determined from the ideal-gas relation PV= mRT to be 

Pe mRT _ (15 kg)(0.287 kPa- m/kg -K)(80+ 273)K 


“o yv 1.3m? 
Then the absolute pressure in the oil pipe becomes 


Pa = Pir — Pao — PrgS! Tug 





=1169 kPa 


=1169 kPa - (1000 kg/m°)(9.81 m/s?)[ 2.68(0.75 m) +13.6(0.20 m) | cee ae (=, | 
1000 kg- m/s” )\ 1 kKN/m* 


=1123 kPa = 1120 kPa 
(b) The pressure in the air tank when the temperature drops to 20°C becomes 
pe mRT _ (15 kg)(0.287 kPa- m°/kg -K)(20+ 273)K 
= 13m> 
When the mercury level in the left arm drops a distance x, the rise in the mercury level in the right arm y becomes 
Vier =Veiont > a(3d)*x=nd’y > y=9x and y,,,, =9xsin50° 


£ 


=970 kPa 





and the mercury fluid height will change by x+9xsin 50° or 7.894x. Then, 


P-P. 
Prin + Pon Soin +X) + Pug8lhug —7.894x) = Pir > SGo (Aoa +x) +SG pg (Au -7.894x) = PTI 


Substituting, 


2.68(0.75 + x) +13.6(0.20 —7.894x) = 





1kN 


(1000 kg/m?)(9.81 m/s”) 1kPa 


which yields x=0.194m=19.4cm. Therefore, the oil-mercury 
interface will drop 19.4 cm as a result of the temperature drop of air. 


(970-1123) kPa [eke ris | ana 





B 
Air, 80 °C 


Mercury 
SG=13.6 


Discussion Note that the pressure in constant-volume gas chambers is very sensitive to temperature changes. 
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Chapter 3 Pressure and Fluid Statics 
3-136 
Solution The density of a wood log is to be measured by tying lead weights to it until both the log and the weights 
are completely submerged, and then weighing them separately in air. The average density of a given log is to be determined 
by this approach. 


Properties The density of lead weights is given to be 11,300 kg/m’. We take the density of water to be 1000 kg/m’, 


Analysis The weight of a body is equal to the buoyant force when the body is floating in a fluid while being 
completely submerged in it (a consequence of vertical force balance from static equilibrium). In this case the average 
density of the body must be equal to the density of the fluid since 


W=Fg > Proayf V = Priag¥Vi > Pbody 7 P fluid 


Lead, 34 kg 
Therefore, 
Pave 7 o = V 4V = Pwaer > Viog = Vieaa t— Locali 
total lead Y log P water 
where 
m 34k z 
V2 = m? 








Preaad 11,300 kg/m? 
Wig  1540N { 1kg-m/s* 
g  981m/s? IN 





Miog = 157.0 kg 


Substituting, the volume and density of the log are determined to be 


Mega + Miog 


Viog = Vea + — = 3.01 x10? m° p PADO igam 
P water 1000 kg/m? 
m 
Pog = 2 -378 -809 kg/m? 
Vog 0.194 m 


Discussion Note that the log must be completely submerged for this analysis to be valid. Ideally, the lead weights must 
also be completely submerged, but this is not very critical because of the small volume of the lead weights. 
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Chapter 3 Pressure and Fluid Statics 
3-137 [Also solved using EES on enclosed DVD} 
Solution A rectangular gate that leans against the floor with an angle of 45° with the horizontal is to be opened from 
its lower edge by applying a normal force at its center. The minimum force F required to open the water gate is to be 
determined. 


Assumptions 1 Atmospheric pressure acts on both sides of the gate, and thus it can be ignored in calculations for 
convenience. 2 Friction at the hinge is negligible. 


Properties We take the density of water to be 1000 kg/m’ throughout. 





Analysis The length of the gate and the distance of the upper edge of the gate (point B) from the free surface in the 
plane of the gate are 
jo Ae oad we Sage 
sin 45° sin 45° 
The average pressure on a surface is the pressure at the centroid (midpoint) of Fp 


the surface, and multiplying it by the plate area gives the resultant hydrostatic 
on the surface, 


F.=P,,4=pgh.A 


avg 





_ (1000 kg/m*)(9.81 m/s? )(2 m)(5x 4.243 “(ae 





1000 kg - m/s” A 
= 416 kN 
The distance of the pressure center from the free surface of water along the plane of 
the gate is 
2 2 
4.24 4.24 
ie e a z = 3.359 m 
2 12(s+b/2) 2 12(0.7071+ 4.243/ 2) 


The distance of the pressure center from the hinge at point B is 
Lp = yp -s = 3.359 -0.7071 = 2.652 m 

Taking the moment about point B and setting it equal to zero gives 
Š$ Ms=0 > Felp = Fb/2 

Solving for F and substituting, the required force is determined to be 


_ 2F Lp _ 2(416 KN)(2.652 m) 
b 4.243 m 


F =520 kN 





Discussion The applied force is inversely proportional to the distance of the point of application from the hinge, and 
the required force can be reduced by applying the force at a lower point on the gate. 
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Chapter 3 Pressure and Fluid Statics 
3-138 
Solution A rectangular gate that leans against the floor with an angle of 45° with the horizontal is to be opened from 
its lower edge by applying a normal force at its center. The minimum force F required to open the water gate is to be 
determined. 


Assumptions 1 Atmospheric pressure acts on both sides of the gate, and thus it can be ignored in calculations for 
convenience. 2 Friction at the hinge is negligible. 


Properties We take the density of water to be 1000 kg/m’ throughout. 


Analysis The length of the gate and the distance of the upper edge of the gate 
(point B) from the free surface in the plane of the gate are 
pn 2 oie. ceed ye era T 
sin 45° sin 45° R 


The average pressure on a surface is the pressure at the centroid (midpoint) of the 
surface, and multiplying it by the plate area gives the resultant hydrostatic on the 


surface, 
F= PA= osh A 








A 
1 kN 
= (1000 kg/m*)(9.81 m/s” )(2.7 m)(5x 4.243 m’ )) ————__ 
1000 kg- m/s 
= 562 kN 
The distance of the pressure center from the free surface of water along the plane of 
the gate is 
2 2 
yp= phe Eo aah gaya = 211 m 
2 12(s+b/2) 2 121.697 + 4.243/ 2) 


The distance of the pressure center from the hinge at point B is 
Lp =yp—s =4.211-1.697 =2.514m 

Taking the moment about point B and setting it equal to zero gives 
Š Ms=0 >  FeLp = Fb/2 

Solving for F and substituting, the required force is determined to be 


_2FpLp _ 2(562 N)(2.514 m) 
b 4.243 m 





F =666 kN 


Discussion The applied force is inversely proportional to the distance of the point of application from the hinge, and 
the required force can be reduced by applying the force at a lower point on the gate. 
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Chapter 3 Pressure and Fluid Statics 
3-139 
Solution A rectangular gate hinged about a horizontal axis along its upper edge is restrained by a fixed ridge at point 
B. The force exerted to the plate by the ridge is to be determined. 


Assumptions Atmospheric pressure acts on both sides of the gate, and thus it can be ignored in calculations for 
convenience. 


Properties We take the density of water to be 1000 kg/m’ throughout. 


Analysis The average pressure on a surface is the pressure at the centroid 
(midpoint) of the surface, and multiplying it by the plate area gives the resultant 
hydrostatic force on the gate, 


F,=P.,A=pgh-A 


avg 


1kN 
= (1000 kef" )(9.81 mvs?) (335 m) (3x6 m")/ EN 


=618 kN 


The vertical distance of the pressure center from the free surface of water is 





b? 3 3? 
+ =2+—+ = 
2 12(s+b/2) 2 12(2+3/2) 





yp=st 3.71 m 


Discussion You can calculate the force at point B required to hold back the gate by setting the net moment around 
hinge point A to zero. 





3-140 
Solution A rectangular gate hinged about a horizontal axis along its upper edge is restrained by a fixed ridge at point 
B. The force exerted to the plate by the ridge is to be determined. 


Assumptions Atmospheric pressure acts on both sides of the gate, and thus it can be ignored in calculations for 
convenience. 


Properties We take the density of water to be 1000 kg/m’ throughout. 


Analysis The average pressure on a surface is the pressure at the centroid 
(midpoint) of the surface, and multiplying it by the wetted plate area gives the resultant 
hydrostatic force on the gate, 

Fp =P,,A= pghcA 


ave 


= (1000 kg/m? )(9.81 m/s” )(1m)[2x6 m7 ] eet 
1000 kg - m/s 








=118 kN 
The vertical distance of the pressure center from the free surface of water is 
2(2 
yp -2 Zm =1.33 m 


Discussion Compared to the previous problem (with higher water depth), the force is much smaller, as expected. Also, 
the center of pressure on the gate is much lower (closer to the ground) for the case with the lower water depth. 
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Chapter 3 Pressure and Fluid Statics 
3-141E 
Solution A semicircular tunnel is to be built under a lake. The total hydrostatic force acting on the roof of the tunnel 
is to be determined. 


Assumptions Atmospheric pressure acts on both sides of the 
tunnel, and thus it can be ignored in calculations for convenience. 


Properties We take the density of water to be 62.4 lbm/ft* 
throughout. 


Analysis We consider the free body diagram of the liquid 
block enclosed by the circular surface of the tunnel and its vertical 
(on both sides) and horizontal projections. The hydrostatic forces 
acting on the vertical and horizontal plane surfaces as well as the 
weight of the liquid block are determined as follows: 





Horizontal force on vertical surface (each side): 


F, =F =P A= pgh A= pg(s+R/2)A 


g 


= (62.4 Ibm/ft’ ) (32.2 ft/s? )(135+15/2 ft)(15 ft x800 "Ys 
32.2 Ibm. ft/s” 


= 1.067 x10* Ibf (on each side of the tunnel) 


Vertical force on horizontal surface (downward): 


F, = Py4= pgh,A= pgh,,A 


avg 


= (62.4 Ibm/ft’ )(32.2 fi/s* )(135 ft)(30 ft 800 (ar 
< m: Its 


= 2.022x10° Ibf 


Weight of fluid block on each side within the control volume (downward): 


W =mg = pgV = pg(R? — aR? /4)(2000 ft) 


= (62.4 Ibm/ft* )(32.2 ft/s” )(15 ft)? (1- /4)(800 (sae 
32.2 Ibm - ft/s 


= 2.410x10° Ibf (on each side) 


Therefore, the net downward vertical force is 
F, =F, +2W =2.022x10* +20.02410x10° = 2.07 x 10° Ibf 


This is also the net force acting on the tunnel since the horizontal forces acting on the right and left side of the tunnel 
cancel each other since they are equal and opposite. 


Discussion The weight of the two water bocks on the sides represents only about 2.4% of the total vertical force on the 
tunnel. Therefore, to obtain a reasonable first approximation for deep tunnels, these volumes can be neglected, yielding Fy 
= 2.02 x 10° Ibf. A more conservative approximation would be to estimate the force on the bottom of the lake if the tunnel 
were not there. This yields F = 2.25 x 10° Ibf. The actual force is between these two estimates, as expected. 
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Chapter 3 Pressure and Fluid Statics 
3-142 
Solution A hemispherical dome on a level surface filled with water is to be lifted by attaching a long tube to the top 
and filling it with water. The required height of water in the tube to lift the dome is to be determined. 


Assumptions 1 Atmospheric pressure acts on both sides of the dome, and thus it can be ignored in calculations for 
convenience. 2 The weight of the tube and the water in it is negligible. 


Properties We take the density of water to be 1000 kg/m’ throughout. 


Analysis We take the dome and the water in it as the system. When the dome is about to rise, the reaction force 

between the dome and the ground becomes zero. Then the free body diagram of this system involves the weights of the 

dome and the water, balanced by the hydrostatic pressure force from below. Setting these forces equal to each other gives 
» a0: Fy =W iome +W 


water 
2 
pg(h T R)aR = Mgome& + water & 
Solving for A gives 


h= M dome + ™ water R= M dome pl4aR* /6] 





paR $ pmR 2 
Substituting, 


_ (50,000 kg) + 47(1000 kg/m *)(3 m)* /6 


h 3 2 
(1000 kg/m°)z(3 m) 


-(3 m) = 0.77 m 


Therefore, this dome can be lifted by attaching a tube which is 77 cm long. 





Discussion Note that the water pressure in the dome can be changed greatly 
by a small amount of water in the vertical tube. 
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Chapter 3 Pressure and Fluid Statics 
3-143 
Solution The water in a reservoir is restrained by a triangular wall. The total force (hydrostatic + atmospheric) acting 
on the inner surface of the wall and the horizontal component of this force are to be determined. 


Assumptions 1 Atmospheric pressure acts on both sides of the gate, and thus it can be ignored in calculations for 
convenience. 2 Friction at the hinge is negligible. 


Properties We take the density of water to be 1000 kg/m’ 
throughout. 


Analysis The length of the wall surface underwater is 


25m 


= —— =28.87m 
sin 60° 


The average pressure on a surface is the pressure at the centroid 
(midpoint) of the surface, and multiplying it by the plate area gives 
the resultant hydrostatic force on the surface, 





Fr =P, A=(Puy + Pglc)A 


avg 


=| 100,000 N/m? + (1000 kg/m’)(9.81 m/s*)(12.5 m) |(150x 28.87 mS] 


1 kg-m/s 
=9.64x10°N 
Noting that 
P 2 - m/s? 
ao a kg-m/s" | _41.77m 
pzsin 60° (1000 kg/m” )(9.81 m/s“ ) sin 60° 1N 


the distance of the pressure center from the free surface of water along the wall surface is 


g agate b? _0,2887m (28.87 m)? 
p 


+ 
ie 1204 28T 411.771) 
2 pgsind 2 





=17.1m 


The magnitude of the horizontal component of the hydrostatic force is simply Fpgsin 9, 
Fy = F} sin 8 = (9.64x10° N)sin60° = 8.35 x 108 N 


Discussion Atmospheric pressure is usually ignored in the analysis for convenience since it acts on both sides of the 
walls. 
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Chapter 3 Pressure and Fluid Statics 
3-144 
Solution A U-tube that contains water in its right arm and another liquid in its left arm is rotated about an axis closer 
to the left arm. For a known rotation rate at which the liquid levels in both arms are the same, the density of the fluid in the 
left arm is to be determined. i 


Assumptions 1 Both the fluid and the water are incompressible fluids. 2 The 
two fluids meet at the axis of rotation, and thus there is only water to the right of 
the axis of rotation. 





1* 

Properties We take the density of water to be 1000 kg/m’. 1 
Analysis The pressure difference between two points 1 and 2 in an 
incompressible fluid rotating in rigid body motion (the same fluid) is given by 

z h=10cm 

oO 
P, p=f (ry nr) PE(Z — 21) 

where 





1] min 


O =2m =27(30 rev/min( ) =3.14 rad/s | 2 Tr 
60s Ri 


=5cm R,=15cm 





(for both arms of the U-tube). 


The pressure at point 2 is the same for both fluids, so are the pressures at points 1 and 1* (P; = P,* = Patm). Therefore, 
P, — P, is the same for both fluids. Noting that z, —z, =—h for both fluids and expressing P, — P, for each fluid, 


2 
,O 
Water: P,—P,*= 22 (0-3 )= py g(-h) = p,,(—a" R2 2+ gh) 


Fluid: P,-P, = 





2 
Pro 
FORE) = 2p 8h) = pp (-@? R124 gh) 


Setting them equal to each other and solving for py gives 


2 


-@?R?/2+gh (3.14 rad/s)’ (0.15 m)’ + (9.81 m/s” )(0.10 m) 


f 2 


a = - (1000 kg/m’) = 794 kg/m° 
-ø Rt /2+gh “ (3.14 rad/s) (0.05 m) +(9.81 m/s” )(0.10 m) 


Discussion Note that this device can be used to determine relative densities, though it wouldn’t be very practical. 
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Chapter 3 Pressure and Fluid Statics 
3-145 
Solution A vertical cylindrical tank is completely filled with gasoline, and the tank is rotated about its vertical axis at 
a specified rate while being accelerated upward. The pressures difference between the centers of the bottom and top 
surfaces, and the pressures difference between the center and the edge of the bottom surface are to be determined. 


Assumptions 1 The increase in the rotational speed is very slow so 
that the liquid in the container always acts as a rigid body. 2 Gasoline 
is an incompressible substance. 


Properties The density of the gasoline is given to be 740 kg/m’. 
Analysis The pressure difference between two points | and 2 in 5 m/s? 
an incompressible fluid rotating in rigid body motion is given by 


_ Pa | 2 


P,-P r3 rn) p2(Z2—-Zzı). The effect of linear 





acceleration in the vertical direction is accounted for by replacing g by 
g+a,. Then, 


po? 


P, -P = 2 


(rz -r7)- plg ta, (zy -2,) 








where R = 0.50 m is the radius, and 


@ = 2m =27(90 revinin( =) = 9.425 rad/s 
S 


(a) Taking points 1 and 2 to be the centers of the bottom and top surfaces, respectively, we have 7r; =r, =0 and 
Z, —Z, =h=3m. Then, 


Penter, top = P enter bottom = 0- plg +a, MZ =z) = -p(g +a,)h 


1kN 


= -(740 kg/m*)(9.81 m/s* +5)(2 m)} ———— 
1000 kg - m/s 


|- 21.8kN/m* =21.9 kPa 


(b) Taking points 1 and 2 to be the center and edge of the bottom surface, respectively, we have 7, =0, r, =R, and 
29 = 2; =0. Then, 


P po’ R? 


edge, bottom 


=P 


center, bottom 





2 
= F(R -0)-0= 





_ (740 kg/m? )(9.425 rad/s)? (0.50 m)? í 1kN 


=8.22kN/m? =8.22 kPa 
2 1000 kg - m/s” 


Discussion Note that the rotation of the tank does not affect the pressure difference along the axis of the tank. 
Likewise, the vertical acceleration does not affect the pressure difference between the edge and the center of the bottom 
surface (or any other horizontal plane). 
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Chapter 3 Pressure and Fluid Statics 
3-146 
Solution A rectangular water tank open to the atmosphere is accelerated to the right on a level surface at a specified 
rate. The maximum pressure in the tank above the atmospheric level is to be determined. 


Vent 





Assumptions 1 The road is horizontal during acceleration so that acceleration has no vertical component (a, = 0). 2 
Effects of splashing, breaking and driving over bumps are assumed to be secondary, and are not considered. 3 The vent is 
never blocked, and thus the minimum pressure is the atmospheric pressure. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis We take the x-axis to be the direction of motion, the z-axis to be the upward vertical direction. The tangent 
of the angle the free surface makes with the horizontal is 








tan 8 = fr = z = 0.2039 (and thus 0 = 11.5°) 
gta, 9.81+0 


The maximum vertical rise of the free surface occurs at the back of the tank, and the vertical midsection experiences no rise 
or drop during acceleration. Then the maximum vertical rise at the back of the tank relative to the neutral midplane is 


Az max = (L/ 2) tan 0 = [(5 m)/2]x 0.2039 = 0.510 m 


which is less than 1.5 m high air space. Therefore, water never reaches the ceiling, and the maximum water height and the 
corresponding maximum pressure are 


hax = ho + AZ max = 2-50+0.510 =3.01m 


max 


Prax =P = pghmax = (1000 kg/m? )(9.81 m/s? )(3.01 mf = 29.5 kN/m’? = 29.5 kPa 


1000 kg: m/s” 


Discussion It can be shown that the gage pressure at the bottom of the tank varies from 29.5 kPa at the back of the tank 
to 24.5 kPa at the midsection and 19.5 kPa at the front of the tank. 
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>) 


3-147 ss 


Chapter 3 Pressure and Fluid Statics 


Solution The previous problem is reconsidered. The effect of acceleration on the slope of the free surface of water in 
the tank as the acceleration varies from 0 to 5 m/s’ in increments of 0.5 m/s’ is to be investigated. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


g=9.81 "m/s2" 
rho=1000 "kg/m3" 
L=5 "m" 

h0=2.5 "m" 

a_z=0 


tan(theta)=a_x/(g+a_z) 
h_max=h0+(L/2)*tan(theta) 


P_max=rho*g*h_max/1000 "kPa" 


























Acceleration Free surface Maximum height | Maximum pressure 
ax, m/s” angle, P ioes m Pim kPa 
0.0 0.0 2.50 24.5 
0.5 2.9 2.63 25.8 
1.0 5.8 2.75 27.0 
1.5 8.7 2.88 28.3 
2.0 11.5 3.01 29.5 
2.5 14.3 3.14 30.8 
3.0 17.0 3.26 32.0 
3.5 19.6 3.39 33.3 
4.0 22.2 3.52 34.5 
4.5 24.6 3.65 35.8 
5.0 27.0 3.77 37.0 

30 r r r 












































2 3 


ax, m/s? 


Discussion Note that water never reaches the ceiling, and a full free surface is formed in the tank. 
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Chapter 3 Pressure and Fluid Statics 
3-148 
Solution An elastic air balloon submerged in water is attached to the base of the tank. The change in the tension 
force of the cable is to be determined when the tank pressure is increased and the balloon diameter is decreased in 
accordance with the relation P = CD”. 


Assumptions 1 Atmospheric pressure acts on all surfaces, and thus it can be P,=100 kPa 
ignored in calculations for convenience. 2 Water is an incompressible fluid. 3 
The weight of the balloon and the air in it is negligible. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis The tension force on the cable holding the balloon is determined 
from a force balance on the balloon to be 


F, Fg ~ W ratioon = Fg 


cable 7 





The buoyancy force acting on the balloon initially is 





D? 0.30m)? 1N 
F 51 = Pw patton. = a = (1000 komosa ZCO IN) =138.7 N 


The variation of pressure with diameter is given as P = CD ~ which is equivalent to D =4C/P . Then the final diameter 
of the ball becomes 


D _ VClP. P ; 
2 7 D, =D,,/— =(0.30m) OTE 0075m 
D, JCI, YP; P, V1.6 MPa 


The buoyancy oe acting on the balloon in this case is 





mD3 0.075 m)? 1N 
Faz = Pu ZV paioon2 = Pa Z = (1000 kg/m?)(9.81 mys?) ZOPP | IN -22N 
' 6 6 1kg -m/s 


Then the percent change in the cable for becomes 


-F Fg -F — 
F oablel cable,2 *100 = BA B,2 #100 = 138.7 22 100 = 98.4% . 


Change% = 
Fable. Fey 138.7 


Therefore, increasing the tank pressure in this case results in 98.4% reduction in cable tension. 


Discussion We can obtain a relation for the change in cable tension as follows: 





Change% = *100= > = *]100 


BA Pw g Vballoon,1 


Vainaa D3 Ay 
=100| 1 — 222 s1 1-25 | =o -f z] 
Vballoon,1 D? P, 


Fgı -FB2 Pw 2 Vballoon,1 ~ 2w £ Vballoon,2 
F 
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Chapter 3 Pressure and Fluid Statics 


Kon 


3-149 RF, 
Solution The previous problem is reconsidered. The effect of the air pressure above the water on the cable force as 
the pressure varies from 0.1 MPa to 10 MPa is to be investigated. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


P1=0.1 "MPa" 
Change=100*(1-(P1/P2)™.5) 












































100 
Tank pressure %Change in 
P, MPa cable tension 
0.1 0.0 80 
0.2 64.6 
0.3 80.8 
0.4 87.5 xL 60 
0.6 93.2 = 
m 
0.8 95.6 Tu 
2 58.9 £ 4 
3 99.4 D 
4 99.6 
wo 
5 99.7 = 20 
6 99.8 O 
7 99.8 0 
8 ; L L L L L 
9 i o 0 2 4 6 8 10 
10 99.9 P2, MPa 














Discussion The change in cable tension is at first very rapid, but levels off as the balloon shrinks to nearly zero 
diameter at high pressure. 





3-150 
Solution An iceberg floating in seawater is considered. The volume fraction of the iceberg submerged in seawater is 
to be determined, and the reason for their turnover is to be explained. 


Assumptions 1 The buoyancy force in air is negligible. 2 The density of iceberg and seawater are uniform. 


Properties The densities of iceberg and seawater are given to be 917 kg/m’ and 1042 kg/m’, respectively. 

Analysis (a) The weight of a body floating in a fluid is equal to the buoyant force acting on it (a consequence of 
vertical force balance from static equilibrium). Therefore, 

W=F B Iceb 
ceber: 
P body &§ V otal = Pruia& V submerged Sea Š 
Vou P Pi 917 
submerged = body E ceberg z =0.880 or 88% wW 


V otal Pfluid P seawater 1042 


Therefore, 88% of the volume of the iceberg is submerged in this case. 


(b) Heat transfer to the iceberg due to the temperature difference between the 
seawater and an iceberg causes uneven melting of the irregularly shaped iceberg. F 
The resulting shift in the center of mass causes the iceberg to turn over. 2 


Discussion The submerged fraction depends on the density of seawater, and this fraction can differ in different seas. 
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Chapter 3 Pressure and Fluid Statics 
3-151 
Solution A cylindrical container equipped with a manometer is inverted and pressed into water. The differential 
height of the manometer and the force needed to hold the container in place are to be determined. 






Manometer fluid 
SG=2.1 


Assumptions 1 Atmospheric pressure acts on all surfaces, and thus it can be ignored in calculations for convenience. 2 
The variation of air pressure inside cylinder is negligible. 


Properties We take the density of water to be 1000 kg/m’. The density of the manometer fluid is 


Pamo =SG X P, = 2.1(1000 kg/m° ) = 2100 kg/m’ 


Analysis The pressures at point A and B must be the same since they are on the same horizontal line in the same 
fluid. Then the gage pressure in the cylinder becomes 


P 


1N 
n gage = PwZhy = (1000 kg/m* )(9.81 m/s*)(0.20 mf = 1962 N/m? =1962 Pa 
S 


l kg- 


The manometer also indicates the gage pressure in the cylinder. Therefore, 





Pir age 1 2N $ 1 kg- 
Pir, gage = (8h) ono > h = EE 2 = a = 


s 5 =~ |= 0.0950 m = 9.50 cm 
Pmano& (2100 kg/m*)(9.81 m/s*)\ 1 kN/m 


A force balance on the cylinder in the vertical direction yields 


F+W = Pi o4 


air, gage“ ~c 


Solving for F and substituting, 


F=P 


air, gage 4 


xD? et m) 


-W =(1962 N/m? -79 N =59.7N 


Discussion We could also solve this problem by considering the atmospheric pressure, but we would obtain the same 
result since atmospheric pressure would cancel out. 
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Chapter 3 Pressure and Fluid Statics 


Design and Essay Problems 





3-152 

Solution We are to discuss the design of shoes that enable people to walk on water. 

Discussion Students’ discussions should be unique and will differ from each other. 

3-153 

Solution We are to discuss how to measure the volume of a rock without using any volume measurement devices. 
Analysis The volume of a rock can be determined without using any volume measurement devices as follows: We 


weigh the rock in the air and then in the water. The difference between the two weights is due to the buoyancy force, which 
is equal to Fg = PwaterS Vboay - Solving this relation for Voay gives the volume of the rock. 


Discussion Since this is an open-ended design problem, students may come up with different, but equally valid 
techniques. 
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Chapter 4 Fluid Kinematics 


Introductory Problems 


4-1C 
Solution We are to define and explain kinematics and fluid kinematics. 
Analysis Kinematics means the study of motion. Fluid kinematics is the study of how fluids flow and how to 


describe fluid motion. Fluid kinematics deals with describing the motion of fluids without considering (or even 
understanding) the forces and moments that cause the motion. 


Discussion Fluid kinematics deals with such things as describing how a fluid particle translates, distorts, and rotates, 
and how to visualize flow fields. 





4-2 
Solution We are to write an equation for centerline speed through a nozzle, given that the flow speed increases 
parabolically. 


Assumptions 1 The flow is steady. 2 The flow is axisymmetric. 3 The water is incompressible. 
Analysis A general equation for a parabola in the x direction is 
General parabolic equation: u=atb (x — c) (1) 


We have two boundary conditions, namely at x = 0, u = Uentrance and at x = L, u = Uexir. By inspection, Eq. | is satisfied by 
setting c = 0, 4 = Uentrance ANd D = (Uexit - Uentrance)/ L". Thus, Eq. 1 becomes 





CETS 
exit entrance x 2 (2) 


Parabolic speed: U = Usntrance E 











Discussion You can verify Eq. 2 by plugging in x = 0 and x = L. 





4-3 
Solution For a given velocity field we are to find out if there is a stagnation point. If so, we are to calculate its 
location. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis The velocity field is 

V =(u,v) =(0.5+1.2x)i +(-2.0-1.2y)j (1) 
At a stagnation point, both u and v must equal zero. At any point (x,y) in the flow field, the velocity components u and v are 
obtained from Eq. 1, 


Velocity components: u =0.5+1.2x v=-2.0-1.2y (2) 


Setting these to zero yields 
0=0.541.2x x =—0.4167 


St ti int: 
agnation poin 0=-2.0-1.2y y =-1.667 Á 


So, yes there is a stagnation point; its location is x = -0.417, y = -1.67 (to 3 digits). 


Discussion If the flow were three-dimensional, we would have to set w = O as well to determine the location of the 
stagnation point. In some flow fields there is more than one stagnation point. 
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Chapter 4 Fluid Kinematics 
4-4 
Solution For a given velocity field we are to find out if there is a stagnation point. If so, we are to calculate its 
location. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 
Analysis The velocity field is 
V =(u,v) = (a -(b-cx)')i +(-2eby + 2c*xy) j (1) 


At a stagnation point, both u and v must equal zero. At any point (x,y) in the flow field, the velocity components u and v are 
obtained from Eq. 1, 


2 


Velocity components: u=a — (b = cx) v =—2cby + 2c*xy (2) 


Setting these to zero and solving simultaneously yields 


O=a?-(b-cx) pa 





Stagnation point: 


(3) 
v =—2cby + 2c? xy y=0 


So, yes there is a stagnation point; its location is x = (b —a)/c, y = 0. 


Discussion If the flow were three-dimensional, we would have to set w = O as well to determine the location of the 
stagnation point. In some flow fields there is more than one stagnation point. 





Lagrangian and Eulerian Descriptions 


4-5C 
Solution We are to define the Lagrangian description of fluid motion. 
Analysis In the Lagrangian description of fluid motion, individual fluid particles (fluid elements composed of a 


fixed, identifiable mass of fluid) are followed. 


Discussion The Lagrangian method of studying fluid motion is similar to that of studying billiard balls and other solid 
objects in physics. 





4-6C 
Solution We are to compare the Lagrangian method to the study of systems and control volumes and determine to 
which of these it is most similar. 


Analysis The Lagrangian method is more similar to system analysis (i.e., closed system analysis). In both cases, 
we follow a mass of fixed identity as it moves in a flow. In a control volume analysis, on the other hand, mass moves into 
and out of the control volume, and we don’t follow any particular chunk of fluid. Instead we analyze whatever fluid 
happens to be inside the control volume at the time. 


Discussion In fact, the Lagrangian analysis is the same as a system analysis in the limit as the size of the system shrinks 
to a point. 
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Chapter 4 Fluid Kinematics 


4-7C 

Solution We are to define the Eulerian description of fluid motion, and explain how it differs from the Lagrangian 
description. 

Analysis In the Eulerian description of fluid motion, we are concerned with field variables, such as velocity, 


pressure, temperature, etc., as functions of space and time within a flow domain or control volume. In contrast to the 
Lagrangian method, fluid flows into and out of the Eulerian flow domain, and we do not keep track of the motion of 
particular identifiable fluid particles. 


Discussion The Eulerian method of studying fluid motion is not as “natural” as the Lagrangian method since the 
fundamental conservation laws apply to moving particles, not to fields. 





4-8C 
Solution We are to determine whether a measurement is Lagrangian or Eulerian. 
Analysis Since the probe is fixed in space and the fluid flows around it, we are not following individual fluid 


particles as they move. Instead, we are measuring a field variable at a particular location in space. Thus this is an Eulerian 
measurement. 


Discussion If a neutrally buoyant probe were to move with the flow, its results would be Lagrangian measurements — 
following fluid particles. 





4-9C 
Solution We are to determine whether a measurement is Lagrangian or Eulerian. 
Analysis Since the probe moves with the flow and is neutrally buoyant, we are following individual fluid particles as 


they move through the pump. Thus this is a Lagrangian measurement. 


Discussion If the probe were instead fixed at one location in the flow, its results would be Eulerian measurements. 





4-10C 
Solution We are to determine whether a measurement is Lagrangian or Eulerian. 
Analysis Since the weather balloon moves with the air and is neutrally buoyant, we are following individual “fluid 


particles” as they move through the atmosphere. Thus this is a Lagrangian measurement. Note that in this case the “fluid 
particle” is huge, and can follow gross features of the flow — the balloon obviously cannot follow small scale turbulent 
fluctuations in the atmosphere. 


Discussion When weather monitoring instruments are mounted on the roof of a building, the results are Eulerian 
measurements. 





4-11C 
Solution We are to determine whether a measurement is Lagrangian or Eulerian. 
Analysis Relative to the airplane, the probe is fixed and the air flows around it. We are not following individual fluid 


particles as they move. Instead, we are measuring a field variable at a particular location in space relative to the moving 
airplane. Thus this is an Eulerian measurement. 


Discussion The airplane is moving, but it is not moving with the flow. 
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Chapter 4 Fluid Kinematics 


4-12C 
Solution We are to compare the Eulerian method to the study of systems and control volumes and determine to 
which of these it is most similar. 


Analysis The Eulerian method is more similar to control volume analysis. In both cases, mass moves into and out 
of the flow domain or control volume, and we don’t follow any particular chunk of fluid. Instead we analyze whatever fluid 
happens to be inside the control volume at the time. 


Discussion In fact, the Eulerian analysis is the same as a control volume analysis except that Eulerian analysis is 
usually applied to infinitesimal volumes and differential equations of fluid flow, whereas control volume analysis usually 
refers to finite volumes and integral equations of fluid flow. 





4-13C 

Solution We are to define a steady flow field in the Eulerian description, and discuss particle acceleration in such a 
flow. 

Analysis A flow field is defined as steady in the Eulerian frame of reference when properties at any point in the 


flow field do not change with respect to time. In such a flow field, individual fluid particles may still experience non-zero 
acceleration — the answer to the question is yes. 


Discussion Although velocity is not a function of time in a steady flow field, its total derivative with respect to time 


(a = dV Idt) is not necessarily zero since the acceleration is composed of a local (unsteady) part which is zero and an 


advective part which is not necessarily zero. 





4-14C 
Solution We are to list three alternate names for material derivative. 
Analysis The material derivative is also called total derivative, particle derivative, Eulerian derivative, 


Lagrangian derivative, and substantial derivative. “Total” is appropriate because the material derivative includes both 
local (unsteady) and convective parts. “Particle” is appropriate because it stresses that the material derivative is one 
following fluid particles as they move about in the flow field. “Eulerian” is appropriate since the material derivative is used 
to transform from Lagrangian to Eulerian reference frames. “Lagrangian” is appropriate since the material derivative is 
used to transform from Lagrangian to Eulerian reference frames. Finally, “substantial” is not as clear of a term for the 
material derivative, and we are not sure of its origin. 


Discussion All of these names emphasize that we are following a fluid particle as it moves through a flow field. 
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Chapter 4 Fluid Kinematics 
4-15 


Solution We are to calculate the material acceleration for a given velocity field. 
Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis The velocity field is 
V=(u,v)=(U,+bx)i-byy (1) 
The acceleration field components are obtained from its definition (the material acceleration) in Cartesian coordinates, 


_ Ou ou ou Ou 


a, =—+u—+v—+w— 
> ôt ôx ð Oz 
a, = Fu vw 204 (Uy + bx)0+(-by)(-b)+0 


=0+(U, +bx)b+(-by)0+0 
(2) 


where the unsteady terms are zero since this is a steady flow, and the terms with w are zero since the flow is two- 
dimensional. Eq. 2 simplifies to 





Material acceleration components: a, = b(U, + bx) a, = b’y (3) 








In terms of a vector, 





Material acceleration vector: G=b(U,+bx)i +b’ yj (4) 











Discussion For positive x and b, fluid particles accelerate in the positive x direction. Even though this flow is steady, 
there is still a non-zero acceleration field. 





4-16 
Solution For a given pressure and velocity field, we are to calculate the rate of change of pressure following a fluid 
particle. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis The pressure field is 
Pressure field: P=P, ~ 2) 2 bx +b" (x į y’)| (1) 


By definition, the material derivative, when applied to pressure, produces the rate of change of pressure following a fluid 
particle. Using Eq. | and the velocity components from the previous problem, 


DP Z ôP OP ð 
= +H PP + w 
Dt t Ox Oy Oz 


y — 
Steady Two-dimensional 


=(U, +bx)(-pU,b- pb’x)+(-by)(-pb’y) 





(2) 


where the unsteady term is zero since this is a steady flow, and the term with w is zero since the flow is two-dimensional. 
Eq. 2 simplifies to the following rate of change of pressure following a fluid particle: 





== | -U.7b- 2U,b?x+b*(y” -x*)] (3) 











Discussion The material derivative can be applied to any flow property, scalar or vector. Here we apply it to the 
pressure, a scalar quantity. 
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Chapter 4 Fluid Kinematics 


4-17 
Solution For a given velocity field we are to calculate the acceleration. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis The velocity components are 


Velocity components: u=1.14+2.8x+0.65y v=0.98—2.1x-2.8y (1) 
The acceleration field components are obtained from its definition (the material acceleration) in Cartesian coordinates, 


a Oy ey yy wy 04(1.142.8x40.65y)(2.8) + (0.98-2.1x-2.8y)(0.65) +0 


= — + U — 
> a Ox ð Oz 


a B AA pe 0+(1.14+2.8x+0.65y)(—2.1)+(0.98-2.1x-2.8y)(—2.8)+0 


~ Ot Ox ð & 


a 


(2) 


where the unsteady terms are zero since this is a steady flow, and the terms with w are zero since the flow is two- 
dimensional. Eq. 2 simplifies to 





Acceleration components: a, =3.717+6.475x a, =—-5.054+ 6.475 y (3) 











At the point (x,y) = (-2,3), the acceleration components of Eq. 3 are 
Acceleration components at (-2,3): a, =—9.233 = -9.23 a, =14.371=14.4 


Discussion The final answers are given to three significant digits. No units are given in either the problem statement or 
the answers. We assume that the coefficients have appropriate units. 





4-18 


Solution For a given velocity field we are to calculate the acceleration. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis The velocity components are 


Velocity components: u=0.20+1.3x+0.85y v=—0.50+0.95x—-1.3y (1) 
The acceleration field components are obtained from its definition (the material acceleration) in Cartesian coordinates, 


= ata at we = 0+(0.20+1.3x+0.85y)(1.3)+(—0.50+0.95x—1.3y)(0.85)+0 
E M yo g =0+(0.20+1.3x+0.85y)(0.95)+(—0.50+ 0.95x—1.3y)(-1.3)+0 
” Ot & ð Oz 


a 
(2) 


a 


where the unsteady terms are zero since this is a steady flow, and the terms with w are zero since the flow is two- 
dimensional. Eq. 2 simplifies to 





Acceleration components: a, =—0.1654+ 2.4975x a, =0.84+2.4975y (3) 











At the point (x,y) = (1,2), the acceleration components of Eq. 3 are 


Acceleration components at (1,2): a, = 2.3325 = 2.33 a, =5.835 = 5.84 


Discussion The final answers are given to three significant digits. No units are given in either the problem statement or 
the answers. We assume that the coefficients have appropriate units. 
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Chapter 4 Fluid Kinematics 
4-19 


Solution We are to generate an expression for the fluid acceleration for a given velocity. 
Assumptions 1 The flow is steady. 2 The flow is axisymmetric. 3 The water is incompressible. 
Analysis In Problem 4-2 we found that along the centerline, 


(ths T U entrance ) x (1) 


Speed along centerline of nozzle: U = Usntrance 7 


To find the acceleration in the x-direction, we use the material acceleration, 


. i 0 Ou ð 0 
Acceleration along centerline of nozzle: a, = tu—t+v~-+w, (2) 
` t Ox oy OZ 


The first term in Eq. 2 is zero because the flow is steady. The last two terms are zero because the flow is axisymmetric, 
which means that along the centerline there can be no v or w velocity component. We substitute Eq. | for u to obtain 





‘ ; ou Ursin “U Un — Uentr 
Acceleration along centerline of nozzle: a. =u—=]u + (Hes Monance) 52 (2) Ue Mamas) (3) 
e x entrance 2; 2 
Ox L L 
or 
2 
(tu -U ) (Ugg —U ) 
_ exit entrance exit entrance 3 4 
DQ = We trance >? ort 2=———— x (4) 











Discussion Fluid particles are accelerated along the centerline of the nozzle, even though the flow is steady. 





4-20 
Solution We are to write an equation for centerline speed through a diffuser, given that the flow speed decreases 
parabolically. 


Assumptions 1 The flow is steady. 2 The flow is axisymmetric. 


Analysis A general equation for a parabola in x is 
General parabolic equation: u=atb (x - c) (1) 


We have two boundary conditions, namely at x = 0, u = Uentrance and at x = L, u = Uexir. By inspection, Eq. | is satisfied by 
setting c = 0, 4 = Uentrance ANd D = (Uexit - Uentrance)/ L”. Thus, Eq. 1 becomes 





(West = Mensane) 
š exit entrance 2 
Parabolic speed: U = Usntrance topa ie (2) 











Discussion You can verify Eq. 2 by plugging in x = 0 and x= L. 
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Chapter 4 Fluid Kinematics 
4-21 
Solution We are to generate an expression for the fluid acceleration for a given velocity, and then calculate its value 
at two x locations. 


Assumptions 1 The flow is steady. 2 The flow is axisymmetric. 


Analysis In the previous problem, we found that along the centerline, 
S d l li di 3 _ (ey, > U entrance ) 2 (1) 
peed along centerline of diffuser: U = Usitrance + ae =i 


To find the acceleration in the x-direction, we use the material acceleration, 


Acceleration along centerline of diffuser: a, = X Pan Z + we (2) 
i t y Z 


The first term in Eq. 2 is zero because the flow is steady. The last two terms are zero because the flow is axisymmetric, 
which means that along the centerline there can be no v or w velocity component. We substitute Eq. 1 for u to obtain 


Acceleration along centerline of diffuser: 


= ou n + (tasi = Usntrance ) 2 (2) (texi = ites) 
a, =u = U entrance P x x 




















Ox L 
or 
2 
u exit Yon rance U exi = Uen rance 
a, = U ntrance (Ho = E ~ ) xX (3) 
At the given locations, we substitute the given values. At x = 0, 
Acceleration along centerline of diffuser at x = 0: a, (x = 0) =0 (4) 
Atx= 1.0m, 


Acceleration along centerline of diffuser at x = 1.0 m: 


a, (x =1.0 m) = 2(30.0 mu ero m)+2 ny (10m) &) 


m) (2.0 m) 


= -297 m/s” 


Discussion da, is negative implying that fluid particles are decelerated along the centerline of the diffuser, even though 
the flow is steady. Because of the parabolic nature of the velocity field, the acceleration is zero at the entrance of the 
diffuser, but its magnitude increases rapidly downstream. 
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Chapter 4 Fluid Kinematics 


Flow Patterns and Flow Visualization 


4-22C 
Solution We are to define streamline and discuss what streamlines indicate. 
Analysis A streamline is a curve that is everywhere tangent to the instantaneous local velocity vector. It 


indicates the instantaneous direction of fluid motion throughout the flow field. 


Discussion If a flow field is steady, streamlines, pathlines, and streaklines are identical. 





4-23 


Solution For a given velocity field we are to generate an equation for the streamlines. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 
Analysis The steady, two-dimensional velocity field of Problem 4-15 is 

Velocity field: V=(u,v)=(U,+bx)i-byy (1) 


For two-dimensional flow in the x-y plane, streamlines are given by 


ae d v 
Streamlines in the x-y plane: 2) = (2) 
dx along a streamline u 


We substitute the u and v components of Eq. 1 into Eq. 2 and rearrange to get 


dy __ -by 
dx U ,+bx 





We solve the above differential equation by separation of variables: 


dy dx 
Ta 





Integration yields 
sdi (by)= Ln(v, +bx)+}in C 6 
b b b 
where we have set the constant of integration as the natural logarithm of some constant C4, with a constant in front in order 


to simplify the algebra (notice that the factor of 1/b can be removed from each term in Eq. 3). When we recall that In(ab) = 
Ina + lnb, and that —Ina = In(1/a), Eq. 3 simplifies to 





C 


Equation for streamlines: y = ———~ 
q f 7 (U ot bx) 


(4) 











The new constant C is related to C\, and is introduced for simplicity. 


Discussion Each value of constant C yields a unique streamline of the flow. 
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Chapter 4 Fluid Kinematics 


4-24E 
Solution For a given velocity field we are to plot several 
streamlines for a given range of x and y values. 3 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in 
the x-y plane. 2 
Analysis From the solution to the previous problem, an equation 
for the streamlines is 1 
mesi C Å 
Streamlines in the x-y plane: y=- (1) y 0 
(U, +bx) (ft) a 
Constant C is set to various values in order to plot the streamlines. -1 
Several streamlines in the given range of x and y are plotted in Fig. 1. 
The direction of the flow is found by calculating u and v at 2 


some point in the flow field. We choose x = 1 ft, y = 1 ft. At this point u 
= 9.6 ft/s and v = -4.6 ft/s. The direction of the velocity at this point is 


obviously to the lower right. This sets the direction of all the 3 
streamlines. The arrows in Fig. | indicate the direction of flow. 0 1 2 si ft)” 5 
Discussion The flow is type of converging channel flow. 

FIGURE 1 


Streamlines (solid blue curves) for the given 
velocity field; x and y are in units of ft. 





4-25C 
Solution We are to determine what kind of flow visualization is seen in a photograph. 
Analysis Since the picture is a snapshot of dye streaks in water, each streak shows the time history of dye that was 


introduced earlier from a port in the body. Thus these are streaklines. Since the flow appears to be steady, these streaklines 
are the same as pathlines and streamlines. 


Discussion It is assumed that the dye follows the flow of the water. If the dye is of nearly the same density as the water, 
this is a reasonable assumption. 





4-26C 
Solution We are to define pathline and discuss what pathlines indicate. 
Analysis A pathline is the actual path traveled by an individual fluid particle over some time period. It indicates 


the exact route along which a fluid particle travels from its starting point to its ending point. Unlike streamlines, pathlines 
are not instantaneous, but involve a finite time period. 


Discussion If a flow field is steady, streamlines, pathlines, and streaklines are identical. 





4-27C 
Solution We are to define streakline and discuss the difference between streaklines and streamlines. 
Analysis A streakline is the locus of fluid particles that have passed sequentially through a prescribed point in 


the flow. Streaklines are very different than streamlines. Streamlines are instantaneous curves, everywhere tangent to the 
local velocity, while streaklines are produced over a finite time period. In an unsteady flow, streaklines distort and then 
retain features of that distorted shape even as the flow field changes, whereas streamlines change instantaneously with the 
flow field. 


Discussion If a flow field is steady, streamlines and streaklines are identical. 
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Chapter 4 Fluid Kinematics 


4-28C 
Solution We are to determine what kind of flow visualization is seen in a photograph. 
Analysis Since the picture is a snapshot of dye streaks in water, each streak shows the time history of dye that was 


introduced earlier from a port in the body. Thus these are streaklines. Since the flow appears to be unsteady, these 
streaklines are not the same as pathlines or streamlines. 


Discussion It is assumed that the dye follows the flow of the water. If the dye is of nearly the same density as the water, 
this is a reasonable assumption. 





4-29C 
Solution We are to determine what kind of flow visualization is seen in a photograph. 
Analysis Since the picture is a snapshot of smoke streaks in air, each streak shows the time history of smoke that was 


introduced earlier from the smoke wire. Thus these are streaklines. Since the flow appears to be unsteady, these streaklines 
are not the same as pathlines or streamlines. 


Discussion It is assumed that the smoke follows the flow of the air. If the smoke is neutrally buoyant, this is a 
reasonable assumption. In actuality, the smoke rises a bit since it is hot; however, the air speeds are high enough that this 
effect is negligible. 





4-30C 
Solution We are to determine what kind of flow visualization is seen in a photograph. 
Analysis Since the picture is a time exposure of air bubbles in water, each white streak shows the path of an 


individual air bubble. Thus these are pathlines. Since the outer flow (top and bottom portions of the photograph) appears to 
be steady, these pathlines are the same as streaklines and streamlines. 


Discussion It is assumed that the air bubbles follow the flow of the water. If the bubbles are small enough, this is a 
reasonable assumption. 





4-31C 
Solution We are to define timeline and discuss how timelines can be produced in a water channel. We are also to 
describe an application where timelines are more useful than streaklines. 


Analysis A timeline is a set of adjacent fluid particles that were marked at the same instant of time. Timelines 
can be produced in a water flow by using a hydrogen bubble wire. There are also techniques in which a chemical reaction is 
initiated by applying current to the wire, changing the fluid color along the wire. Timelines are more useful than streaklines 
when the uniformity of a flow is to be visualized. Another application is to visualize the velocity profile of a boundary layer 
or a channel flow. 


Discussion Timelines differ from streamlines, streaklines, and pathlines even if the flow is steady. 





4-32C 
Solution For each case we are to decide whether a vector plot or contour plot is most appropriate, and we are to 
explain our choice. 


Analysis In general, contour plots are most appropriate for scalars, while vector plots are necessary when vectors are 
to be visualized. 
(a) A contour plot of speed is most appropriate since fluid speed is a scalar. 
(b) A vector plot of velocity vectors would clearly show where the flow separates. Alternatively, a vorticity contour 
plot of vorticity normal to the plane would also show the separation region clearly. 
(c) A contour plot of temperature is most appropriate since temperature is a scalar. 
(d) A contour plot of this component of vorticity is most appropriate since one component of a vector is a scalar. 


Discussion There are other options for case (b) — temperature contours can also sometimes be used to identify a 
separation zone. 
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Chapter 4 Fluid Kinematics 
4-33 
Solution For a given velocity field we are to generate an equation for the streamlines and sketch several streamlines 
in the first quadrant. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis The velocity field is given by 
V =(u,v) =(0.5+1.2x)i +(-2.0-1.2y)7 (1) 
For two-dimensional flow in the x-y plane, streamlines are given by 


d 
Streamlines in the x-y plane: 2) =e (2) 
dx along a streamline u 


We substitute the u and v components of Eq. 1 into Eq. 2 and rearrange to get 


dy _-2.0-1.2y 
dx 0.5+1.2x 


We solve the above differential equation by separation of variables: 





dy dx f dy =f dx 
—2.0-1L.2y 0.5+1.2x —2.0-1.2y * 0.5+1.2x 
Integration yields 
= n(A nosa, (3) 
1.2 1.2 1.2 


where we have set the constant of integration as the natural logarithm of 
some constant C,, with a constant in front in order to simplify the 
algebra. When we recall that In(ab) = Ina + Inb, and that —Ina = In(1/a), 
Eq. 3 simplifies to 





C 


=————— -1.667 
1.2(0.5+1.2x) 


Equation for streamlines: y 














The new constant C is related to Cj, and is introduced for simplicity. C 


can be set to various values in order to plot the streamlines. Several 0 1 2 3 4 5 
streamlines in the upper right quadrant of the given flow field are shown x 
in Fig. 1. 

The direction of the flow is found by calculating u and v at some FIGURE 1 
point in the flow field. We choose x = 3, y = 3. At this point u = 4.1 and v Streamlines (solid black curves) for the 
= -5.6. The direction of the velocity at this point is obviously to the lower given velocity field. 


right. This sets the direction of all the streamlines. The arrows in Fig. 1 
indicate the direction of flow. 


Discussion The flow appears to be a counterclockwise turning flow in the upper right quadrant. 
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Chapter 4 Fluid Kinematics 


4-34 


Solution For a given velocity field we are to generate a velocity Scale: 10 m/s 


vector plot in the first quadrant. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in 
the x-y plane. 


Analysis The velocity field is given by 
V =(u,v)=(0.5+1.2x)i +(-2.0-12y)7 Œ 


At any point (x,y) in the flow field, the velocity components u and v are 
obtained from Eq. 1, 1 











Velocity components: u=0.5+1.2x v=-2.0-1.2y (2) 0 


To plot velocity vectors, we simply pick an (x,y) point, calculate u and v 7 
from Eq. 2, and plot an arrow with its tail at (x,y), and its tip at FIGURE 1 

(x+Su,y+Sv) where S is some scale factor for the vector plot. For the 
vector plot shown in Fig. 1, we chose S = 0.2, and plot velocity 
vectors at several locations in the first quadrant. 


Velocity vectors for the given velocity field. 
The scale is shown by the top arrow. 


Discussion The flow appears to be a counterclockwise turning flow in the upper right quadrant. 
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Solution For a given velocity field we are to generate an acceleration vector plot in the first quadrant. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 
Analysis The velocity field is given by 

V =(u,v) =(0.5+1.2x)i +(-2.0-1.2y)j (1) 


At any point (x,y) in the flow field, the velocity components u and v are 
obtained from Eq. 1, 


Velocity components: u =0.5+1.2x v=-2.0-1.2y (2) 


The acceleration field is obtained from its definition (the material 
acceleration), 


Acceleration components: y 


_ Ou Ou Ou Ou 





a, =—+u—+v—+w— =0+(0.541.2x)(1.2)+0+0 
© ot ôx oy Oz (3) 
d= Bi ey eye 0+0+(-2.0-1.2y)(-1.2)+0 
"Ot Ox Oy Oz 
where the unsteady terms are zero since this is a steady flow, and the terms x 
with w are zero since the flow is two-dimensional. Eq. 3 simplifies to 
w ERE FIGURE 1 
Acceleration components: a, =0.6+1.44x a, =2.4+1.44y (4) Acceleration vectors for the velocity field. 


, . , ; The scale is shown by the top arrow. 
To plot the acceleration vectors, we simply pick an (x,y) point, calculate a, 


and a, from Eq. 4, and plot an arrow with its tail at (x,y), and its tip at (x+Sa,,y+Say) where S is some scale factor for 
the vector plot. For the vector plot shown in Fig. 1, we chose S = 0.15, and plot acceleration vectors at several 
locations in the first quadrant. 


Discussion Since the flow is a counterclockwise turning flow in the upper right quadrant, the acceleration vectors point 
to the upper right (centripetal acceleration). 
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4-36 
Solution 
vectors are to be sketched and the velocity field is to be described. 


Assumptions 
velocity and no variation of u or v with z. 


Analysis (a) The velocity field is 


V =(u,v)=(14+2.5x+ y)i +(-0.5-15x-25y)j (D) 


Since V is a vector, all its components must equal zero in order for V 
itself to be zero. Setting each component of Eq. 1 to zero, 


u= 14+25x+ y=0 
v=-0.5-1.5x-2.5y=0 


Simultaneous equations: 


We can easily solve this set of two equations and two unknowns 
simultaneously. Yes, there is one stagnation point, and it is located at 


Stagnation point: x =-0.421m y = 0.0526 m 


(b) The x and y components of velocity are calculated from Eq. 1 for 
several (x,y) locations in the specified range. For example, at the point (x = 
2 m, y = 3 m), u = 9.00 m/s and v = -11 m/s. The magnitude of velocity (the 
speed) at that point is 14.21 m/s. At this and at an array of other locations, 
the velocity vector is constructed from its two components, the results of 
which are shown in Fig. 1. The flow can be described as a 
counterclockwise turning, accelerating flow from the upper left to the lower 
right. The stagnation point of Part (a) does not lie in the upper right 
quadrant, and therefore does not appear on the sketch. 


Discussion 


Chapter 4 Fluid Kinematics 


For the given velocity field, the location(s) of stagnation point(s) are to be determined. Several velocity 


1 The flow is steady and incompressible. 2 The flow is two-dimensional, implying no z-component of 


Scale: lois 





FIGURE 1 
Velocity vectors in the upper right quadrant 
for the given velocity field. 


The stagnation point location is given to three significant digits. It will be verified in Chap. 9 that this flow 


field is physically valid because it satisfies the differential equation for conservation of mass. 
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Solution For the given velocity field, the material acceleration is to be calculated at a particular point and plotted at 
several locations in the upper right quadrant. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is two-dimensional, implying no z-component of 
velocity and no variation of u or v with z. 


Analysis (a) The velocity field is 
V =(u,v)=(1+2.5x4 y)i +(-0.5-1.5x-2.5y)j7 (A) 


Using the velocity field of Eq. 1 and the equation for material acceleration in Cartesian coordinates, we write expressions 
for the two non-zero components of the acceleration vector: 








10 m/s 
EL yy y wê! Scale: => 
ôt Ox oy OZ 
= 0 +(1+2.5x+ y)(2.5)+(-0.5-1.5x-2.5y)(1)+ 0 
and 
ov ov ov ov 
a, =—+u— +v +w— 
* Ot Ox oy Oz 


= 0 +(1+2.5x+ y)(-1.5)+(-0.5-1.5x-2.5y)(-2.5)+ 0 


At (x=2m, y=3 m), a, = 11.5 m/s” and a, = 14.0 m/s”. 


(b) The above equations are applied to an array of x and y values in the 
upper right quadrant, and the acceleration vectors are plotted in Fig. 1. 





Discussion The acceleration vectors plotted in Fig. | point to the upper 
right, increasing in magnitude away from the origin. This agrees 
qualitatively with the velocity vectors of Fig. 1 of the previous problem; 
namely, fluid particles are accelerated to the right and are turned in the 
counterclockwise direction due to centripetal acceleration towards the 
upper right. Note that the acceleration field is non-zero, even though the 
flow is steady. 


FIGURE 1 
Acceleration vectors in the upper right 
quadrant for the given velocity field. 
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Chapter 4 Fluid Kinematics 


4-38 

Solution For a given velocity field we are to plot a velocity magnitude contour plot at five given values of speed. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 

Analysis Since u, = 0, and since ø is positive, the speed is equal to 


the magnitude of the @component of velocity, 


= 2 mx 
= Wf tu, =|u,|= or 
0 


Thus, contour lines of constant speed are simply circles of constant radius 
given by 


Speed: 


Contour line of constant speed: 


For example, at V = 2.0 m/s, the corresponding contour line is a circle 
of radius 2.0 m, 

2.0 m/s _ 

1.0 1/s 





Contour line at constant speed V = 2.0 m/s: r= 


We plot a circle at a radius of 2.0 m and repeat this simple calculation for 
the four other values of V. We plot the contours in Fig. 1. The speed 
increases linearly from the center of rotation (the origin). 





-2 -1 0 1 2 
x (m) 2.5 
FIGURE 1 
Contour plot of velocity magnitude for solid 
body rotation. Values of speed are labeled in 
units of m/s. 





Discussion The contours are equidistant apart because of the linear nature of the velocity field. 

4-39 

Solution For a given velocity field we are to plot a velocity magnitude contour plot at five given values of speed. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r- 8 plane. 

Analysis Since u, = 0, and since K is positive, the speed is equal to 


the magnitude of the @component of velocity, 


ete =}4o|=— 


Thus, contour lines of constant speed are simply circles of constant radius 
given by 


Speed: 


Contour line of constant speed: 


For example, at V = 2.0 m/s, the corresponding contour line is a circle 
of radius 0.50 m, 


10 m*Is _ 950 m 
2.0 m/s 


Contour line at constant speed V=2.0 m/s: r= 


We plot a circle at a radius of 0.50 m and repeat this simple calculation for 
the four other values of V. We plot the contours in Fig. 1. The speed near 


the center is faster than that further away from the center. 


Discussion 





x (m) 


FIGURE 1 

Contour plot of velocity magnitude for a line 
vortex. Values of speed are labeled in units 
of m/s. 


The contours are not equidistant apart because of the nonlinear nature of the velocity field. 
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4-40 


Solution For a given velocity field we are to plot a velocity magnitude contour plot at five given values of speed. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 


Analysis The velocity field is 


Line source: u, = a u, =0 (1) 
2ar 


Since ug= 0, and since m is positive, the speed is equal to the magnitude of the r-component of velocity, 


Speed: V= lu? =|u,|=—— 
pee u, Z \u,| = (2) 


Thus, contour lines of constant speed are simply circles of constant radius 


given by 
a 
m 20 (3) 


Contour line of constant speed: r=—=———* 
2aV V 


For example, at V = 2.0 m/s, the corresponding contour line is a circle 
of radius 0.50 m, 


_ 10 m’/s 


Contour line at speed V = 2.0 m/s: r=——— 
2.0 m/s 


= 0.50 m (4) 

We plot a circle at a radius of 0.50 m and repeat this simple calculation for 
the four other values of V. We plot the contours in Fig. 1. The flow slows 
down as it travels further from the origin. x (m) 


FIGURE 1 

Contour plot of velocity magnitude for a line 
source. Values of speed are labeled in units 
of m/s. 





Discussion The contours are not equidistant apart because of the 
nonlinear nature of the velocity field. 
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Chapter 4 Fluid Kinematics 


Motion and Deformation of Fluid Elements 


4-41C 


Solution We are to name and describe the four fundamental types of motion or deformation of fluid particles. 


Analysis 
1. Translation — a fluid particle moves from one location to another. 
2. Rotation — a fluid particle rotates about an axis drawn through the particle. 
3. Linear strain or extensional strain — a fluid particle stretches in a direction such that a line segment in that 
direction is elongated at some later time. 
4. Shear strain — a fluid particle distorts in such a way that two lines through the fluid particle that are initially 
perpendicular are not perpendicular at some later time. 


Discussion In a complex fluid flow, all four of these occur simultaneously. 
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Solution For a given velocity field, we are to determine whether the flow is rotational or irrotational. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis The velocity field is 
V =(u,v) =(U, +bx)i —byj (1) 


By definition, the flow is rotational if the vorticity is non-zero. So, we calculate the vorticity. In a 2-D flow in the x-y plane, 
the only non-zero component of vorticity is in the z direction, i.e. ¢, 


Vorticity component in the z direction: 7 == 7 =0-0=0 (1) 


Since the vorticity is zero, this flow is irrotational. 


Discussion We shall see in Chap. 10 that the fluid very close to the walls is rotational due to important viscous effects 
near the wall (a boundary layer). However, in the majority of the flow field, the irrotational approximation is reasonable. 
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4-43 
Solution For a given velocity field we are to generate an equation for the x location of a fluid particle along the x-axis 
as a function of time. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 
Analysis The velocity field is 

Velocity field: V=(u,v)=(U,+bx)i-byy (1) 
We start with the definition of u following a fluid particle, 


dX article 
x-component of velocity of a fluid particle: =r =u =U, + bX parice (2) 


where we have substituted u from Eq. 1. We rearrange and separate variables, dropping the “particle” subscript for 
convenience, 





=dt (3) 
Integration yields 

1 1 

pin(Us tox) =t- nc, (4) 


where we have set the constant of integration as the natural logarithm of some constant C;, with a constant in front in order 
to simplify the algebra. When we recall that In(ab) = Ina + Inb, Eq. 4 simplifies to 
In(C,(U, +bx)) =t 
from which 
U, + bx = Ce” (5) 


where C) is a new constant defined for convenience. We now plug in the known initial condition that at t = 0, x = x, to find 
constant C2 in Eq. 5. After some algebra, 





1 
Fluid particle’s x location at time t: X=Xy = ale +bx, Jer -U, | (6) 











Discussion We verify that at t = 0, x = x, in Eq. 6. 
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Solution For a given velocity field we are to generate an equation for the change in length of a line segment moving 


with the flow along the x-axis. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis Using the results of the previous problem, 

Location of particle A at time t: XS [WU + bx, )e” -U, | (1) 
and 

Location of particle B at time t: Xg = iu, + bx, yer -U, | (2) 


Since length € = xg — x, and length € + Ag = xg: — x’, we write an expression for Aé, 


Change in length of the line segment: 
Agé= (xs -xy )— (xa -x,) 





J s 1 , ; 
= sl (Uo + bx, Je’ -Uy |-[(U0 +x, Je” -U, |- (x -x,) (3) 
bt bt 
= Xpe = Xe = Xg t Xa 
Eq. 3 simplifies to 
Change in length of the line segment: Aé = (a, =i J(e” _ 1) (4) 











Discussion We verify from Eq. 4 that when t= 0, AG=0. 
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Solution By examining the increase in length of a line segment along the axis of a converging duct, we are to 
generate an equation for linear strain rate in the x direction and compare to the exact equation given in this chapter. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 
Analysis From the previous problem, we have an expression for the change in length of the line segment AB, 


Change in length of the line segment: Ag = (x; = J(e” -1) (1) 


The fundamental definition of linear strain rate is the rate of increase in length of a line segment per unit length of the line 
segment. For the case at hand, 


d(é+Aé)-§ daé d AE 








Linear strain rate in x direction: €, = (2) 
© dt č dt E dt x,-X, 
We substitute Eq. 1 into Eq. 2 to obtain 
bt 
d (%3 -x,a (e -1) aq 
Linear strain rate in x direction: Ex = ( ees i = (e” 1) (3) 
© dt Xa XA dt 


In the limit as f > 0, we apply the first two terms of the series expansion for e”, 


Series expansion for e”: e” =1+bt+ 





Ce side w 
2! 


Finally, for small ż we approximate the time derivative as 1/t, yielding 





1 
Linear strain rate in x direction: Ex D z0 + bt- 1) =b (5) 











Comparing to the equation for &,, 














Ou 
Linear strain rate in x direction: Ey = oe =b (6) 
x 
Equations 5 and 6 agree, verifying our algebra. 
Discussion Although we considered a line segment on the x-axis, it turns out that £x = b everywhere in the flow, as 


seen from Eq. 6. We could also have taken the analytical time derivative of Eq. 3, yielding £x = be”. Then, as t > 0, & > 
b. 
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4-46 
Solution For a given velocity field we are to generate an equation for the y location of a fluid particle as a function of 
time. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis The velocity field is 
Velocity field: V= (u, v) = (U, + bx)i —byj (1) 
We start with the definition of v following a fluid particle, 


dy particle 


y-component of velocity of a fluid particle: d 
t 


=V= —bY particle (2) 


where we have substituted v from Eq. 1. We and rearrange and separate variables, dropping the “particle” subscript for 
convenience, 


ae —bdt (3) 
y 
Integration yields 
In(y)=—bt-InC, (4) 


where we have set the constant of integration as the natural logarithm of some constant C), with a constant in front in order 
to simplify the algebra. When we recall that In(ab) = Ina + Inb, Eq. 4 simplifies to 


In (c y) =-t 
from which 
y=Ce" (5) 


where C, is a new constant defined for convenience. We now plug in the known initial condition that at t = 0, y = ya to find 
constant C2 in Eq. 5. After some algebra, 











Fluid particle’s y location at time t: Y= yy =y e” (6) 





Discussion The fluid particle approaches the x-axis exponentially with time. The fluid particle also moves downstream 
in the x direction during this time period. However, in this particular problem v is not a function of x, so the streamwise 
movement is irrelevant (u and v act independently of each other). 
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4-47 
Solution For a given velocity field we are to generate an equation for the change in length of a line segment in the y 
direction. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis Using the results of the previous problem, 

Location of particle A at time t: Yy = yae” (1) 
and 

Location of particle B at time t: Yy = Ype” (2) 


Since length 7 = yg — ya and length 7 + Ay = yg — ya, we write an expression for Ay, 


Change in length of the line segment: 


—bt —bt —bt 


An=(yp Yar) (ys Ya) = Yre” Yae (ys Ya) = ye Vae Yg + Ya 


which simplifies to 





Change in length of the line segment: An= (yp =i ye" -= 1) (3) 











Discussion We verify from Eq. 3 that when t = 0, A7 = 0. 
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4-48 
Solution By examining the increase in length of a line segment as it moves down a converging duct, we are to 
generate an equation for linear strain rate in the y direction and compare to the exact equation given in this chapter. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 
Analysis From the previous problem we have an expression for the change in length of the line segment AB, 
Change in length of the line segment: An= (Ys =Y; J(e” = 1) (1) 


The fundamental definition of linear strain rate is the rate of increase in length of a line segment per unit length of the line 
segment. For the case at hand, 


Linear strain rate in y direction: 
_d(ntAn)-n dAn_d_ An (2) 
” dt n dt n dt yş-ya 





We substitute Eq. 1 into Eq. 2 to obtain 





























—bt 
Yg- y, (e -1 
Linear strain rate in y direction: €, = ( z a) ) = (e” 1) (3) 
” dt Ys T Ya dt 
In the limit as t — 0, we apply the first two terms of the series expansion for e”, 
. i a y (-b)” 
Series expansion for €”: e =le ta l-bt (4) 
Finally, for small ż we approximate the time derivative as 1/t, yielding 
1 
Linear strain rate in y direction: Ey > z0 —bt- 1) =-b (5) 
Comparing to the equation for <, 
; ; i eee ov 
Linear strain rate in y direction: E= ap =—b (6) 
y 
Equations 5 and 6 agree, verifying our algebra. 
Discussion Since v does not depend on x location in this particular problem, the algebra is simple. In a more general 


case, both u and v depend on both x and y, and a numerical integration scheme is required. We could also have taken the 
analytical time derivative of Eq. 3, yielding £ = —be™. Then, as t > 0, &x > —b. 
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1-498 


Solution For a given velocity field and an initially square fluid particle, we are to calculate and plot its location and 
shape after a given time period. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the 


x-y plane. 3 
Analysis Using the results of Problems 4-43 and 4-46, we can 2 
calculate the location of any point on the fluid particle after the elapsed 
time. We pick 6 points along each edge of the fluid particle, and plot their x 
and y locations at ¢t = 0 and at t = 0.2 s. For example, the point at the lower 1 
left corner of the particle is initially at x = 0.25 ft and y = 0.75 ft at r=0. At 
t=0.2s, y 0 


x-location of lower left corner of the fluid particle at time t = 0.2 s: 








1 s)(0.2s -1 

x= | (5.0 fus + (4.6 1/s)(0.25 ft))e"° "5.0 fus |= 2.268 ft 
4.6 I/s 
and ee 
y-location of lower left corner of the fluid particle at time t = 0.2 s: 4 
y= (0.75 ft)e “° "s02 _ 9.2989 ft 0 1 2 3 4 5 
x 

We repeat the above calculations at all the points along the edges of the 
fluid particle, and plot both their initial and final positions in Fig. 1 as dots. FIGURE 1 
Finally, we connect the dots to draw the fluid particle shape. It is clear Movement and distortion of an initially 
from the results that the fluid particle shrinks in the y direction and square fluid particle in a converging duct; x 
stretches in the x direction. However, it does not shear or rotate. and y are in units of ft. Streamlines (solid 


A . as : í . . blue curves) are also shown for reference. 
Discussion The flow is irrotational since fluid particles do not rotate. 





4-50E 
Solution By analyzing the shape of a fluid particle, we are to verify that the given flow field is incompressible. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis Since the flow is two-dimensional, we assume unit depth (1 ft) in the z direction (into the page in the 
figure). In the previous problem, we calculated the initial and final locations of several points on the perimeter of an 
initially square fluid particle. At ¢ = 0, the particle volume is 


Fluid particle volume att =0s: V = (0.50 ft)(0.50 ft) (1.0 ft) = 0.25 ft? (1) 


At t=0.2 s, the lower left corner of the fluid particle has moved to x = 2.2679 ft, y = 0.29889 ft, and the upper right corner 
has moved to x = 3.5225 ft, y = 0.49815 ft. Since the fluid particle remains rectangular, we can calculate the fluid particle 
volume from these two corner locations, 


Fluid particle volume at t = 0.2 s: 
V = (3.5225 ft — 2.2679 ft)(0.49815 ft -0.29889 ft) (1.0 ft)=0.2500f° = 


Thus, to at least four significant digits, the fluid particle volume has not changed, and the flow is therefore 
incompressible. 


Discussion The fluid particle stretches in the horizontal direction and shrinks in the vertical direction, but the net 
volume of the fluid particle does not change. 





4-26 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 4 Fluid Kinematics 
4-51 


Solution For a given velocity field we are to use volumetric strain rate to verify that the flow field is incompressible.. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis The velocity field is 
Velocity field: V= (u,v) = (U, +bx)i —byj (1) 
We use the equation for volumetric strain rate in Cartesian coordinates, and apply Eq. 1, 
Volumetric strain rate: 
1 DV _ ôu v Ow Z 


———=6, +6, +6, =—+—+— =b+(-b)+0=0 (2) 
Vb" "= a& By & 





Where &, = 0 since the flow is two-dimensional. Since the volumetric strain rate is zero everywhere, the flow is 
incompressible. 


Discussion The fluid particle stretches in the horizontal direction and shrinks in the vertical direction, but the net 
volume of the fluid particle does not change. 





4-52 
Solution For a given steady two-dimensional velocity field, we are to calculate the x and y components of the 
acceleration field. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis The velocity field is 
V =(u,v)=(Utax+by)i+(Vtaxtby)j (1) 
The acceleration field is obtained from its definition (the material acceleration). The x-component is 


x-component of material acceleration: 


0 ðu Ou g 
a, = Lys Ve =(U +ax+by)a, +(V+a,x+b,y)b, (2) 


Steady Two-D 














The y-component is 


y-component of material acceleration: 
oy ôv ðv w 
a = +u—+v—+ wH =(U+axt+by)a,+(Vtaxt+b,y)b (3) 
) t ax ôy Oz ( 1 1 ) 2 ( 2 2 ) 2 
Css 
Steady Two-D 














Discussion If there were a z-component, it would be treated in the same fashion. 
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Solution We are to find a relationship among the coefficients that causes the flow field to be incompressible. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis We use the equation for volumetric strain rate in Cartesian coordinates, and apply Eq. 1 of the previous 
problem, 
. . 1 DV ou ôv ð 
Volumetric strain rate: —— =EL tE, tE, = t+ =a,+b, 
V Dt “~ ”? l & g z ° (1) 
Two-D 


We recognize that when the volumetric strain rate is zero everywhere, the flow is incompressible. Thus, the desired 
relationship is 





Relationship to ensure incompressibility: a, +b, =0 (2) 











Discussion If Eq. 2 is satisfied, the flow is incompressible, regardless of the values of the other coefficients. 
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Solution For a given velocity field we are to calculate the linear strain rates in the x and y directions. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis We use the equations for linear strain rates in Cartesian coordinates, and apply Eq. | of Problem 4-52, 





ov 
T Ey aA 
Ox “Oy 


=b, a) 


Linear strain rates: 











Discussion In general, since coefficients a} and b, are non-zero, fluid particles stretch (or shrink) in the x and y 
directions. 
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Solution For a given velocity field we are to calculate the shear strain rate in the x-y plane. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 





Analysis We use the equation for shear strain rate £y in Cartesian coordinates, and apply Eq. 1 of Problem 4-52, 
1{ Ou Ov 1 
Shear strain rate in x-y plane: Ey =, =~| —+— |= —(b +a 1 
yP XY yx fa z) 5 1 2) ( ) 











Note that by symmetry £x = Ey- 


Discussion In general, since coefficients b, and a, are non-zero, fluid particles distort via shear strain in the x and y 
directions. 





4-28 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 4 Fluid Kinematics 
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Solution For a given velocity field we are to form the 2-D strain rate tensor and determine the conditions necessary 
for the x and y axes to be principal axes. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis The two-dimensional form of the strain rate tensor is 
e Ex Ey 
2-D strain rate tensor: g= 3 (1) 
ee £ 


We use the linear strain rates and the shear strain rate from the previous two problems to generate the tensor, 





ax xy 


2-D strain rate tensor: Ej -Í 
E 


1 
ë a —(b, +a,) 
|- 3 2) 
=( 


yx yy 








1 
; b, +a,) b, 





If the x and y axes were principal axes, the diagonals of £; would be non-zero, and the off-diagonals would be zero. Here 
the off-diagonals go to zero when 











Condition for x and y axes to be principal axes: b +a, =0 (3) 





Discussion For the more general case in which Eq. 3 is not satisfied, the principal axes can be calculated using tensor 
algebra. 
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Solution For a given velocity field we are to calculate the vorticity vector and discuss its orientation. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis We use the equation for vorticity vector Ç in Cartesian coordinates, and apply Eq. 1 of Problem 4-52, 


Vorticity vector: 


-la of - 14 ow |= (dv du)- = (1) 
E k =(a, —b,)k 
ZEE es 


Two-D Two-D Two-D Two-D 

















The only non-zero component of vorticity is in the z (or —z) direction. 


Discussion For any two-dimensional flow in the x-y plane, the vorticity vector must point in the z (or —z) direction. The 
sign of the z-component of vorticity in Eq. 1 obviously depends on the sign of a2 — D,. 
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4-58 
Solution For the given velocity field we are to calculate the two-dimensional linear strain rates from fundamental 
principles and compare with the given equation. 


Assumptions 1 The flow is incompressible. 2 The flow is steady. 3 The flow is two-dimensional. 





Analysis First, for convenience, we number the equations in the problem statement: 
Velocity field: V =(u,v)=(atby)i +07 (1) 
Lower left corner at t + dt: (x + (a + by) dt, y) (2) 
. : ; y i ou Ov 
Linear strain rate in Cartesian coordinates: a E= (3) 
“Ox ” ð 
(a) The lower right corner of the fluid particle moves the same amount as the lower left corner since u does not 
depend on y position. Thus, 
Lower right corner at t + dt: (x +dx+ (a + by)dt, y) (4) 


Similarly, the top two corners of the fluid particle move to the right at speed a + b(y+dy)dt. Thus, 


Upper left corner at t + dt: (x+(a+b(y+dy))dt,y+dy) (5) 
and 
Upper right corner at t + dt: (x+ax+(a+b(y+dy))dt,y+dy) (6) 
(b) From the fundamental definition of linear strain rate in the x-direction, we consider the lower edge of the fluid 


particle. Its rate of increase in length divided by its original length is found by using Eqs. 2 and 4, 


Length of lower edge at t+dt Length of lower edge at t 
as 


fis nee x+dx+(a+by)dt-(x+(a+by)dt)- dx P 
= dt T 








We get the same result by considering the upper edge of the fluid particle. Similarly, using the left edge of the fluid particle 
and Eqs. 2 and 5 we get 


Length of left edge att+dt Length of left edge at t 
a 
1 y+dy-y - dy 
T ppa p oY A 
P ” dt dy 


We get the same result by considering the right edge of the fluid particle. Thus both the x- and y-components of linear strain 
rate are zero for this flow field. 


(c) From Eq. 3 we calculate 





Ou ov 
S- Ey aTa 
“Ox “Oy 


Linear strain rates: 


0 (8) 











Discussion Although the algebra in this problem is rather straight-forward, it is good practice for the more general case 
(a later problem). 





4-30 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 4 Fluid Kinematics 
4-59 
Solution We are to verify that the given flow field is incompressible using two different methods. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional. 


Analysis 
(a) The volume of the fluid particle at time tis. 
Volume at time t: V(t) =dxdydz (1) 


where dz is the length of the fluid particle in the z direction. At time ¢ + dt, we assume that the fluid particle’s dimension dz 
remains fixed since the flow is two-dimensional. Thus its volume is dz times the area of the rhombus shown in Fig. P4-58, 
as illustrated in Fig. 1, 


Volume at time t + dt: V(t + dt) = dxdydz (2) 
Since Eqs. | and 2 are equal, the volume of the fluid particle has not 
changed, and the flow is therefore incompressible. 


(b) We use the equation for volumetric strain rate in Cartesian 
coordinates, and apply the results of the previous problem, 





1 DV 
Volumetric strain rate) ——— =€ „+E, +E, =0+0+0=0 (3) FIGURE 1 
V Dt 5 The area of a rhombus is equal to its base 


Where £, = 0 since the flow is two-dimensional. Since the volumetric times its height: which here Samy: 


strain rate is zero everywhere, the flow is incompressible. 


Discussion Although the fluid particle deforms with time, its height, its depth, and the length of its horizontal edges 
remain constant. 
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4-60 
Solution For the given velocity field we are to calculate the two-dimensional shear strain rate in the x-y plane from 
fundamental principles and compare with the given equation. 


Assumptions 1 The flow is incompressible. 2 The flow is steady. 3 The 
flow is two-dimensional. (x+ (a +b(y + dy))dt, y+ dy) 







Analysis 
(a) The shear strain rate is bdydt 
1 
Shear strain rate in Cartesian coordinates: €,, = = Pd (1) 
“ 21 dy ox 


From the fundamental definition of shear strain rate in the x-y plane, we 
consider the bottom edge and the left edge of the fluid particle, which 
intersect at 90° at the lower left corner at time t. We define angle a between 
the lower edge and the left edge of the fluid particle, and angle ø, the 
complement of «æ (Fig. 1). The rate of decrease of angle œ over time 
interval dt is obtained from application of trigonometry. First, we calculate 





(x+ (a +by)dt, y) 
angle p, (x+dx+(a +by)dt, y) 





; bdydt 
Angle Pat timet+dt. B= acta D ) = arctan (bdt) x bdt (2) FIGURE 1 
A magnified view of the deformed fluid 
The approximation is valid for very small angles. As the time interval dt > particle at time ¢ + dt, with the location of 
0, Eq. 2 is correct. At time t + df, angle a is three corners indicated, and angles a and £ 
defined. 
; m 1 
Angle a at time t + dt: a= FEN T (3) 


During this time interval, @ changes from 90° (7/2 radians) to the expression given by Eq. 2. Thus the rate of change of ais 





da l(a T 
Rate of change of angle a: = bdt — |=-b 4 
f change of ang ea (z ) 5 (4) 
at 
@ at t+dt 


Finally, since shear strain rate is defined as half of the rate of decrease of angle a, 

















b 
Shear strain rate: = _ida =|- (5) 
i 2dt |2 
(b) From Eq. 1 we calculate 
Shear strain rate: E, = Uu + a = li + 0) =|- (6) 
” 2\8@ ox) 2 











Both methods for obtaining the shear strain rate agree (Eq. 5 and Eq. 6). 


Discussion Although the algebra in this problem is rather straight-forward, it is good practice for the more general case 
(a later problem). 
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Solution 
fundamental principles and compare with the given equation. 


Chapter 4 Fluid Kinematics 


For the given velocity field we are to calculate the two-dimensional rate of rotation in the x-y plane from 


Assumptions 1 The flow is incompressible. 2 The flow is steady. 3 The flow is two-dimensional. 
Analysis 
(a) The rate of rotation in Cartesian coordinates is 


Rate of rotation in Cartesian coordinates: œ, 


_1/ ov_ Ou (1) 
2\ dx oy 

From the fundamental definition of rate of rotation in the x-y plane, we 
consider the bottom edge and the left edge of the fluid particle, which 
intersect at 90° at the lower left corner at time t. We define angle £ in Fig. 
1, where £ is the negative of the angle of rotation of the left edge of the 
fluid particle (negative because rotation is mathematically positive in the 
counterclockwise direction). We calculate angle 2 using trigonometry, 





(2) 


Angle Pat timet+dt. B= arean 
y 


aa) = arctan (bdt) x bdt 


The approximation is valid for very small angles. As the time interval dt > 
0, Eq. 2 is correct. Meanwhile, the bottom edge of the fluid particle has not 
rotated at all. Thus, the average angle of rotation of the two line segments 
(lower and left edges) at time t + dt is 


1 b 
AVG =~(0- B)=—— dt (3) 


Thus the average rotation rate during time interval dt is 


(x+(a+b(y+dy))dt,y +dy) 








(x+ (a +by)dt, y) 
(x+dx+(a +by)dt, y) 


FIGURE 1 

A magnified view of the deformed fluid 
particle at time ¢ + dt, with the location of 
three corners indicated, and angle / defined. 




















Rate of rotation i l O EUG] l i (4) 
ate of rotation in x-y plane: = = -dt |= 
a 7 dt dt\ 2 2 
(b) From Eq. | we calculate 
Rate of rotation: QO. = Qv 2u 226%) = ue (5) 
“  2\ 0x oy 2 2 


Both methods for obtaining the rate of rotation agree (Eq. 4 and Eq. 5). 


Discussion 
we follow the fluid particle. 











The rotation rate is negative, indicating clockwise rotation about the z-axis. This agrees with our intuition as 
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Solution 
calculate the vorticity in the z direction. 


Analysis 
(a) 
(b) 





Vorticity component: 


b 
¢, =2a, -2-2)- -b 











Discussion 


We are to determine whether the shear flow of Problem 4-22 is rotational or irrotational, and we are to 


Since the rate of rotation is non-zero, it means that the flow is rotational. 


Vorticity is defined as twice the rate of rotation, or twice the angular velocity. In the z direction, 


(1) 


Vorticity is negative, indicating clockwise rotation about the z-axis. 
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4-63 
Solution We are to prove the given expression for flow in the xy-plane. 


Assumptions 1 The flow is incompressible and two-dimensional. 


Analysis For flow in the xy-plane, we are to show that: 


Rate of rotation: a 1 ov ôu (1) 
“  2\ 0x Oy 


By definition, the rate of rotation (angular velocity) at a point is the average rotation rate of two initially perpendicular lines 
that intersect at the point. In this particular problem, Line a (PA) and Line b (PB) are initially perpendicular, and intersect at 
point P. Line a rotates by angle œ, and Line b rotates by angle œ, Thus, the average angle of rotation is 


a, +a, 


i (2) 


Average angle of rotation: 


During time increment dt, point P moves a distance udt to the right and vdt up (to first order, assuming dt is very small). 


Similarly, point A moves a distance [w+ Sav) to the right and [vs Zax a up, and point B moves a distance 
x x 





I 
ut ae dt to the right and | v+ oY dt up. Since point A is initially y oele Fluid element 
dy oy | A 
. I d \ attıme f 
at distance dx to the right of point P, the horizontal distance from point P’ \ a \ 
to point A’ at the later time t is \ Vom ` 
1 fl Lineb \ 
Ou \ \ i 
dx +—dxdt B'A AA b » 
Ox H 1 / 
i; A'E’ 
On the other hand, point A is at the same vertical level as point P at time äi I ey 
tı. Thus, the vertical distance from point P’ to point A’ at time f, is dy +—dydt l Ov 
bs ie 
a dxdt (3) \! 
Similarly, point B is located at distance dy vertically above point P at time SÑ 
: . : es bed eas ; a 
tı, and thus the horizontal distance from point P’ to point B’ at time f, is _ ou dydt dx+ õu dxdt 
a oy Ox 
u 
aS dydt (4) 
E FIGURE 1 
and A close-up view of the distorted fluid element 
at time h. 
: S : 7 ; ho stati f ov 
Vertical distance from point P’to point Bat time ty: dy Hay (5) 


We mark the horizontal and vertical distances between point A’ and point P’ and between point B’ and point P’ at time h in 
Fig. 1. From the figure we see that 


ov 





2 dxdt 2 dxdt E E 
Angle qa in terms of velocity components: a, = tan" | —“ _____| x tan"] & = tan! dt | x —dt (6) 
ou dx x ox 
x 


The first approximation in Eq. 6 is due to the fact that as the size of the fluid element shrinks to a point, dx — 0, and at the 
same time dt — 0. Thus, the second term in the denominator is second-order compared to the first-order term dx and can be 
neglected. The second approximation in Eq. 6 is because as dt — 0 angle a, is very small, and tana, > a. Similarly, angle 
æ is written in terms of velocity components as 
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Chapter 4 Fluid Kinematics 





ice dydt aoe dydt 

x oy | Oy a| Ou Ou 
a, = tan Ie =tan | —~——— |= tan Sat Pa (7) 

dy + — dydt gy y y 

ey 
Finally then, the average rotation angle (Eq. 2) becomes 
Average angle of rotation: Uae A dt a dt |= Ge) Ov Oe (8) 
2 2\ ex oy 2\ 0x oy 


and the average rate of rotation (angular velocity) of the fluid element about point P in the x-y plane becomes 
d|a, +æ 1f Ov ôu 

epee fee (9) 
dt 2 2( ôx oy 


Discussion Eq. 9 can be extended to three dimensions by performing a similar analysis in the x-z and y-z planes. 
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4-64 
Solution We are to prove the given expression. 
Assumptions 1 The flow is incompressible and two-dimensional. , % | ; 
wa q Fluid element 
; \ 4 i 
Analysis We are to prove the following: \ yo \ ee 
\ 
\ £ \ 
: : ; Polani Ou \ 
Linear strain rate in x-direction: é. == (1) \ 4 ` 
: Ox 1 7 \ 
B' if ` 


By definition, the rate of linear strain is the rate of increase in length of a 
line segment in a given direction divided by the original length of the line 
segment in that direction. During time increment dt, point P moves a 
distance udt to the right and vdt up (to first order, assuming dt is very 





small). Similarly, point A moves a distance (u + ar) dt to the right and 
x 


fee ------------<--- 
oe 
s 


[v+ Za] dt up. Since point A is initially at distance dx to the right of P' 
x 


Ou 
. . . . . . . dx T = dxdt 
point P, its position to the right of point P’ at the later time t, is Ox 


ee peat (2)  FIGURE1 
Ox A close-up view of the distorted fluid element 


On the other hand, point A is at the same vertical level as point P at time al Me 42: 


tı. Thus, the vertical distance from point P’ to point A’ at time ft is 


Vertical distance from point P’to point A ‘at time tz: oat (3) 
x 


We mark the horizontal and vertical distances between point A’ and point P' at time t in Fig. 1. From the figure we see that 


Linear strain rate in the x direction as line PA changes to PA’: 
Length of P’A’ in x direction 


dx + oF ae — dx 
d Ox í 


Length of PA in x direction 
pea 


d 
Ex = = 
— dt dx dt 


wo 
Length of PA in x direction 





ôu ar) _ ou (4) 
Ox Ox 


Thus Eq. 1 is verified. 


Discussion The distortion of the fluid element is exaggerated in Fig. 1. As time increment dt and fluid element length 
dx approach zero, the first-order approximations become exact. 
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4-65 
Solution We are to prove the given expression. 


Assumptions 1 The flow is incompressible and two-dimensional. 


Analysis We are to prove the following: 
. i 1f ôu Ov 
Shear strain rate in xy-plane: E, =- —+— (1) 
“ 2. 0y Ox 


By definition, the shear strain rate at a point is half of the rate of decrease 
of the angle between two initially perpendicular lines that intersect at the 
point. In Fig. P4-63, Line a (PA) and Line b (PB) are initially 
perpendicular, and intersect at point P. Line a rotates by angle a@,, and 
Line b rotates by angle œ. The angle between these two lines changes 
from 7/2 at time f, to @,, at time f) as sketched in Fig. 1. The shear strain 
rate at point P for initially perpendicular lines in the x and y directions is 





th 
oe S eae ie ae 
ld oy Ox 
Ey = am (2) 
FIGURE 1 


During time increment dt, point P moves a distance udt to the right and vdt A close-up view of the distorted fluid element 
up (to first order, assuming dt is very small). Similarly, point A moves a at time fh. 


distance Geegu to the right and [r+ Zara up, and point B 
x x 


moves a distance (e Has) dt to the right and [+ Sa) dt up. Since point A is initially at distance dx to the right of 
y. y 


point P, its position to the right of point P’ at the later time t, is 


Horizontal distance from point P’to point A’at time tz: dx+ SH asa (3) 
x 


On the other hand, point A is at the same vertical level as point P at time tı. Thus, the vertical distance from point P’ to 
point A’ at time h is 


ð i 
Vertical distance from point P’ to point A ‘at time ta: dxdt (3) 
x 


Similarly, point B is located at distance dy vertically above point P at time ¢;, and thus we write 


Horizontal distance from point P’to point B'at time t: -dydi (4) 
and 
: . er ; mA Ov 
Vertical distance from point P’ to point B’at time to: dy + a (5) 
Y 


We mark the horizontal and vertical distances between point A’ and point P’ and between point B’ and point P’ at time t, in 
Fig. 1. From the figure we see that 


Angle a, in terms of velocity components: 





d W av av 6 
@, =tan™ Ox x tan !| 2 = tan” dt |~ —dt (6) 
l det iti q K a 
Ox 


4-37 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 4 Fluid Kinematics 
The first approximation in Eq. 6 is due to the fact that as the size of the fluid element shrinks to a point, dx — 0, and at the 
same time dt — 0. Thus, the second term in the denominator is second-order compared to the first-order term dx and can be 
neglected. The second approximation in Eq. 6 is because as dt > 0 angle a, is very small, and tana, > a. Similarly, 


Angle a in terms of velocity components: 


it Di 
Y 0 Zi { 
= tan 


=l 1 


zx tan 


a, =tan | ——=— 
dy + w dydt y 
oy 


ai) «Ha D 
oy 


Angle a,» at time fp is calculated from Fig. | as 


Angle Qa» at time tz in terms of velocity components: 
eng pe A 
2 oy ox 








ay 


where we have used Eqs. 6 and 7. Finally then, the shear strain rate (Eq. 2) becomes 


Shear strain rate, initially perpendicular lines in the x and y directions: 


Qan al ty yy at ty 











Se ie 
a ld ais llijsmz ou di ov d- Z 1| ðu E Ov (9) 
i 2 dt 2dt|2 oy Ox 2 2\ ey Ox 


which agrees with Eq. 1. Thus, Eq. 1 is proven. 


Discussion Eq. 9 can be easily extended to three dimensions by performing a similar analysis in the x-z plane and in the 
y-z plane. 








4-66 
Solution For a given linear strain rate in the x-direction, we are to calculate the linear strain rate in the y-direction. 
Analysis Since the flow is incompressible, the volumetric strain rate must be zero. In two dimensions, 
i ; i 1 DV ðu Ov 
Volumetric strain rate in the x-y plane: T+ — =é,,+€, =—+— =0 (1) 
V Dt ~ ” & oy 


Thus, the linear strain rate in the y-direction is the negative of that in the x-direction, 


ee -2.5 1/s (2) 


Linear strain rate in y-direction: Ey = 
“Oy Ox 


Discussion The fluid element stretches in the x-direction since £x is positive. Because the flow is incompressible, the 
fluid element must shrink in the y-direction, yielding a value of £, that is negative. 
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4-67 
Solution We are to calculate the vorticity of fluid particles in a tank rotating in solid body rotation about its vertical 
axis. 


Assumptions 1 The flow is steady. 2 The z-axis is in the vertical direction. 





Analysis Vorticity Č is twice the angular velocity æ . Here, 
= t (1 mi 27x rad \ > = 
Angular velocity: a =360 2| P || 47 T0 |E =37.70k rad/s (1) 
min \ 60s rot 


where K is the unit vector in the vertical (z) direction. The vorticity is thus 





Vorticity: Ë =20 =2x37.70k rad/s = 75.4k rad/s (2) 











Discussion Because the water rotates as a solid body, the vorticity is constant throughout the tank, and points vertically 
upward. 





4-68 


Solution We are to calculate the angular speed of a tank rotating about its vertical axis. 


Assumptions 1 The flow is steady. 2 The z-axis is in the vertical direction. 


Analysis Vorticity Č is twice the angular velocity @ . Thus, 


Angular velocity: O= = = Dan = —27.1k rad/s (1) 


where k is the unit vector in the vertical (z) direction. The angular velocity is negative, which by definition is in the 
clockwise direction about the vertical axis. We express the rate of rotation in units of rpm, 











Rate of rotation: n= -27.1 ae ne |= 265 1o = -265 rpm (2) 
s \1 min /\ 27 rad min 


Discussion Because the vorticity is constant throughout the tank, the water rotates as a solid body. 
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Solution For a tank of given rim radius and speed, we are to calculate the magnitude of the component of vorticity in 
the vertical direction. 


Assumptions 1 The flow is steady. 2 The z-axis is in the vertical direction. 





Analysis The linear speed at the rim is equal to 7,;,@,. Thus, 
Component of angular velocity in z-direction: @, = Vim = A = 7.429 rad/s (1) 
Kim 0.35m 
Vorticity Č is twice the angular velocity @ . Thus, 
z-component of vorticity: ¢, =20,= 2(7.429 rad/s) = 14.86 rad/s = 15.0 rad/s (2) 


Discussion Radian is a non-dimensional unit, so we can insert it into Eq. 1. The final answer is given to two significant 
digits for consistency with the given information. 
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4-70C 
Solution We are to explain the relationship between vorticity and rotationality. 
Analysis Vorticity is a measure of the rotationality of a fluid particle. If a particle rotates, its vorticity is non-zero. 


Mathematically, the vorticity vector is twice the angular velocity vector. 


Discussion If the vorticity is zero, the flow is called irrotational. 
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Solution For a given deformation of a fluid particle in one direction, we are to calculate its deformation in the other 
direction. 


Assumptions 1 The flow is incompressible. 2 The flow is two-dimensional in the x-y plane. 


Analysis Since the flow is incompressible and two-dimensional, the area of the fluid element must remain constant 
(volumetric strain rate must be zero in an incompressible flow). The area of the original fluid particle is a*. Hence, the 
vertical dimension of the fluid particle at the later time must be a?/2a = a/2. 


Discussion Since the particle stretches by a factor of two in the x-direction, it shrinks by a factor of two in the y- 
direction. 
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Solution We are to calculate the percentage change in fluid density for a fluid particle undergoing two-dimensional 
deformation. 


Assumptions 1 The flow is two-dimensional in the x-y plane. 


Analysis The area of the original fluid particle is a°. Assuming that the mass of the fluid particle is m and its 
dimension in the z-direction is also a, the initial density is p = m/¥ = m/a’. As the particle moves and deforms, its mass 
must remain constant. If its dimension in the z-direction remains equal to a, the density at the later time is 

m m m 


Density at the later time: p= V = q 06 (0 931 mT a 3 (1) 
.06a)(0.931a)(a a 





Compared to the original density, the density has increased by about 1.3%. 


Discussion The fluid particle has stretched in the x-direction and shrunk in the y-direction, but there is nevertheless a 
net decrease in volume, corresponding to a net increase in density. 





4-73 
Solution For a given velocity field we are to calculate the vorticity. 
Analysis The velocity field is 


V =(u,v,w) =(3.04+2.0x—y)i+(2.0x-2.0y)7+(O.Sxy)k  @ 


In Cartesian coordinates, the vorticity vector is 


Vorticity vector in Cartesian coordinates: Č w a E 4 on oe k (2) 
Oy OZ Oz ôx Ox Oy 








We substitute the velocity components u = 3.0 + 2.0x — y, v = 2.0x — 2.0y, and w = 0.5xy from Eq. 1 into Eq. 2 to obtain 





Vorticity vector: Č = (0.5x—0)i +(0-0.5y) j +(2.0-(-1))k = (0.5x)i —(0.5y) 7 +(3.0)k (3) 











Discussion The vorticity is non-zero implying that this flow field is rotational. 
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4-74 
Solution We are to determine if the flow is rotational, and if so calculate the z-component of vorticity. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis The velocity field is given by 
Velocity field, Couette flow: V= (u, v) = (v z); +0j (1) 


If the vorticity is non-zero, the flow is rotational. So, we calculate the z-component of vorticity, 





hs ðv Ou V V 
z-component of vorticity: = a = = =. A (2) 











Since vorticity is non-zero, this flow is rotational. Furthermore, the vorticity is negative, implying that particles rotate in 
the clockwise direction. 


Discussion The vorticity is constant at every location in this flow. 





4-75 
Solution For the given velocity field for Couette flow, we are to calculate the two-dimensional linear strain rates and 
the shear strain rate. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 





Analysis The linear strain rates in the x direction and in the y direction are 
Linear strain rates: Ex = a =0 é,, = a =0 (1) 
“Ox “Oy 
The shear strain rate in the x-y plane is 
1{ ou ð 1(V V 
Shear strain rate: Ey, == %,Z]|=2+0|=— (2) 
> 2\ðy ox) 2\h 2h 











Fluid particles in this flow have non-zero shear strain rate. 


Discussion Since the linear strain rates are zero, fluid particles deform (shear), but do not stretch in either the horizontal 
or vertical directions. 
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4-76 
Solution For the Couette flow velocity field we are to form the 2-D strain rate tensor and determine if the x and y 
axes are principal axes. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis The two-dimensional strain rate tensor, &, is 


s Ex Ey 
2-D strain rate tensor: €.= : (1) 
1j E 


yx yy 


We use the linear strain rates and the shear strain rate from the previous problem to generate the tensor, 








V 
. Eix Ey 2h 
2-D strain rate tensor: Ej = = (2) 
Ey Ey V 
2h 








Note that by symmetry £x = £y. If the x and y axes were principal axes, the diagonals of £; would be non-zero, and the off- 
diagonals would be zero. Here we have the opposite case, so the x and y axes are not principal axes. 


Discussion The principal axes can be calculated using tensor algebra. 
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Chapter 4 Fluid Kinematics 


Reynolds Transport Theorem 


4-77C 

Solution 

(a) False: The statement is backwards, since the conservation laws are naturally occurring in the system form. 

(b) False: The RTT can be applied to any control volume, fixed, moving, or deforming. 

(c) True: The RTT has an unsteady term and can be applied to unsteady problems. 

(d) True: The extensive property B (or its intensive form b) in the RTT can be any property of the fluid — scalar, vector, or 
even tensor. 





4-78 
Solution For the case in which B,,, is the mass m of a system, we are to use the RTT to derive the equation of 
conservation of mass for a control volume. 


Analysis The general form of the Reynolds transport theorem is given by 


dB d 4 
sys a 
ar f pbdV +|__ pbv, iidA (1) 





General form of the RTT: 


Setting B,,, =m means that b = m/m = 1. Plugging these and dm/dt = 0 into Eq. 1 yields 





d 


n „n Pd + | pV, -ñdA 2) 


Conservation of mass for a CV: 0 











Discussion Eq. 2 is general and applies to any control volume — fixed, moving, or even deforming. 





4-79 
Solution For the case in which B,,, is the linear momentum mV ofa system, we are to use the RTT to derive the 
equation of conservation of linear momentum for a control volume. 


Analysis Newton’s second law is 


Newton’s second law for a system: > F =ma= m = L (m?) (1) 
t t sys 


Setting Bsys = mV means that b = mV/ m =V . Plugging these and Eq. 1 into the equation of the previous problem yields 


- dy > d -= s(g > 
LF =a (mV) =~ [eva + [ev (V, i)a 
or simply 
Conservation of linear momentum for a CV: 


SrA] avj iaa] 














Discussion Eq. 2 is general and applies to any control volume — fixed, moving, or even deforming. 
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Chapter 4 Fluid Kinematics 
4-80 
Solution For the case in which B,,, is the angular momentum H of a system, we are to use the RTT to derive the 
equation of conservation of angular momentum for a control volume. 


Analysis The conservation of angular momentum is expressed as 
4 . -_ d> 
Conservation of angular momentum for a system: XM = F Hys (1) 


Setting Bsys = H means that b = (7 x mV) / m=7xV , noting that m = constant for a system. Plugging these and Eq. 1 into 
the equation of Problem 4-78 yields 


Dm =F, = Sf, AA GAA 
or simply 


Conservation of angular momentum for a CV: 





Yai A I olraiavsl olPP[G-a)aa] ©) 











Discussion Eq. 2 is general and applies to any control volume — fixed, moving, or even deforming. 





4-81 
Solution F(t) is to be evaluated from the given expression. 
Analysis The integral is 


d x=Bt 2 
F(t)=— e™ dx 1 
( ) dt 1 x=åAt ( ) 
We could try integrating first, and then differentiating, but we can instead use the 1-D Leibnitz theorem. Here, 
G(x,t) =e? (G is not a function of time in this simple example). The limits of integration are a(t) = At and b(t) = Bt. 
Thus, 


»ôG db da 
F(t)=}. a tt Ge Flot) FZ Gat) 


= 0 + Be” —-Ae** 


(2) 


or 











F(t)=Be®" —Ae*"| (3) 





Discussion You are welcome to try to obtain the same solution without using the Leibnitz theorem. 
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Chapter 4 Fluid Kinematics 


Review Problems 


4-82 


Solution We are to determine if the flow is rotational, and if so calculate the z-component of vorticity. 
Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis The velocity components are given by 


Velocity components, 2-D Poiseuille flow: u= a 2 hy) v=0 (1) 
Ix 


If the vorticity is non-zero, the flow is rotational. So, we calculate the z-component of vorticity, 


z-component of vorticity: 


6, 














ôv Ou 1 dP 2 1 dP 


= (2) 
ôx oy 2u as a ) 2u dx (2y h) 











Since vorticity is non-zero, this flow is rotational. Furthermore, in the lower half of the flow (y < h/2) the vorticity is 
negative (note that dP/dx is negative). Thus, particles rotate in the clockwise direction in the lower half of the flow. 
Similarly, particles rotate in the counterclockwise direction in the upper half of the flow. 


Discussion The vorticity varies linearly across the channel. 





4-83 
Solution For the given velocity field for 2-D Poiseuille flow, we are to calculate the two-dimensional linear strain 
rates and the shear strain rate. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis The linear strain rates in the x direction and in the y direction are 


e, = 24 =0 6, =~ =0 (1) 
“Ax ” ey 


Linear strain rates: 


The shear strain rate in the x-y plane is 


Shear strain rate: 
paye a ag a A 
© 2\ðy ox) 2\2u dx 4u d 


Fluid particles in this flow have non-zero shear strain rate. 














Discussion Since the linear strain rates are zero, fluid particles deform (shear), but do not stretch in either the horizontal 
or vertical directions. 
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Chapter 4 Fluid Kinematics 
4-84 
Solution For the 2-D Poiseuille flow velocity field we are to form the 2-D strain rate tensor and determine if the x 
and y axes are principal axes. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 





Analysis The two-dimensional strain rate tensor, &j, in the x-y plane, 
Ew Ey 
2-D strain rate tensor: Ej -( rs . (1) 
Ex Ey 
We use the linear strain rates and the shear strain rate from the previous problem to generate the tensor, 
1 dP 
0 a (Oye) 
Ex Ey 4 4U dx 
“ule e | 1 aP A 
= Em) | 2 A ayh) 0 
4u dx 











Note that by symmetry £x = £y. If the x and y axes were principal axes, the diagonals of £; would be non-zero, and the off- 
diagonals would be zero. Here we have the opposite case, so the x and y axes are not principal axes. 


Discussion The principal axes can be calculated using tensor algebra. 


Solution For a given velocity field we are to plot several pathlines 
for fluid particles released from various locations and over a specified time 
period. 





Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The 
flow is two-dimensional in the x-y plane. 


Properties For water at 40°C, u= 6.53x10“ kg/ms. 


Analysis Since the flow is steady, pathlines, streamlines, and 
streaklines are all straight horizontal lines. We simply need to integrate 
velocity component u with respect to time over the specified time period. 
The horizontal velocity component is 


1 dP 





u=——(y’-h 1 
2u dx (y ») 9 
0 0.5 1 1.5 
We integrate as follows: x (m) 
bend ws( 1 dP; , FIGURE 1 
XE Xan F he ae f 0 Grae = ja Pathlines for the given velocity field at t = 
(2) 12 s. Note that the vertical scale is greatly 
x= =e = hy)(10 s) expanded for clarity (x is in m, but y is in 
2u dx mm). 


We substitute the given values of y and the values of x and dP/dx into Eq. 2 to calculate the ending x position of each 
pathline. We plot the pathlines in Fig. 1. 


Discussion Streaklines introduced at the same locations and developed over the same time period would look identical 
to the pathlines of Fig. 1. 
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Chapter 4 Fluid Kinematics 
4-86 [Also solved using EES on enclosed DVD] 
Solution For a given velocity field we are to plot several streaklines at a given time for dye released from various 
locations over a specified time period. 
Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 
Properties For water at 40°C, = 6.53x10“ kg/m:s. 
Analysis Since the flow is steady, pathlines, streamlines, and 
streaklines are all straight horizontal lines. We simply need to integrate 


velocity component u with respect to time over the specified time period. 
The horizontal velocity component is 


u=——(y’-hy) (1) 


We integrate as follows to obtain the final x location of the first dye 
particle released: 


X= Xa + jc udt = o+f” (2o -w)]ar 
(2) 


x=—= (y? -hy)x(10 s) 0 0.5 1 1.5 
x (m) 





We substitute the given values of y and the values of 4 and dP/dx into Eq. 
2 to calculate the ending x position of the first released dye particle of each 
streakline. The last released dye particle is at x = Xsan. = 0, because it hasn’t 
had a chance to go anywhere. We connect the beginning and ending points 
to plot the streaklines (Fig. 1). 


FIGURE 1 

Streaklines for the given velocity field at t= 
10 s. Note that the vertical scale is greatly 
expanded for clarity (x is in m, but y is in 
mm). 


Discussion These streaklines are introduced at the same locations and 
are developed over the same time period as the pathlines of the previous problem. They are identical since the flow is 
steady. 
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Chapter 4 Fluid Kinematics 


EES 
d 


Solution For a given velocity field we are to plot several streaklines at a given time for dye released from various 
locations over a specified time period. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The 
flow is two-dimensional in the x-y plane. 


Properties For water at 40°C, = 6.53x10* kg/m-s. 


Analysis Since the flow is steady, pathlines, streamlines, and 
streaklines are all straight horizontal lines. The horizontal velocity 
component is 


(1) 


In the previous problem we generated streaklines at t = 10 s. Imagine the 
dye at the source being suddenly cut off at that time, but the streaklines are 
observed 2 seconds later, at t = 12 s. The dye streaks will not stretch any 0 05 1 15 
further, but will simply move at the same horizontal speed for 2 more ` ' 





seconds. At each y location, the x locations of the first and last dye particle a(n) 
are thus FIGURE 1 
1 dP Streaklines for the given velocity field at t = 
first dye particle of streakline: x = — y _ hy)(12 s) (2) 12 s. Note that the vertical scale is greatly 
2u dx expanded for clarity (x is in m, but y is in 
and mm). 
l dP; , 
last dye particle of streakline: x =——(|y° -hy)(2s 3 
ve f ae (y? -hy)(2 5) (3) 


We substitute the given values of y and the values of 4 and dP/dx into Eqs. 2 and 3 to calculate the ending and beginning x 
positions of the first released dye particle and the last released dye particle of each streakline. We connect the beginning 
and ending points to plot the streaklines (Fig. 1). 


Discussion Both the left and right ends of each dye streak have moved by the same amount compared to those of the 
previous problem. 


Solution For a given velocity field we are to compare streaklines at two different times and comment about linear 
strain rate in the x direction. 





Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 
Properties For water at 40°C, y= 6.53x10“ kg/m:s. 


Analysis Comparing the results of the previous two problems we see that the streaklines have not stretched at all — 
they have simply convected downstream. Thus, based on the fundamental definition of linear strain rate, it is zero: 





Linear strain rate in the x direction: E,, =90 (1) 











Discussion Our result agrees with that of Problem 4-83. 
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Chapter 4 Fluid Kinematics 


g 


4-89 -F 


Solution For a given velocity field we are to plot several timelines 
at a specified time. The timelines are created by hydrogen bubbles 
released from a vertical wire at x = 0. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The 
flow is two-dimensional in the x-y plane. 


Properties For water at 40°C, = 6.53x10“ kg/m:s. 


Analysis Since the flow is steady, pathlines, streamlines, and 
streaklines are all straight horizontal lines, but timelines are completely 
different from any of the others. To simulate a timeline, we integrate 
velocity component u with respect to time over the specified time period 
from t = 0 to f = feng. We introduce the bubbles at x = 0 and at many values 
of y (we used 50 in our simulation). By connecting these x locations with 
a line, we simulate a timeline. The horizontal velocity component is 





0 0.5 1 1.5 
, 1 dP, , x (m) 
x-velocity component: u= er y- hy) (1) 
ve FIGURE 1 
We integrate as follows to find the x position on the timeline at tena: Timelines for the given velocity field at t = 
12.5 s, generated by a simulated hydrogen 
_ hd _ taf 1 dP 3 T bubble wire at x = 0. Timelines created at ts 
X5 Agan +f udt =0+ Grae by) = 10.0 s, 4 =7.5 s, 5 = 5.0 s, h = 2.5 s, and 
tı = 0 s. Note that the vertical scale is greatly 
l dP; , : ae ae 
x= ——_( yr hy) Lona expanded for clarity (x is in m, but y is in 
2u dx mm). 


We substitute the values of y and the values of 4 and dP/dx into the above equation to calculate the ending x position of 
each point in the timeline. We repeat for the five values of tena. We plot the timelines in Fig. 1. 


Discussion Each timeline has the exact shape of the velocity profile. 





4-90 


Solution We are to determine if the flow is rotational, and if so calculate the 6component of vorticity. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is axisymmetric about the x axis. 














Analysis The velocity components are given by 
1 dP 2 
u=——(r? -R’) u, =0 u, =0 (1) 
4u dx 
If the vorticity is non-zero, the flow is rotational. So, we calculate the @-component of vorticity, 
Ou, Ou 1 dP r dP 
-component of vorticity: Z 0 2r=- J 
E f > So a ôr 4u dx 2u dx 2) 











Since the vorticity is non-zero, this flow is rotational. The vorticity is positive since dP/dx is negative. In this coordinate 
system, positive vorticity is counterclockwise with respect to the positive @ direction. This agrees with our intuition since in 
the top half of the flow, @ points out of the page, and the rotation is counterclockwise. Similarly, in the bottom half of the 
flow, @ points into the page, and the rotation is clockwise. 


Discussion The vorticity varies linearly across the pipe from zero at the centerline to a maximum at the pipe wall. 
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4-91 
Solution 
the shear strain rate. 


Assumptions 


Analysis 


Linear strain rates: 


Ex T a 


rr 


The linear strain rates in the x direction and in the r direction are 


-o 


ou, 


J 9 
or 


Chapter 4 Fluid Kinematics 


For the given velocity field for axisymmetric Poiseuille flow, we are to calculate the linear strain rates and 


1 The flow is steady. 2 The flow is incompressible. 3 The flow is axisymmetric about the x axis. 


(1) 


Thus there is no linear strain rate in either the x or the r direction. The shear strain rate in the x-r plane is 





= 


Shear strain rate: Ey = 7 





ðu, ôu 
‘nan + — 
Ox Or 


1 


2 


[os 


1 dP 


4u dx 


r dP 
4u dx 








Fluid particles in this flow have non-zero shear strain rate. 


Discussion 
or radial directions. 


(2) 


Since the linear strain rates are zero, fluid particles deform (shear), but do not stretch in either the horizontal 





4-92 
Solution 


determine if the x and r axes are principal axes. 


Assumptions 


Analysis 


Axisymmetric strain rate tensor: 


The axisymmetric strain rate tensor, &j, 1s 


Ex ) 
Ex 


For the axisymmetric Poiseuille flow velocity field we are to form the axisymmetric strain rate tensor and 


1 The flow is steady. 2 The flow is incompressible. 3 The flow is axisymmetric about the x axis. 


(1) 


We use the linear strain rates and the shear strain rate from the previous problem to generate the tensor, 


Axisymmetric strain rate tensor: 








r dP 
4u dx 


r dP 
4u dx 


0 








(2) 


Note that by symmetry £x = £r. If the x and r axes were principal axes, the diagonals of £; would be non-zero, and the off- 
diagonals would be zero. Here we have the opposite case, so the x and r axes are not principal axes. 


Discussion 


The principal axes can be calculated using tensor algebra. 
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Chapter 4 Fluid Kinematics 
4-93 


Solution We are to determine the location of stagnation point(s) in a given velocity field. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis The velocity components are 


t of velocity ae nie o 
x-component of velocity: u= a 
p ` aL xt +22 y +220 + yt -2y b? +b" 





and 
-Vy x+y -b 
mL xt +2x y +2x b? + yt -—2yb’ +b 





y-component of velocity: v= (2) 

Both u and v must be zero at a stagnation point. From Eq. 1, u can be zero only when x = 0. From Eq. 2, v can be zero either 
when y = 0 or when 3x? + y? -b” = 0. Combining the former with the result from Eq. 1, we see that there is a stagnation 
point at (x,y) = (0,0), i.e. at the origin, 











Stagnation point: u =Q and v =0 at (x, y) = (0,0) (3) 





Combining the latter with the result from Eq. 1, there appears to be another stagnation point at (x,y) = (0,b). However, at 
that location, Eq. 2 becomes 


y-component of velocity: v= Ab o i 2 0 (4) 
A ` mL b*-2b™b’+b* 0 


This point turns out to be a singularity point in the flow. Thus, the location (0,b) is not a stagnation point after all. 


Discussion There is only one stagnation point in this flow, and it is at the origin. 
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Chapter 4 Fluid Kinematics 


4-94 
Solution We are to draw a velocity vector plot for a given velocity field. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 
Analysis We generate an array of x and y values in the given range and calculate u and v from Eqs. 1 and 2 


respectively at each location. We choose an appropriate scale factor for the vectors and then draw arrows to form the 
velocity vector plot (Fig. 1). 


10 m/s 


Scale: ——————>—> 


FIGURE 1 

Velocity vector plot for the 
vacuum cleaner; the scale 
factor for the velocity vectors 
is shown on the legend. x and 
y values are in meters. The 
vacuum cleaner inlet is at the 
point x = 0, y= 0.02 m. 





-0.03 -0.02 -0.01 0 0.01 0.02 0.03 


X 


It is clear from the velocity vector plot how the air gets sucked into the vacuum cleaner from all directions. We also see that 
there is no flow through the floor. 


Discussion We discuss this problem in more detail in Chap. 10. 





4-95 
Solution We are to calculate the speed of air along the floor due to a vacuum cleaner, and find the location of 
maximum speed. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis At the floor, y = 0. Setting y = 0 in Eq. 2 of Problem 4-93 shows that v = 0, as expected — no flow through 
the floor. Setting y = 0 in Eq. 1 of Problem 4-93 results in the speed along the floor, 


Speed on the floor: 
_ -Vx xX +b? -Vx +b? -Vx (1) 


“OGL x ix b +b "aL (x? 46°) = zL(x?° +b?) 





We find the maximum speed be differentiating Eq. 1 and setting the result to zero, 


du _ -V| -2x 1 
Maximum speed on the floor: “= x stay | =90 (2) 
dx aL ( e+ b*) x +b 





After some algebraic manipulation, we find that Eq. 2 has solutions at x = b and x = -b. It is at x = b and x = -b where we 
expect the best performance. At the origin, directly below the vacuum cleaner inlet, the flow is stagnant. Thus, despite our 
intuition, the vacuum cleaner will work poorly directly below the inlet. 


Discussion Try some experiments at home to verify these results! 
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Chapter 4 Fluid Kinematics 


4-96 


Solution For a given expression for u, we are to find an expression for v such that the flow field is incompressible. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 

Analysis The x-component of velocity is given as 

x-component of velocity: u=a+b (x = c) (1) 


In order for the flow field to be incompressible, the volumetric strain rate must be zero, 


. . 1 DV ou ov ð 
Volumetric strain rate: ——__ $6, Fé, Fé, = ++ =0 
VDt “~*~ © & dy fz (2) 
Two-D 
This gives us a necessary condition for v, 
Necessary condition for v: ov = _ ou (3) 
oy Ox 
We substitute Eq. 1 into Eq. 3 and integrate to solve for v, 
a = e = -2b(x-c) 
oy Ox 


Expression for v: 


v -JZ ay = | (-2b(x-c))dy+ f 


Note that we must add an arbitrary function of x rather than a simple constant of integration since this is a partial integration 
with respect to y. v is a function of both x and y. The result of the integration is 











Expression for v: v=-2b (x E c) yt f(x) (4) 





Discussion We verify by plugging Eqs. | and 4 into Eq. 2, 


Volumetric strain rate: ca = a, - = 2b(x — c) - 2b(x- c) =0 (5) 
V Dt ox doy 


Since the volumetric strain rate is zero for any function f(x), Eqs. 1 and 4 represent an incompressible flow field. 





4-53 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 4 Fluid Kinematics 
4-97 
Solution For a given velocity field we are to determine if the flow is rotational or irrotational. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 


Analysis The velocity components for flow over a circular cylinder of radius r are 
a’ a’ 
u, =v oso 1-5) Uy -vsino[ 1+] (1) 
r r 


Since the flow is assumed to be two-dimensional in the r-0 plane, the only non-zero component of vorticity is in the z 
direction. In cylindrical coordinates, 


ð 
Vorticity component in the z direction: GS 1 ae). Me (2) 
© r Or 00 


We plug in the velocity components of Eq. 1 into Eq. 2 to solve for 6, 


2 2 2 2 
= H> ino{rs®) ovina) = 1) -vsinosv Sino Vsind-V sind =0 (3) 
or r re r re r 


F 
Hence, since the vorticity is everywhere zero, this flow is irrotational. 


Discussion Fluid particles distort as they flow around the cylinder, but their net rotation is zero. 





4-98 


Solution For a given velocity field we are to find the location of the stagnation point. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 





Analysis The stagnation point occurs when both components of 
velocity are zero. We set u, = 0 and ug = 0 in Eq. | of the previous V 
problem, ——> Stagnation 
= point 
a SS 
u, = V cos of = z) =0 Either cos8 =0 or r’ =a? — 
r — 
(1) : 
a’ ; . 2 2 Bay 
u = -V sin 0 iT =0 Either sin 0 =0 or r° = —a FIGURE 1 
The stagnation point on the upstream half of 
The second part of the ug condition in Eq. 1 is obviously impossible since the flow field is located at the nose of the 
cylinder radius a is a real number. Thus sin@= 0, which means that 8 = 0° cylinder at r =a and @= 180°. 


or 180°. We are restricted to the left half of the flow (x < 0); therefore we 
choose @= 180°. Now we look at the u, condition in Eq. 1. At @= 180°, cos@= -1, and thus we conclude that r must equal 
a. Summarizing, 











Stagnation point: r=a 0 = -180° (2) 





Or, in Cartesian coordinates, 





Stagnation point: x=-a y=0 (3) 











The stagnation point is located at the nose of the cylinder (Fig. 1). 


Discussion This result agrees with our intuition, since the fluid must divert around the cylinder at the nose. 
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ce) 


4-99 I 


Solution For a given stream function we are to generate an equation 
for streamlines, and then plot several streamlines in the upstream half of 
the flow field. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the 
r-@ plane. 


Analysis 
(a) The stream function is 


r 


y=vaind{ r=) (1) 





First we multiply both sides of Eq. 1 by r, and then solve the quadratic 


equation for r using the quadratic rule. This gives us an equation for r as a 04 -03 -02 -01 0 














function of 0, with y, a, and V as parameters, x (m) 
FIGURE 1 
; ; yr ly? +4a’V’ sin* @ Streamlines corresponding to flow over a 
Equation for a streamline: i =~. (2) circular cylinder. Only the upstream half of 
the flow field is plotted. 


(b) For the particular case in which V = 1.00 m/s and cylinder radius a = 10.0 cm, we choose various values of yin Eq. 2, 
and plot streamlines in the upstream half of the flow (Fig. 1). Each value of y corresponds to a unique streamline. 


Discussion The stream function is discussed in greater detail in Chap. 9. 
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Solution For a given velocity field we are to calculate the linear strain rates ¢,, and €gg in the r-0 plane. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 

















Analysis We substitute the equation of Problem 4-97 into that of Problem 4-91, 
i ; . Ee Ou a 
Linear strain rate in r direction: ES 5 -= WV cos 0 — (1) 
r r 
and 





1 ð i 1 2 2 2 
Linear strain rate in @ direction: Egg =— on u, |=—| —Vcos@| 1+ a +V cosð| 1- 1 = —2V cos 6 (2) 
r| 00 r r r r 











The linear strain rates are non-zero, implying that fluid line segments do stretch (or shrink) as they move about in 
the flow field. 


Discussion The linear strain rates decrease rapidly with distance from the cylinder. 
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Chapter 4 Fluid Kinematics 
4-101 


Solution We are to discuss whether the flow field of the previous problem is incompressible or compressible. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 





Analysis For two-dimensional flow we know that a flow is incompressible if its volumetric strain rate is zero. In that 
case, 
1 DV ôu ð 
Volumetric strain rate, incompressible 2-D flow in the x-y plane: TST =EL tE, gag (1) 
V Dt “Ox Oy 
We can extend Eq. | to cylindrical coordinates by writing 
1 DV ou, 1} 0 
Volumetric strain rate, incompressible 2-D flow in the r-@ plane: =——=€&,+€,= Ph pele u, |=0 (2) 
V Dt ôr r| 0 
Plugging in the results of the previous problem we see that 
; . . . 1 DV a a 
Volumetric strain rate for flow over a circular cylinder: VD = 2V cosĝð— -2V cosĝ0—=0 (3) 
t r r 


Since the volumetric strain rate is zero everywhere, the flow is incompressible. 


Discussion In Chap. 9 we show that Eq. 2 can be obtained from the differential equation for conservation of mass. 
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Solution For a given velocity field we are to calculate the shear strain rate &,. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r- plane. 


Analysis We substitute the equation of Problem 4-97 into that of Problem 4-91, 


Shear strain rate in r-@ plane: 


1| Ofu,\ 1 ou, 
Ea =| r—| — |+- 
2) or\r r 00 
Ś 2. 2 
me pe ne a -~V sin | 1-— () 
2| ôr r r r r’? 


Fors 1 a@ 1 we noua 
=—V sin =p- = 2V sind— 
2 - r 


r r r r 








which reduces to 





2 
Shear strain rate in r-@ plane: E,g = 2V sin o (2) 
r 











The shear strain rate is non-zero, implying that fluid line segments do deform with shear as they move about in the 
flow field. 


Discussion The shear strain rate decreases rapidly (as 7°) with distance from the cylinder. 





SQ 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


Conservation of Mass 


5-1C 
Solution We are to name some conserved and non-conserved quantities. 
Analysis Mass, energy, momentum, and electric charge are conserved, and volume and entropy are not 


conserved during a process. 


Discussion Students may think of other answers that may be equally valid. 





5-2C 
Solution We are to discuss mass and volume flow rates and their relationship. 
Analysis Mass flow rate is the amount of mass flowing through a cross-section per unit time whereas volume flow 


rate is the amount of volume flowing through a cross-section per unit time. 


Discussion Mass flow rate has dimensions of mass/time while volume flow rate has dimensions of volume/time. 





5-3C 
Solution We are to discuss the mass flow rate entering and leaving a control volume. 
Analysis The amount of mass or energy entering a control volume does not have to be equal to the amount of mass 


or energy leaving during an unsteady-flow process. 


Discussion If the process is steady, however, the two mass flow rates must be equal; otherwise the amount of mass 
would have to increase or decrease inside the control volume, which would make it unsteady. 





5-4C 
Solution We are to discuss steady flow through a control volume. 
Analysis Flow through a control volume is steady when it involves no changes with time at any specified position. 


Discussion This applies to any variable we might consider — pressure, velocity, density, temperature, etc. 





5-5C 
Solution We are to discuss whether the flow is steady through a given control volume. 
Analysis No, a flow with the same volume flow rate at the inlet and the exit is not necessarily steady (unless the 


density is constant). To be steady, the mass flow rate through the device must remain constant. 


Discussion If the question had stated that the two mass flow rates were equal, then the answer would be yes. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-6E 
Solution A garden hose is used to fill a water bucket. The volume and mass flow rates of water, the filling time, and 
the discharge velocity are to be determined. 


Assumptions 1 Water is an incompressible substance. 2 Flow through the hose is steady. 3 There is no waste of water by 
splashing. 


Properties We take the density of water to be 62.4 Ibm/ft’. 


Analysis (a) The volume and mass flow rates of water are 
V=AV =(2D°/4V =[a(1/12 ft) /4](8 ft/s) = 0.04363 ft'/s = 0.0436 ft*/s 


th = pV = (62.4 lbm/ft* (0.04363 ft*/s) = 2.72 Ibm/s 


(b) The time it takes to fill a 20-gallon bucket is 


3 
V 20gal l Ift J-o12s 





V 0.04363 ft*/s | 7.4804 gal 


(c) The average discharge velocity of water at the nozzle exit is 





V V 0.04363 ft?/s 


V, =—=—— = ———_—__ = 32 ft/s 
A, mD2/4  [n(0.5/12 ft)? /4] 


e 





Discussion Note that for a given flow rate, the average velocity is inversely proportional to the square of the velocity. 
Therefore, when the diameter is reduced by half, the velocity quadruples. 





5-7 
Solution Air is accelerated in a nozzle. The mass flow rate and the exit area of the nozzle are to be determined. 


Assumptions Flow through the nozzle is steady. 
Properties The density of air is given to be 2.21 kg/m’ at the inlet, and 0.762 kg/m’ at the exit. 


Analysis (a) The mass flow rate of air is determined from the inlet conditions to be 


tit = p, A\V, = (2.21 kg/m?)(0.008 m*)(30 m/s) = 0.530 kg/s a 


V,=30m/s_ AIR 
A, =80cm? ——>_ V2= 180 m/s 


(b) There is only one inlet and one exit, and thus m, = m =m. 
Then the exit area of the nozzle is determined to be AA 
m 0.530 kg/s 


= = - = 0.00387 m* =38.7 cm? 
P2V2 (0.762 kg/m* )(180 m/s) 





Discussion Since this is a compressible flow, we must equate mass flow rates, not volume flow rates. 





5-3 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 5 Mass, Bernoulli, and Energy Equations 
5-8 
Solution Air is expanded and is accelerated as it is heated by a hair dryer of constant diameter. The percent increase 
in the velocity of air as it flows through the drier is to be determined. 


Assumptions Flow through the nozzle is steady. 


Properties The density of air is given to be 1.20 kg/m’ at the inlet, and 1.05 kg/m’ at the exit. 


Analysis There is only one inlet and one exit, and thus m, =m, =m. Then, 
K 5 ee 
m =m, < 
PAV, =p,AV, Me "i 


3 
Ma. gs oP gee eee =1.14 (or, anincrease of 14%) 
V, pp, 1.05 kg/m 


Therefore, the air velocity increases 14% as it flows through the hair drier. 


Discussion It makes sense that the velocity increases since the density decreases, but the mass flow rate is constant. 





5-9E 
Solution The ducts of an air-conditioning system pass through an open area. The inlet velocity and the mass flow rate 
of air are to be determined. 


Assumptions Flow through the air conditioning duct is steady. 


Properties The density of air is given to be 0.078 lbm/ft’ at the inlet. 





Analysis The inlet velocity of air and the mass flow rate through the duct are 
V V 450 ft? /mi : 
v =-=- —1 -= wn 4825 ft/min = 13.8 ft/S 450 ft/min AIR D=10in 
A aD°14 x(l0/12 ft)? /4 —> 


it = 2, V, = (0.078 Ibm/ft? )(450 ft? / min) = 35.1 1bm/min = 0.585 Ibm/s 


Discussion The mass flow rate though a duct must remain constant in steady flow; however, the volume flow rate 
varies since the density varies with the temperature and pressure in the duct. 





5-10 

Solution A rigid tank initially contains air at atmospheric conditions. The tank is connected to a supply line, and air 
is allowed to enter the tank until the density rises to a specified level. The mass of air that entered the tank is to be 
determined. 


Properties The density of air is given to be 1.18 kg/m’ at the beginning, and 7.20 kg/m’ at the end. 


Analysis We take the tank as the system, which is a control volume since mass crosses the boundary. The mass 


balance for this system can be expressed as 
— 


V,=1m° 
pı =1.18 kg/m? 


Mass balance: M, -Mu =A > m =m,-m =p,V-p V 


in out m system 


Substituting, m; = (Py —p,)V =[(7.20-1.18) kg/m? ]( m°) = 6.02 kg 






Therefore, 6.02 kg of mass entered the tank. 


Discussion Tank temperature and pressure do not enter into the calculations. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


Sain The ventilating fan of the bathroom of a building runs continuously. The mass of air “vented out” per day is 
to be determined. 

Assumptions Flow through the fan is steady. _——— 
Properties The density of air in the building is given to be 1.20 kg/m’. =. 

Analysis The mass flow rate of air vented out is & 


Thair = PV = (1.20 kg/m? )(0.030 m?/s) = 0.036 kg/s 
Then the mass of air vented out in 24 h becomes 


m = mr At = (0.036 kg/s)(24x3600 s) = 3110 kg 
Discussion Note that more than 3 tons of air is vented out by a bathroom fan in one day. 





5-12 
Solution A desktop computer is to be cooled by a fan at a high elevation where the air density is low. The mass flow 
rate of air through the fan and the diameter of the casing for a given velocity are to be determined. 


Assumptions Flow through the fan is steady. 
Properties The density of air at a high elevation is given to be 0.7 kg/m’. 
Analysis The mass flow rate of air is 

Thair = PV air = (0.7 kg/m? )(0.34 m?/min) = 0.238 kg/min = 0.0040 kg/s 


If the mean velocity is 110 m/min, the diameter of the casing is 


2 va 
V=AV= mD y , D= 4V _ [4(0.34m ao) -0.063 m 
4 mV z(110 m/min) 


Therefore, the diameter of the casing must be at least 6.3 cm to ensure that the mean velocity does not exceed 110 m/min. 





ee 


r | 
[Eee es 








Discussion This problem shows that engineering systems are sized to satisfy given imposed constraints. 





5-13 
Solution A smoking lounge that can accommodate 15 smokers is considered. The required minimum flow rate of air 
that needs to be supplied to the lounge and the diameter of the duct are to be determined. 


Assumptions Infiltration of air into the smoking lounge is negligible. 


Properties The minimum fresh air requirements for a smoking lounge is given to be 30 L/s per person. 
Analysis The required minimum flow rate of air that needs to be supplied to the lounge is determined directly from 
Vair = Voir per person (No. of persons) 
= (30 L/s- person)(15 persons) = 450 L/s = 0.45 m?/s Smoking Lounge 
The volume flow rate of fresh air can be expressed as 
V =VA=V(aD" /4) 15 smokers 
Solving for the diameter D and substituting, 30 L/s person 





I 7 3 

D- AV = 4(0.45 m~/s) -0.268 m 
mV z(8 m/s) 

Therefore, the diameter of the fresh air duct should be at least 26.8 cm if the velocity of air is not to exceed 8 m/s. 


Discussion Fresh air requirements in buildings must be taken seriously to avoid health problems. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-14 
Solution The minimum fresh air requirements of a residential building is specified to be 0.35 air changes per hour. 
The size of the fan that needs to be installed and the diameter of the duct are to be determined. 


Analysis The volume of the building and the required minimum volume flow rate of fresh air are 


Voom = (2.7 m)(200 m°) = 540 m? 
V = V vom X ACH = (540 m*)(0.35/h) = 189 m? /h = 189,000 L/h = 3150 L/min 


The volume flow rate of fresh air can be expressed as 
V =VA=V(aD* /4) House 


Solving for the diameter D and substituting, 0.35 ACH 200 m? 


7 3 
D- 4V _ [4189/3600 m`/s) -0.106 m 
aV z(6 m/s) 


Therefore, the diameter of the fresh air duct should be at least 10.6 cm if the velocity of air is not to exceed 6 m/s. 





Discussion Fresh air requirements in buildings must be taken seriously to avoid health problems. 





5-6 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 5 Mass, Bernoulli, and Energy Equations 


Mechanical Energy and Pump Efficiency 


5-15C 
Solution We are to discuss mechanical energy and how it differs from thermal energy. 
Analysis Mechanical energy is the form of energy that can be converted to mechanical work completely and 


directly by a mechanical device such as a propeller. It differs from thermal energy in that thermal energy cannot be 
converted to work directly and completely. The forms of mechanical energy of a fluid stream are kinetic, potential, and 
flow energies. 


Discussion It would be nice if we could convert thermal energy completely into work. However, this would violate the 
second law of thermodynamics. 





5-16C 
Solution We are to define and discuss mechanical efficiency. 
Analysis Mechanical efficiency is defined as the ratio of the mechanical energy output to the mechanical energy 


input. A mechanical efficiency of 100% for a hydraulic turbine means that the entire mechanical energy of the fluid is 
converted to mechanical (shaft) work. 


Discussion No real fluid machine is 100% efficient, due to frictional losses, etc. — the second law of thermodynamics. 





5-17C 
Solution We are to define and discuss pump-motor efficiency. 
Analysis The combined pump-motor efficiency of a pump/motor system is defined as the ratio of the increase in the 


mechanical energy of the fluid to the electrical power consumption of the motor, 





E mech out = E mech,in = AE ech, fluid 7 W pump 
Walect,in W etect.in Watect.in 

The combined pump-motor efficiency cannot be greater than either of the pump or motor efficiency since both pump and 

motor efficiencies are less than 1, and the product of two numbers that are less than one is less than either of the numbers. 


7] pump-motor — 7] pump? motor 











Discussion Since many pumps are supplied with an integrated motor, pump-motor efficiency is a useful parameter. 





5-18C 
Solution We are to define and discuss turbine, generator, and turbine-generator efficiency. 
Analysis Turbine efficiency, generator efficiency, and combined turbine-generator efficiency are defined as follows: 





Mechanical energy output _ W shaft,out 





1 turbine 7 





Mechanical energy extracted from the fluid | AE mech fluid | 








_ Electrical power output _ Wetect,out 


7] generator s i 1 
Mechanical power input Wehattin 











W, Wetectout 


elect,out 





7] turbine-gen = 1 turbine 1 generaor = : 2 
E nech,in ae E nech,out l AE mech, fluid l 











Discussion Most turbines are connected directly to a generator, so the combined efficiency is a useful parameter. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-19 
Solution A river is flowing at a specified velocity, flow rate, and elevation. The total mechanical energy of the river 
water per unit mass, and the power generation potential of the entire river are to be determined. 


Assumptions 1 The elevation given is the elevation of the free surface of the river. 2 The velocity given is the average 
velocity. 3 The mechanical energy of water at the turbine exit is negligible. 


Properties We take the density of water to be p= 1000 kg/m’. 


Analysis Noting that the sum of the flow energy and the potential energy is constant for a given fluid body, we can 
take the elevation of the entire river water to be the elevation of the free surface, and ignore the flow energy. Then the total 


mechanical energy of the river water per unit mass becomes 
2 


e = pe ke = gh-+— 


mech 7 


(3 m/s)? 1kJ/kg ) a —— 
=| (9.81 m/s* — S| 
(os m/s“ )(90 m) + 3 laws iN 






= 0.887 kJ/kg 
The power generation potential of the river water is obtained by multiplying the total 
mechanical energy by the mass flow rate, 
tn = pV = (1000 kg/m?)(500 m°/s) = 500,000 kg/s 
Wmax = È 


max 


= The mech = (500,000 kg/s)(0.887 kg/s) = 444,000 kW = 444 MW 


mech 


Therefore, 444 MW of power can be generated from this river as it discharges into the lake if its power potential can be 
recovered completely. 


Discussion Note that the kinetic energy of water is negligible compared to the potential energy, and it can be ignored in 
the analysis. Also, the power output of an actual turbine will be less than 444 MW because of losses and inefficiencies. 





5-8 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 5 Mass, Bernoulli, and Energy Equations 
5-20 
Solution A hydraulic turbine-generator is generating electricity from the water of a large reservoir. The combined 
turbine-generator efficiency and the turbine efficiency are to be determined. 


Assumptions 1 The elevation of the reservoir remains constant. 2 The mechanical energy of water at the turbine exit is 
negligible. 


Analysis We take the free surface of the reservoir to be point 1 and the turbine exit to be point 2. We also take the 
turbine exit as the reference level (z, = 0), and thus the potential energy at points 1 and 2 are pe, = gz, and pe, = 0. The flow 
energy P/p at both points is zero since both | and 2 are open to the atmosphere (P; = P27 = Pam). Further, the kinetic energy 
at both points is zero (ke, = ke = 0) since the water at point | is essentially motionless, and the kinetic energy of water at 
turbine exit is assumed to be negligible. The potential energy of water at point | is 


1kJ/kg 


pe, = gz = (9.81 m/s* (70 mf ) = 0.687 kI/kg 
10 


0m°/s? 
Then the rate at which the mechanical energy of the fluid is supplied 
to the turbine become 





[AË meon fuia = M(E mech.in 7 € mech,out ) = m( pe, 7 0) = mpe, 
= (1500 kg/s)(0.687 kJ/kg) 
=1031kW 


The combined turbine-generator and the turbine efficiency are 
determined from their definitions, 


Generator 





W alect.out _ 750 kW 


ie =0.727 or 72.7% 
| AÈ mech.fuia | 1031KW 


7 turbine-gen 7 
Wshattout = 800 kW 
[AE mechtnia | 1031kW 


Therefore, the reservoir supplies 1031 kW of mechanical energy to the turbine, which converts 800 kW of it to shaft work 
that drives the generator, which generates 750 kW of electric power. 


Turbine = =0.776 or 77.6% 


Discussion This problem can also be solved by taking point | to be at the turbine inlet, and using flow energy instead of 
potential energy. It would give the same result since the flow energy at the turbine inlet is equal to the potential energy at 
the free surface of the reservoir. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-21 
Solution Wind is blowing steadily at a certain velocity. The mechanical energy of air per unit mass, the power 
generation potential, and the actual electric power generation are to be determined. 


Assumptions 1 The wind is blowing steadily at a constant uniform velocity. 2 The efficiency of the wind turbine is 
independent of the wind speed. 


Properties The density of air is given to be p = 1.25 kg/m’. 


Analysis Kinetic energy is the only form of mechanical energy the wind possesses, and it can be converted to work 
entirely. Therefore, the power potential of the wind is its kinetic energy, which is V’/2 per unit mass, and mV °/2 fora 
given mass flow rate: 

V? (2m/s)? ( LkJ/kg 


€mech = Ke =—— 
z 2 2 1000 m2/s2 


= 0.072 kI/kg 


nD? 2 
rit = pVA = pV ——= (1.25 kg/m>)(12 m/s) ae = 29,452 kg/s 


Wx =È 


max mech 


= rhe eon = (29,452 kg/s) (0.072 kJ/kg) = 2121 kW = 2120 kW 


mech 


The actual electric power generation is determined by multiplying the power generation potential by the efficiency, 


w, lect 7 7 wind turbine Wmax = (0.30)(2121 kW) = 636 kW 


e 


Therefore, 636 kW of actual power can be generated by this wind turbine at the stated conditions. 






Wind 
turbine 





50m 


Discussion The power generation of a wind turbine is proportional to the cube of the wind velocity, and thus the power 
generation will change strongly with the wind conditions. 
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5-22 4 


Solution 


Chapter 5 Mass, Bernoulli, and Energy Equations 


The previous problem is reconsidered. The effect of wind velocity and the blade span diameter on wind 


power generation as the velocity varies from 5 m/s to 20 m/s in increments of 5 m/s, and the diameter varies from 20 m to 


80 m in increments of 20 m is to be investigated. 
Analysis 


D1=20 "m" 
D2=40 "m" 
D3=60 "m" 
D4=80 "m" 
Eta=0.30 
rho=1.25 "kg/m3" 


The EES Equations window is printed below, followed by the tabulated and plotted results. 

























































































m1_dot=rho*V*(pi*D1%2/4); W1_ Elect=Eta*m1_dot*(V*2/2)/1000 "kW" 
m2_dot=rho*V*(pi*D2*2/4); W2_Elect=Eta*m2_dot*(V*2/2)/1000 "kW" 
m3_dot=rho*V*(pi*D3*2/4); W3_Elect=Eta*m3_dot*(V*2/2)/1000 "kW" 
m4_dot=rho*V*(pi*D4*2/4); W4_ Elect=Eta*m4_dot*(V“2/2)/1000 "kW" 
D,m V, m/s m, kg/s Wetects KW 
20 5 1,963 7 
10 3,927 59 
15 5,890 199 
20 7,854 471 
40 5 7,854 29 
10 15,708 236 
15 23,562 795 
20 31,416 1885 
60 5 17,671 66 
10 35,343 530 
15 53,014 1789 
20 70,686 4241 
80 5 31,416 118 
10 62,832 942 
15 94,248 3181 
20 125,664 7540 
8000 , 
7000 D = 80 m/i 
6000 
5000 
3 4000! D= 60 m% 
= L 
= 3000 
2000 D = 40 m4 
1000 D=20m 
0 1 1 
4 6 8 12 14 16 18 20 
V, m/s 


Discussion 


Wind turbine power output is obviously nonlinear with respect to both velocity and diameter. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-23E 
Solution A differential thermocouple indicates that the temperature of water rises a certain amount as it flows 
through a pump at a specified rate. The mechanical efficiency of the pump is to be determined. 


Assumptions 1 The pump is adiabatic so that there is no heat transfer with the surroundings, and the temperature rise of 
water is completely due to frictional heating. 2 Water is an incompressible substance. 


Properties We take the density of water to be p = 62.4 lbm/ft’ and its specific heat to be C = 1.0 Btu/Ibm-°F. 


Analysis The increase in the temperature of water is due to the conversion of mechanical energy to thermal energy, 
and the amount of mechanical energy converted to thermal energy is equal to the increase in the internal energy of water, 





tit = pV = (62.4 Ibm/ft?)(1.5 ft*/s) = 93.6 Ibm/s AT =0.072°F 
E ediib = AŬ =mcAT 
lhp 
= (93.6 lbm/s)(1.0 Btu/Ibm - °F)(0.072°F)} ——————- | = 9.53h 
i X f 0.7068 a] P 4 
The mechanical efficiency of the pump is determined from the general P 
definition of mechanical efficiency, > ump 
27 hp 
É moc OSS . h 
ii i gE er ae BATS 
W nech; in 27 hp 


Discussion Note that despite the conversion of more than one-third of the mechanical power input into thermal energy, 
the temperature of water rises by only a small fraction of a degree. Therefore, the temperature rise of a fluid due to 
frictional heating is usually negligible in heat transfer analysis. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-24 
Solution Water is pumped from a lake to a storage tank at a specified rate. The overall efficiency of the pump-motor 
unit and the pressure difference between the inlet and the exit of the pump are to be determined. 


Assumptions 1 The elevations of the tank and the lake remain constant. 2 Frictional losses in the pipes are negligible. 3 
The changes in kinetic energy are negligible. 4 The elevation difference across the pump is negligible. 


Properties We take the density of water to be p= 1000 kg/m’. 


Analysis (a) We take the free surface of the lake to be point 1 and the free surfaces of the storage tank to be point 2. 
We also take the lake surface as the reference level (zı = 0), and thus the potential energy at points | and 2 are pe; = 0 and 
Pez = gZ. The flow energy at both points is zero since both | and 2 are open to the atmosphere (P; = P2 = Pam). Further, the 
kinetic energy at both points is zero (ke, = ke, = 0) since the water at both locations is essentially stationary. The mass flow 
rate of water and its potential energy at point 2 are 


ri = pV = (1000 kg/m*)(0.070 m*/s) = 70 kg/s 


1k 
pe, = 8z; = (9.81 m/s” )(20 m{ ee 
1000 m“/s 


Then the rate of increase of the mechanical energy of water becomes 


J- 0.196 kJ/kg 


AE mech.fluid = MCE mech,out = € mechin ) = m(pe, —0) = mpe, = (70 kg/s)(0.196 kJ/kg) = 13.7 kW 


The overall efficiency of the combined pump-motor unit is determined from its definition, 


AE mech fluid _ 13.7 kW 
w 20.4 kW 


elect,in 


7 pump-motor = =0.672 or 67.2% 

(b) Now we consider the pump. The change in the mechanical energy of 

water as it flows through the pump consists of the change in the flow ©) 
energy only since the elevation difference across the pump and the 
change in the kinetic energy are negligible. Also, this change must be 
equal to the useful mechanical energy supplied by the pump, which is 
13.7 kW: 






Storage 
tank 





AE 





, PeP a 
da7 MAE mech out — € mech,in ) =m - L= VAP 


mech, flui 


Solving for AP and substituting, 





AÈ mechta _ 13.7 KJ/s [wee 


: =196 kPa 
V 0.070 m°/s 1kJ 


Therefore, the pump must boost the pressure of water by 196 kPa in 
order to raise its elevation by 20 m. 


Discussion Note that only two-thirds of the electric energy consumed by the pump-motor is converted to the 
mechanical energy of water; the remaining one-third is wasted because of the inefficiencies of the pump and the motor. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
Bernoulli Equation 


5-25C 
Solution We are to define streamwise acceleration and discuss how it differs from normal acceleration. 
Analysis The acceleration of a fluid particle along a streamline is called streamwise acceleration, and it is due to a 


change in speed along a streamline. Normal acceleration (or centrifugal acceleration), on the other hand, is the 
acceleration of a fluid particle in the direction normal to the streamline, and it is due to a change in direction. 


Discussion In a general fluid flow problem, both streamwise and normal acceleration are present. 




















5-26C 
Solution We are to express the Bernoulli equation in three different ways. 
Analysis The Bernoulli equation is expressed in three different ways as follows: 
2 
(a) In terms of energies: |— + a gz = constant 
p 
2 








(b) In terms of pressures: |P + p CE + pgz = constant 








, P v’? 
(c) in terms of heads: —+—+z=H =constant 
p8 28 











Discussion You could, of course, express it in other ways, but these three are the most useful. 





5-27C 
Solution We are to discuss the three major assumptions used in the derivation of the Bernoulli equation. 
Analysis The three major assumptions used in the derivation of the Bernoulli equation are that the flow is steady, 


there is negligible frictional effects, and the flow is incompressible. 


Discussion If any one of these assumptions is not valid, the Bernoulli equation should not be used. Unfortunately, many 
people use it anyway, leading to errors. 





5-28C 
Solution We are to define and discuss static, dynamic, and hydrostatic pressure. 
Analysis Static pressure P is the actual pressure of the fluid. Dynamic pressure pV 7/2 is the pressure rise when 


the fluid in motion is brought to a stop isentropically. Hydrostatic pressure pgz is not pressure in a real sense since its 
value depends on the reference level selected, and it accounts for the effects of fluid weight on pressure. The sum of 
static, dynamic, and hydrostatic pressures is constant when flow is steady and incompressible, and when frictional effects 
are negligible. 


Discussion The incompressible Bernoulli equation states that the sum of these three pressures is constant along a 
streamline; this approximation is valid only for steady and incompressible flow with negligible frictional effects. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


5-29C 
Solution We are to define and discuss pressure head, velocity head, and elevation head. 
Analysis The sum of the static and dynamic pressures is called the stagnation pressure, and it is expressed as 





Pig = P+ pV*~ /2\, The stagnation pressure can be measured by a Pitot tube whose inlet is normal to the flow. 


stag 











Discussion Stagnation pressure, as its name implies, is the pressure obtained when a flowing fluid is brought to rest 
isentropically, at a so-called stagnation point. 





5-30C 
Solution We are to define and discuss pressure head, velocity head, and elevation head. 
Analysis The pressure head P/pg is the height of a fluid column that produces the static pressure P. The velocity 


head V’/2 is the elevation needed for a fluid to reach the velocity V during frictionless free fall. The elevation head z is 
the height of a fluid relative to a reference level. 


Discussion It is often convenient in fluid mechanics to work with head — pressure expressed as an equivalent column 
height of fluid. 





5-31C 
Solution We are to define hydraulic grade line and compare it to energy grade line. 
Analysis The curve that represents the sum of the static pressure and the elevation heads, P/pg + z, is called the 


hydraulic grade line or HGL. The curve that represents the total head of the fluid, P/pg + V*/2g + z, is called the energy 
line or EGL. Thus, in comparison, the energy grade line contains an extra kinetic-energy-type term. For stationary bodies 
such as reservoirs or lakes, the EL and HGL coincide with the free surface of the liquid. 


Discussion The hydraulic grade line can rise or fall along flow in a pipe or duct as the cross-sectional area increases or 
decreases, whereas the energy grade line always decreases unless energy is added to the fluid (like with a pump). 


5-32C 
Solution We are to discuss the hydraulic grade line in open-channel flow and at the outlet of a pipe. 
Analysis For open-channel flow, the hydraulic grade line (HGL) coincides with the free surface of the liquid. At 


the exit of a pipe discharging to the atmosphere, HGL coincides with the elevation of the pipe outlet. 


Discussion We are assuming incompressible flow, and the pressure at the pipe outlet is atmospheric. 





5-33C 
Solution We are to discuss the maximum rise of a jet of water from a tank. 
Analysis With no losses and a 100% efficient nozzle, the water stream could reach to the water level in the tank, or 


20 meters. In reality, friction losses in the hose, nozzle inefficiencies, orifice losses, and air drag would prevent attainment 
of the maximum theoretical height. 


Discussion In fact, the actual maximum obtainable height is much smaller than this ideal theoretical limit. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


5-34C 
Solution We are to discuss the effect of liquid density on the operation of a siphon. 
Analysis The lower density liquid can go over a higher wall, provided that cavitation pressure is not reached. 


Therefore, oil may be able to go over a higher wall than water. 


Discussion However, frictional losses in the flow of oil in a pipe or tube are much greater than those of water since the 
viscosity of oil is much greater than that of water. When frictional losses are considered, the water may actually be able to 
be siphoned over a higher wall than the oil, depending on the tube diameter and length, etc. 





5-35C 
Solution We are to explain how and why a siphon works, and its limitations. 
Analysis Siphoning works because of the elevation and thus pressure difference between the inlet and exit of a tube. 


The pressure at the tube exit and at the free surface of a liquid is the atmospheric pressure. When the tube exit is below the 
free surface of the liquid, the elevation head difference drives the flow through the tube. At sea level, | atm pressure can 
support about 10.3 m of cold water (cold water has a low vapor pressure). Therefore, siphoning cold water over a 7 m wall 
is theoretically feasible. 


Discussion In actual practice, siphoning is also limited by frictional effects in the tube, and by cavitation. 





5-36C 
Solution We are to compare siphoning at sea level and on a mountain. 
Analysis At sea level, a person can theoretically siphon water over a wall as high as 10.3 m. At the top of a high 


mountain where the pressure is about half of the atmospheric pressure at sea level, a person can theoretically siphon water 
over a wall that is only half as high. An atmospheric pressure of 58.5 kPa is insufficient to support a 8.5 meter high 
siphon. 


Discussion In actual practice, siphoning is also limited by frictional effects in the tube, and by cavitation. 





5-37C 
Solution We are to analyze the pressure change in a converging duct. 
Analysis As the duct converges to a smaller cross-sectional area, the velocity increases. By Bernoulli’s equation, the 


pressure therefore decreases. Thus Manometer A is correct since the pressure on the right side of the manometer is 
obviously smaller. According to the Bernoulli approximation, the fluid levels in the manometer are independent of the flow 
direction, and reversing the flow direction would have no effect on the manometer levels. Manometer A is still correct if 
the flow is reversed. 


Discussion In reality, it is hard for a fluid to expand without the flow separating from the walls. Thus, reverse flow with 
such a sharp expansion would not produce as much of a pressure rise as that predicted by the Bernoulli approximation. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


5-38C 
Solution We are to discuss and compare two different types of manometer arrangements in a flow. 
Analysis Arrangement | consists of a Pitot probe that measures the stagnation pressure at the pipe centerline, along 


with a static pressure tap that measures static pressure at the bottom of the pipe. Arrangement 2 is a Pitot-static probe that 
measures both stagnation pressure and static pressure at nearly the same location at the pipe centerline. Because of this, 
arrangement 2 is more accurate. However, it turns out that static pressure in a pipe varies with elevation across the pipe 
cross section in much the same way as in hydrostatics. Therefore, arrangement | is also very accurate, and the elevation 
difference between the Pitot probe and the static pressure tap is nearly compensated by the change in hydrostatic pressure. 
Since elevation changes are not important in either arrangement, there is no change in our analysis when the water is 
replaced by air. 


Discussion Ignoring the effects of gravity, the pressure at the centerline of a turbulent pipe flow is actually somewhat 
smaller than that at the wall due to the turbulent eddies in the flow, but this effect is small. 





5-39 
Solution A water pipe bursts as a result of freezing, and water shoots up into the air a certain height. The gage 
pressure of water in the pipe is to be determined. 


Assumptions 1 The flow is steady, incompressible, and irrotational with negligible frictional effects (so that the Bernoulli 
equation is applicable). 2 The water pressure in the pipe at the burst section is equal to the water main pressure. 3 Friction 
between the water and air is negligible. 4 The irreversibilities that may occur at the burst section of the pipe due to abrupt 
expansion are negligible. 








Properties We take the density of water to be 1000 kg/m’. © 
Analysis This problem involves the conversion of flow, kinetic, f 
and potential energies to each other without involving any pumps, 
turbines, and wasteful components with large frictional losses, and thus 34 m 
it is suitable for the use of the Bernoulli equation. The water height 
will be maximum under the stated assumptions. The velocity inside the © 
hose is relatively low (V; = 0) and we take the burst section of the pipe | 
as the reference level (zı = 0). At the top of the water trajectory V2 = 0, >- ëěëž 
and atmospheric pressure pertains. Then the Bernoulli equation Water Pipe 
simplifies to 
2 2 = F gage 
AM ee „Vy F Za 5 Fi Fam 4. 7, > R Em -z l,gage _ A 
pg 28 pg 2g P8 P8 ps P8 
Solving for Pi gage and substituting, 
1 kPa 1kN 
P. cave = P&Z = (1000 kg/m*)(9.81 m/s”)(34 m Ea —_—__——.. |= 334 kPa 
gage = P822 = (1000 kg/m X G4) Nim? || 1000 kg mis? 


Therefore, the pressure in the main must be at least 334 kPa above the atmospheric pressure. 


Discussion The result obtained by the Bernoulli equation represents a limit, since frictional losses are neglected, and 
should be interpreted accordingly. It tells us that the water pressure (gage) cannot possibly be less than 334 kPa (giving us a 
lower limit), and in all likelihood, the pressure will be much higher. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-40 
Solution The velocity of an aircraft is to be measured by a Pitot-static probe. For a given differential pressure 
reading, the velocity of the aircraft is to be determined. 


Pitot-static probe 


Assumptions 1 The air flow over the aircraft is steady, incompressible, V 
and irrotational with negligible frictional effects (so that the Bernoulli 
equation is applicable). 2 Standard atmospheric conditions exist. 3 The 






wind effects are negligible. Stagnation Static 

pressure pressure 
Properties The density of the atmosphere at an elevation of 3000 m is p 
= 0.909 kg/m’. 
Analysis We take point 1 at the entrance of the tube whose opening is ; | 
parallel to flow, and point 2 at the entrance of the tube whose entrance is To static pressure meter «sH 
normal to flow. Noting that point 2 is a stagnation point and thus V2 = 0 and 1 
Zı = Z the application of the Bernoulli equation between points 1 and 2 To stagnation pressure meter 


gives 
Aoli age a aega e 5 laa 
pg 28 pg 28 28 P8 2 P 
Solving for V, and substituting, 
V,= ig =P) “scene? a 





coca | -01.2ms -282kmh 
P ; g/m 


since 1 Pa = 1 N/m? and 1 m/s = 3.6 km/h. 


Discussion Note that the velocity of an aircraft can be determined by simply measuring the differential pressure on a 
Pitot-static probe. 





5-41 

Solution The bottom of a car hits a sharp rock and a small hole develops at the bottom of its gas tank. For a given 
height of gasoline, the initial velocity of the gasoline out of the hole is to be determined. Also, the variation of velocity with 
time and the effect of the tightness of the lid on flow rate are to be discussed. 


Assumptions 1 The flow is steady, incompressible, and irrotational with negligible frictional effects (so that the Bernoulli 
equation is applicable). 2 The air space in the tank is at atmospheric pressure. 3 The splashing of the gasoline in the tank 
during travel is not considered. 


Analysis This problem involves the conversion of flow, kinetic, and potential energies to each other without 
involving any pumps, turbines, and wasteful components with large frictional losses, and thus it is suitable for the use of the 
Bernoulli equation. We take point 1 to be at the free surface of gasoline in the tank so that P; = Pam (open to the 
atmosphere) V, = 0 (the tank is large relative to the outlet), and zı = 0.3 m and z, = 0 (we take the reference level at the 
hole. Also, P2 = Pam (gasoline discharges into the atmosphere). Then the Bernoulli equation simplifies to 


P, v? v? Gas Tank 
= + HZ2 > z =— 


pg 28 


P VÈ, 


t FZI 
pg 2g 


Solving for V, and substituting, 


V, = /2gz, = 42(9.81m/s”)(0.3 m) = 2.43 m/s 


Therefore, the gasoline will initially leave the tank with a velocity of 2.43 m/s. 





Ok ` 


Discussion The Bernoulli equation applies along a streamline, and streamlines generally do not make sharp turns. The 
velocity will be less than 2.43 m/s since the hole is probably sharp-edged and it will cause some head loss. As the gasoline 
level is reduced, the velocity will decrease since velocity is proportional to the square root of liquid height. If the lid is 
tightly closed and no air can replace the lost gasoline volume, the pressure above the gasoline level will be reduced, and the 
velocity will be decreased. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-42E [Also solved using EES on enclosed DVD] 
Solution The drinking water needs of an office are met by large water bottles with a plastic hose inserted in it. The 
minimum filling time of an 8-oz glass is to be determined when the bottle is full and when it is near empty. 


Assumptions 1 The flow is steady, incompressible, and irrotational with negligible frictional effects (so that the Bernoulli 
equation is applicable). 2 All losses are neglected to obtain the minimum filling time. 


Analysis We take point | to be at the free surface of water in the bottle and point 2 at the exit of the tube so that P; = 
P= Pm (the bottle is open to the atmosphere and water discharges into the atmosphere), V; = 0 (the bottle is large relative 
to the tube diameter), and z, = 0 (we take point 2 as the reference level). Then the Bernoulli equation simplifies to 


P ve P Vv Ve 
1,14 Zz = 2424 Z2 > Z= 2 > V, = 282 
ps 2g pg 28 28g 
Substituting, the discharge velocity of water and the filling time are determined as follows: 


(a) Full bottle (z, = 3.5 ft): 














0.25 in 
V, = 2(32.2 ft/s*)(3.5 ft) = 15.0 ft/s | s 
A = 7D? 14 = z (0.25/12 ft)? /4 = 3.41x 10% ft? a | 
v v ; ft? Se 
eko = Sie © 
V AV, (A1x10~ ft2)(15 ft/s) CUY | 
(b) Empty bottle (z, = 2 ft): 
V, = 42(32.2 ft/s? )(2 ft) = 11.3 ft/s 2 ft 
3 
Kee: Vv i V 7 ae ft -225 | 
V AV, (3.41x10™* ft^)(11.3ft/s) | —— 
Discussion The siphoning time is determined assuming frictionless flow, and 
thus this is the minimum time required. In reality, the time will be longer because of 
friction between water and the tube surface. 
5-43 
Solution The static and stagnation pressures in a horizontal pipe are measured. The velocity at the center of the pipe 


is to be determined. 


Assumptions The flow is steady, incompressible, and irrotational with negligible frictional effects in the short distance 
between the two pressure measurement locations (so that the Bernoulli equation is applicable). 


Analysis We take points 1 and 2 along the centerline of the pipe, with point 1 directly under the piezometer and 
point 2 at the entrance of the Pitot-static probe (the stagnation point). 
This is a steady flow with straight and parallel streamlines, and thus the 
static pressure at any point is equal to the hydrostatic pressure at that 
point. Noting that point 2 is a stagnation point and thus V3 = 0 and z = 
Z2, the application of the Bernoulli equation between points 1 and 2 gives 
Ho an, Vi BAR 
pg 28 pg 28 28 pg 
Substituting the P, and P, expressions give 


v? P, = P = PE (Apitot +R)- PE (Mpiezo +R) = PE (Apitot = Noiezo) 


28 P8 Ps p8 
Solving for V, and substituting, 


Vi = [28 (piot — piezo) = y 2(9-81 m/s? )[(0.35 — 0.20) m] = 1.72 m/s 


Discussion Note that to determine the flow velocity, all we need is to measure the height of the excess fluid column in 
the Pitot-static probe. 


HZ = 


Z2 








h 


= Apitot piezo 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-44 
Solution A water tank of diameter D, and height H open to the atmosphere is initially filled with water. An orifice of 
diameter D with a smooth entrance (no losses) at the bottom drains to the atmosphere. Relations are to be developed for the 
time required for the tank to empty completely and half-way. 


Assumptions 1 The orifice has a smooth entrance, and thus the frictional losses are negligible. 2 The flow is steady, 
incompressible, and irrotational with negligible frictional effects (so that the Bernoulli equation is applicable). 


Analysis We take point | at the free surface of the tank, and point 2 at the exit of orifice. We take the reference level 
at the orifice (z. = 0), and take the positive direction of z to be upwards. Noting that the fluid at both points is open to the 
atmosphere (and thus P, = P = Pam) and that the fluid velocity at the free surface is very low (V, = 0), the Bernoulli 
equation between these two points simplifies to 


P Vv? P V ve 
Det yeH4ttyn > a=% > V =ų4283 
ps 28 pg 2g 28 


For generality, we express the water height in the tank at any time t by z, and the discharge velocity by V, =./2gz . Note 


that water surface in the tank moves down as the tank drains, and thus z is a variable whose value changes from H at the 
beginning to 0 when the tank is emptied completely. 


We denote the diameter of the orifice by D, and the diameter of the tank by D,. The flow rate of water from the 
tank is obtained by multiplying the discharge velocity by the orifice cross-sectional area, 


2 
f29z 


Then the amount of water that flows through the orifice during a differential time 
interval dt is 


V = AorificeV2 = = 





2 
aV = Var =- = 2gzdt (1) 


which, from conservation of mass, must be equal to the decrease in the volume of 


water in the tank, 
2 


D 
dV = Ank dz) =- ads (2) 





where dz is the change in the water level in the tank during dt. (Note that dz is a negative quantity since the positive 
direction of z is upwards. Therefore, we used —dz to get a positive quantity for the amount of water discharged). Setting 
Eqs. (1) and (2) equal to each other and rearranging, 


D’ zD De l1 D = 
teed =- a > dt =- E dz=- O77 2d 
4 4 D 2gz D? 2g 
The last relation can be integrated easily since the variables are separated. Letting t; be the discharge time and integrating it 
from t = 0 when z = z; = H to t = tswhen z = zs gives 





ty D? Z De z “ 2D D? 2z 2z 
dt=-— o f 124 — 0 z o (T F = 2o i f 
fat Dighe Z? Ygl he a-z) D| |g Ve 
Zi 


Then the discharging time for the two cases becomes as follows: 














(a) The tank empties halfway: zi = H and z; = H⁄2: 





(b) The tank empties completely: z; = H and zj = 0: 





Discussion Note that the discharging time is inversely proportional to the square of the orifice diameter. Therefore, the 
discharging time can be reduced to one-fourth by doubling the diameter of the orifice. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-45 
Solution Water discharges to the atmosphere from the orifice at the bottom of a pressurized tank. Assuming 
frictionless flow, the discharge rate of water from the tank is to be determined. 


Assumptions 1 The orifice has a smooth entrance, and thus the frictional losses are 
negligible. 2 The flow is steady, incompressible, and irrotational with negligible frictional 
effects (so that the Bernoulli equation is applicable). 


Properties We take the density of water to be 1000 kg/m’. 


Analysis We take point | at the free surface of the tank, and point 2 at the exit of 
orifice, which is also taken to be the reference level (z, = 0). Noting that the fluid velocity 
at the free surface is very low (V, = 0) and water discharges into the atmosphere (and 
thus P2 = Pam), the Bernoulli equation simplifies to 





P vf P, V? BSE 
H Z4 = H tZ% > = HZ 
pg 2g pg 2g 2g ps 


Solving for V2 and substituting, the discharge velocity is determined to 


2(P, -P. A ? m/s? 
oe (P ee __{2(300-100) kPa f 1000 Ném* | 1kg-m/s* | 509 94 auig2)(3m) 
p 1000 kg/m? 1kPa 1N 


=21.4 m/s 











Then the initial rate of discharge of water becomes 


zD? , _ z(0.10m)? 


V = Aviti V2 = V3 gee m/s) = 0.168 m?/s 





Discussion Note that this is the maximum flow rate since the frictional effects are ignored. Also, the velocity and the 
flow rate will decrease as the water level in the tank decreases. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


Solution The previous problem is reconsidered. The effect of water height in the tank on the discharge velocity as the 
water height varies from 0 to 5 m in increments of 0.5 m is to be investigated. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


g=9.81 "m/s2" 
rho=1000 "kg/m3" 
d=0.10 "m" 


P1=300 "kPa" 
P_atm=100 "kPa" 


V=SQRT(2*(P1-P_atm)*1000/rho+2*g*h) 








Ac=pi*D*2/4 

V_dot=Ac*V 
h,m V, m/s V m/s 
0.00 20.0 0.157 
0.50 20.2 0.159 
1.00 20.5 0.161 
1.50 20.7 0.163 
2.00 21.0 0.165 
2.50 21.2 0.166 
3.00 21.4 0.168 
3.50 21.6 0.170 
4.00 21.9 0.172 
4.50 22.1 0.174 
5.00 22.3 0.175 

















22.5 


22 


21.5 


21 


V, m/s 


20.5 


20 









































0 1 2 3 4 5 


h,m 


Discussion Velocity appears to change nearly linearly with A in this range of data, but the relationship is not linear. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-47E 
Solution A siphon pumps water from a large reservoir to a lower tank which is initially empty. Water leaves the tank 
through an orifice. The height the water will rise in the tank at equilibrium is to be determined. 


Assumptions 1 The flow is steady, incompressible, and irrotational 
with negligible frictional effects (so that the Bernoulli equation is 
applicable). 2 Both the tank and the reservoir are open to the 
atmosphere. 3 The water level of the reservoir remains constant. 


Analysis We take the reference level to be at the bottom of the 
tank, and the water height in the tank at any time to be h. We take point 
1 to be at the free surface of reservoir, point 2 at the exit of the siphon, 
which is placed at the bottom of the tank, and point 3 at the free surface 
of the tank, and point 4 at the exit of the orifice at the bottom of the 
tank. Then zı = 20 ft, z2 = z4 = 0, z3 = h, P, = P = P4 = Pam (the 
reservoir is open to the atmosphere and water discharges into the 
atmosphere) P) = Pum+pgh (the hydrostatic pressure at the bottom of 
the tank where the siphon discharges), and V; = V3 = O (the free 
surfaces of reservoir and the tank are large relative to the tube 
diameter). Then the Bernoulli equation between 1-2 and 3-4 simplifies 
to 








P v? B Vv P Pim + pgh V? 
1 1 z= 2 2 bz > atm +Z= atm PBR 2 > V= [29z,-2gh = [2g(z,—h) 


pg 2g pg 2g ps ps 28 
P Vs P, 


y2 
z = — 4 tz, > h=—4 > Vz = 2gh 
pgs 28 pg 28 28 











Noting that the diameters of the tube and the orifice are the same, the flow rates of water into and out of the tank will be the 
same when the water velocities in the tube and the orifice are equal since 


V,=V, > AV,=AV, > Vy =V,y 


Setting the two velocities equal to each other gives 


1S ft 
V,=V, > J2e(q-h=/2eh > y-h=h > hat = oft 75 it 


2 





Therefore, the water level in the tank will stabilize when the water level rises to 
7.5 ft. 


Discussion This result is obtained assuming negligible friction. The result would be somewhat different if the friction in 
the pipe and orifice were considered. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-48 
Solution Water enters an empty tank steadily at a specified rate. An orifice at the bottom allows water to escape. 
The maximum water level in the tank is to be determined, and a relation for water height z as a function of time is to be 
obtained. 


Assumptions 1 The orifice has a smooth entrance, and thus the frictional losses are negligible. 2 The flow through the 
orifice is steady, incompressible, and irrotational with negligible frictional effects (so that the Bernoulli equation is 
applicable). 


Analysis (a) We take point | at the free surface of the tank, and point 2 at the exit of orifice. We take the reference 
level at the orifice (z. = 0), and take the positive direction of z to be upwards. Noting that the fluid at both points is open to 
the atmosphere (and thus P, = P3 = Pxm) and that the fluid velocity at the free surface is very low (V, = 0) (it becomes zero 
when the water in the tank reaches its maximum level), the Bernoulli equation between these two points simplifies to 


BV P Vv v? 
es =o. 5.8 > w > V,=/2eq 
& 





Then the mass flow rate through the orifice for a water height of z becomes 


2 
zD 1 | 4m Aout 
PVou = PÅ orifice V2 =p — y 28gz > 7=5— t 
4 2g pD? 


Setting z = max and Mout = Min (the incoming flow rate) gives the desired relation for the 


maximum height the water will reach in the tank, 


: 2 
1 | 4min 
himax E 2 
2g | paDo 


(b) The amount of water that flows through the orifice and the increase in the amount of water in the tank during a 
differential time interval dt are 








2 





dmt = dt = 


M out 


2gzdt 


DŽ 
dM ank = PAtank dz = P = dz 


The amount of water that enters x tank during dt is dm,, =m,;,dt (Recall that m;, = constant). Substituting them into the 


in 


conservation of mass relation dm nk = dMin —dMoy gives 





M out 


p2 
AMank = Min at — dt > para: (ra = 7 


Separating the variables, and integrating it from z = 0 at t= 0 to z= at time tf =f gives 


_ 4RR | paD7dz = L o ebie = f'a oe 
+ paD; ra =O mM; thin -4 pD 292 a 


Performing the integration, the desired relation between the water height z and time ż is obtained to be 





2 . 2 
Eee 1 pD (282 — rhin In tin — 4 PMD V287 
4 


G paDi C paDè J28)? ) 7 Min 


Discussion Note that this relation is implicit in z, and thus we can’t obtain a relation in the form z = f(t). Substituting a z 
value in the left side gives the time it takes for the fluid level in the tank to reach that level. Equation solvers such as EES 
can easily solve implicit equations like this. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-49E 
Solution Water flows through a horizontal pipe that consists of two sections at a specified rate. The differential 
height of a mercury manometer placed between the two pipe sections is to be determined. 


Assumptions 1The flow through the pipe is steady, incompressible, and irrotational with negligible frictional effects (so 
that the Bernoulli equation is applicable). 2 The losses in the reducing section are negligible. 


Properties The densities of mercury and water are Py, = 847 lbm/ft’ and p,, = 62.4 lbm/ft’. 





Analysis We take points | and 2 along the centerline of the pipe over the two tubes of the manometer. Noting that zı 
= Zp, the Bernoulli equation between points 1 and 2 gives 
2 2 2.972 
R ne Vi Hz = P, F Vz + 25 5 P, P, = Py Vz Vi ) (1) 
ps 28 ps 28 2 


We let the differential height of the mercury manometer be h and the distance between the centerline and the mercury level 
in the tube where mercury is raised be s. Then the pressure difference P, — P; can also be expressed as 


Pi + Py8(Sth) = Py + Py85+ Pug gh => P-P, =(P ~ Pw)gh (2) 
Combining Eqs. (1) and (2) and solving for h, 


O Pa V-V v-v? 
28 (PH, — Pw) 28(PHe ! Pw -) 


Pw (Vy 7 v? ) 
2 





=(Pug —Pw)8h > h 


Calculating the velocities and substituting, 








/ j 1 gal ; 2 
V, = V _ 4 _ — 0.13368 ft -1.53 ft/s 
A, aD?I4 (4/12)? /4 Lgal 
V V 1 gal/ 1 ft? 
Ceo e eae 
A, «mDs/4  n(2/12 ft)? /4 1gal 


(6.13 ft/s)? — (1.53 ft/s)? 


J = 0.0435 ft = 0.52 in 
2(32.2 ft/s~ )(847 / 62.4 -1) 








Therefore, the differential height of the mercury column will be 0.52 in. 


Discussion In reality, there are frictional losses in the pipe, and the pressure at location 2 will actually be smaller than 
that estimated here, and therefore h will be larger than that calculated here. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-50 
Solution An airplane is flying at a certain altitude at a given speed. The pressure on the stagnation point on the nose 
of the plane is to be determined, and the approach to be used at high velocities is to be discussed. 


Assumptions 1 The air flow over the aircraft is steady, incompressible, and irrotational with negligible frictional effects 
(so that the Bernoulli equation is applicable). 2 Standard atmospheric conditions exist. 3 The wind effects are negligible. 


Properties The density of the atmospheric air at an elevation of 12,000 m is p = 0.312 kg/m’, 


Analysis We take point 1 well ahead of the plane at the level of the nose, and point 2 at the nose where the flow 
comes to a stop. Noting that point 2 is a stagnation point and thus V, = O and z,; = Zz, the application of the Bernoulli 
equation between points | and 2 gives 
P v? _ P, v? v? _ P, -AP v? _ P tag ~ Pam _ Fytag, gage 
+ H Zi + H Z3 > 
pg 2g pg 28 2g P8 2 P p 


Solving for Peay, cage and substituting, 





2 VÈ _ (0.312 kg/m°)(200/3.6 ao 1N 


y = 481 N/m? = 481 Pa 
stag, gage 2 2 1 kg . m/s2 


since 1 Pa = 1 N/m? and 1 m/s = 3.6 km/h. 







Altitude 
12,000 m 


© © 


200 km/h 


— 


Discussion A flight velocity of 1050 km/h = 292 m/s corresponds to a Mach number much greater than 0.3 (the speed 
of sound is about 340 m/s at room conditions, and lower at higher altitudes, and thus a Mach number of 292/340 = 0.86). 
Therefore, the flow can no longer be assumed to be incompressible, and the Bernoulli equation given above cannot be used. 
This problem can be solved using the modified Bernoulli equation that accounts for the effects of compressibility, assuming 
isentropic flow. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-51 
Solution A Pitot-static probe is inserted into the duct of an air heating system parallel to flow, and the differential 
height of the water column is measured. The flow velocity and the pressure rise at the tip of the Pitot-static probe are to be 
determined. 


Assumptions 1 The flow through the duct is steady, incompressible, and irrotational with negligible frictional effects (so 
that the Bernoulli equation is applicable). 2 Air is an ideal gas. 


Properties We take the density of water to be p= 1000 kg/m’. The gas constant of air is R = 0.287 kPa-m*/kg-K. 


Analysis We take point | on the side of the probe where the entrance is parallel to flow and is connected to the static 
arm of the Pitot-static probe, and point 2 at the tip of the probe where the entrance is normal to flow and is connected to the 
dynamic arm of the Pitot-static probe. Noting that point 2 is a stagnation point and thus V; = 0 and z, = Z, the application 
of the Bernoulli equation between points | and 2 gives 


2 2 
AW, BY 


P VP Z 
ga=—=+Z+z7 > —+ Woa ya Aa 
ps 28 PE 28 P8 28 ps Pair 


where the pressure rise at the tip of the Pitot-static probe is 
3 2 1N 
Py —P, = p,,gh = (1000 kg/m” )(9.81 m/s * )(0.024 m)) ————- 
1kg -m/s 
=235 N/m’ =235 Pa 


P 98 kPa 


7 5 =1.074kg/m? 
RT (0,287 kPa-m*/kg- K)(45 +273 K) 


Also, Pair = 





Substituting, 
2(235 N/m”) { 1ke-m/s” 
pelee a e m/s” | 20.9 m/s 
1.074 kg/m 1N 


Discussion Note that the flow velocity in a pipe or duct can be measured easily by a Pitot-static probe by inserting the 
probe into the pipe or duct parallel to flow, and reading the differential pressure height. Also note that this is the velocity at 
the location of the tube. Several readings at several locations in a cross-section may be required to determine the mean flow 
velocity. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-52 
Solution The water in an above the ground swimming pool is to be emptied by unplugging the orifice of a horizontal 
pipe attached to the bottom of the pool. The maximum discharge rate of water is to be determined. 


Assumptions 1 The orifice has a smooth entrance, and all frictional losses are negligible. 2 The flow is steady, 
incompressible, and irrotational with negligible frictional effects (so that the Bernoulli equation is applicable). 


Analysis We take point | at the free surface of the pool, and point 2 at the exit of pipe. We take the reference level at 
the pipe exit (z2 = 0). Noting that the fluid at both points is open to the atmosphere (and thus P, = P} = Pam) and that the 
fluid velocity at the free surface is very low (V, = 0), the Bernoulli equation between these two points simplifies to 


Bove B v v? 
a ea a > =a > V,=.,/227 


The maximum discharge rate occurs when the water height in the pool is a maximum, which is the case at the beginning 
and thus z, = h. Substituting, the maximum flow velocity and discharge rate become 


V> max = 2gh = 4209.81 m/s” )(2 m) = 6.26 m/s 


2 2 
y Li zD _ 7(0.03 m) 


x = ApipeV2,max = Va,max = (6.26 m/s) = 0.00443 m/s = 4.43 L/s 





<—— 25m —_> 


Discussion The result above is obtained by disregarding all frictional effects. The actual flow rate will be less because 
of frictional effects during flow and the resulting pressure drop. Also, the flow rate will gradually decrease as the water 
level in the pipe decreases. 





5-28 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 5 Mass, Bernoulli, and Energy Equations 
5-53 
Solution The water in an above the ground swimming pool is to be emptied by unplugging the orifice of a horizontal 
pipe attached to the bottom of the pool. The time it will take to empty the tank is to be determined. 


Assumptions 1 The orifice has a smooth entrance, and all frictional losses are negligible. 2 The flow is steady, 
incompressible, and irrotational with negligible frictional effects (so that the Bernoulli equation is applicable). 


Analysis We take point | at the free surface of water in the pool, and point 2 at the exit of pipe. We take the reference 
level at the pipe exit (z, = 0). Noting that the fluid at both points is open to the atmosphere (and thus P4 = P3 = Pxm) and that 
the fluid velocity at the free surface is very low (V, = 0), the Bernoulli equation between these two points simplifies to 


P Vv? P, V? v? 
l t l + Z= 2 t 2 F Z2 > Z1 = > V, = 4/282 
pg 2g pg 2g 2g 





For generality, we express the water height in the pool at any time f¢ by z, and the discharge velocity by V, = 4/2gz . Note 


that water surface in the pool moves down as the pool drains, and thus z is a variable whose value changes from h at the 
beginning to 0 when the pool is emptied completely. 


We denote the diameter of the orifice by D, and the diameter of the pool by D,. The flow rate of water from the pool is 
obtained by multiplying the discharge velocity by the orifice cross-sectional area, 


, nD? 
V= Aorifice V2 = g Ve 


Then the amount of water that flows through the orifice during a differential time interval dt is 
2 


, D 
dV = Vat = Qezdt (1) 
which, from conservation of mass, must be equal to the decrease in the volume of water in the pool, 
mD? 
dV =A, (dz) = -7% (2) 


where dz is the change in the water level in the pool during dt. (Note that dz is a negative quantity since the positive 
direction of z is upwards. Therefore, we used —dz to get a positive quantity for the amount of water discharged). Setting 
Eqs. (1) and (2) equal to each other and rearranging, 


D’ Do Dê | 1 Dy a 
pede lk > dt =- dz=- 0 zdz 
4 4 D? \28z D’ J2g 
The last relation can be integrated easily since the variables are separated. Letting t; be the discharge time and integrating it 
from t = 0 when z = h to t = 4 when z = 0 (completely drained pool) gives 








2 


0 
ty D œ D, 2 2D? D {2h 
f a=- o (ok > tp=-— z => vh = 5 
t=0 D°J2g %2=% D V2 7 D y2g D & 














Substituting, the draining time of the pool will be 


2 
t, - Hom) | 22m) 70950 s=19.7h 
(0.03 m } \9.81 m/s 


2m 







Swimming pool 


D=3 cm ©) 


. 7 bce bev : ‘ : Do= 10m 
Discussion This is the minimum discharging time k 


since it is obtained by neglecting all friction; the 
actual discharging time will be longer. Note that the 
discharging time is inversely proportional to the 
square of the orifice diameter. Therefore, the 
discharging time can be reduced to one-fourth by 
doubling the diameter of the orifice. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


Solution The previous problem is reconsidered. The effect of the discharge pipe diameter on the time required to 
empty the pool completely as the diameter varies from 1 to 10 cm in increments of | cm is to be investigated. 




































































Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 
g=9.81 "m/s2" 
rho=1000 "kg/m3" 
h=2 "m" 
D=d_pipe/100 "m" 
D_pool=10 "m" 
V_initial=SQRT(2*g*h) "m/s" 
Ac=pi*D*2/4 
V_dot=Ac*V_initial*1000 "m3/s" 
t=(D_pool/D)*2*SQRT(2*h/g)/3600 
"hour" 
Pipe diameter | Discharge time 
D,m t,h 
1 1774 5 
2 44.3 Q 
3 19.7 P 
4 11.1 
5 7.1 
6 4.9 
7 3.6 
8 2.8 i À - i l 
e 1 2 3 4 5 6 7 8 9 10 
D, cm 














Discussion As you can see from the plot, the discharge time is drastically reduced by increasing the pipe diameter. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-55 
Solution Air flows upward at a specified rate through an inclined pipe whose diameter is reduced through a reducer. 
The differential height between fluid levels of the two arms of a water manometer attached across the reducer is to be 
determined. 


Assumptions 1 The flow through the duct is steady, incompressible and irrotational with negligible frictional effects (so 
that the Bernoulli equation is applicable). 2 Air is an ideal gas. 3 The effect of air column on the pressure change is 
negligible because of its low density. 4 The air flow is parallel to the entrance of each arm of the manometer, and thus no 
dynamic effects are involved. 


Properties We take the density of water to be p= 1000 kg/m’. The gas constant of air is R = 0.287 kPa-m*/kg-K. 


Analysis We take points 1 and 2 at the lower and upper connection points, respectively, of the two arms of the 
manometer, and take the lower connection point as the reference level. Noting that the effect of elevation on the pressure 
change of a gas is negligible, the application of the Bernoulli equation between points | and 2 gives 











Fo op oti Vi -Vi 
t+ 42, = St tt > PoP = pair — 
pg 28 pg 28 2 
aO 
where pair = i, = ee =1.19 kg/m? 
RT (0.287 kPa-m°/kg - K)(50 + 273 K) 
/ j .045 m° 
-t= 4 _ 0.0 n -15.9 m/s 
A zaD{I4 m(0.06m)/4 
; ; h 
V V 045 m* | 
V =—=——= elaca. =35.8 m/s 
A, D314 72(0.04m)°/4 
Substituting, 
2_ 2 
P,-P, =(1.19 kaa y ea Aan =612 N/m? = 612 Pa The differential height of 
2 1kg -m/s 
water in the manometer corresponding to this pressure change is determined from AP = P pater gh to be 
P -P í 1kg- m/s? 
n-A CNM [lke mis" | = 0.0624 m =6.24 em 
Pwater& (1000 kg/m” )(9.81 m/s* ) 1N 


Discussion When the effect of air column on pressure change is considered, the pressure change becomes 


air V? -V°) 
P-P, = Fa + Dav lex =a) 


2 2 
= (1.19 kg/m?) Coens) ee” 2Osinl om) a 
2 1kg -m/s 


= (612+2) N/m* =614 N/m? =614Pa 
This difference between the two results (612 and 614 Pa) is less than 1%. Therefore, the effect of air column on pressure 
change is, indeed, negligible as assumed. In other words, the pressure change of air in the duct is almost entirely due to 
velocity change, and the effect of elevation change is negligible. Also, if we were to account for the Az of air flow, then it 
would be more proper to account for the Az of air in the manometer by using Pwater - Pair instead Of Pwater When calculating A. 
The additional air column in the manometer tends to cancel out the change in pressure due to the elevation difference in the 
flow in this case. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-56E 
Solution Air is flowing through a venturi meter with known diameters and measured pressures. A relation for the 
flow rate is to be obtained, and its numerical value is to be determined. 


Assumptions 1The flow through the venturi is steady, incompressible, and irrotational with negligible frictional effects 
(so that the Bernoulli equation is applicable). 2 The effect of air column on the pressure change is negligible because of its 
low density, and thus the pressure can be assumed to be uniform at a given cross-section of the venturi meter (independent 
of elevation change). 3 The flow is horizontal (this assumption is usually unnecessary for gas flow.). 


Properties The density of air is given to be p = 0.075 lbm/ft’. 


Analysis We take point 1 at the main flow section and point 2 at the throat along the centerline of the venturi meter. 
Noting that z, = Z2, the application of the Bernoulli equation between points | and 2 gives 





P vf P, V? v? -V° 
L} +z =+ +z7 > B-P=p 4 (D) 
ps 28g ps 2g 2 
The flow is assumed to be incompressible and thus the density is constant. Then the conservation of mass relation for this 
single stream steady flow device can be expressed as 


& os V V 
V=V =V > A\V, = A,V2 =V > V,=— and V, =— (2) 
A, A, 


Substituting into Eq. (1), 





y y ; 12.2 psi 
p-p, -pA VIA _ pV? ed aa 11.8 psia 


2 2A; A? 


Solving for V gives the desired relation for the flow rate, 





2(P, — P>) 


Vea, (ee) 
*Y pll= (Ay /A,)7] 


(3) 


The flow rate for the given case can be determined by substituting the given values into this relation to be 





(0.075 Ibm/ft? )[1- (1.8/2.6)* ] 


y- m2 XP, -P,)  701.8/12f° 2(12.2—11.8) psi 144 Ibf/ft? \( 32.2 Ibm- ft/s? 
4 V pll-(D,/D,)*] 4 1lbf 


= 4.48 ft?/s 


1 psi 


Discussion Venturi meters are commonly used as flow meters to measure the flow rate of gases and liquids by simply 
measuring the pressure difference P; - P} by a manometer or pressure transducers. The actual flow rate will be less than the 
value obtained from Eq. (3) because of the friction losses along the wall surfaces in actual flow. But this difference can be 
as little as 1% in a well-designed venturi meter. The effects of deviation from the idealized Bernoulli flow can be accounted 
for by expressing Eq. (3) as 


2(P, -— Py) 
pll-(A /A;)7] 


where C, is the venturi discharge coefficient whose value is less than 1 (it is as large as 0.99 for well-designed venturi 
meters in certain ranges of flow). For Re > 10°, the value of venturi discharge coefficient is usually greater than 0.96. 


V =C.Ay 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-57 
Solution The gage pressure in the water mains of a city at a particular location is given. It is to be determined if this 
main can serve water to neighborhoods that are at a given elevation relative to this location. 


Assumptions Water is incompressible and thus its density is constant. 


Properties We take the density of water to be p= 1000 kg/m’. 


Analysis Noting that the gage pressure at a dept of h in a fluid is given by Poage = Pwater 8M, the height of a fluid 
column corresponding to a gage pressure of 400 kPa is determined to be 
2 2 — 
h= Prase ___ 400,000 N/m*__[ 1kg-mi/s* | _ 40.8 m Water Main, 400kPa =——» 
Pwater§ (1000kg/m*)(9.81m/s*)\ 1N CL 


which is less than 50 m. Therefore, this main cannot serve water to 
neighborhoods that are 50 m above this location. 


Discussion Note that h must be much greater than 50 m for water to have enough pressure to serve the water needs of 
the neighborhood. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-58 
Solution A hand-held bicycle pump with a liquid reservoir is used as an atomizer by forcing air at a high velocity 
through a small hole. The minimum speed that the piston must be moved in the cylinder to initiate the atomizing effect is to 
be determined. 


Assumptions 1The flows of air and water are steady, incompressible, and irrotational with negligible frictional effects (so 
that the Bernoulli equation is applicable). 2 Air is an ideal gas. 3 The liquid reservoir is open to the atmosphere. 4 The 
device is held horizontal. 5 The water velocity through the tube is low. 


Properties We take the density of water to be p = 1000 kg/m*. The 
gas constant of air is R = 0.287 kPa-m*/kg-K. 






| ee f Liquid 
Analysis We take point 1 at the exit of the hole, point 2 in air far rising 

from the hole on a horizontal line, point 3 at the exit of the tube in air 
stream (so that points 1 and 3 coincide), and point 4 at the free surface 
of the liquid in the reservoir (P = P4 = Pam and P, = P3). We also take 
the level of the hole to be the reference level (so that z1 = z2 = z3 =0 and 
z4 = -h). Noting that V? = V3 = V, = 0, the Bernoulli equation for the air 
and water streams becomes 








P Vv? P, Vè P P 
Water (3-4): +> +z; =+ +z, > = 4(-h) > P -Pam =-Pwaergh 1) 
pg 2 pg 2 P8 P8 
P v? P, Ve P Vv P (Pam — P. 
Air (1-2): 1 + 1 +z ek, a 2 Za > 1 re 1 _ * atm > V; = ( atm 1) (2) 
pg 28 pg 28 P8 28 P8 Pair 
where 
P kP. 
Par =—= oe =1.13 kg/m? 





RT (0.287 kPa-m*/kg-K)(20+273 K) 


Combining Eqs. (1) and (2) and substituting the numerical values, 


XP, 2D water *)(9.81 m/s? )(0. 
V= (Pam Pi) _ [2Pwaergh _ [21000 kg/m™ )(9 sia )(0.1m) =åiT ms 
Pair Pair 1.13 kg/m 


Taking the flow of air to be steady and incompressible, the conservation of mass for air can be expressed as 








2 
; ; A D ole / 4 
= = = hole = hole 
V piston = Viole => V piston Ápiston E Vhole Ahote > V piston = A Vhole za 2 1 

piston AD piston 14 





Simplifying and substituting, the piston velocity is determined to be 





piston 


2 
Dhole 0.3cm\? 
Vr (z=) V = aa (41.7 m/s) = 0.15 m/s 


Discussion In reality, the piston velocity must be higher to overcome the losses. Also, a lower piston velocity will do the 
job if the diameter of the hole is reduced. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-59 
Solution The water height in an airtight pressurized tank is given. A hose pointing straight up is connected to the 
bottom of the tank. The maximum height to which the water stream could rise is to be determined. 


Assumptions 1 The flow is steady, incompressible, and irrotational with 
negligible frictional effects (so that the Bernoulli equation is applicable). 2 The 
friction between the water and air is negligible. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis We take point | at the free surface of water in the tank, and point 
2 at the top of the water trajectory. Also, we take the reference level at the 
bottom of the tank. At the top of the water trajectory V2 = 0, and atmospheric 
pressure pertains. Noting that zı = 20 m, Pi gage = 2 atm, P2 = Pum, and that the 
fluid velocity at the free surface of the tank is very low (V, = 0), the Bernoulli 
equation between these two points simplifies to 

















P Ve P, Vy P, Paim 
+ tj = + +Z? > +2, = +Z9 > ag = 
ps 28 pg 28 ps p8 
Substituting, 
2 2 
ys 2 = . 101,325 N/m* | 1kg-m/s 20 = 40.7 m 
(1000 kg/m” )(9.81 m/s*) latm IN 


Therefore, the water jet can rise as high as 40.7 m into the sky from the ground. 


Discussion The result obtained by the Bernoulli equation represents the upper limit, and should be interpreted 
accordingly. It tells us that the water cannot possibly rise more than 40.7 m (giving us an upper limit), and in all likelihood, 
the rise will be much less because of frictional losses. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-60 
Solution A Pitot-static probe equipped with a water manometer is held parallel to air flow, and the differential height 
of the water column is measured. The flow velocity of air is to be determined. 


Assumptions 1The flow of air is steady, incompressible, and irrotational with negligible frictional effects (so that the 
Bernoulli equation is applicable). 2 The effect of air column on the pressure change is negligible because of its low density, 
and thus the air column in the manometer can be ignored. 


Properties We take the density of water to be p= 1000 kg/m’. The density of air is given to be 1.25 kg/m’. 


Analysis We take point | on the side of the probe where the entrance is parallel to flow and is connected to the static 
arm of the Pitot-static probe, and point 2 at the tip of the probe where the entrance is normal to flow and is connected to the 
dynamic arm of the Pitot-static probe. Noting that point 2 is a stagnation point and thus V, = 0 and z; = 2», the application 
of the Bernoulli equation between points | and 2 gives 


P Vv? 


P. 2 P 2 P [2 P, -P 
Js= 2 , V3 ; Z > 1 ; Vi 2. > V, = ( 2 1) (1) 
pg 2g pg 2g PE 28 pg Pair 


The pressure rise at the tip of the Pitot-static probe is simply the pressure change indicated by the differential water column 
of the manometer, 
P, ~ P, = P water 8h (2) 


Combining Eqs. (1) and (2) and substituting, the flow velocity is determined to be 


2P war gh 3), *)(0. 
v= Pwatergh _ |2(1000 kg/m” )(9 me )(0.073M) _ 33 8m/s 
Pair 1.25 kg/m“ 











Air 
=> 
= 
E 
=> 


Manometer 


Discussion Note that flow velocity in a pipe or duct can be measured easily by a Pitot-static probe by inserting the 
probe into the pipe or duct parallel to flow, and reading the differential height. Also note that this is the velocity at the 
location of the tube. Several readings at several locations in a cross-section may be required to determine the mean flow 
velocity. 





5-36 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 5 Mass, Bernoulli, and Energy Equations 
5-61E 
Solution A Pitot-static probe equipped with a differential pressure gage is used to measure the air velocity in a duct. 
For a given differential pressure reading, the flow velocity of air is to be determined. 


Assumptions The flow of air is steady, incompressible, 


and irrotational with negligible frictional effects (so that the 
Bernoulli equation is applicable). AP = 0.15 psi 


Properties The gas constant of air is R = 0.3704 
psia-ft*/lbm-R. 


Analysis We take point | on the side of the probe Air 
where the entrance is parallel to flow and is connected to the — 
static arm of the Pitot-static probe, and point 2 at the tip of 70°F — 

the probe where the entrance is normal to flow and is 13.4 psia O) 
connected to the dynamic arm of the Pitot-static probe. = 
Noting that point 2 is a stagnation point and thus V2 = 0 and 

Zi = Z the application of the Bernoulli equation between 

points 1 and 2 gives 








P, , v? : _ P, , v? ‘ : P ve _ P, ; V, _ 2(P, = PB) 
pg 28 pg 28g pg 28 pg Vp 
where 
P 13.4 psi 
pzs psia = 0.0683 Ibm/ft? 





RT (0.3704 psia- ft?/Ibm- R)(70 + 460 R) 


Substituting the given values, the flow velocity is determined to be 








2(0.15 psi) s lbf/ft? | 32.2 Ibm- ft/s” 


= 5 =143 ft/s 
0.0683 Ibm/ft Llbf 


1 psi 


Discussion Note that flow velocity in a pipe or duct can be measured easily by a Pitot-static probe by inserting the 
probe into the pipe or duct parallel to flow, and reading the pressure differential. Also note that this is the velocity at the 
location of the tube. Several readings at several locations in a cross-section may be required to determine the mean flow 
velocity. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-62 
Solution In a power plant, water enters the nozzles of a hydraulic turbine at a specified pressure. The maximum 
velocity water can be accelerated to by the nozzles is to be determined. 


Assumptions 1The flow of water is steady, incompressible, and irrotational with negligible frictional effects (so that the 
Bernoulli equation is applicable). 2 Water enters the nozzle with a low velocity. 


Properties We take the density of water to be p= 1000 kg/m’. 















Analysis We take points | and 2 at the inlet and exit of the nozzle, respectively. Noting that V; = 0 and z; = Z, the 
application of the Bernoulli equation between points | and 2 gives 
PW P, V FL _ Pam , Vo [XA = Pam) 
+= H tZ > = H > V= 
pg 28 pg 2g p8 pg 28 P 
Water 100 kPa 
Substituting the given values, the nozzle exit velocity is determined to be . 
Turbine 
A nozzzle 





y = Pome sefa Ron |e 
il 


3 =34.6 m/s 
1000 kg/m ` 1 kPa IN 

Discussion This is the maximum nozzle exit velocity, and the actual 
velocity will be less because of friction between water and the walls of the 
nozzle. 





Energy Equation 


5-63C 

Solution We are to analyze whether temperature can decrease during steady adiabatic flow of an incompressible 
fluid. 

Analysis It is impossible for the fluid temperature to decrease during steady, incompressible, adiabatic flow of an 


incompressible fluid, since this would require the entropy of an adiabatic system to decrease, which would be a violation of 
the 2" law of thermodynamics. 


Discussion The entropy of a fluid can decrease, but only if we remove heat. 





5-64C 
Solution We are to determine if frictional effects are negligible in the steady adiabatic flow of an incompressible 
fluid if the temperature remains constant. 


Analysis Yes, the frictional effects are negligible if the fluid temperature remains constant during steady, 
incompressible flow since any irreversibility such as friction would cause the entropy and thus temperature of the fluid to 


increase during adiabatic flow. 


Discussion Thus, this scenario would never occur in real life since all fluid flows have frictional effects. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


5-65C 

Solution We are to define and discuss irreversible head loss. 

Analysis Irreversible head loss is the loss of mechanical energy due to irreversible processes (such as friction) in 
piping expressed as an equivalent column height of fluid, i.e., head. Irreversible head loss is related to the mechanical 





e E 


mech loss, piping _ 


g mg 


mech loss, piping 





energy loss in piping by |i; = 











Discussion h; is always positive. It can never be negative, since this would violate the second law of thermodynamics. 








5-66C 
Solution We are to define and discuss useful pump head. 
Analysis Useful pump head is the useful power input to the pump expressed as an equivalent column height of 
. š x 7 W pump, u W pump, u 
fluid. It is related to the useful pumping power input by |A pump = ——— ~ = — ~ 
g mg 











Discussion Part of the power supplied to the pump is not useful, but rather is wasted because of irreversible losses in 
the pump. This is the reason that pumps have a pump efficiency that is always less than one. 





5-67C 
Solution We are to define and discuss the kinetic energy correction factor. 
Analysis The kinetic energy correction factor is a correction factor to account for the fact that kinetic energy 


using average velocity is not the same as the actual kinetic energy using the actual velocity profile (the square of a 
sum is not equal to the sum of the squares of its components). The effect of kinetic energy factor is usually negligible, 
especially for turbulent pipe flows. However, for laminar pipe flows, the effect of œ is sometimes significant. 


Discussion Even though the effect of ignoring æ is usually insignificant, it is wise to keep @ in our analyses to increase 
accuracy and so that we do not forget about it in situations where it is significant, such as in some laminar pipe flows. 





5-68C 
Solution We are to analyze the cause of some strange behavior of a water jet. 
Analysis The problem does not state whether the water in the tank is open to the atmosphere or not. Let’s assume that 


the water surface is exposed to atmospheric pressure. By the Bernoulli equation, the maximum theoretical height to which 
the water stream could rise is the tank water level, which is 20 meters above the ground. Since the water rises above the 
tank level, the tank cover must be airtight, containing pressurized air above the water surface. In other words, the water in 
the tank is not exposed to atmospheric pressure. 


Discussion Alternatively, a pump would have to pressurize the water somewhere in the hose. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-69 
Solution Underground water is pumped to a pool at a given elevation. The maximum flow rate and the pressures at 
the inlet and outlet of the pump are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The elevation difference between the inlet and the outlet of the 
pump is negligible. 3 We assume the frictional effects in piping to be negligible since the maximum flow rate is to be 


determined, E =0. 4 The effect of the kinetic energy correction factors is negligible, a= 1. 


mech loss, pipping 
Properties We take the density of water to be 1 kg/L = 1000 kg/m’. 


Analysis (a) The pump-motor draws 3-kW of power, and is 70% efficient. Then the useful mechanical (shaft) power 
it delivers to the fluid is 
wW, 


electric 


= (0.70)(3 kW) = 2.1kW 
We take point | at the free surface of underground water, which is also taken as the reference level (z, = 0), and point 2 at 
the free surface of the pool. Also, both 1 and 2 are open to the atmosphere (P, = Pz = P.tm), the velocities are negligible at 
both points (Vj = V2 = 0), and frictional losses in piping are disregarded. Then the energy equation for steady 
incompressible flow through a control volume between these two points that includes the pump and the pipes reduces to 
[P v? . | P, Vv . : 
Mm) —+ @ ——+ 82 +W pump =M — +æ -7 +t 82 + Wrurbine + E mech loss 
pP 2 p 2 ; 


pump,u — 7] pump-motor 


In the absence of a turbine, E eci; ios = VEA loss, pump + È mech loss, piping and 
W pump, u7 W rimp > E mech loss, pump * 
Thus, W pump, u =mMgZ3. 
Then the mass and volume flow rates of water become 
2 w ump, u 2.1k 1 = = 
ji = e aenn o Doom A l idk _ 
825 (9.81 m/s“ )(30 m) 1kJ 





i 7TA4k 
=m Tlákes 7.4410? mis 
p okem 


(b) We take points 3 and 4 at the inlet and the exit of the pump, respectively, where the flow velocities are 
V V 714x10” m?/ V V 714x10” m?/ 

— = E 86 ms, V, =— = —— = 3.64 ms 
A; 2D3;/4 = 72(0.07m)*/4 A, mDxz/4 — 7(0.05m)°/4 


We take the pump as the control volume. Noting that z3 = z4, the energy equation for this control volume reduces to 


V; = 








iva, z £2} = is a Ti cs | Wai +E mesninsssniny > Pa Ps = nah te 
Substituting, 

(1000 kg/m’)(1.0)[ (1.86 m/s)? -(3.64 m/s} ]/ gay 21k/s  (1kN-m 
P,-P,= 5 er l 1 kJ ) 


= (-4.9 +294. 1) kN/m’ = 289.2 kPa = 289 kPa 





Discussion In an actual system, the flow rate of water will be less because of friction in the pipes. Also, the effect of 
flow velocities on the pressure change across the pump is negligible in this case (under 2%) and can be ignored. 





5-40 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 5 Mass, Bernoulli, and Energy Equations 
5-70 
Solution Underground water is pumped to a pool at a given elevation. For a given head loss, the flow rate and the 
pressures at the inlet and outlet of the pump are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The elevation difference between the inlet and the outlet of the 
pump is negligible. 3 The effect of the kinetic energy correction factors is negligible, a= 1. 


Properties We take the density of water to be 1 kg/L = 1000 kg/m’. 


Analysis (a) The pump-motor draws 3-kW of power, and is 70% efficient. Then the useful mechanical (shaft) power 
it delivers to the fluid is 

W parapa = TÌ puinp-motor W electric = (0.70)(3 kW) =2.1 kW 
We take point 1 at the free surface of underground water, which is also taken as the reference level (zı = 0), and point 2 at 
the free surface of the pool. Also, both 1 and 2 are open to the atmosphere (P, = P3 = Pam), and the velocities are negligible 
at both points (V; = V2 = 0). Then the energy equation for steady incompressible flow through a control volume between 


these two points that includes the pump and the pipes reduces to 


| Pi v? i | P Vy 
at + A, —+ BZ, It W pump = M| —+ A, —+ 82 |+Wurbine + E mech loss 
pP 2 p 2 


=W 


pump `~ 


In the absence of a turbine, E mech, loss = E mech loss, pump + E mech loss, piping and W pump, u E mech loss, pump and thus 


W pump, u = Mg8Z2 + E mech loss, piping 


Noting that E = mgh, , the mass and volume flow rates of water become 


mech, loss 





rip = oom pump. 
822+ Bh, 8(z2+h;) 
2: 2 
ane 1000 m* /s = 6.116 kg/s 
(9.81 m/s )(30 +5 m) ve 
_ ft _ 6.16Kg/s 


=6.116m° / s =6.12x10 ° mĉ/s 
P 1000kg/m? 





(b) We take points 3 and 4 at the inlet and the exit of the pump, respectively, where the flow velocities are 
V V 116x107 m* V V 116x107 m? 
-— _ 6.116x10 mls _1.589m/s, Vy = s= _ 6.116x10 HA 
A; D314 (0.07 m)*~ /4 A, D314 (0.05 m)* / 4 
We take the pump as the control volume. Noting that z3 = z4, the energy equation for this control volume reduces to 
_ pa (Vs -Va) E W pump,u 
2 V 








V, = =3.115 m/s 


2 2 
: P; V3 F F P, Vi : í 
m ao aT 8%3 +W pump =m p 2 + 8% 4 +W urbine + E nech loss, pump > P, =P 


Substituting, 
= 2 1000 kg-m/s? ) 6.116x10° m*/s\ 1 kJ 
= (-3.6 + 343.4) kN/m’ = 339.8 kPa =~ 340 kPa 








Discussion Note that frictional losses in the pipes causes the flow rate of water to decrease. Also, the effect of flow 
velocities on the pressure change across the pump is negligible in this case (about 1%) and can be ignored. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-71E 
Solution In a hydroelectric power plant, the elevation difference, the power generation, and the overall turbine- 
generator efficiency are given. The minimum flow rate required is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The 
water levels at the reservoir and the discharge site remain 
constant. 3 We assume the flow to be frictionless since the 
minimum flow rate is to be determined, E mech,loss = 9: 
Properties We take the density of water to be p = 62.4 
Ibm/ft’. 





Analysis We take point 1 at the free surface of the 
reservoir and point 2 at the free surface of the discharge water 
stream, which is also taken as the reference level (z. = 0). Also, 
both 1 and 2 are open to the atmosphere (P; = P2 = Pam), the 
velocities are negligible at both points (V; = V2 = 0), and 
frictional losses are disregarded. Then the energy equation in 
terms of heads for steady incompressible flow through a control 
volume between these two points that includes the turbine and 
the pipes reduces to 


Generator 





P, Ve P, Vy 
— +a + Zı + h pump, u = ta -7 tZ + Nurbine.e + hy => uurbine,e = 2 
p8 2g p8 28 
Substituting and noting that W bine, elect = Mturbine-gen8hurbine,e > the extracted turbine head and the mass and volume flow 
rates of water are determined to be 
Neurbine.e = hye 240 ft 
Warp; 24,2 
n= turbine,elect E 100 sa 25,037 ft“/s “ a -370 Ibm/s 
Meurbine-genSurbine  0.83(32.2 ft/s? )(240 ft) | 1 Btu/lbm 1kw 


ya m__310lbmis_ _ 5 93 t3/s 


p 62.4 lbm/ft? 


Therefore, the flow rate of water must be at least 5.93 ft’/s to generate the desired electric power while overcoming friction 
losses in pipes. 


Discussion In an actual system, the flow rate of water will be more because of frictional losses in pipes. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-72E 
Solution In a hydroelectric power plant, the elevation difference, the head loss, the power generation, and the overall 
turbine-generator efficiency are given. The flow rate required is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The 
water levels at the reservoir and the discharge site remain 
constant. 


Properties We take the density of water to be p = 62.4 
Ibm/ft’. 


Analysis We take point 1 at the free surface of the 
reservoir and point 2 at the free surface of the discharge water 
stream, which is also taken as the reference level (z. = 0). Also, 
both 1 and 2 are open to the atmosphere (P; = P2 = Pam), the 
velocities are negligible at both points (V; = V2 = 0). Then the 
energy equation in terms of heads for steady incompressible 
flow through a control volume between these two points that 
includes the turbine and the pipes reduces to 






Generator 


Pi v? P, F 
= ay + Zi t Mimpi = Qa t Z2 + hintvine,e + hy => hiurbine,e = 21 hy 
p8 2g pg 28 


Substituting and noting that W urbine, ance MgNurbine,e > the extracted turbine head and the mass and volume flow 


= turbine -gen 


rates of water are determined to be 


h =z, —h, = 240-36 = 204 ft 


turbine, e 





Wu ine,elec ĉis? 
pa Vubis 100kW (sm Is [onan aasin 


Mrurbine-gen SMturbine  0.83(82.2 ft/s? )(204 fo | 1Btu/lbm 1kw 


_ ti _ 435 1bm/s 


=— =——— = 6.98 ft*/s 
P 62.4 lbm/ft 


Therefore, the flow rate of water must be at least 6.98 ft’/s to generate the desired electric power while overcoming friction 
losses in pipes. 


Discussion Note that the effect of frictional losses in the pipes is to increase the required flow rate of water to generate a 
specified amount of electric power. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-73 [Also solved using EES on enclosed DVD] 


Solution A fan is to ventilate a bathroom by replacing the entire volume of air once every 10 minutes while air 
velocity remains below a specified value. The wattage of the fan-motor unit, the diameter of the fan casing, and the pressure 
difference across the fan are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 Frictional losses 
along the flow (other than those due to the fan-motor inefficiency) are Air 
negligible. 3 The fan unit is horizontal so that z = constant along the flow (or, O 8 m/s 
the elevation effects are negligible because of the low density of air). 4 The 

effect of the kinetic energy correction factors is negligible, œ = 1. 








—> 


> 


Properties The density of air is given to be 1.25 kg/m’. 


Analysis (a) The volume of air in the bathroom is V=2 mx 3mx3m= 18m’. 
Then the volume and mass flow rates of air through the casing must be 
3 
y-“ 18m" _903m3s 
At 10x60s 


m = pV = (1.25kg/m?)(0.03 m3/s) = 0.0375 kg/s 


We take points | and 2 on the inlet and exit sides of the fan, respectively. Point | is sufficiently far from the fan so that P , 
= Pm and the flow velocity is negligible (V; = 0). Also, P: = Patm. Then the energy equation for this control volume 
between the points 1 and 2 reduces to 

[P v2 . [P v2 . i 3 . VŽ 
m +a, + 8% AW urip =m +a, + 8% +W urbine + E mech.loss > Wian u — MQ = 
p 2 p 2 f ; 2 





since E mech, loss = È nech loss, pump in this case and W pump, u7 W pump - Bas loss, pump * Substituting, 
, . Ve 8m/s) { 1N 1W 
Paaha 0a ES - | =1.2W 
, 2 2 1 kg -m/s 1N-m/s 
Wenu _ 1.2W 
and Wan, elect = — =——_ = 2.4W 


77 fan-motor 0.5 


Therefore, the electric power rating of the fan/motor unit must be 2.4 W. 


(b) For air mean velocity to remain below the specified value, the diameter of the fan casing should be 


: 3 
V=A,V, = (D3 14)V, > D,= Ma IUa A pmb cm 
aV, z(8 m/s) 


(c) To determine the pressure difference across the fan unit, we take points 3 and 4 to be on the two sides of the fan on a 
horizontal line. Noting that z3 = z, and V3 = V4 since the fan is a narrow cross-section and neglecting flow loses (other than 
the loses of the fan unit, which is accounted for by the efficiency), the energy equation for the fan section reduces to 
P, .P W; W, 
m +W an a= 4 > P, = a _ fonu 
; p mip V 





Substituting , 





12W /1IN-m/s 
0.03m°/s\ 1W 


Therefore, the fan will raise the pressure of air by 40 Pa before discharging it. 


)=40 N/m? = 40 Pa 


Discussion Note that only half of the electric energy consumed by the fan-motor unit is converted to the mechanical 
energy of air while the remaining half is converted to heat because of imperfections. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-74 
Solution Water is pumped from a large lake to a higher reservoir. The head loss of the piping system is given. The 
mechanical efficiency of the pump is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The 
elevation difference between the lake and the reservoir is constant. 


Properties We take the density of water to be p = 1000 kg/m’. 


Analysis We choose points | and 2 at the free surfaces of the 
lake and the reservoir, respectively, and take the surface of the lake as 
the reference level (z; = 0). Both points are open to the atmosphere (P, 
= P, = Pm) and the velocities at both locations are negligible (V, = Vz 
= 0). Then the energy equation for steady incompressible flow through 
a control volume between these two points that includes the pump and 
the pipes reduces to 





P v? P v? 
. 1 1 i -u 2 2 ; i ; ; s 
m p +a 2 + gz, |+ W pump =m p ta, 2 + 8Z> |+ W turbine + E echioss => W pump,u = Min + E mech loss, piping 


since, in the absence of a turbine, E 


=E + E mech loss, piping and W pump, u 7 W sions -E . Noting 


mech, loss mech loss, pump mech loss, pump 


that E = mgh; , the useful pump power is 


mech loss, piping 


Woumpu = M829 +1agh, = pVg(z> +h,) 


= (1000 kg/m? )(0.025 m3/s)(9.81m/ s7)[(25+7) m] — 
1000 kg - m/s 


= 7.85 kNm/s = 7.85 kW 


Then the mechanical efficiency of the pump becomes 


Woump,u _ 7.85 kW 


: = 0.785 = 78.5% 
W shaft 10 kW 








7] pump 


Discussion A more practical measure of performance of the pump is the overall efficiency, which can be obtained by 
multiplying the pump efficiency by the motor efficiency. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


gS 


5-75 E 


Solution The previous problem is reconsidered. The effect of head loss on mechanical efficiency of the pump. as the 
head loss varies 0 to 20 m in increments of 2 m is to be investigated. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


g=9.81 "m/s2" 

rho=1000 "kg/m3" 

z2=25 "m" 

W_shaft=10 "kW" 

V_dot=0.025 "m3/s" 
W_pump_u=rho*V_dot*g*(z2+h_L)/1000 "kW" 
Eta_pump=W_pump_u/W_shaft 










































































Head Loss, Pumping power Efficiency + , i 
hy, m W pump, u 7oump 
0 6.13 0.613 
1 6.38 0.638 ] 
2 6.62 0.662 
3 6.87 0.687 
4 7.11 0.711 
5 7.36 0.736 ] 
6 7.60 0.760 
7 7.85 0.785 
8 8.09 0.809 ] 
9 8.34 0.834 
10 8.58 0.858 
11 8.83 0.883 
12 9.07 0.907 
13 9.32 0.932 , , , 
14 9.56 0.956 2 4 6 8 10 12 14 16 
15 9.81 0.981 hL, m 





Discussion Note that the useful pumping power is used to raise the fluid and to overcome head losses. For a given 
power input, the pump that overcomes more head loss is more efficient. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-76 
Solution A pump with a specified shaft power and efficiency is used to raise water to a higher elevation. The 
maximum flow rate of water is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The elevation difference between the reservoirs is constant. 3 


We assume the flow in the pipes to be frictionless since the maximum flow rate is to be determined, E jech joss, piping = O- 
Properties We take the density of water to be p= 1000 kg/m’. 
Analysis We choose points | and 2 at the free surfaces of the lower and upper reservoirs, respectively, and take the 


surface of the lower reservoir as the reference level (z, = 0). Both points are open to the atmosphere (P; = P2 = Pxm) and the 
velocities at both locations are negligible (V, = V2 = 0). Then the energy equation for steady incompressible flow through a 
control volume between these two points that includes the pump and the pipes reduces to 


[P v’ : [P v; . À , ; 
m +a 2 + 8z |+ W pump =m +Q 2 + SZ |+ Wiurbine F E ech Joss > W pump,u = Mgz = PVgz2 
P P 


in this case and W pump, u = W pump — Enech loss, pure 


since E ech, loss = E mech loss, pump 


The useful pumping power is 


W pumpu = T] pump W pump; shaft — (0.82)(7 hp) =5.74 hp 


Substituting, the volume flow rate of water is determined to be 


yom STAD 745.7 W [sem 1kg-m/s? 
ps, (1000 kg/m*)(9.81 m/s*)(15m) | Lhp 1W IN 
= 0.0291 m?/s 





Discussion This is the maximum flow rate since the frictional effects are ignored. 9 7S ee 
In an actual system, the flow rate of water will be less because of friction in pipes. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-77 
Solution Water flows at a specified rate in a horizontal pipe whose diameter is decreased by a reducer. The pressures 
are measured before and after the reducer. The head loss in the reducer is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The pipe is horizontal. 3 The kinetic energy correction factors 
are given to be œ = œ = & = 1.05. 


Properties We take the density of water to be p= 1000 kg/m’. 


Analysis We take points 1 and 2 along the centerline of the pipe before and after the reducer, respectively. Noting 
that zı = z2, the energy equation for steady incompressible flow through a control volume between these two points reduces 
to 














P v2 P v2 P,-P. vê -V2 
— +a, + z + hpump,u = +a, > +25 + Mubinee + Ax > hy = Z po ! - 
p8 28g pg 28g pg 2g 
where 
r ; 3 
v, = V 4 _ a -1.98 m/s 
A, aDy/4 2(0.15m)°/4 
V V 3 
E N E L 
A, zD3/4 2(0.08m)*/4 Reducer 


Substituting, the head loss in the reducer is determined to be 





(470-440) kPa [Haare oemt), 1.05[(1.98 m/s)? — (6.96 m/s)? ] 
L 


(1000 kg/m°?)(9.81m/s?)| 1kPa 1kN 2(9.81 m/s?) 
=3.06- 2.38 = 0.68 m 


Discussion Note that the 0.79 m of the head loss is due to frictional effects and 2.27 m is due to the increase in velocity. 
This head loss corresponds to a power potential loss of 


IN 1W 
E ©- = OVeh, = (1000 kg/m? )(0.035 m7/s)(9.81 m/s” )(0.79 m (zw 
mech loss, piping 7 P YSNL ( & X X X ) 1 kg . m/s? 1N-m/s 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-78 
Solution A hose connected to the bottom of a tank is equipped with a nozzle at the end pointing straight up. The 
water is pressurized by a pump, and the height of the water jet is measured. The minimum pressure rise supplied by the 
pump is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 Friction between the water and air as well as friction in the hose 
is negligible. 3 The water surface is open to the atmosphere. 


Properties We take the density of water to be p = 1000 kg/m’. 


Analysis We take point | at the free surface of water in the tank, and point 2 at the top of the water trajectory where 
V, = 0 and P, = P; = Pam. Also, we take the reference level at the bottom of the tank. Noting that z; = 20 m and z) = 27 m, 
h; =0 (to get the minimum value for required pressure rise), and that the fluid velocity at the free surface of the tank is very 
low (V, = 0), the energy equation for steady incompressible flow through a control volume between these two points that 
includes the pump and the water stream reduces to 


P v? P, Vy 
t+ + uy + hump, u = ta tZ + h iurbine,e + hy OQA 
p8 2g pg 2g 
a hpump,u = £2 — 1 
Substituting, 
27m 
h pump, u =27-20=7m 


A water column height of 7 m corresponds to a pressure rise of 





IN 
AP . = ogh = (1000 ke/m*)(9.81 m/s”)(7 m)} ———-——— 
pump, min PE! pump, u ( 8 ) X {0 xz) 


= 68.7 kN/m?” = 68.7 kPa 
Therefore, the pump must supply a minimum pressure rise of 68.7 kPa. 


Discussion The result obtained above represents the minimum value, and should be interpreted accordingly. In reality, a 
larger pressure rise will need to be supplied to overcome friction. 





5-79 
Solution The available head of a hydraulic turbine and its overall efficiency are given. The electric power output of 
this turbine is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The available head remains constant. 


Properties We take the density of water to be p= 1000 kg/m’. 


Analysis When the turbine head is available, the corresponding power output is eases 


determined from 
1 Generator 


Wieurbine = 1 turbine Mgh urbine = Trurbine OVER mrbine 


Substituting, 


Weurbine = 0-78(1000 kg/m? )(0.25 m3/s)(9.81 m/s” )(85 m) a a) =163kW 
1kg-m/s~ )\1000 N- m/s 


Discussion The power output of a hydraulic turbine is proportional to the available turbine head and the flow rate. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-80 
Solution An entrepreneur is to build a large reservoir above the lake level, and pump water from the lake to the 
reservoir at night using cheap power, and let the water flow from the reservoir back to the lake during the day, producing 
power. The potential revenue this system can generate per year is to be determined. 


Assumptions 1 The flow in each direction is steady and 
incompressible. 2 The elevation difference between the lake 
and the reservoir can be taken to be constant, and the elevation aes 
change of reservoir during charging and discharging is Reservoir 

disregarded. 3 The given unit prices remain constant. 4 The 


system operates every day of the year for 10 hours in each 
mode. 






Pump- 40m 
turbine 


Properties We take the density of water to be p = 1000 
kg/m’. 


Analysis We choose points | and 2 at the free surfaces of the lake and the reservoir, respectively, and take the surface 
of the lake as the reference level. Both points are open to the atmosphere (P; = Pz = Patm) and the velocities at both locations 
are negligible (V; = V2 = 0). Then the energy equation in terms of heads for steady incompressible flow through a control 
volume between these two points that includes the pump (or the turbine) and the pipes reduces to 


P v? P Vo 
Pump mode: a op + A pump, u mT oe +Nurpine,e +2, > 
Foumpu = 22 thy =404+4 =44m 


Turbine mode: (switch points 1 and 2 so that 1 is on inlet side) —  Murbine,e = Z1 ~”; =40-4=36m 
The pump and turbine power corresponding to these heads are 


W pP Veh 





Wima = pump, u pump, u 
7] pump-motor 7 pump-motor 
3 3 2 
_ (1000 kg/m“ )(2 m~/s)(9.81 m/s* )(44 m) IN i í 1kW -1151kW 
0.75 1kg -m/s A1000 N -m/s 


W iurbine = 77 turbine-gen Mgh iurbine, e7 1 turbine-gen PV8hurbine, e 


= 0.75(1000 kg/m? )(2 m*/s)(9.81 m/s” )(36 m) A = kW 
1kg -m/s A1000 N- m/s 


Then the power cost of the pump, the revenue generated by the turbine, and the net income (revenue minus cost) per year 
become 


Cost = W 


pump, elect 


At x Unit price = (1151 kW)(365x 10 h/year)($0.03/kWh) = $126,035/year 


Revenue = W urbine 


At x Unit price = (530 kW)(365x 10 h/year)($0.08/kWh) = $154,760/year 


Net income = Revenue — Cost = 154,760 —126,035 = $28,725/year = $28,700/year 


Discussion It appears that this pump-turbine system has a potential annual income of about $29,000. A decision on 
such a system will depend on the initial cost of the system, its life, the operating and maintenance costs, the interest rate, 
and the length of the contract period, among other things. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-81 
Solution Water flows through a horizontal pipe at a specified rate. The pressure drop across a valve in the pipe is 
measured. The corresponding head loss and the power needed to overcome it are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The pipe is given to be horizontal (otherwise the elevation 
difference across the valve is negligible). 3 The mean flow velocities at the inlet and the exit of the valve are equal since 
the pipe diameter is constant. 


Properties We take the density of water to be p= 1000 kg/m’. 


Analysis We take the valve as the control volume, and points | and 2 at the inlet and exit of the valve, respectively. 
Noting that zı = z2 and V; = V2, the energy equation for steady incompressible flow through this control volume reduces to 





P v? P Vy P -P 

— +a, +z + hpump,u = 4a, +425 + hurbine.e +h; > h; = 
ps 28 Pg 28 ps 

Substituting, Valve 
5 3 Water © © 
= ciali ; 1000 kg - m/s - 0.204 m 
(1000 kg/m” )(9.81 m/s“) 1kN 
20 L/s 


The useful pumping power needed to overcome this head loss is 
AP=2 kPa 


W pump, u = mgh, z pVgh, 


= (1000 ke/m?)(0.020 m3/s)(9.81 m/s2 (0.204 m) sal =) =40W 
1kg:m/s^ AIN -m/s 


Therefore, this valve would cause a head loss of 0.204 m, and it would take 40 W of useful pumping power to overcome it. 


Discussion The required useful pumping power could also be determined from 


W pump = VAP = (0.020 m°/s)(2000 e) =40 W 
1Pa-m°/s 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-82E 
Solution A hose connected to the bottom of a pressurized tank is equipped with a nozzle at the end pointing straight 
up. The minimum tank air pressure (gage) corresponding to a given height of water jet is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 Friction between water and air as well as friction in the hose is 
negligible. 3 The water surface is open to the atmosphere. 


Properties We take the density of water to be p = 62.4 lbm/ft’. 


Analysis We take point 1 at the free surface of water in the tank, and point 
2 at the top of the water trajectory where V3 = 0 and Pı = P3 = Pam. Also, we 
take the reference level at the bottom of the tank. Noting that zı = 66 ft and zz = 
90 ft, h; = O (to get the minimum value for the required air pressure), and that 
the fluid velocity at the free surface of the tank is very low (V, = 0), the energy 
equation for steady incompressible flow through a control volume between these 
two points reduces to 


90 ft 





P, Ve P, Ve 
—_ ta, 2 +z F fuimu =— +0, 2 +Z a Nessie +h, 
PE & PE & 
B-P P 
or ci am = ga m Zi > oe =La T Zj 
PE PE 


Rearranging and substituting, the gage pressure of pressurized air in the tank is determined to be 





1 lbf l psi . 
P, ae = P8 (22—31) = (62.4 Ibm/ft? )(32.2 fts? )(90-66 ol E lg ae =10.4 psi 


Therefore, the gage air pressure on top of the water tank must be at least 10.4 psi. 


Discussion The result obtained above represents the minimum value, and should be interpreted accordingly. In reality, a 
larger pressure will be needed to overcome friction. 





5-83 
Solution A water tank open to the atmosphere is initially filled with water. A sharp-edged orifice at the bottom drains 
to the atmosphere. The initial discharge velocity from the tank is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The tank is open to the atmosphere. 3 The kinetic energy 
correction factor at the orifice is given to be œ = a= 1.2. 


Analysis We take point | at the free surface of the tank, and point 2 at the exit of the orifice. Noting that the fluid at 
both points is open to the atmosphere (and thus P; = P2 = Pam) and that the fluid velocity at the free surface of the tank is 
very low (V; =0), the energy equation between these two points (in terms of heads) simplifies to 
P ve P v? 
+a; +z +h $y +425 +Murpinee t AL 
ps 28 28 


which yields 





pump,u — 


2 
2 
Hgy +h; 


Solving for V, and substituting, 


V, =29(z; —z) —h,)/a@ =2(9.81 m/s” )(2-0.3m)/1.2 = 5.27 m/s 


Discussion This is the velocity that will prevail at the beginning. The mean flow velocity will decrease as the water 
level in the tank decreases. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-84 
Solution Water enters a hydraulic turbine-generator system with a known flow rate, pressure drop, and efficiency. 
The net electric power output is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 All losses in the turbine are accounted for by turbine efficiency 
and thus h, = 0. 3 The elevation difference across the turbine is negligible. 4 The effect of the kinetic energy correction 
factors is negligible, a, = @=a=1. 


Properties We take the density of water to be 1000 kg/m’ and the density of mercury to be 13,560 kg/m’. 


Analysis We choose points | and 2 at the inlet and the exit of the turbine, respectively. Noting that the elevation 
effects are negligible, the energy equation in terms of heads for the turbine reduces to 


P Ve P Vy P-P, aV’ -Vf 
— + ay + Zi + h pimpa = ki Qo 2 + Z2 + Miurbine,e + hy > Piscine =- 2 T 1 2 l () 
p8 28 p8 2g Pwater8 2g 


where 
V V 0.6 m°/s 


ea aAA TA 
A, D214 2(0.30m)?/4 


= 8.49 m/s 





V V 0.6m°/s 


=—z = 57 = 12.2 mis 
A, mDx/4 = 2(0.25m)"/4 





V, = 


The pressure drop corresponding to a differential height of 1.2 m in the mercury 
manometer is 





P, -P, z (Pug — Pwater EN 
= [(13,560— 1000) kg/m? 1(9.81 m/s? )(1.2 m| —— 5 __ 
1000 kg - m/s 
= 148 kN/m? =148kPa 
Substituting into Eq. (1), the turbine head is determined to be 


(8.49 m/s)? — (12.2 m/s)” 


29.81mis?) =15.1-3.9=11.2m 
: s 





Riurbine, e = 


148 kN/m? 10° kg- m/s? 


1.0 
(1000 kg/m?)(9.81 m/s”) 1kN Je ) 


Then the net electric power output of this hydroelectric turbine becomes 
W urbine = 77 turbine-gen MEN vichine. e7 1 turbine-gen OVER turbine, e 


= 0.83(1000 kg/m?)(0.6 m3/s)(9.81 m/s” )(11.2 m) ae ae) =55kW 
1kg-m/s~ )\1000 N- m/s 


Discussion It appears that this hydroelectric turbine will generate 55 kW of electric power under given conditions. Note 
that almost half of the available pressure head is discarded as kinetic energy. This demonstrates the need for a larger turbine 
exit area and better recovery. For example, the power output can be increased to 74 kW by redesigning the turbine and 
making the exit diameter of the pipe equal to the inlet diameter, D, = D,. Further, if a much larger exit diameter is used and 
the exit velocity is reduced to a very low level, the power generation can increase to as much as 92 kW. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-85 
Solution The velocity profile for turbulent flow in a circular pipe is given. The kinetic energy correction factor for 
this flow is to be determined. 


Analysis The velocity profile is given by u(r) =u,,,,(1—r/R)'/" with n =7 The kinetic energy correction factor is 


max 


then expressed as 


3 3 3 3 
1 u(r) 1 3 1 R 3} r\” 2Uinax fE r\” 
a= +( (2 dA= w KO dA s f rafi) (2ar)dr = R2v3 f, e rdr 


avg avg avg avg 











where the average velocity is 


1 1 R r l/n Qu R 7 l/n 
Vag =— f u(r)dA = — f U rax (1- z) (Qar)dr = Ama f (i -2) rdr 
AJA aR? Jr=0 R R? dr=0 R 


From integral tables, 


n+2 n+l ( | 
[cat bx)" xdy = GF) _ ae) S p u(r) E = 


b? (n+2) b? (n+l) 

















Then, 
R 
R R I/n = +42 _ 441 2p2 
[ucorar = [ (1-2) ipo PIR) den) = on 
0 rol R i) a0 +1) (n+1)(2n+1) 
R R r=0 
R 
k R 3/n 342 _ 341 252 
f u(r)? rdr = [ (1-2) rdr -© ® cts) = nR 
r=0 r-0\ R Ly 2-6) (n+ 3)(2n + 3) 
R R r=0 
Substituting, 
2 R? 2n? 
Vi, =e ae T 
R? (n+1)(2n+1)) (n+ 1(2n+1) 
and 
-3 
op a iti 2n* Umax n?R? ——_s (n+1)°(2n+l)® —(7+1)°(2x7+1)° 
R? ((nt+)(2n+l)} (n+3)(2n+3) 4n4*(n4+3)(2n+3)  4x74(743)(2x7 +3) 


Discussion Note that ignoring the kinetic energy correction factor results in an error of just 6% in this case in the 
kinetic energy term (which may be small itself). Considering that the uncertainties in some terms are usually more that 6%, 
we can usually ignore this correction factor in turbulent pipe flow analyses. However, for laminar pipe flow analyses, œ is 
equal to 2.0 for fully developed laminar pipe flow, and ignoring œ may lead to significant errors. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-86 
Solution A pump is pumping oil at a specified rate. The pressure rise of oil in the pump is measured, and the motor 
efficiency is specified. The mechanical efficiency of the pump is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The elevation difference across the pump is negligible. 3 All the 
losses in the pump are accounted for by the pump efficiency and thus hz = 0. 4 The kinetic energy correction factors are 
given to be qœ; = œ = a=1.05. 


Properties The density of oil is given to be p = 860 kg/m’. 


Analysis We take points 1 and 2 at the inlet and the exit of the pump, respectively. Noting that zı = z2, the energy 
equation for the pump reduces to 


P v2 P. v2 P, -P vV? -Vč 
— +a, +z +Apump,u = + + 29 + Miurdine,e + Ax > h 2, eo) 
p8 28g ps 2g pg 2g 


where © 
V V 0.1mĉ/s 


Vj=—=—,—= > — =19.9 m/s 
A, aD? 14 2(0.08m)?/4 





V V 0.1m?/s 


= 3 = 5 = 8.84 m/s 
A, aD51/4 x7(0.12m)°/4 





V, = 


Substituting, the useful pump head and the corresponding useful pumping power 
are determined to be 








=474-17.0=30.4m 


pump, u 


E 400,000 N/m 1kg- m/s? „ LO5[ (8.84 m/s)? - (19.9 m/s)*] 
(860 kg/m?)(9.81 m/s”) 1N 2(9.81 m/s?) 


W = pVegh 


pump,u 





pump, u 


= (860 kg/m? )(0.1m7/s)(9.81 m/s” )(30.4 m) IEN 5 í da ) = 25.6 kW 
1000 kg-m/s~ A 1KN -m/s 


Then the shaft pumping power and the mechanical efficiency of the pump become 


W Wetectric = (0.90)(35 kW) = 31.5 kW 


pump,shaft 7 7] motor 


Wampu 25.6 kW 
Noump = = 
pmp W 31.5 kW 


pump, shaft 


= 0.813 = 81.3% 


Discussion The overall efficiency of this pump/motor unit is the product of the mechanical and motor efficiencies, 
which is 0.9 x 0.813 = 0.73. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-87E 
Solution Water is pumped from a lake to a nearby pool by a pump with specified power and efficiency. The head 
loss of the piping system and the mechanical power used to overcome it are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The elevation difference between the lake and the free surface of 
the pool is constant. 3 All the losses in the pump are accounted for by the pump efficiency and thus hz represents the losses 


in piping. 
Properties We take the density of water to be p = 62.4 lbm/ft’. 


Analysis The useful pumping power and the corresponding useful pumping head are 
Woump.u = 7 pump pump = (0.73)(12 hp) = 8.76 hp 
h z W Sürp, u = W cic. u 
pump, u š ` 
mg pVg 
= 8.76 hp 32.2 Ibm -ft/s* \( 550 Ibf - ft/s -643 ft 
(62.4 Ibm/ft* \(1.2 ft?/s)(32.2 ft/s?) 1lbf Lhp 


We choose points | and 2 at the free surfaces of the lake and the pool, respectively. Both points are open to the atmosphere 
(P, = P» = Pam) and the velocities at both locations are negligible (V; = V2, = 0). Then the energy equation for steady 
incompressible flow through a control volume between these two points that includes the pump and the pipes reduces to 


P v? P Vy 
+a +z +h 2 +a, —+z, +h 
28 28 


+h; > h= hpump,u +21 -Zy 
PE 


pump, u 7 turbine, e 


Substituting, the head loss is determined to be 
h; =h -= (z> — zı) =64.3-35 = 29.3 ft 


pump, u 


Then the power used to overcome it becomes 


È 





mech loss, piping i pVgh, 


lh 
= (62.4 Ibm/ft? )(1.2 ft?/s)(32.2 ft/s? )(29.3 (solar) 
32.2 Ibm - ft/s” 550 Ibf - ft/s 


=4.0hp 


Discussion Note that the pump must raise the water an additional height of 29.3 ft to overcome the frictional losses in 
pipes, which requires an additional useful pumping power of about 4 hp. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-88 
Solution A fireboat is fighting fires by drawing sea water and discharging it through a nozzle. The head loss of the 
system and the elevation of the nozzle are given. The shaft power input to the pump and the water discharge velocity are to 
be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The effect of the kinetic energy correction factors is negligible, 
a=. 


Properties The density of sea water is given to be 9=1030 kg/m’. 


Analysis We take point | at the free surface of the sea and point 
2 at the nozzle exit. Noting that P; = P2 = Pam and V; = 0 (point 1 is at 
the free surface; not at the pipe inlet), the energy equation for the 
control volume between 1 and 2 that includes the pump and the piping 
system reduces to 





P, v? P, Vy Vz 
—+a@,—+2,+h =—+a@,—+4+2, th +h > h =2Z)—-2Z,+Q@,—+h 
pe 1 2g 1 pump, u pg 2 2g 2 L pump, u 2 1 2 2g L 


turbine, e 


where the water discharge velocity is 
V V 0.1 m*/s 


= = 57 = 50.93 m/s = 50.9 m/s 
A, «D;/4 2(0.05 m)° /4 


V, = 





Substituting, the useful pump head and the corresponding useful pump power are 
determined to be 


2 
hpump,u = (4 pe g m)=139.2 m 
' 2(9.81 m/s?) 
Wumpa = 2V8 pump w = (1030 ke/m*)(0.1m3/s)(9.81 m/s?)(139.2 my —— = — = 
l ' 1000 kg - m/s? | 1KN -m/s 
=140.7 kW 


Then the required shaft power input to the pump becomes 
Woump.u _ 140.7 kW 


pump, shaft = 
H pimp 0.70 


W =201kW 





Discussion Note that the pump power is used primarily to increase the kinetic energy of water. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


Review Problems 


5-89 

Solution A water tank open to the atmosphere is initially filled with water. The tank discharges to the atmosphere 
through a long pipe connected to a valve. The initial discharge velocity from the tank and the time required to empty the 
tank are to be determined. 


Assumptions 1 The flow is incompressible. 2 The draining pipe is horizontal. 3 The tank is considered to be empty when 
the water level drops to the center of the valve. 


Analysis (a) Substituting the known quantities, the discharge velocity can be expressed as 


2 2 
-| as -| ae = 0.121282 


1.5+ fL/D 1.5+0.015(100 m)/(0.10 m) 








Then the initial discharge velocity becomes 


V, = f0.1212gz, = /0.1212(9.81 m/s” )(2 m) = 1.54 m/s z 


where z is the water height relative to the center of the orifice at that time. 


(b) The flow rate of water from the tank can be obtained by multiplying the 
discharge velocity by the ae cross-sectional area, 


V = Apip V2 = ai 1212gz 


Then the amount of water that flows through the pipe during a differential time interval dt is 





dV =Vdt = me 0.1212 gzdt (1) 


which, from conservation of mass, must be equal to the decrease in the volume of water in the tank, 
2 
aD 
dV = Aj, (-dz) = pe (2) 


where dz is the change in the water level in the tank during dt. (Note that dz is a negative quantity since the positive 
direction of z is upwards. Therefore, we used —dz to get a positive quantity for the amount of water discharged). Setting 
Eqs. (1) and (2) equal to each other and rearranging, 


De dz De -H 


0 
2 fo.12i2¢2 D? 01212g 


The last relation can be integrated easily since the variables are separated. Letting t; be the discharge time and integrating it 
from t = 0 when z =z; to t = t; when z = 0 (completely drained tank) gives 

170 
Dé z? 2D 


ty 

‘dt =- a so 0 

i D a UE D’ J0.1212¢ | + D? J0.1212¢ 
a 


Simplifying and substituting the values given, the draining time is determined to be 


2D2 
E 200 m)? 2M 959405=7.21h 
D 0.1212¢ (0. 1m)? 0.1212(9. 81 m/s?) 


Discussion The draining time can be shortened considerably by installing a pump in the pipe. 











2 2 
D 
a 0.1212gzdt D dz > dt 





1 
-= f: ode => ty me Zr 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-90 
Solution The rate of accumulation of water in a pool and the rate of discharge are given. The rate supply of water to 
the pool is to be determined. 


Assumptions 1 Water is supplied and discharged steadily. 2 The rate of 
evaporation of water is negligible. 3 No water is supplied or removed 
through other means. 


Analysis The conservation of mass principle applied to the pool 
requires that the rate of increase in the amount of water in the pool be equal 
to the difference between the rate of supply of water and the rate of 
discharge. That is, 





$ š : ‘ 5 dV oo 7 
=m,-m, > m, =———+m > V =— +V, 


dt i dt . dt j 


dm 


pool 


since the density of water is constant and thus the conservation of mass is equivalent to conservation of volume. The rate of 
discharge of water is 


V, = A.V, = (aD*/4\V, =[2(0.05 m)*/4](5 m/s) = 0.00982 m/s 
The rate of accumulation of water in the pool is equal to the cross-section of the pool times the rate at which the water level 
rises, 


AV soo 
= l A 


at Vievel = (3m x4 m)(0.015 m/min) = 0.18 m?/min = 0.00300 m3/s 


cross-section 


Substituting, the rate at which water is supplied to the pool is determined to be 


, vo. 
V, = a +V, =0.003+ 0.00982 = 0.01282 m°/s = 0.0128 m°/s 


Therefore, water is supplied at a rate of 0.01282 m*/s = 12.82 L/s. 


Discussion This is a very simple application of the conservation of mass equations. 





5-91 

Solution A fluid is flowing in a circular pipe. A relation is to be obtained for the average fluid velocity in terms of 
V(r), R, and r. 

Analysis Choosing a circular ring of area dA = 2nrdr as our differential area, the mass flow rate through a cross- 


sectional area can be expressed as 


R dr 
m= Í pV(r)dA = Í pV (r)2ardr 
0 
A 


Setting this equal to and solving for Vays, 
2 pR 
Vive = ral V(r)r dr 














Discussion If V were a function of both r and @ we would also need to integrate with respect to 6. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-92 
Solution Air is accelerated in a nozzle. The density of air at the nozzle exit is to be determined. 


Assumptions Flow through the nozzle is steady. 


Properties The density of air is given to be 4.18 kg/m’ at the inlet. 





Analysis There is only one inlet and one exit, and thus m, =m, =m. Then, 
m = m =, 
PIA, = P2AaV2 1 AIR 2 
= 
A, V; 120 m/s 3 3 
= pj = 2 4.18 kg/m” ) = 2.64 kg/m 
p2 Ay Vy Pi 380 mis © g/m”) g/ _ 


Discussion Note that the density of air decreases considerably despite a decrease in the cross-sectional area of the 
nozzle. 





5-93 
Solution The air in a hospital room is to be replaced every 20 minutes. The minimum diameter of the duct is to be 
determined if the air velocity is not to exceed a certain value. 


Assumptions 1 The volume occupied by the furniture etc in the room is negligible. 2 The incoming conditioned air does 
not mix with the air in the room. 


Analysis The volume of the room is 


V= (6 m)(5 m)(4 m) = 120 m°? 


To empty this air in 20 min, the volume flow rate must be 


Hospital Room 


3 6x5x4 m 
Koo iion 10 bulbs 


“At 20x605 


If the mean velocity is 5 m/s, the diameter of the duct is 


2 7 3 
V=aAVE aD V < pe 4V _ {4(0.10m°/s) -0.16m 
4 aV z(5 m/s) 


Therefore, the diameter of the duct must be at least 0.16 m to ensure that the air in the room is exchanged completely within 
20 min while the mean velocity does not exceed 5 m/s. 








Discussion This problem shows that engineering systems are sized to satisfy certain constraints imposed by certain 
considerations. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-94 
Solution Water discharges from the orifice at the bottom of a pressurized tank. The time it will take for half of the 
water in the tank to be discharged and the water level after 10 s are to be determined. 


Assumptions 1 The flow is incompressible, and the frictional effects are negligible. 2 The tank air pressure above the 
water level is maintained constant. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis We take point | at the free surface of the tank, and point 2 at the exit of orifice. We take the positive 
direction of z to be upwards with reference level at the orifice (z. = 0). Fluid at point 2 is open to the atmosphere (and thus 
P2 = Pxm) and the velocity at the free surface is very low (V, = 0). Then, 


P v? P, Vv P Py V? 
LiL +ga =+ +z7 > —+ga=-1+2 > V =,[284+2P pace! P 
2 2 2 Ean 
PE Eg P8 8E PE PE gE 
or, V, = [28z + 2P, cael p Where z is the water height in the tank at any time t. Water surface moves down as the tank 





drains, and the value of z changes from H initially to 0 when the tank is emptied completely. 


We denote the diameter of the orifice by D, and the diameter of the tank by D,. The flow rate of water from the 
tank is obtained by multiplying the discharge velocity by the orifice cross-sectional area, 


‘ D? 
V= Aorifice V2 = Ty ve + 2P gage /p 


Then the amount of water that flows through the orifice during a differential time interval dt is 


2 
av = Vit == /2gZ+2P, gage / Pdt (1) 


which, from conservation of mass, must be equal to the decrease in the volume of water in the tank, 
2 
aD 
dV = Ax (dz) =- os dz (2) 


where dz is the change in the water level in the tank during dt. (Note that dz is a negative quantity since the positive 
direction of z is upwards. Therefore, we used —dz to get a positive quantity for the amount of water discharged). Setting 
Eqs. (1) and (2) equal to each other and rearranging, 


D? zD De 1 
A [292+ 2P, cage / pat =-——* de >  dt=-— dz 
4 * 4 D4 Ņ 28z+2P gage / P 


The last relation can be integrated since the variables are separated. Letting t; be the discharge time and integrating it from f 


= 0 when z = zo to t = t when z = z gives 
Air, 450 kPa 


2 
= e 2P gage -i + 2P, gage = Do 
Water tank Zo= 3 m 








€ g D 


2P, gage 2(450— 100) kN/m? 1000 kg - m/s” 
where 3 = ; as 
pg (1000 kg/m” )(9.81 m/s ~* ) 1kN 


=——t 
g pe? 2 









eras 


The time for half of the water in the tank to be discharged (z = z9/2) is 


2 
OD eis = aD ks = +> 1=22.0s 
9.81 m/s 9.81 m/s (2m) 
2 
(b) Water level after 10s is On ga = e ag SOD 10s) > 2=2.31 m 
9.81 m/s 9.81 m/s (2m) 


Discussion Note that the discharging time is inversely proportional to the square of the orifice diameter. Therefore, the 
discharging time can be reduced to one-fourth by doubling the diameter of the orifice. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-95 
Solution Air flows through a pipe that consists of two sections at a specified rate. The differential height of a water 
manometer placed between the two pipe sections is to be determined. 


Assumptions 1The flow through the pipe is steady, incompressible, and irrotational with negligible friction (so that the 
Bernoulli equation is applicable). 2 The losses in the reducing section are negligible. 3 The pressure difference across an air 
column is negligible because of the low density of air, and thus the air column in the manometer can be ignored. 


Properties The density of air is given to be p,i.= 1.20 kg/m’. We take the density of water to be p, = 1000 kg/m’. 


Analysis We take points | and 2 along the centerline of the pipe over the two tubes of the manometer. Noting that z, 
= z (or, the elevation effects are negligible for gases), the Bernoulli equation between points | and 2 gives 

AV P V _ Pair(V2 NN 

Hz H tz > P-P, (1) 
pg 2g ps 28 2 


We let the differential height of the water manometer be h. Then the pressure difference P, — P, can also be expressed as 
P-P, = Pygh (2) 


Combining Eqs. (1) and (2) and solving for h, 











air (Vz -Vy (Vz -Vi)_ Ve -VP 
Pair ( E 1 dp a > j= Pa 1 =- 2 ; 1 Air O 10 cm 
§Pw 8Pw ! Pair 200 L/s 
Calculating the velocities and substituting, 
V V 0.2m°*/ 
pen = aS _=637m/s 


A, aD? /4 2(0.2m)"/4 





V V0.2 m*/s 


= J 3 = 25.5 m/s 
A, mDzx/4 2(0.1m)~/4 


V, = 





4 — 2555 m/s)” — (6.37 m/s)? 


AG ES a Om 3.7 cm 
2(9.81 m/s* )(1000/ 1.20) 


Therefore, the differential height of the water column will be 3.7 cm. 


Discussion Note that the differential height of the manometer is inversely proportional to the density of the manometer 
fluid. Therefore, heavy fluids such as mercury are used when measuring large pressure differences. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-96 [Also solved using EES on enclosed DVD] 


Solution Air flows through a horizontal duct of variable cross-section. For a given differential height of a water 
manometer placed between the two pipe sections, the downstream velocity of air is to be determined, and an error analysis 
is to be conducted. 


Assumptions 1 The flow through the duct is steady, incompressible, and irrotational with negligible friction (so that the 
Bernoulli equation is applicable). 2 The losses in this section of the duct are negligible. 3 The pressure difference across an 
air column is negligible because of the low density of air, and thus the air column in the manometer can be ignored. 


Properties The gas constant of air is R = 0.287 kPa-m*/kg-K. We take the density of water to be pw = 1000 kg/m’. 


Analysis We take points | and 2 along the centerline of the duct over the two tubes of the manometer. Noting that z, 
= z (or, the elevation effects are negligible for gases) and V; = 0, the Bernoulli equation between points 1 and 2 gives 


P Vv? P, V? 
DU age al a 


P P, VŽ [2P -P 
z +z > =+ > V= Mra (1) 
pg 28 pg 28 P8 pg 2g Pair 


where P-P, =p„gh 





ma o e 
P 100 kPa vale 


and fj, =——= =1.17 kg/m? © ©) v, 
RT (0.287 kPa -m°/kg -K)(298 K) Air . 


Substituting into (1), the downstream velocity of air V, is determined to be 


2p,gh {21000 kg/m*)(9.81 m/s? (0. 
y, = = Z000 kg/m NO SIm KOON se emis (2) 
Pair 1.17 kg/m 


Therefore, the velocity of air increases from a low level in the first section to 36.6 
m/s in the second section. 








Error Analysis We observe from Eq. (2) that the velocity is proportional to the square root of the differential height of the 
manometer fluid. That is, V, = kVh . 
Taking the differential: dV, =4k ae 

Jh 
dV, ,, dh 1 dV, dh +2 mm 
V, Vh kVh V, 2h 2x80mm 
Therefore, the uncertainty in the velocity corresponding to an uncertainty of 2 mm in the differential height of water is 
1.3%, which corresponds to 0.013x(36.6 m/s) = 0.5m/s. Then the discharge velocity can be expressed as 


Dividing by V2: =+ 0.013 





V, =36.6+0.5 m/s 


Discussion The error analysis does not include the effects of friction in the duct; the error due to frictional losses is 
most likely more severe than the error calculated here. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-97 
Solution A tap is opened on the wall of a very large tank that contains air. The maximum flow rate of air through the 
tap is to be determined, and the effect of a larger diameter lead section is to be assessed. 


Assumptions Flow through the tap is steady, incompressible, and irrotational with negligible friction (so that the flow rate 
is maximum, and the Bernoulli equation is applicable). 


Properties The gas constant of air is R = 0.287 kPa-m*/kg-K. 
Analysis The density of air in the tank is 


P 102 kP 
Pair === i =1.21 kg/m? 


RT (0.287 kPa - m?/kg - K)(293 K) 





We take point | in the tank, and point 2 at the exit of the tap along the same horizontal line. Noting that zı = z, (or, the 
elevation effects are negligible for gases) and V, = 0, the Bernoulli equation between points 1 and 2 gives 


P v? P, Vi PP, Ve 2(P, — P. 
Bg Kp eg, pee Oe Ye J 
pg 28 pg 28 P8 P8 28 Pair 


Substituting, the discharge velocity and the flow rate becomes 











100 kPa 
i 20°C 
2(P, - P. = s -m/s* 
v, - PPP _ [2002 100) kN/m? ( 1000kg -m/s7 ) _ 57 5 pns 3 
Pair 1.21 kg/m IkN 2cm 





Air 
102 kPa 








DŽ ; 2 
mD, y _ Z(0.02m) 57.5 m/s) = 0.0181m?/s 


V=AV,= 
This is the maximum flow rate since it is determined by assuming 
frictionless flow. The actual flow rate will be less. 


Adding a 2-m long larger diameter lead section will have no effect on the flow rate since the flow is frictionless 
(by using the Bernoulli equation, it can be shown that the velocity in this section increases, but the pressure decreases, and 
there is a smaller pressure difference to drive the flow through the tab, with zero net effect on the discharge rate). 


Discussion If the pressure in the tank were 300 kPa, the flow is no longer incompressible, and thus the problem in that 
case should be analyzed using compressible flow theory. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-98 
Solution Water is flowing through a venturi meter with known diameters and measured pressures. The flow rate of 
water is to be determined for the case of frictionless flow. 


Assumptions 1 The flow through the venturi is steady, incompressible, and irrotational with negligible friction (so that the 
Bernoulli equation is applicable). 2 The flow is horizontal so that elevation along the centerline is constant. 3 The pressure 
is uniform at a given cross-section of the venturi meter (or the elevation effects on pressure measurement are negligible). 


Properties We take the density of water to be p= 1000 kg/m’. 


Analysis We take point | at the main flow section and point 2 at the throat along the centerline of the venturi meter. 
Noting that zı = z2, the application of the Bernoulli equation between points | and 2 gives 





P vf P v? v? -vf 
L-z s+- > R-P, =p 


zy 2 (1) 
pgs 28 ps 28 2 


The flow is assumed to be incompressible and thus the density is constant. Then the conservation of mass relation for this 
single stream steady flow device can be expressed as 


a , . V V 
Vi = V2 =V => AV, = AV3 =V > V=a— and Vv, =— (2) 
A, A, 


Substituting into Eq. (1), 


(V/A,)?-(V1A,)? _ pV? h a 


P-P, =p 
pe 2 BAP \- “AC 





Solving for V gives the desired relation for the flow rate, 


V=A, ee (3) 
pll-(Az / A,)"] 


The flow rate for the given case can be determined by substituting the given values into this relation to be 








Fe aD? 2(P,-P,) _ 2(0.04m)” | 2(430-120) kN/m? (e kg- m/s” 


= 0.0331m*/s 
4 \ pll-(D,/D,)*] 4 (1000 kg/m*)[1- (4/7) *] 1kN ) 
Discussion Venturi meters are commonly used as flow meters to measure the flow rate of gases and liquids by simply 
measuring the pressure difference P, - P, by a manometer or pressure transducers. The actual flow rate will be less than the 
value obtained from Eq. (3) because of the friction losses along the wall surfaces in actual flow. But this difference can be 
as little as 1% in a well-designed venturi meter. The effects of deviation from the idealized Bernoulli flow can be accounted 
for by expressing Eq. (3) as 


2(P, — Ps) 


V-C,A a 
PF pfl=(Ap Ay)? ] 


where C, is the venturi discharge coefficient whose value is less than 1 (it is as large as 0.99 for well-designed venturi 
meters in certain ranges of flow). For Re > 10°, the value of venturi discharge coefficient is usually greater than 0.96. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-99E 
Solution A hose is connected to the bottom of a water tank open to the atmosphere. The hose is equipped with a 
pump and a nozzle at the end. The maximum height to which the water stream could rise is to be determined. 


Assumptions 1 The flow is incompressible with negligible friction. 2 The 
friction between the water and air is negligible. 3 We take the head loss to be 
zero (h, = 0) to determine the maximum rise of water jet. 


Properties We take the density of water to be 62.4 lbm/ft’. 


Analysis We take point | at the free surface of the tank, and point 2 at the h 


top of the water trajectory where V) = 0. We take the reference level at the 
bottom of the tank. Noting that the fluid at both points is open to the atmosphere 
(and thus P; = P = Pam) and that the fluid velocity at the free surface is very 
low (V, = 0), the energy equation for a control volume between these two points 
(in terms of heads) simplifies to 








P y? P ys 
— +a +z tA isi =— +æ, -+ Za + Myurbine,e +h, > Z1 + pump, u = Zo 
ps 2g ps 2g 
where the useful pump head is 
j AP pump 10 psi 144 Ibf/ft? \ 32.2 Ibm - ft/s? ziii 
1 ump, u = = . = T 
en pg (62.4 Ibm/ft? )(32.2 ft/s”) psi Llbf 


Substituting, the maximum height rise of water jet from the ground level is determined to be 


Z = Z + Aa a =80+23.1=103.1 ft = 103 ft 


pump, u 


Discussion The actual rise of water will be less because of the frictional effects between the water and the hose walls 
and between the water jet and air. 





5-100 
Solution A wind tunnel draws atmospheric air by a large fan. For a given air velocity, the pressure in the tunnel is to 
be determined. 


Assumptions 1The flow through the pipe is steady, incompressible, and irrotational with negligible friction (so that the 
Bernoulli equation is applicable). 2 Air is and ideal gas. 


Properties The gas constant of air is R = 0.287 kPa-m*/kg-K. 


Analysis We take point 1 in atmospheric air before it enters the wind tunnel (and thus P; = P ım and V; = 0), and point 
2 in the wind tunnel. Noting that zı = z2 (or, the elevation effects are negligible for gases), the Bernoulli equation between 
points 1 and 2 gives 








P Vv? P, V? V? 
Ll aa a o w Bap oH 
pg 2g pg 2g 2 Wind tunnel 
h N > 
where 20°C > = 
—> 80 m2) 
P 101.3kPa 101.3kPa > + 
= = = 1.205 kg/m? 3 5 


RT (0.287 kPa: m?/kg:- K)(293 K) 


Substituting, the pressure in the wind tunnel is determined to be 





2 
P, = (101.3kPa) — (1.205 kg/m?) 8028) al n i ra z) =97.4 kPa 
2 1kg -m/s A1000 N/m 


Discussion Note that the velocity in a wind tunnel increases at the expense of pressure. In reality, the pressure will be 
even lower because of losses. 
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Chapter 5 Mass, Bernoulli, and Energy Equations 
5-101 
Solution Water flows through the enlargement section of a horizontal pipe at a specified rate. For a given head loss, 
the pressure change across the enlargement section is to be determined. 


Assumptions 1 The flow through the pipe is steady and incompressible. 2 The pipe is horizontal. 3 The kinetic energy 
correction factors are given to be a, = @ = a= 1.05. 


Properties We take the density of water to be p = 1000 kg/m’. 





Analysis We take points 1 and 2 at the inlet and exit of the enlargement section along the centerline of the pipe. 
Noting that z, =z), the energy equation for a control volume between these two points (in terms of heads) simplifies to 
P v? P Vy aV? -V7 
+, + z + hpump u = 4a) +25 +Murbinee tAL > PR pt 
p8 28g pg 2g 2 
where the inlet and exit velocities are 
V V .025 m? 
aa 0.0 Li -8.84 m/s 
A; aD; /4 2(0.06m)°/4 Water 


. . 3 0.025 m*/s 
V V _ 0.025 m/s 


A, mDs/4 2(0.11m)*/4 








V, = = 2.63 m/s 


Substituting, the change in static pressure across the enlargement section is determined to be 


2_ 2 
PP = aa o_o sink o4sa | — eo 
2 1kg-m/s? 1000 N/m? 
= 33.0 kPa 


Therefore, the water pressure increases by 33 kPa across the enlargement section. 





Discussion Note that the pressure increases despite the head loss in the enlargement section. This is due to dynamic 
pressure being converted to static pressure. But the total pressure (static + dynamic) decreases by 0.45 m (or 4.41 kPa) as a 
result of frictional effects. 





5-102 
Solution A water tank open to the atmosphere is initially filled with water. A sharp-edged orifice at the bottom drains 
to the atmosphere through a long pipe with a specified head loss. The initial discharge velocity is to be determined. 


Assumptions 1 The flow is incompressible. 2 The draining pipe is horizontal. 
3 There are no pumps or turbines in the system. 4 The effect of the kinetic 
energy correction factor is negligible, a= 1. 


Analysis We take point | at the free surface of the tank, and point 2 at the 
exit of the pipe. We take the reference level at the centerline of the orifice (z2 = 
0. Noting that the fluid at both points is open to the atmosphere (and thus P; = 
P = Pam) and that the fluid velocity at the free surface is very low (V, = 0), the 
energy equation between these two points (in terms of heads) simplifies to 
2 2 

Bh gl ae ay aa ii +hurtinee tA > aea ai 10èm @) 

ps 28 28 28 
where @ = | and the head loss is given to be h; = 1.5 m. Solving for V, and substituting, the discharge velocity of water is 
determined to be 


V> =,/29(z, —h,) = 209.81 m/s?)(2-1.5)m =3.13 m/s 


Discussion Note that this is the discharge velocity at the beginning, and the velocity will decrease as the water level in 
the tank drops. The head loss in that case will change since it depends on velocity. 





pump,u — 
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Chapter 5 Mass, Bernoulli, and Energy Equations 


5-103 es 


IE 


Solution The previous problem is reconsidered. The effect of the tank height on the initial discharge velocity of water 
from the completely filled tank as the tank height varies from 2 to 20 m in increments of 2 m at constant heat loss is to be 
investigated. 





Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 
g=9.81 "m/s2" 
rho=1000 "kg/m3" 16 
h_L=1.5 "m" F 
D=0.10 "m" 





V_initial=-SQRT(2*g*(z1-h_L)) "m/s" 


















































Tank height, Head Loss, Initial velocity 
zl, m hy, m Vinitials m/s 
2 1.5 3.13 
3 1.5 5.42 
4 1.5 7.00 
5 1.5 8.29 
6 1.5 9.40 y 
7 1.5 10.39 2 i i , ' , 
8 1.5 11.29 2 4 6 8 10 12 
9 1.5 12.13 Zi; M 
10 1.5 12.91 
11 1.5 13.65 
12 1.5 14.35 

















Discussion The dependence of V on height is not linear, but rather V changes as the square root of z1. 


5-68 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 5 Mass, Bernoulli, and Energy Equations 
5-104 
Solution A water tank open to the atmosphere is initially filled with water. A sharp-edged orifice at the bottom drains 
to the atmosphere through a long pipe equipped with a pump with a specified head loss. The required pump head to assure a 
certain velocity is to be determined. 


Assumptions 1 The flow is incompressible. 2 The draining pipe is horizontal. 3 The effect of the kinetic energy correction 
factor is negligible, a= 1. 


Analysis We take point | at the free surface of the tank, and point 2 at the exit of the pipe. We take the reference 
level at the centerline of the orifice (z. = 0), and take the positive direction of z to be upwards. Noting that the fluid at both 
points is open to the atmosphere (and thus P; = P) = Pxm) and that the fluid velocity at the free surface is very low (V, = 0), 
the energy equation between these two points (in terms of heads) simplifies to 
2 2 2 

Dsg ie +h pump, u ae Yz, Z2 +h +h; — Zi +hyump,u = 42 Ti 

ps 28 p8 28 i 28 
where œ = | and the head loss is given to be Ay = 1.5 m. Solving for pump, u 
and substituting, the required useful pump head is determined to be 


turbine, e 





2 2 
P nip. = C cesh = CS —- 2m) +(.5m) =1.15m 
28 2(9.81 m/s”) 


Discussion Note that this is the required useful pump head at the beginning, 
and it will need to be increased as the water level in the tank drops to make up 
for the lost elevation head to maintain the constant discharge velocity. 








Design and Essay Problems 


5-105 to 5-109 





Solution Students’ essays and designs should be unique and will differ from each other. 

5-110 

Solution We are to evaluate a proposed modification to a wind turbine. 

Analysis Using the mass and the Bernoulli equations, it can be shown that this is a bad idea — the velocity at the exit 


of nozzle is equal to the wind velocity. (The velocity at nozzle inlet is much lower). Sample calculation using EES using a 
wind velocity of 10 m/s: 


V0=10 "m/s" 

rho=1.2 "kg/m3" Vo =10 m/s p 

g=9.81 "m/s2" ee V2 =10 m/s 
A1=2 "m2" eee =e — 
A2=1 "m2" a V, =5 m/s — 
A1*V1=A2*V2 ee — 


P1/rho+V1^2/2=V2^2/2 e 
m=rho*A1*V1 = 
m*V0A2/2=m*V242/2 


Results: Vi = 5 m/s, V2 = 10 m/s, m = 12 kg/s (mass flow rate). 


Discussion Students’ approaches may be different, but they should come to the same conclusion — this does not help. 





SQ 
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Chapter 6 Momentum Analysis of Flow Systems 


Newton’s Laws and Conservation of Momentum 


6-1C 
Solution We are to express Newton’s three laws. 
Analysis Newton’s first law states that “a body at rest remains at rest, and a body in motion remains in motion at 


the same velocity in a straight path when the net force acting on it is zero.” Therefore, a body tends to preserve its state 
or inertia. Newton’s second law states that “the acceleration of a body is proportional to the net force acting on it and is 
inversely proportional to its mass.” Newton’s third law states “when a body exerts a force on a second body, the second 
body exerts an equal and opposite force on the first.” 


Discussion As we shall see in later chapters, the differential equation of fluid motion is based on Newton’s second law. 





6-2C 
Solution We are to discuss if momentum is a vector, and its direction. 
Analysis Since momentum (mV ) is the product of a vector (velocity) and a scalar (mass), momentum must be a 


vector that points in the same direction as the velocity vector. 


Discussion In the general case, we must solve three components of the linear momentum equation, since it is a vector 
equation. 





6-3C 
Solution We are to discuss the conservation of momentum principle. 
Analysis The conservation of momentum principle is expressed as “the momentum of a system remains constant 


when the net force acting on it is zero, and thus the momentum of such systems is conserved”. The momentum of a 
body remains constant if the net force acting on it is zero. 


Discussion Momentum is not conserved in general, because when we apply a force, the momentum changes. 





6-4C 
Solution We are to discuss Newton’s second law for rotating bodies. 
Analysis Newton’s second law of motion, also called the angular momentum equation, is expressed as “the rate of 


change of the angular momentum of a body is equal to the net torque acting it.” For a non-rigid body with zero net 
torque, the angular momentum remains constant, but the angular velocity changes in accordance with Iø = constant 
where / is the moment of inertia of the body. 


Discussion Angular momentum is analogous to linear momentum in this way: Linear momentum does not change 
unless a force acts on it. Angular momentum does not change unless a torque acts on it. 





6-5C 
Solution We are to compare the angular momentum of two rotating bodies 
Analysis No. The two bodies do not necessarily have the same angular momentum. Two rigid bodies having the 


same mass and angular speed may have different angular momentums unless they also have the same moment of inertia J. 


Discussion The reason why flywheels have most of their mass at the outermost radius, is to maximize the angular 
momentum. 
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Chapter 6 Momentum Analysis of Flow Systems 


Linear Momentum Equation 


6-6C 
Solution We are to discuss the importance of the RTT, and its relationship to the linear momentum equation. 
Analysis The relationship between the time rates of change of an extensive property for a system and for a 


control volume is expressed by the Reynolds transport theorem (RTT), which provides the link between the system and 


control volume concepts. The linear momentum equation is obtained by setting b = V and thus B= mV in the Reynolds 
transport theorem. 


Discussion Newton’s second law applies directly to a system of fixed mass, but we use the RTT to transform from the 
system formulation to the control volume formulation. 





6-7C 
Solution We are to describe and discuss body forces and surface forces. 
Analysis The forces acting on the control volume consist of body forces that act throughout the entire body of the 


control volume (such as gravity, electric, and magnetic forces) and surface forces that act on the control surface (such as 
the pressure forces and reaction forces at points of contact). The net force acting on a control volume is the sum of all body 
and surface forces. Fluid weight is a body force, and pressure is a surface force (acting per unit area). 


Discussion In a general fluid flow, the flow is influenced by both body and surface forces. 





6-8C 
Solution We are to discuss surface forces in a control volume analysis. 
Analysis All surface forces arise as the control volume is isolated from its surroundings for analysis, and the 


effect of any detached object is accounted for by a force at that location. We can minimize the number of surface forces 
exposed by choosing the control volume (wisely) such that the forces that we are not interested in remain internal, 
and thus they do not complicate the analysis. A well-chosen control volume exposes only the forces that are to be 
determined (such as reaction forces) and a minimum number of other forces. 


Discussion There are many choices of control volume for a given problem. Although there are not really “wrong” and 
“right” choices of control volume, there certainly are “wise” and “unwise” choices of control volume. 





6-9C 
Solution We are to discuss the momentum flux correction factor, and its significance. 
Analysis The momentum-flux correction factor f enables us to express the momentum flux in terms of the mass flow 





rate and mean flow velocity as I, pV(V -fi)dA, = BV ovg . The value of £ is unity for uniform flow, such as a jet flow, 











nearly unity for fully developed turbulent pipe flow (between 1.01 and 1.04), but about 1.3 for fully developed laminar pipe 
flow. So it is significant and should be considered in laminar flow; it is often ignored in turbulent flow. 


Discussion Even though fis nearly unity for many turbulent flows, it is wise not to ignore it. 
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Chapter 6 Momentum Analysis of Flow Systems 





6-10C 
Solution We are to discuss the momentum equation for steady one-D flow with no external forces. 
Analysis The momentum equation for steady one-dimensional flow for the case of no external forces is 
VF =0= >) BiV-> nv 
out in 











where the left hand side is the net force acting on the control volume (which is zero here), the first term on the right hand 
side is the incoming momentum flux, and the second term on the right is the outgoing momentum flux by mass. 


Discussion This is a special simplified case of the more general momentum equation, since there are no forces. In this 
case we can say that momentum is conserved. 





6-11C 
Solution We are to explain why we can usually work with gage pressure rather than absolute pressure. 
Analysis In the application of the momentum equation, we can disregard the atmospheric pressure and work with 


gage pressures only since the atmospheric pressure acts in all directions, and its effect cancels out in every direction. 


Discussion In some applications, it is better to use absolute pressure everywhere, but for most practical engineering 
problems, it is simpler to use gage pressure everywhere, with no loss of accuracy. 





6-12C 
Solution We are to compare the reaction force on two fire hoses. 
Analysis The fireman who holds the hose backwards so that the water makes a U-turn before being discharged 


will experience a greater reaction force. This is because of the vector nature of the momentum equation. Specifically, the 
inflow and outflow terms end up with the same sign (they add together) for the case with the U-turn, whereas they have 
opposite signs (one partially cancels out the other) for the case without the U-turn. 


Discussion Direction is not an issue with the conservation of mass or energy equations, since they are scalar equations. 





6-13C 
Solution We are to discuss if the upper limit of a rocket’s velocity is limited to V, its discharge velocity. 
Analysis No, V is not the upper limit to the rocket’s ultimate velocity. Without friction the rocket velocity will 


continue to increase (1.e., it will continue to accelerate) as more gas is expelled out the nozzle. 


Discussion This is a simple application of Newton’s second law. As long as there is a force acting on the rocket, it will 
continue to accelerate, regardless of how that force is generated. 





6-14C 
Solution We are to describe how a helicopter can hover. 
Analysis A helicopter hovers because the strong downdraft of air, caused by the overhead propeller blades, 


manifests a momentum in the air stream. This momentum must be countered by the helicopter lift force. 


Discussion In essence, the helicopter stays aloft by pushing down on the air with a net force equal to its weight. 
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Chapter 6 Momentum Analysis of Flow Systems 


6-15C 
Solution We are to discuss the power required for a helicopter to hover at various altitudes. 
Analysis Since the air density decreases, it requires more energy for a helicopter to hover at higher altitudes, 


because more air must be forced into the downdraft by the helicopter blades to provide the same lift force. Therefore, it 
takes more power for a helicopter to hover on the top of a high mountain than it does at sea level. 


Discussion This is consistent with the limiting case — if there were no air, the helicopter would not be able to hover at 
all. There would be no air to push down. 





6-16C 
Solution We are to discuss helicopter performance in summer versus winter. 
Analysis In winter the air is generally colder, and thus denser. Therefore, less air must be driven by the blades to 


provide the same helicopter lift, requiring less power. Less energy is required in the winter. 


Discussion However, it is also harder for the blades to move through the denser cold air, so there is more torque 
required of the engine in cold weather. 





6-17C 
Solution We are to discuss if the force required to hold a plate stationary doubles when the jet velocity doubles. 
Analysis No, the force will not double. In fact, the force required to hold the plate against the horizontal water 


stream will increase by a factor of 4 when the velocity is doubled since 
F =mV =(pAV)V = pAV’ 
and thus the force is proportional to the square of the velocity. 


Discussion You can think of it this way: Since momentum flux is mass flow rate times velocity, a doubling of the 
velocity doubles both the mass flow rate and the velocity, increasing the momentum flux by a factor of four. 





6-18C 
Solution We are to discuss the acceleration of a cart hit by a water jet. 
Analysis The acceleration is not be constant since the force is not constant. The impulse force exerted by the 


water on the plate is F =mV =(pAV)V = pAV * where V is the relative velocity between the water and the plate, which is 


moving. The magnitude of the plate acceleration is thus a = F/m. But as the plate begins to move, V decreases, so the 
acceleration must also decrease. 


Discussion It is the relative velocity of the water jet on the cart that contributes to the cart’s acceleration. 





6-19C 
Solution We are to discuss the maximum possible velocity of a cart hit by a water jet. 
Analysis The maximum possible velocity for the plate is the velocity of the water jet. As long as the plate is 


moving slower than the jet, the water exerts a force on the plate, which causes it to accelerate, until terminal jet velocity is 
reached. 


Discussion Once the relative velocity is zero, the jet supplies no force to the cart, and thus it cannot accelerate further. 





6-5 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 6 Momentum Analysis of Flow Systems 


6-20 
Solution It is to be shown that the force exerted by a liquid jet of velocity V on a stationary nozzle is proportional to 


V, or alternatively, to m. 


Assumptions 1 The flow is steady and incompressible. 2 The nozzle is given to be stationary. 3 The nozzle involves a 
90° turn and thus the incoming and outgoing flow streams are normal to each other. 4 The water is discharged to the 
atmosphere, and thus the gage pressure at the outlet is zero. 


Analysis We take the nozzle as the control volume, and the flow Fre 
direction at the outlet as the x axis. Note that the nozzle makes a 90° y 
turn, and thus it does not contribute to any pressure force or momentum | V 


flux term at the inlet in the x direction. Noting that m= pAV where A 3 
is the nozzle outlet area and V is the average nozzle outlet velocity, the Nozzle 


momentum equation for steady one-dimensional flow in the x direction i 
reduces to Liquid 


D FE=Y pnV-Y ph? > Fay = Bring Vou = BiaV 
out in 


where Fr, is the reaction force on the nozzle due to liquid jet at the nozzle outlet. Then, 











š D 
m=pAV — Fp, =V = BoAVV = BoAV? or |Fp; = PMV = pin = i 
A p 





Therefore, the force exerted by a liquid jet of velocity V on this stationary nozzle is proportional to V°, or 
alternatively, to mn’. 


Discussion If there were not a 90° turn, we would need to take into account the momentum flux and pressure 
contributions at the inlet. 





6-21 
Solution A water jet of velocity V impinges on a plate moving toward the water jet with velocity 2V. The force 
required to move the plate towards the jet is to be determined in terms of F acting on the stationary plate. 


Assumptions 1 The flow is steady and incompressible. 2 The plate is vertical and the jet is normal to plate. 3 The pressure 
on both sides of the plate is atmospheric pressure (and thus its effect cancels out). 4 Fiction during motion is negligible. 5 
There is no acceleration of the plate. 6 The water splashes off the sides of the plate in a plane normal to the jet. 6 Jet flow is 
nearly uniform and thus the effect of the momentum-flux correction factor is negligible, 2 = 1. 


Analysis We take the plate as the control volume. The relative velocity between the plate and the jet is V when the 
plate is stationary, and 1.5V when the plate is moving with a velocity 2V towards the plate. Then the momentum equation 
for steady one-dimensional flow in the horizontal direction reduces to 





S E E <— 12V 
SF = S Anv -$ Anv > —Fp =-m,V; > Fp =m,V; yV 
out in —— —> 
—_—-" 
Waterjet 


Stationary plate: (V, =V and m,=pAV;=pAV) > Fe = pAV? =F 








Moving plate. (V; =1.5V and m; = PAV; = pA(1.5V)) 

> Fp = pA(.5V)? =2.25pAV? =2.25F 
Therefore, the force required to hold the plate stationary against the oncoming water jet becomes 2.25 times greater 
when the jet velocity becomes 1.5 times greater. 


Discussion Note that when the plate is stationary, V is also the jet velocity. But if the plate moves toward the stream 
with velocity '2V, then the relative velocity is 1.5V, and the amount of mass striking the plate (and falling off its sides) per 
unit time also increases by 50%. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-22 
Solution A 90° elbow deflects water upwards and discharges it to the atmosphere at a specified rate. The gage 
pressure at the inlet of the elbow and the anchoring force needed to hold the elbow in place are to be determined. 


Assumptions 1 The flow is steady, frictionless, incompressible, and irrotational (so that the Bernoulli equation is 
applicable). 2 The weight of the elbow and the water in it is negligible. 3 The water is discharged to the atmosphere, and 
thus the gage pressure at the outlet is zero. 4 The momentum-flux correction factor for each inlet and outlet is given to be 2 
= 1.03. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis (a) We take the elbow as the control volume, and designate the entrance by | and the outlet by 2. We also 
designate the horizontal coordinate by x (with the direction of flow as being the positive direction) and the vertical 
coordinate by z. The continuity equation for this one-inlet one-outlet steady flow system is m, =m, =m=30kg/s. Noting 


that m= pAV , the mean inlet and outlet velocities of water are 


= 3.18 m/s 





m m 25 kg/s 
Ve = = 2 = 3 2 
PA p(aD~/4) (1000 kg/m” )[z(0.1m)* / 4] 
Noting that V; = V, and P, = Pxm, the Bernoulli equation for a streamline going through the center of the reducing elbow is 
expressed as 
AW, ALY 


ty = +2 te > R-P =pg(z2-z)— P gage = P82- z) 
pg 28 pg 28 


Substituting, 
P, age = (1000 kg/m’ )(9.81 m/s” )(0.35 m) ee = 3.434 kN/m? = 3.434 kPa = 3.43 kPa 
1000 kg - m/s 
(b) The momentum equation for steady one-dimensional flow is 2 F= > pV = > pV . We let the x- and z- 


out in 
components of the anchoring force of the elbow be Fr, and Fr,, and assume them to be in the positive directions. We also 
use gage pressures to avoid dealing with the atmospheric pressure which acts on all surfaces. Then the momentum 
equations along the x and y axes become 


Fry + Pi gage) = 9— Am(4V,) = -mV 
Fe, = Bm(+V,) = mV 


Solving for Fg, and Fp, and substituting the given values, 


Fp, =—pmV - P, gage 41 





= —1.03(25 kg/s)(3.18 m/s) — R — (3434 N/m? )[z(0.1 m)? /4] 
1kg -m/s 


=-109 N 


Fry = PrhV =1.03(25 kg/s)(3.18 m 
S 


IN 
— |=819N 
kg-m/ 





Fry 


a 819 


= tan -37° = 143° 


Rx 


and Fp = [FR +F, = J109)? +81.9? =136N, @=tan™ 





Discussion Note that the magnitude of the anchoring force is 136 N, and its line of action makes 143° from the positive 
x direction. Also, a negative value for Fp, indicates the assumed direction is wrong, and should be reversed. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-23 
Solution A 180° elbow forces the flow to make a U-turn and discharges it to the atmosphere at a specified rate. The 
gage pressure at the inlet of the elbow and the anchoring force needed to hold the elbow in place are to be determined. 


Assumptions 1 The flow is steady, frictionless, one-dimensional, incompressible, and irrotational (so that the Bernoulli 
equation is applicable). 2 The weight of the elbow and the water in it is negligible. 3 The water is discharged to the 
atmosphere, and thus the gage pressure at the outlet is zero. 4 The momentum-flux correction factor for each inlet and 
outlet is given to be f= 1.03. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis (a) We take the elbow as the control volume, and designate the entrance by | and the outlet by 2. We also 
designate the horizontal coordinate by x (with the direction of flow as being the positive direction) and the vertical 
coordinate by z. The continuity equation for this one-inlet one-outlet steady flow system is m, =m, =m=30kg/s. Noting 


that m= PAV , the mean inlet and outlet velocities of water are 


= 3.18 m/s 





m m 25 kg/s 
ye) S—= 2 > 3 2 
PA p(aD~/4) (1000 kg/m”)[z(0.1m)* /4] 
Noting that V; = V, and P, = Pam, the Bernoulli equation for a streamline going through the center of the reducing elbow is 
expressed as 
AW, ALY 


tye +2 te > R-P =pg(z2-z)— P gage = P82- z) 
pg 28 pg 28 


Substituting, 
P, age = (1000 kg/m? )(9.81 m/s? )(0.70 m) O. S = 6.867 kN/m’ = 6.867 kPa = 6.87 kPa 
one 1000 kg - m/s” 
(b) The momentum equation for steady one-dimensional flow is >F = » pV = > pV . We let the x- and z- 


out in 
components of the anchoring force of the elbow be Fry and Fr,, and assume them to be in the positive directions. We also 
use gage pressures to avoid dealing with the atmospheric pressure which acts on all surfaces. Then the momentum 
equations along the x and z axes become 


Fr + Fi sage = bn(-V, ) = pm(4V,) = —2 mV © 
Fr, =0 


Solving for Fr, and substituting the given values, ] 
Fry me —2 mV ~ Pi, gage A, x 


= —2x1.03(25 kg/s)(3.18 m/s) — — (6867 N/m” )[z(0.1m)* / 4] 
1lkg-m/s 





Water 
=-218 N 25 kg/ 


S 
and Fg = Fp = - 218 N since the y-component of the anchoring force is zero. O 
Therefore, the anchoring force has a magnitude of 218 N and it acts in the negative 
x direction. 


Discussion Note that a negative value for Fr, indicates the assumed direction is wrong, and should be reversed. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-24E 
Solution A horizontal water jet strikes a vertical stationary plate normally at a specified velocity. For a given 
anchoring force needed to hold the plate in place, the flow rate of water is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water splatters off the sides of the plate in a plane normal to 
the jet. 3 The water jet is exposed to the atmosphere, and thus the pressure of the water jet and the splattered water is the 
atmospheric pressure which is disregarded since it acts on the entire control surface. 4 The vertical forces and momentum 
fluxes are not considered since they have no effect on the horizontal reaction force. 5 Jet flow is nearly uniform and thus the 
effect of the momentum-flux correction factor is negligible, f= 1. 


Properties We take the density of water to be 62.4 lbm/ft’. 


Analysis We take the plate as the control volume such that it contains the entire plate and cuts through the water jet 
and the support bar normally, and the direction of flow as the positive direction of x axis. The momentum equation for 
steady one-dimensional flow in the x (flow) direction reduces in this case to 


S F=9 nV- nV > -Fe =V, > Fp=mÙV, 


out in 





We note that the reaction force acts in the opposite direction to flow, and we should not forget the negative sign for forces 
and velocities in the negative x-direction. Solving for m and substituting the given values, 





Fr, : . ft/s? Fp, = 350 lbf 
pie 350 1bf | 32.2 Ibm - ft/s -376 lbm/s © 
Vi 30 ft/s 1lbf m 
— 
Then the volume flow rate becomes — 
Waterjet 
yom oe R h 





p  62.4lbm/ft? 


Therefore, the volume flow rate of water under stated assumptions must be 6.02 ft/s. 


Discussion In reality, some water will be scattered back, and this will add to the reaction force of water. The flow rate in 
that case will be less. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-25 
Solution A reducing elbow deflects water upwards and discharges it to the atmosphere at a specified rate. The 
anchoring force needed to hold the elbow in place is to be determined. 


Assumptions 1 The flow is steady, frictionless, one-dimensional, incompressible, and irrotational (so that the Bernoulli 
equation is applicable). 2 The weight of the elbow and the water in it is considered. 3 The water is discharged to the 
atmosphere, and thus the gage pressure at the outlet is zero. 4 The momentum-flux correction factor for each inlet and 
outlet is given to be B= 1.03. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis The weight of the elbow and the water in it is 
W =mg = (50kg)(9.81 m/s”) = 490.5 N = 0.4905 kN 


We take the elbow as the control volume, and designate the 
entrance by 1 and the outlet by 2. We also designate the 
horizontal coordinate by x (with the direction of flow as being 
the positive direction) and the vertical coordinate by z. The 
continuity equation for this one-inlet one-outlet steady flow 
system is m, =m, =m=30kg/s. Noting that m= AV, the 





inlet and outlet velocities of water are 
30 kg/ 
Ga a = 2.0 m/s 
pA; (1000 kg/m? )(0.0150 m* ) 
m 30 kg/s 
PA, (1000 kg/m?)(0.0025 m?) 


Taking the center of the inlet cross section as the reference level (zı = 0) and noting that P = Pam, the Bernoulli equation 
for a streamline going through the center of the reducing elbow is expressed as 








V, = =12 m/s 











P Vv? P, V V? -V° v? -vf 
' Fg =d tz > B-P, = pg +z2=2 | > FA gage = 28 +Z 
ps 2g ps 2g 2g i 28g 
Substituting, 





12 -(2 1kN 
P, cage = (1000 kg/m?)(9.81 mvs? 22m/S) —2mmls)” 4 ~|=73.9 kNim? = 73.9 kPa 
E 2(9. 81 m/s”) 1000 kg - m/s 


The momentum equation for steady one-dimensional flow is > F= ps pV = > pV . We let the x- and z- components 
out in 

of the anchoring force of the elbow be Fr, and Fr,, and assume them to be in the positive directions. We also use gage 

pressures to avoid dealing with the atmospheric pressure which acts on all surfaces. Then the momentum equations along 

the x and z axes become 


Fry + Pi gage 41 = AMV, cos 0- phV, and Fg, -W = mV, sin 0 


Solving for Fr, and Fr, and substituting the given values, 


= Bri(V, cosO-V), —P, uA, = 1.03( 30 kg/s)[(12cos45°-2) m/s limon ge -]- (73.9 KN/m° ) (0.0150 m°) 








1000 kg - m/s” 
= —0.908 kN 
Fp, = mV, sin 0 +W = 1.03(30 kg/s)(12sin45° m/s)) ——————— | + 0.4905 kN = 0.753 kN 
` o m/s? 
Fp = FA +F2 = (0.908)? + (0.753)? =1.18kN, = tan! —& = tan! 0.753 __39.7° 
= — 0.908 


Discussion Note that the magnitude of the anchoring force is 1.18 kN, and its line of action makes —39.7° from +x 
direction. Negative value for Fr, indicates the assumed direction is wrong. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-26 
Solution A reducing elbow deflects water upwards and discharges it to the atmosphere at a specified rate. The 
anchoring force needed to hold the elbow in place is to be determined. 


Assumptions 1 The flow is steady, frictionless, one-dimensional, incompressible, and irrotational (so that the Bernoulli 
equation is applicable). 2 The weight of the elbow and the water in it is considered. 3 The water is discharged to the 
atmosphere, and thus the gage pressure at the outlet is zero. 4 The momentum-flux correction factor for each inlet and 
outlet is given to be B= 1.03. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis The weight of the elbow and the water in it is 
W =mg = (50kg)(9.81 m/s”) = 490.5 N = 0.4905 kN 


We take the elbow as the control volume, and designate the entrance 
by | and the outlet by 2. We also designate the horizontal coordinate 
by x (with the direction of flow as being the positive direction) and 
the vertical coordinate by z. The continuity equation for this one-inlet 
one-outlet steady flow system is m, =m, =m =30kg/s. Noting that 





m = PAV , the inlet and outlet velocities of water are 
m 30 kg/s 

pA; (1000 kg/m°)(0.0150m°) 
m 30 kg/s 7 

PA, (1000 kg/m?)(0.0025 m7) 


Taking the center of the inlet cross section as the reference level (zı = 0) and noting that P; = Pam, the Bernoulli equation 
for a streamline going through the center of the reducing elbow is expressed as 


P v? P V V? -V° yay 
l t l t Zi = t 2 t Z2 > P P, = PE 2 l t Z2 Z > F, gage = PE 2 l + Z2 
pg 2g pg 28g 2g 2g 


V= = 2.0 m/s 








V, = 12 m/s 








12 m/s}? — (2 m/s}? 1kN 
Of, P, sage = (1000 kg/m?)(9.81 m/s”) ene =| a +0.4 = |= 73.9kN/m? = 73.9 kPa 
i 2(9.81 m/s”) 1000 kg - m/s 
The momentum equation for steady one-dimensional flow is > F= a pV — 5 BV . We let the x- and y- components 
out in 

of the anchoring force of the elbow be Fr, and Fr, and assume them to be in the positive directions. We also use gage 
pressures to avoid dealing with the atmospheric pressure which acts on all surfaces. Then the momentum equations along 
the x and z axes become 


Fry +P, gageA; = PMV cos 0- mV, and Fry -W = mV, sin ð 


Solving for Fg, and Fr, and substituting the given values, 
Fp, = m(V, cosĝ0-V;)- Pi gage Ai 


1kN 


= 1.03(30 kg/s)[(12cos1 10° - 2) m/s] —— 
1000 kg - m/s 


}ons kN/m? )(0.0150 m°) = -1.297 KN 


1kN 


Fp, = PMV, sin 0 +W = 1.0330 kg/s)(12sin1 10° m/s) ————_ 
1000 kg - m/s 


} 0.4905 kN = 0.8389 kN 





Fp =FR +FÈ = 401.297)? +0.8389? =1.54kN 

and F 
@=tan! — = tan! = 
Fp, 1.297 


Discussion Note that the magnitude of the anchoring force is 1.54 KN, and its line of action makes —32.9° from +x 
direction. Negative value for Fr, indicates assumed direction is wrong, and should be reversed. 





= -32.9° 
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Chapter 6 Momentum Analysis of Flow Systems 
6-27 
Solution Water accelerated by a nozzle strikes the back surface of a cart moving horizontally at a constant velocity. 
The braking force and the power wasted by the brakes are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water splatters off the sides of the plate in all directions in 
the plane of the back surface. 3 The water jet is exposed to the atmosphere, and thus the pressure of the water jet and the 
splattered water is the atmospheric pressure which is disregarded since it acts on all surfaces. 4 Fiction during motion is 
negligible. 5 There is no acceleration of the cart. 7 The motions of the water jet and the cart are horizontal. 6 Jet flow is 
nearly uniform and thus the effect of the momentum-flux correction factor is negligible, P= 1. 


Analysis We take the cart as the control volume, and the 
direction of flow as the positive direction of x axis. The relative 
š t 15 m/s 
velocity between the cart and the jet is 
—_ > 
V, = Vjet Vean =15-10 =10 m/s — - 
Waterjet 





Therefore, we can view the cart as being stationary and the jet moving 
with a velocity of 10 m/s. Noting that water leaves the nozzle at 15 m/s 
and the corresponding mass flow rate relative to nozzle exit is 25 kg/s, 
the mass flow rate of water striking the cart corresponding to a water jet 
velocity of 10 m/s relative to the cart is 


. Ve. 10 m/s 
m, = Mie = 
15 m/s 








= (25 kg/s) = 16.67 kg/s 


jet 

The momentum equation for steady one-dimensional flow in the x (flow) direction reduces in this case to 
DF =>) BinV - SY pn? > Fe=-mV, > Fae =h,V, 

out in 


We note that the brake force acts in the opposite direction to flow, and we should not forget the negative sign for forces and 
velocities in the negative x-direction. Substituting the given values, 


; IN 
Forake = —M,V, = —(16.67 kg/s)(+10 m/s)) ————, |= -166.7 N = -167 N 
1kg -m/s 


The negative sign indicates that the braking force acts in the opposite direction to motion, as expected. Noting that work is 
force times distance and the distance traveled by the cart per unit time is the cart velocity, the power wasted by the brakes is 


W = F prake Vean = (166.7 N)(5 mis ) =833 W 


IW 
1N -m/s 


Discussion Note that the power wasted is equivalent to the maximum power that can be generated as the cart velocity is 
maintained constant. 





6-28 
Solution Water accelerated by a nozzle strikes the back surface of a cart moving horizontally. The acceleration of the 
cart if the brakes fail is to be determined. 


Analysis The braking force was determined in previous problem 
to be 167 N. When the brakes fail, this force will propel the cart 


forward, and the acceleration will be Fry 











F _ 167N/ 1kg-m/s” 
300kg| 1N 


m cart 


) = 0.556 m/s? 


Discussion This is the acceleration at the moment the brakes fail. The acceleration will decrease as the relative velocity 
between the water jet and the cart (and thus the force) decreases. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-29E 
Solution A water jet hits a stationary splitter, such that half of the flow is diverted upward at 45°, and the other half is 
directed down. The force required to hold the splitter in place is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 
The water jet is exposed to the atmosphere, and thus the 2D tU Z 
pressure of the water jet before and after the split is the 
atmospheric pressure which is disregarded since it acts on all 


surfaces. 3 The gravitational effects are disregarded. 4 Jet flow , Fr, 
is nearly uniform and thus the effect of the momentum-flux 100 ft'/s 45° F 
correction factor is negligible, 2 = 1. —> as a 
Properties We take the density of water to be 62.4 lbm/ft’. 
Analysis The mass flow rate of water jet is ` 

ii = pV = (62.4 Ibm/ft? )(100 ft? /s) = 6240 Ibm/s 


We take the splitting section of water jet, including the splitter as the control volume, and designate the entrance by 1 and 
the outlet of either arm by 2 (both arms have the same velocity and mass flow rate). We also designate the horizontal 
coordinate by x with the direction of flow as being the positive direction and the vertical coordinate by z. 

The momentum equation for steady one-dimensional flow is > F = 2 Bnav -5 BmV . We let the x- and y- 

out in 

components of the anchoring force of the splitter be Fryx and Fg, and assume them to be in the positive directions. Noting 
that V2 = V; = V and m, = +m , the momentum equations along the x and z axes become 

Fr, = 2(5m)V, cos O—mvV, = mV (cos O—1) 

Fr, =5m(4+V, sin 8) +4 m(—V, sin @)-0=0 


Substituting the given values, 
1 lbf 


F,, = (6240 Ibm/s) (20 ft/ 45° - 1)| ———_——_— 
e= s)¢ ad Ea 


)=--1135 lbf = -1140 Ibf 


F, =0 
The negative value for Fg, indicates the assumed direction is wrong, and should be reversed. Therefore, a force of 1140 lbf 
must be applied to the splitter in the opposite direction to flow to hold it in place. No holding force is necessary in the 
vertical direction. This can also be concluded from the symmetry. 


Discussion In reality, the gravitational effects will cause the upper stream to slow down and the lower stream to speed 
up after the split. But for short distances, these effects are indeed negligible. 
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Chapter 6 Momentum Analysis of Flow Systems 


6-30E g 
Solution The previous problem is reconsidered. The effect of splitter angle on the force exerted on the splitter as the 


half splitter angle varies from 0 to 180° in increments of 10° is to be investigated. 
Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


g=32.2 "ft/s2" 

rho=62.4 "Ibm/ft3" 

V_dot=100 "ft3/s" 

V=20 "ft/s" 

m_dot=rho*V_dot 
F_R=-m_dot*V*(cos(theta)-1)/g "Ibf" 













































































8000 — r r r r r r r , 

0,° m, lbm/s Fp, lbf F 

0 6240 0 7000 

10 6240 59 F 

20 6240 234 6000 

30 6240 519 F 

40 6240 907 5000 

50 6240 1384 F 4 
60 6240 1938 w 4000 

70 6240 2550 2 H | 
80 6240 3203 œ 3000 

90 6240 3876 LL L 
100 6240 4549 2000 
110 6240 5201 L 
120 6240 5814 1000 
130 6240 6367 L 
140 6240 6845 0 i i A 1 i i i , 
150 6240 7232 0 20 40 60 80 100 120 140 160 180 
160 6240 7518 0, ° 

170 6240 7693 

180 6240 77152 





Discussion The force rises from zero at = 0° to a maximum at 0= 180°, as expected, but the relationship is not linear. 





6-14 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 6 Momentum Analysis of Flow Systems 
6-31 
Solution A horizontal water jet impinges normally upon a vertical plate which is held on a frictionless track and is 
initially stationary. The initial acceleration of the plate, the time it takes to reach a certain velocity, and the velocity at a 
given time are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water always splatters in the plane of the retreating plate. 3 
The water jet is exposed to the atmosphere, and thus the pressure of the water jet and the splattered water is the atmospheric 
pressure which is disregarded since it acts on all surfaces. 4 The tract is nearly frictionless, and thus fiction during motion is 
negligible. 5 The motions of the water jet and the cart are horizontal. 6 The velocity of the jet relative to the plate remains 
constant, V, = Vje = V. 7 Jet flow is nearly uniform and thus the effect of the momentum-flux correction factor is negligible, 


Bei. 
Properties We take the density of water to be 1000 kg/m’. 


Analysis (a) We take the vertical plate on the frictionless track as the control volume, and the direction of flow as the 
positive direction of x axis. The mass flow rate of water in the jet is 


tit = PVA = (1000 kg/m*)(18 m/s)[7(0.05 m)? / 4] = 35.34 kg/s 
The momentum equation for steady one-dimensional flow in the x (flow) direction reduces in this case to 


» F= » pV — » piv > Fee =m; V; > Fr, =-mV 


out in 


where Fp is the reaction force required to hold the plate in place. When the plate is released, an equal and opposite impulse 
force acts on the plate, which is determined to 


‘ 1N 
F plate = -Fr = MV = (35.34 kg/s)(18 m/s) ————— |= 636 N 
1kg: m/s 


18 m/s 
Then the initial acceleration of the plate becomes 
—__ > 1000 kg 
2 — 
ee Foate __636N { 1kg-m/s* )_ aea Waterjet 
1000 kg 1N E E 


M plate 











This acceleration will remain constant during motion since the force acting Frictionless track 


on the plate remains constant. Fr 


(b) Noting that a = dV/dt = AV/At since the acceleration a is constant, the time it takes for the plate to reach a velocity of 9 
m/s is 


AV = 
At= plate = (9 0) = -14.2 s 
a 0.636 m/s 


(c) Noting that a = dV/dt and thus dV = adt and that the acceleration a is constant, the plate velocity in 20 s becomes 


V plate = Vo, plate + 4At = 0+ (0.636 m/s? )(20s) = 12.7 m/s 


Discussion The assumption that the relative velocity between the water jet and the plate remains constant is valid only 
for the initial moments of motion when the plate velocity is low unless the water jet is moving with the plate at the same 
velocity as the plate. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-32 
Solution A 90° reducer elbow deflects water downwards into a smaller diameter pipe. The resultant force exerted on 
the reducer by water is to be determined. 


Assumptions 1 The flow is steady, frictionless, one-dimensional, incompressible, and irrotational (so that the Bernoulli 
equation is applicable). 2 The weight of the elbow and the water in it is disregarded since the gravitational effects are 
negligible. 3 The momentum-flux correction factor for each inlet and outlet is given to be f= 1.04. 


Properties We take the density of water to be 1000 kg/m’. 


Fr: 


Analysis We take the elbow as the control volume, and designate the 
entrance by 1 and the outlet by 2. We also designate the horizontal coordinate by 
x (with the direction of flow as being the positive direction) and the vertical 
coordinate by z. The continuity equation for this one-inlet one-outlet steady flow 
system is m; = m, = m = 353.4 kg/s. Noting that m= pAV , the mass flow rate 


of water and its outlet velocity are 
m = pV,A, = pV, (aD; /4) = (1000 kg/m?)(5 m/s)[7(0.3 m)* / 4] = 353.4 kg/s 


m mo 353.4 kg/s 
PA, paDŻ14 (1000 kg/m?°)[z(0.15 m)? /4] 


The Bernoulli equation for a streamline going through the center of the reducing elbow is expressed as 


V= = 20 m/s 








P V Bo 
poiyz = 24 
pg 28 pg 2g 





vV? -V7 
Z2 > B= Rte l Z taza] 
2g 


Substituting, the gage pressure at the outlet becomes 





2 2 
P = GookPa) + A000 kem VOST? È ae os| a { ts 


5 z)=1174 kPa 
2(9.81 m/s”) 1000 kg - m/s” J LKN/m 


The momentum equation for steady one-dimensional flow is > F= > pV = > pV . We let the x- and z- components 
out in 

of the anchoring force of the elbow be Fg, and Fr, and assume them to be in the positive directions. Then the momentum 

equations along the x and z axes become 


Fry + Pipagg Ai T 0- BmV, 
Fg = Py gage Ao = Pm(-V2 )—0 


Note that we should not forget the negative sign for forces and velocities in the negative x or z direction. Solving for Fp, 
and Fg, and substituting the given values, 


. 1kN 3m)" 
Fry = —BinV, — Py, gage Ay = —1.04(353.4 kg/s)(5 m/s)} ———— ]- (300 kN/m?) TUAW 030M 
e 1000 kg - m/s 
. 1 2 
Fp, =—PritVy + Py, gage Ay = —1.04(353.4 kg/s)(20 m/s) —— È |+017.4 kN/m?) TY N 
1000 kg - m/s 





Fa = Fe. + Fz =¥(-23.0)? +(-5.28)? =23.6 KN 


F —5. 
6 =tan! —% = tan" Saab =12.9° 
23.0 


Rx = 


Discussion The magnitude of the anchoring force is 23.6 KN, and its line of action makes 12.9° from +x direction. 
Negative values for Fp, and Fy indicate that the assumed directions are wrong, and should be reversed. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-33 [Also solved using EES on enclosed DVD] 


Solution A wind turbine with a given span diameter and efficiency is subjected to steady winds. The power generated 
and the horizontal force on the supporting mast of the turbine are to be determined. 


Assumptions 1 The wind flow is steady and incompressible. 2 The efficiency of the turbine-generator is independent of 
wind speed. 3 The frictional effects are negligible, and thus none of the incoming kinetic energy is converted to thermal 
energy. 4 Wind flow is uniform and thus the momentum-flux correction factor is nearly unity, P= 1. 


Properties The density of air is given to be 1.25 kg/m’. ` 
Analysis (a) The power potential of the wind is its kinetic Wind 
energy, which is V’/2 per unit mass, and mV*/2 fora given mass O 
flow rate: Vi 
1m/ 
V, =(25 kon) = 6.94 m/s 
3.6 km/h —> 


aD? 2 
m = pV,A, = pV, a (1.25 kg/m*)(6.94 m/s) ao =55,200kg/s 9=——> 





2 
Wmax = mke; =m “i = (55,200 kg/s) 





connie 1kN I 1kw 


- }=1330 ew 
2 1000 kg-m/s? J\1KN- m/s 


Then the actual power produced becomes 


Wat = 1 wind turbine Wmax = (0.32)(1330 kW) = 426 kW 


(b) The frictional effects are assumed to be negligible, and thus the portion of incoming kinetic energy not converted to 
electric power leaves the wind turbine as outgoing kinetic energy. Therefore, 
2 2 
i ; .V> . Vi 
mke, = mke; a- 1] wind turbine ) >m 2 =m 2 d- 1] wind turbine ) 
or 


V3 = Vi al =J] wind turbine ~ (6.94 m/s)y 1-0.32 = 5.72 m/s 


We choose the control volume around the wind turbine such that the wind is normal to the control surface at the inlet and 

the outlet, and the entire control surface is at the atmospheric pressure. The momentum equation for steady one-dimensional 

flow is ` F= > pV = > pV . Writing it along the x-direction (without forgetting the negative sign for forces and 
out in 

velocities in the negative x-direction) and assuming the flow velocity through the turbine to be equal to the wind velocity 

give 


1kN 


Fp = mV» —mV, = iV. —V,) = (55,200 kg/s)(5.72 - 6.94 m/s} ——~ 
1000 kg - m/s 


= -67.3 KN 


The negative sign indicates that the reaction force acts in the negative x direction, as expected. 


Discussion This force acts on top of the tower where the wind turbine is installed, and the bending moment it generates 
at the bottom of the tower is obtained by multiplying this force by the tower height. 
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Chapter 6 Momentum Analysis of Flow Systems 


6-34E 
Solution A horizontal water jet strikes a curved plate, which deflects the water back to its original direction. The 
force required to hold the plate against the water stream is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water jet 
is exposed to the atmosphere, and thus the pressure of the water jet and 140 ft/s <— 
the splattered water is the atmospheric pressure, which is disregarded 
since it acts on all surfaces. 3 Friction between the plate and the surface it 
is on is negligible (or the friction force can be included in the required 
force to hold the plate). 4 There is no splashing of water or the 
deformation of the jet, and the reversed jet leaves horizontally at the same 
velocity and flow rate. 5 Jet flow is nearly uniform and thus the 
momentum-flux correction factor is nearly unity, f= 1. 






Waterjet Fre 


3 in 
my 4 


Analysis We take the plate together with the curved water jet as the control volume, and designate the jet inlet by 1 
and the outlet by 2. We also designate the horizontal coordinate by x (with the direction of incoming flow as being the 
positive direction). The continuity equation for this one-inlet one-outlet steady flow system is m, =m, =m where 





Properties We take the density of water to be 62.4 Ibm/ft’. 


ti = PVA = pV[ aD? /4] = (62.4 Ibm/ft? )(140 ft/s)[7(3/12 ft)” /4] = 428.8 Ibm/s 


The momentum equation for steady one-dimensional flow is > F= > pV = > pV . Letting the reaction force to hold 


out in 


the plate be Fr, and assuming it to be in the positive direction, the momentum equation along the x axis becomes 


Fr, =m(-V,)—m(4V,) =-2mV 


Substituting, 
1 Ibf 
F,,, = -2(428.8 Ibm/s) (140 ft/s)} ———_——_ | = -3729 Ibf = -3730 Ibf 
32.2 Ibm - ft/s” 


Therefore, a force of 3730 lbf must be applied on the plate in the negative x direction to hold it in place. 


Discussion Note that a negative value for F’p, indicates the assumed direction is wrong (as expected), and should be 
reversed. Also, there is no need for an analysis in the vertical direction since the fluid streams are horizontal. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-35E 
Solution A horizontal water jet strikes a bent plate, which deflects the water by 135° from its original direction. The 
force required to hold the plate against the water stream is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water jet is exposed to the atmosphere, and thus the pressure 
of the water jet and the splattered water is the atmospheric pressure, which is disregarded since it acts on all surfaces. 3 
Frictional and gravitational effects are negligible. 4 There is no splattering of water or the deformation of the jet, and the 
reversed jet leaves horizontally at the same velocity and flow rate. 5 Jet flow is nearly uniform and thus the momentum-flux 
correction factor is nearly unity, f= 1. 


Properties We take the density of water to be 62.4 lbm/ft’. 


Analysis We take the plate together with the curved water jet as the control volume, and designate the jet inlet by 1 
and the outlet by 2. We also designate the horizontal coordinate by x (with the direction of incoming flow as being the 
positive direction), and the vertical coordinate by z. The continuity equation for this one-inlet one-outlet steady flow system 
is mı =m, =m where 


m = pVA = pV[aD? / 4] = (62.4 Ibm/ft? (140 ft/s)[z(3/ 12 ft)” / 4] = 428.8 Ibm/s 


The momentum equation for steady one-dimensional flow is >. F= > pV — > pV . We let the x- and z- components 


out in 
of the anchoring force of the plate be Fry and Fp, and assume them to be in the positive directions. Then the momentum 
equations along the x and y axes become 


Fa, =m(—-V,) cos 45° — m(+V,) = —mV (1+ cos 45°) 
Fp, =m(+V>) sin 45° = mV sin 45° OS Fr 


Substituting the given values, 







Fry 





32.2 Ibm - ft/s” : 


= -6365 lbf Sii ‘or 


Fp, = —2(428.8 lbm/s)(140 ft/s)(1+ costs 


Fr, = (428.8 lbm/s)(140 fusyinase{ — = 1318 Ibf 
: 32.2 Ibm - ft/s 
Fio 
and F, =4 Få +F} =4(-6365) +1318? =65001bf, 6 = tan" = = tan” J318 11.70 =168.3°= 168° 
z F, -6365 


Discussion Note that the magnitude of the anchoring force is 6500 Ibf, and its line of action is 168° from the positive x 
direction. Also, a negative value for Fp, indicates the assumed direction is wrong, and should be reversed. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-36 
Solution Firemen are holding a nozzle at the end of a hose while trying to extinguish a fire. The average water outlet 
velocity and the resistance force required of the firemen to hold the nozzle are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water jet is exposed to the atmosphere, and thus the pressure 
of the water jet is the atmospheric pressure, which is disregarded since it acts on all surfaces. 3 Gravitational effects and 
vertical forces are disregarded since the horizontal resistance force is to be determined. 5 Jet flow is nearly uniform and 
thus the momentum-flux correction factor can be taken to be unity, = 1. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis (a) We take the nozzle and the horizontal Fr: 
portion of the hose as the system such that water enters the 

control volume vertically and outlets horizontally (this way 

the pressure force and the momentum flux at the inlet are in —— 5 m/min 
the vertical direction, with no contribution to the force balance 

in the horizontal direction), and designate the entrance by 1 

and the outlet by 2. We also designate the horizontal 

coordinate by x (with the direction of flow as being the 

positive direction). The average outlet velocity and the mass 

flow rate of water are determined from 


y 


X 








VvV V B 5 m°?/min 
A zD?/i4 2(0.06m)?/4 


= 1768 m/min = 29.5 m/s 





ti = pV = (1000 kg/m?)(5 m3/min) = 5000 kg/min = 83.3 kg/s 


(b) The momentum equation for steady one-dimensional flow is >F = > sav ->° phV. We let horizontal force 
out in 

applied by the firemen to the nozzle to hold it be Fr,, and assume it to be in the positive x direction. Then the momentum 

equation along the x direction gives 


_IN _ l-2457 N = 2460N 
1kg: m/s? 


Therefore, the firemen must be able to resist a force of 2460 N to hold the nozzle in place. 


F,, = mV, —0= mV = (83.3 kg/s) (29.5 m| 


Discussion The force of 2460 N is equivalent to the weight of about 250 kg. That is, holding the nozzle requires the 
strength of holding a weight of 250 kg, which cannot be done by a single person. This demonstrates why several firemen 
are used to hold a hose with a high flow rate. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-37 
Solution A horizontal jet of water with a given velocity strikes a flat plate that is moving in the same direction at a 
specified velocity. The force that the water stream exerts against the plate is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water splatters in all directions in the plane of the plate. 3 
The water jet is exposed to the atmosphere, and thus the pressure of the water jet and the splattered water is the atmospheric 
pressure, which is disregarded since it acts on all surfaces. 4 The vertical forces and momentum fluxes are not considered 
since they have no effect on the horizontal force exerted on the plate. 5 The velocity of the plate, and the velocity of the 
water jet relative to the plate, are constant. 6 Jet flow is nearly uniform and thus the momentum-flux correction factor can 
be taken to be unity, f= 1. 


Properties We take the density of water to be 1000 kg/m’. 10 m/s 


Analysis We take the plate as the control volume, and the flow 
direction as the positive direction of x axis. The relative velocity 
between the plate and the jet is 

V, = Vjet —Vopiate = 30-10 = 20 m/s 


late 





Therefore, we can view the plate as being stationary and the jet to be 
moving with a velocity of 20 m/s. The mass flow rate of water relative 
to the plate [1.e., the flow rate at which water strikes the plate] is 


(0.05 m)” 
4 


zD’ 
m, = PV,A= pV, Pg = (1000 kg/m*)(20 m/s) = 39.27 kg/s 


The momentum equation for steady one-dimensional flow is = F= » pV — > BV . We let the horizontal reaction 
out in 

force applied to the plate in the negative x direction to counteract the impulse of the water jet be Fr,. Then the momentum 

equation along the x direction gives 


: j IN 
Fr, =0-mV, > Fr, =m,V, = (39.27 kg/s)(20 m/s)} ———— 
lkg-m/s 
Therefore, the water jet applies a force of 785 N on the plate in the direction of motion, and an equal and opposite force 
must be applied on the plate if its velocity is to remain constant. 





|-7on 


Discussion Note that we used the relative velocity in the determination of the mass flow rate of water in the momentum 
analysis since water will enter the control volume at this rate. (In the limiting case of the plate and the water jet moving at 
the same velocity, the mass flow rate of water relative to the plate will be zero since no water will be able to strike the 
plate). 
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6-38 Ko 


— 


Solution 


Chapter 6 Momentum Analysis of Flow Systems 


The previous problem is reconsidered. The effect of the plate velocity on the force exerted on the plate as 


the plate velocity varies from 0 to 30 m/s in increments of 3 m/s is to be investigated. 


Analysis 


D=0.05 "m" 


V_jet=30 "m/s" 


Ac=pi*D*2/4 


V_r=V_jet-V_plate 
m_dot=rho*Ac*V_r 
F_R=m_dot*V_r"N" 























V plate) M/S V,, m/s Fg, N 
(0) 30 1767 
3 27 1431 
6 24 1131 
9 21 866 
12 18 636 
15 15 442 
18 12 283 
21 9 159 
24 6 70.7 
27 3 17.7 
30 0 0 
Discussion 


there can be no force acting. 


FR N 


1800 


1600 


The EES Equations window is printed below, followed by the tabulated and plotted results. 
rho=1000 "kg/m3" 
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1200 
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Vplate’ m/s 


When the plate velocity reaches 30 m/s, there is no relative motion between the jet and the plate; hence, 
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Chapter 6 Momentum Analysis of Flow Systems 
6-39E 
Solution A fan moves air at sea level at a specified rate. The force required to hold the fan and the minimum power 
input required for the fan are to be determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 Standard atmospheric conditions exist so that the pressure 
at sea level is 1 atm. 3 Air leaves the fan at a uniform velocity at atmospheric pressure. 4 Air approaches the fan through a 
large area at atmospheric pressure with negligible velocity. 5 The frictional effects are negligible, and thus the entire 
mechanical power input is converted to kinetic energy of air (no conversion to thermal energy through frictional effects). 6 
Wind flow is nearly uniform and thus the momentum-flux correction factor can be taken to be unity, @= 1. 


Properties The gas constant of air is R = 0.3704 
psi-ft*/lbm-R. The standard atmospheric pressure at sea level is 2000 cfm 
1 atm = 14.7 psi. 





ed 
Analysis (a) We take the control volume to be a 
horizontal hyperbolic cylinder bounded by streamlines on the => 
sides with air entering through the large cross-section (section © 
1) and the fan located at the narrow cross-section at the end S 
(section 2), and let its centerline be the x axis. The density, 
mass flow rate, and discharge velocity of air are 
P i psi i 3 
p= = = 0.0749 Ibm/ft 
RT (0.3704 psi: ft? bm - R)(530 R) —> 


ti = pV = (0.0749 Ibm/ft*)(2000 ft*/min) = 149.8 lbm/min = 2.50 Ibm/s 
V V 2000 ft?/min 

A, D214 „Qf IA 

The momentum equation for steady one-dimensional flow is ` F= > BmV = z pV . Letting the reaction force to hold 


out in 
the fan be Fg, and assuming it to be in the positive x (i.e., the flow) direction, the momentum equation along the x axis 
becomes 








V = = 636.6 ft/min = 10.6 ft/s 


1lbf 


Fp, =1i(V>)-0 = mV = (2.50 lbm/s)(10.6 ris et 
32.2 Ibm ft/s 


) = 0.82 Ibf 


Therefore, a force of 0.82 lbf must be applied (through friction at the base, for example) to prevent the fan from moving in 
the horizontal direction under the influence of this force. 


(b) Noting that P, = P) = Pum and V; = 0, the energy equation for the selected control volume reduces to 
[P V? . (P, We ; . : VŽ 
m +++ gz, +W pump u Zm + gz +W eying + E mech,loss > Wian u =m- 
p 2 ; p 2 > ; 2 


Substituting, 





2 2 
Wes, <1 = (2.50 bms) CSS Libf 1W J-so1w 
i 2 2 32.2 Ibm- ft/s? 0.73756 lbf - ft/s 


Therefore, a useful mechanical power of 5.91 W must be supplied to air. This is the minimum required power input required 
for the fan. 


Discussion The actual power input to the fan will be larger than 5.91 W because of the fan inefficiency in converting 
mechanical power to kinetic energy. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-40 
Solution A helicopter hovers at sea level while being loaded. The volumetric air flow rate and the required power 
input during unloaded hover, and the rpm and the required power input during loaded hover are to be determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 Air leaves the blades at a uniform velocity at atmospheric 
pressure. 3 Air approaches the blades from the top through a large area at atmospheric pressure with negligible velocity. 4 
The frictional effects are negligible, and thus the entire mechanical power input is converted to kinetic energy of air (no 
conversion to thermal energy through frictional effects). 5 The change in air pressure with elevation is negligible because 
of the low density of air. 6 There is no acceleration of the helicopter, and thus the lift generated is equal to the total weight. 
7 Air flow is nearly uniform and thus the momentum-flux correction factor can be taken to be unity, B= 1. 


Properties The density of air is given to be 1.18 kg/m’. 


Analysis (a) We take the control volume to be a vertical hyperbolic cylinder bounded by streamlines on the sides 
with air entering through the large cross-section (section 1) at the top and the fan located at the narrow cross-section at the 
bottom (section 2), and let its centerline be the z axis with upwards being the positive direction. 


The momentum equation for steady one-dimensional flow is ~~ > pV — >, pV . Noting that the only 
out 


force acting on the control volume is the total weight W and it acts in the negative z Aeran the momentum equation 


along the z axis gives O 
; W 
=m(-V,)-0 => W=mV,=(PAV,W, =pPAV} > V= |— 


pA [k—i5m —| 





where A is the blade span area, 

A=7D° 14=7(15 m)? /4=176.7 m? 
Then the discharge velocity, volume flow rate, and the mass flow rate 
of air in the unloaded mode become 


V. = m “uence = (10, 000 annaa 81 m/s” 1.7 m/s 
en (1.18 kg/m?)(176.7 m se 


V = AV. ee )(21.7 m/s) = 3834 m/s ~ 3830 m°/s 


unloaded 2, unloaded 






Sea level 


Load 

; 15,000 kg 
PV nloaded = (1.18 kg/m? )(3834 m°/s) = 4524 kg/s 
Noting that P; = P2 = Pam, V; = 0, the elevation effects are negligible, and the frictional effects are disregarded, the energy 
equation for the selected control volume reduces to 


TM iioaded = 


[P Vv? ; (P, Ve . f ; y2 
m +++ gz, +W pump u =m 4 +97, +W urbine + E mech,loss =? Wian u =m- 
p 2 f p 2 ; . 2 
Substituting, 





21.7 m/s)” 
( aa 1 kN I 1kw )= 1065 kw =1070KW 


2 
ee fanu m ve = (4524 kg/s) g 
l l unloaded 2 1000 kg . m/s 1 kN. m/s 


(b) We now repeat the calculations for the loaded helicopter, whose mass is 10,000+15,000 = 25,000 kg: 


V. _ |Moadea& _ | (25,000 kg)(9.81 m/s 3 = 34.3 m/s 
2,loaded pA (1.18 kg/m?)(176.7 m°) 


Titgaded = PVioaded = PAV, toaded = (1-18 kg/m*)(176.7 m)(34.3 m/s) = 7152 kg/s 


2 2 
Waoaded fanu T mea =(7152 gala ee ( 1kW 
loaded 2 1000 kg . m/s 1 kN 7 m/s 


Noting that the average flow velocity is proportional to the overhead blade rotational velocity, the rpm of the loaded 
helicopter blades becomes 





) = 4207 kW = 4210 kW 


Vai 7 
r „loaded Nioaded : 
V, =kn > = > ~ MNigaded = 


Vz, unloaded A unloaded V2 unloaded 


V2 loaded 5 
unloaded 





34.3 
= —— (400 = 632 rpm 
5 a rpm) p 


Discussion The actual power input to the helicopter blades will be considerably larger than the calculated power input 
because of the fan inefficiency in converting mechanical power to kinetic energy. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-41 
Solution A helicopter hovers on top of a high mountain where the air density considerably lower than that at sea 
level. The blade rotational velocity to hover at the higher altitude and the percent increase in the required power input to 
hover at high altitude relative to that at sea level are to be determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 The air leaves the blades at a uniform velocity at 
atmospheric pressure. 3 Air approaches the blades from the top through a large area at atmospheric pressure with negligible 
velocity. 4 The frictional effects are negligible, and thus the entire mechanical power input is converted to kinetic energy of 
air. 5 The change in air pressure with elevation while hovering at a given location is negligible because of the low density 
of air. 6 There is no acceleration of the helicopter, and thus the lift generated is equal to the total weight. 7 Air flow is 
nearly uniform and thus the momentum-flux correction factor can be taken to be unity, B= 1. 


Properties The density of air is given to be 1.18 kg/m’ at sea level, and 0.79 kg/m’ on top of the mountain. 


Analysis (a) We take the control volume to be a vertical hyperbolic cylinder bounded by streamlines on the sides 
with air entering through the large cross-section (section 1) at the top and the fan located at the narrow cross-section at the 
bottom (section 2), and let its centerline be the z axis with upwards being the positive direction. 


The momentum equation for steady one-dimensional flow is YF F= ps pV — pa pV . Noting that the only force 
out 
acting on the control volume is the total weight W and it acts in the negative z deii e momentum equation along the z 
axis gives 


W =m(-V2)-0 > W=mV,=(pAV,)V>=pAVs > V= 1 
P. 


where A is the blade span area. Then for a given weight W, the ratio of discharge velocities becomes 


V2 mountain mountain N ' F mowmtaint W/ P mountain A — Psea 1.18 1.18kg/m* 
en W WT PeaA WT PeaA Pee 0. 79 kg/m? 


Noting that the average flow velocity is proportional to the overhead blade rotational velocity, the rpm of the helicopter 
blades on top of the mountain becomes 





. n ain V 2,mountai ; V2 mountain . 
ñ=kV, =œ oa LAI Ly mountain = 1 fea =1.222(400 rpm) = 489 rpm 
Msea V2 sea Vo sea 


Noting that P; = P2 = Pam, V; = 0, the elevation effect are negligible, and the frictional effects are disregarded, the energy 
equation for the selected control volume reduces to 











[P vf i P, VŽ . . . Ve 
m +++ gz, FW ici u 5m +++ +2, +W urbine F-E mech loss > Wian u = th © 
p 2 f p 2 ; ; 2 
2 2 3 L5 15 |<— 15m —+>| 
or Wacom = pAV, v2 -pA =1 pA m =} pA E ee 
' 2 J 2 pA pA 2 pA 


Then the ratio of the required power input on top of the mountain to 
that at sea level becomes 


W mountain fanu fan,u 0. swt a 0.5W ~ / X PmountainA P mountain’ — Pea 1.18 1.18 kg/m? =1.222 

Wea fan,u 0. 5w" a / y Pseaâ Pe 0.79 kg/m? 
Therefore, the required power input will increase by 22.2% on top of 
the mountain relative to the sea level. 






Sea level 


Load 
15,000 kg 


Discussion Note that both the rpm and the required power input to the helicopter are inversely proportional to the 
square root of air density. Therefore, more power is required at higher elevations for the helicopter to operate because air is 
less dense, and more air must be forced by the blades into the downdraft. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-42 
Solution The flow rate in a channel is controlled by a sluice gate by raising or lowering a vertical plate. A relation for 
the force acting on a sluice gate of width w for steady and uniform flow is to be developed. 


Assumptions 1 The flow is steady, incompressible, frictionless, and uniform (and thus the Bernoulli equation is 
applicable.) 2 Wall shear forces at surfaces are negligible. 3 The channel is exposed to the atmosphere, and thus the 
pressure at free surfaces is the atmospheric pressure. 4 The flow is horizontal. 5 Water flow is nearly uniform and thus the 
momentum-flux correction factor can be taken to be unity, G= 1. 


Analysis We take point | at the free surface of the upstream flow before the gate and point 2 at the free surface of the 
downstream flow after the gate. We also take the bottom surface of the channel as the reference level so that the elevations 
of points | and 2 are y,; and y2, respectively. The application of the Bernoulli equation between points | and 2 gives 


P Vv? P, V? 
14a +y = 242 
pg 28 pg 28 





ty. > Vy-VP =2g8(y,-y2) (0) 


The flow is assumed to be incompressible and thus the density is constant. Then the conservation of mass relation for this 
single stream steady flow device can be expressed as 
; : ; : V V V V 
V, = V, = V => AV, = AV, = V > Vi = = and V3 SS (2) 
A wy; Ay wy 





Substituting into Eq. (1), 


ZAD KI 
V V ; 2g8(y1- y2) ; 28(¥1— Ya) 
—| -|—| =28(),-y.) > V=w eases ee > V=wy, aint (3) 
Wyo wy) 1/y2=1/ yí l-y2/yi 


Substituting Eq. (3) into Eqs. (2) gives the following relations for velocities, 


2 - 2 -= 
eti y2) ait Vix yt y2) 
l-y5/yi l-y2/yi 
We choose the control volume as the water body surrounded by the vertical cross-sections of the upstream and downstream 


flows, free surfaces of water, the inner surface of the sluice gate, and the bottom surface of the channel. The momentum 
equation for steady one-dimensional flow is XF = > piv ->° phV . The force acting on the sluice gate Fp, is 


out in 
horizontal since the wall shear at the surfaces is negligible, and it is equal and opposite to the force applied on water by the 
sluice gate. Noting that the pressure force acting on a vertical surface is equal to the product of the pressure at the centroid 
of the surface and the surface area, the momentum equation along the x direction gives 


; ; y ; 
—Fp,+P,A,-P,A,=mV,-mV, > -Fp [x Z) 2 hwa =mV,-V,) 


















Rearranging, the force acting on the sluice gate is determined to be © 
=< w ae 
Pre = ta E =y2) (5) 
where V; and V; are given in Eq. (4). Vi 
—_ Sluice gate 
y2 
Discussion Note that for yı >> y2, Eq. (3) simplifies to | Vz 
V= Ya W4[28y; or V, =,4/2gy; which is the Toricelli equation for E 


frictionless flow from a tank through a hole a distance yı below the free 
surface. 
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Chapter 6 Momentum Analysis of Flow Systems 


6-43 
Solution Water enters a centrifugal pump axially at a specified rate and velocity, and leaves in the normal direction 
along the pump casing. The force acting on the shaft in the axial direction is to be determined. 


Properties We take the density of water to be 1000 kg/m’. 


phceaee Bete eee 
Assumptions 1 The flow is steady and incompressible. 2 The forces | 

acting on the piping system in the horizontal direction are negligible. 3 x l 

The atmospheric pressure is disregarded since it acts on all surfaces. 012m i 

Analysis We take the pump as the control volume, and the inlet 7 m/s — 

direction of flow as the positive direction of x axis. The momentum mV 


. . . . . . l 
equation for steady one-dimensional flow in the x (flow) direction ! 
reduces in this case to ! 

I 


EF-S hV- pa? > -Fe 5hV; > Fesh pW; bremene 


out in 








Note that the reaction force acts in the opposite direction to flow, and we should not forget the negative sign for forces and 
velocities in the negative x-direction. Substituting the given values, 


Fse = 4000 NO I2m O maf- saon 


1kg- m/s? 


Discussion To find the total force acting on the shaft, we also need to do a force balance for the vertical direction, and 
find the vertical component of the reaction force. 





Angular Momentum Equation 


6-44C 
Solution We are to discuss how the angular momentum equation is obtained from the RTT. 
Analysis The angular momentum equation is obtained by replacing B in the Reynolds transport theorem by the 


total angular momentum H sys and b by the angular momentum per unit mass 7 x V. 


Discussion The RTT is a general equation that holds for any property B, either scalar or (as in this case) vector. 








6-45C 
Solution We are to express the angular momentum equation for a specific (restricted) control volume. 
Analysis The angular momentum equation in this case is expressed as |I@ =—r x mV | where & is the angular 











acceleration of the control volume, and F is the vector from the axis of rotation to any point on the line of action of F . 


Discussion This is a simplification of the more general angular momentum equation (many terms have dropped out). 





6-46C 
Solution We are to express the angular momentum equation in scalar form about a specified axis. 
Analysis The angular momentum equation about a given fixed axis in this case can be expressed in scalar form as 





yim = i rmV — ` rmV | where r is the moment arm, V is the magnitude of the radial velocity, and m is the mass 


out in 


flow rate. 











Discussion This is a simplification of the more general angular momentum equation (many terms have dropped out). 
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Chapter 6 Momentum Analysis of Flow Systems 
6-47 
Solution Water is pumped through a piping section. The moment acting on the elbow for the cases of downward and 
upward discharge is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water is discharged to the atmosphere, and thus the gage 
pressure at the outlet is zero. 3 Effects of water falling down during upward discharge is disregarded. 4 Pipe outlet diameter 
is small compared to the moment arm, and thus we use average values of radius and velocity at the outlet. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis We take the entire pipe as the control volume, and designate the 
inlet by 1 and the outlet by 2. We also take the x and y coordinates as shown. 
The control volume and the reference frame are fixed. The conservation of mass 
equation for this one-inlet one-outlet steady flow system is m, =m, =m, and 
V,=V,=V_ since A, = constant. The mass flow rate and the weight of the 


horizontal section of the pipe are 





ti = pA.V = (1000 kg/m*)[(0.12 m)? /4](4 m/s) = 45.24 kg/s 


W =mg = (15 kg/m)(2 m)(9.81 m/s”) a = 294.3 N/m 
1kg-m/s 


(a) Downward discharge: To determine the moment acting on the pipe at point A, we need to take the moment of all 

forces and momentum flows about that point. This is a steady and uniform flow problem, and all forces and momentum 

flows are in the same plane. Therefore, the angular momentum equation in this case can be expressed as 

> M = x rmV — > rmV where r is the moment arm, all moments in the counterclockwise direction are positive, and all 
out in 

in the clockwise direction are negative. 

The free body diagram of the pipe section is given in the figure. Noting that the moments of all forces and 
momentum flows passing through point A are zero, the only force that will yield a moment about point A is the weight W of 
the horizontal pipe section, and the only momentum flow that will yield a moment is the outlet stream (both are negative 
since both moments are in the clockwise direction). Then the angular momentum equation about point A becomes 


M a -W =-r mV, 


Solving for M, and substituting, 
: 1N 
M a =W -rmV, = (1 m)(294.3 N) - (2 m)(45.54 kg/s)(4 m S| =-70.0N.m 
gms 


The negative sign indicates that the assumed direction for M, is wrong, and should be reversed. Therefore, a moment of 70 
N-m acts at the stem of the pipe in the clockwise direction. 


(b) Upward discharge: The moment due to discharge stream is positive in this case, and the moment acting on the pipe at 
point A is 


M a =W +rmV, = (1 m)(294.3 N) + (2 m)(45.54 kg/s)(4 m =659N-m 
1kg-m/s 


Discussion Note direction of discharge can make a big difference in the moments applied on a piping system. This 
problem also shows the importance of accounting for the moments of momentums of flow streams when performing 
evaluating the stresses in pipe materials at critical cross-sections. 
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Chapter 6 Momentum Analysis of Flow Systems 


6-48E 
Solution A two-armed sprinkler is used to generate electric power. For a specified flow rate and rotational speed, the 
power produced is to be determined. 


Assumptions 1 The flow is cyclically steady (i.e., steady from a 
frame of reference rotating with the sprinkler head). 2 The water is 
discharged to the atmosphere, and thus the gage pressure at the nozzle 
outlet is zero. 3 Generator losses and air drag of rotating components 
are neglected. 4 The nozzle diameter is small compared to the moment 
arm, and thus we use average values of radius and velocity at the outlet. 


Properties We take the density of water to be 62.4 Ibm/ft’. 


Analysis We take the disk that encloses the sprinkler arms as the 
control volume, which is a stationary control volume. The conservation 
of mass equation for this steady flow system is m; = m, =m. Noting 


that the two nozzles are identical, we have m =m/2 or 


nozzle — 








Veomle = hs, /2 since the density of water is constant. The average 
jet outlet velocity relative to the nozzle is 
V 4 gal/ Lf? as Ba 
Viet _ ‘nozzle _ gal/s 5 = 392.2 ft/s A V a es 
Ajet [z(0.5/12 f) /4] 7.480 gal nozzle š 


The angular and tangential velocities of the nozzles are 





@ = 2mi = 27(250 rew/min( min) = 26.18 rad/s 
S 


V = ræ = (2 ft)(26.18 rad/s) = 52.36 ft/s 


nozzle 


The velocity of water jet relative to the control volume (or relative to a 
fixed location on earth) is 
V,= Vu -V, 








= 392.2 —52.36 = 339.8 ft/s 


nozzle 


vib 
: s ` M ozzle Vr 
angular momentum equation can be expressed as `. ae 
5 M= > rmV — > rmV where all moments in the eae = 
out in 


counterclockwise direction are positive, and all in the clockwise 
direction are negative. Then the angular momentum equation about the 
axis of rotation becomes 


-M shaft = =2rM nozzle Vr or M shaft =rm total Vr 
Substituting, the torque transmitted through the shaft is determined to be 
1lbf 
32.2 Ibm: ft/s? 
since itoa] = PV ota] = (62.4 Ibm/ft?)(8/ 7.480 ft/s) = 66.74 lbm/s . Then the power generated becomes 
1kW 


737.56 lbf - ft/s 
Therefore, this sprinkler-type turbine has the potential to produce 50 kW of power. 


M at = Ftoi V, = (2 £t)(66.74 Ibm/s)(339.8 vf ) =1409 Ibf -ft 


W =27M gran = OM pat = (26.18 rad/s)(1409 Ibf of 


) = 50.0 kW 


Discussion This is, of course, the maximum possible power. The actual power generated would be much smaller than 
this due to all the irreversible losses that we have ignored in this analysis. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-49E 
Solution A two-armed sprinkler is used to generate electric power. For a specified flow rate and rotational speed, the 
moment acting on the rotating head when the head is stuck is to be determined. 


m Vy 


nozzle 
* 





Assumptions 1 The flow is uniform and steady. 2 The water is discharged to the atmosphere, and thus the gage pressure 
at the nozzle outlet is zero. 3 The nozzle diameter is small compared to the moment arm, and thus we use average values of 
radius and velocity at the outlet. 


Properties We take the density of water to be 62.4 Ibm/ft’. 


Analysis We take the disk that encloses the sprinkler arms as the control volume, which is a stationary control 
volume. The conservation of mass equation for this steady flow system is m, =m, =m. Noting that the two nozzles are 


=m/2 or V = 


nozzle total 


identical, we have m ozzle /2 since the density of water is constant. The average jet outlet velocity 


relative to the nozzle is 


V 4 gal/ 1ft? 
yas ten a l a = 392.2 ft/s 
Ajet [(0.5/12 ft)“ / 4] | 7.480 gal 
The angular momentum equation can be expressed as $m = X rnv -9 rhv where all moments in the 
out in 
counterclockwise direction are positive, and all in the clockwise direction are negative. Then the angular momentum 
equation about the axis of rotation becomes 


-M shaft = =2rM nozzle V jet or M shaft = TMeotalV jet 


Substituting, the torque transmitted through the shaft is determined to be 


1 lbf 


M..=rm 299 hm . ftJ/e2 
shaft 32.2 Ibm - ft/s” 


total 


Via. = (2 ft) (66.74 Ibm/s) (392.2 ts) 


jet 


)- 1626 Ibf - ft = 1630 Ibf - ft 


SINCE Titra = PViotar = (62.4 Ibm/ft? )(8/ 7.480 ft7/s) = 66.74 Ibm/s . 


Discussion When the sprinkler is stuck and thus the angular velocity is zero, the torque developed is maximum since 
Viozie =9 and thus V, =V;,, = 392.2 ft/s, giving M = 1630 lbf -ft . But the power generated is zero in this case 


since the shaft does not rotate. 


shaft, max 
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Chapter 6 Momentum Analysis of Flow Systems 
6-50 
Solution A three-armed sprinkler is used to water a garden. For a specified flow rate and resistance torque, the 
angular velocity of the sprinkler head is to be determined. 


Assumptions 1 The flow is uniform and cyclically steady (i.e., steady from a frame of reference rotating with the 
sprinkler head). 2 The water is discharged to the atmosphere, and thus the gage pressure at the nozzle outlet is zero. 3 Air 
drag of rotating components are neglected. 4 The nozzle diameter is small compared to the moment arm, and thus we use 
average values of radius and velocity at the outlet. | 







i ; 3L 
Properties We take the density of water to be 1000 kg/m” = 1 kg/L. Electric 


Analysis We take the disk that encloses the sprinkler arms as the generator 
control volume, which is a stationary control volume. The conservation . 
of mass equation for this steady flow system is m; = m, =m. Noting 


that the three nozzles are identical, we have m =m/3 or 


V 


nozzle 


nozzle 
= V orar /3 since the density of water is constant. The average jet 
outlet velocity relative to the nozzle and the mass flow rate are 








V 3 
Vig es ES _ Ai omnis 
Ajet 3[ (0.012 m)* /4]\ 1000 L 
: , jet 
Miotal =p V otal = (1 kg/L)(40 L/s) = 40 kg/s V otal =40 L/s 


The angular momentum equation can be expressed as 


X M=} rv-} rhv i ye a a 


out in M nozzle 
i 





where all moments in the counterclockwise direction are positive, and 
all in the clockwise direction are negative. Then the angular 
momentum equation about the axis of rotation becomes 


= ly =-3r M nozzle Vr or To =r M total V 


Solving for the relative velocity V, and substituting, 
y.-_lo____50N-m teas 

” Fa (0.40 m)(40 kg/s) 1N 
Then the tangential and angular velocity of the nozzles become 


V =V. V, =117.9-3.1=114.8 m/s 0 


jet 


Jams 


nozzle 


2 Vink = 114.8 m/s = 287 rad/s 
r 0.4 m 
o _ 287 radls 


2n 2m 





( ue ) = 2741 rpm = 2740 rpm 
1 min 


Therefore, this sprinkler will rotate at 2740 revolutions per minute (to three significant digits). 


Discussion The actual rotation rate will be somewhat lower than this due to air friction as the arms rotate. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-51 
Solution A Pelton wheel is considered for power generation in a hydroelectric power plant. A relation is to be 
obtained for power generation, and its numerical value is to be obtained. 





Assumptions 1 The flow is uniform and cyclically steady. 2 The water is discharged to the atmosphere, and thus the gage 
pressure at the nozzle outlet is zero. 3 Friction and losses due to air drag of rotating components are neglected. 4 The nozzle 
diameter is small compared to the moment arm, and thus we use average values of radius and velocity at the outlet. 


Properties We take the density of water to be 1000 kg/m? = 1 kg/L. 
Analysis The tangential velocity of buckets corresponding to an angular velocity of œ = 27m is Vpucket =r@ . Then 
the relative velocity of the jet (relative to the bucket) becomes 


V, =V; —Voucket =V; Træ 


We take the imaginary disk that contains the Pelton wheel as the control volume. The inlet velocity of the fluid into this 
control volume is V,, and the component of outlet velocity normal to the moment arm is V,cos#. The angular momentum 


equation can be expressed as x M= a rmV — >, rmV_ where all moments in the counterclockwise direction are 

out in 
positive, and all in the clockwise direction are negative. Then the angular momentum equation about the axis of rotation 
becomes 


<M shan =1MV, cosB—-rmV, or M srat = rV,- cos 2) = rm(V ; - ro) -cos 2) 


Noting that Wena = 27M shat = OM shat aNd M = pV , the shaft power output of a Pelton turbine becomes 





W naft = pVratV; = roy — cos p) 











which is the desired relation. For given values, the shaft power output is determined to be 


1MW 


What = (1000 kg/m? )(10 m?/s)X(2 m)(15.71 rad/s)(50-2x15.71 m/s)(1- costeo 
-m/s 


J-n3 MW 
l min 


where @=2m = 27(150 rev/min in ) =15.71 rad/s 
s 


Discussion The actual power will be somewhat lower than this due to air drag and friction. Note that this is the shaft 
power; the electrical power generated by the generator connected to the shaft is be lower due to generator inefficiencies. 
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Chapter 6 Momentum Analysis of Flow Systems 


6-52 g 
Solution The previous problem is reconsidered. The effect of fon the power generation as J varies from 0° to 180° 


is to be determined, and the fraction of power loss at 160° is to be assessed. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


rho=1000 "kg/m3" 

r=2 "m" 

V_dot=10 "m3/s" 

V_jet=50 "m/s" 

n_dot=150 "rpm" 

omega=2*pi*n_dot/60 

V_r=V_jet-r*omega 

m_dot=rho*V_dot 
W_dot_shaft=m_dot*omega’*r*V_r*(1-cos(Beta))/1E6 "MW" 
W_dot_max=m_dot*omega’*r*V_1*2/1E6 "MW" 
Efficiency=W_dot_shaft/W_dot_max 


























Angle, Max power, Actual power, Efficiency, 
P W max , MW W shaft , MW ý 
0 11.7 0.00 0.000 
10 11.7 0.09 0.008 
20 11.7 0.35 0.030 
30 11.7 0.78 0.067 
40 11.7 1.37 0.117 
50 11.7 2.09 0.179 
60 11.7 2.92 0.250 
70 11.7 3.84 0.329 
80 11.7 4.82 0.413 
90 11.7 5.84 0.500 
100 11.7 6.85 0.587 
110 11.7 7.84 0.671 
120 11.7 8.76 0.750 
130 11.7 9.59 0.821 
140 11.7 10.31 0.883 
150 11.7 10.89 0.933 
160 11.7 11.32 0.970 
170 11.7 11.59 0.992 
180 11.7 11.68 1.000 
12 





10 











Wesnaft 
O 












































0 20 40 60 80 100 120 140 160 180 
B, ° 


Discussion The efficiency of a Pelton wheel for 2 =160° is 0.97. Therefore, at this angle, only 3% of the power is lost. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-53 
Solution A centrifugal blower is used to deliver atmospheric air. For a given angular speed and power input, the 
volume flow rate of air is to be determined. 







Impeller 


Impeller 
blade 





Impeller region 


Assumptions 1 The flow is steady in the mean. 2 Irreversible losses are negligible. 3 The tangential components of air 
velocity at the inlet and the outlet are said to be equal to the impeller velocity at respective locations. 


Properties The gas constant of air is 0.287 kPa-m*/kg-K. The density of air at 20°C and 95 kPa is 
P 95 kPa 


p= => =1.130 kg/m? 
RT (0.287 kPa-m*/kg- K)(293 K) 


Analysis In the idealized case of the tangential fluid velocity being equal to the blade angular velocity both at the 
inlet and the outlet, we have V,, = œr, and V}, = @r, , and the torque is expressed as 
. ; 2 2 Paipa a2 
Torate = MV2, =V) = mlr =r )=pVolr -rf ) 


where the angular velocity is 
lmin 


@ = 2mm = 27(800 rev/min Tmin ) = 83.78 rad/s 
s 


Then the shaft power becomes 
Wehatt = OT rast = pVo* (rr z SN r) 
Solving for V and substituting, the volume flow rate of air is determined to 
W, ; . m/s? 
_ l saf = - 120 N = : . 1kg-m/s - 0.224 m2/s 
pæ (rz -rf ) (1.130 kg/m” )(83.78 rad/s) “[(0.30 m)~ - (0.15 m)*] 1N 


The normal velocity components at the inlet and the outlet are 





j 224m? 
pel po Mwe. -gms 
” 27rb) 2æ(0.15 m)(0.061m) 
V 0.224 m3/s 


= 3.50 m/s 





V. bs b 
2n 27r,b, — 22(0.30m)(0.034 m) 


Discussion Note that the irreversible losses are not considered in this analysis. In reality, the flow rate and the normal 
components of velocities will be smaller. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-54 
Solution A centrifugal blower is used to deliver atmospheric air at a specified rate and angular speed. The minimum 
power consumption of the blower is to be determined. 







Impeller 


Impeller 
blade 





Impeller region 


Assumptions 1 The flow is steady in the mean. 2 Irreversible losses are negligible. 


Properties The density of air is given to be 1.25 kg/m’. 





Analysis We take the impeller region as the control volume. The normal velocity components at the inlet and the 
outlet are 
V 0.70 m*/ 
Vi, = = MS 6.793 m/s 
>°  27r,b, 2æ(0.20 m)(0.082 m) 
V 70m? 
Von = cS = 4.421 m/s 





2ar,b,  2n(0.45 m)(0.056 m) 


The tangential components of absolute velocity are: 
a, = 0°: Vin =Vin tana, =0 
Ol) = 60°: Vy, =V>,, tana, = (4.421 m/s) tan 50° = 5.269 m/s 


The angular velocity of the propeller is 

[min 

60s 
ii = pV = (1.25 kg/m*)(0.7 m?/s) = 0.875 kg/s 

Normal velocity components V,,, and V2, as well pressure acting on the inner and outer circumferential areas pass through 


the shaft center, and thus they do not contribute to torque. Only the tangential velocity components contribute to torque, and 
the application of the angular momentum equation gives 





@ = 2m = 22(700 rev/min ) = 73.30 rad/s 


. 1N 
Tomati = ICF V 2; — Vis) = (0.875 kg/s)[(0.45 m)(5.269 m/s) - of 8] =2.075N-m 
g-m/s 


Then the shaft power becomes 


W = OT pan = (73.30 rad/s)(2.075 N- m( ) =152W 


1N- m/s 
Discussion The actual required shaft power is greater than this, due to the friction and other irreversibilities that we 
have neglected in our analysis. Nevertheless, this is a good first approximation. 
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6-55 > 


Solution 


The previous problem is reconsidered. The effect of discharge angle a on the minimum power input 


requirements as @ varies from 0° to 85° in increments of 5° is to be investigated. 


Chapter 6 Momentum Analysis of Flow Systems 




































































Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 
rho=1.25 "kg/m3" 1600 
r1=0.20 "m" L 
b1=0.082 "m" 1400 
r2=0.45 "m" t 
b2=0.056 "m" 1200 
V_dot=0.70 "m3/s" F 
Vin=V_dot/(2*pi*r1*b1) "m/s" 1000 
V2n=V_dot/(2*pi*r2*b2) "m/s" = [ 
Alpha1=0 ea) 
Vit=V1n*tan(Alpha1) "m/s" = 600). 
V2t=V2n"tan(Alpha2) "m/s" 2 | 
n_dot=700 "rpm" 400 
omega=2*pi*n_dot/60 "rad/s" | 
m_dot=rho*V_dot "kg/s" 200 
T_shaft=m_dot*(r2*V2t-r1*V1t) "Nm" L 
W_dot_shaft=omega*T_shaft "W" 0 . . . , 
0 10 30 40 90 
Q2 
Angle, Vor, Torque, Shaft power, 
& m/s Tsnafts Nm Waat W 
0 0.00 0.00 0 
5 0.39 0.15 11 
10 0.78 0.31 23 
15 1.18 0.47 34 
20 1.61 0.63 46 
25 2.06 0.81 60 
30 2.55 1.01 74 
35 3.10 122 89 
40 3.71 1.46 107 
45 4.42 1.74 128 
50 5.27 2.07 152 
55 6.31 2.49 182 
60 7.66 3.02 221 
65 9.48 3.73 274 
70 12.15 4.78 351 
75 16.50 6.50 476 
80 25.07 9.87 724 
85 50.53 19.90 1459 




















Discussion 


When œ = 0, the shaft power is also zero as expected, since there is no turning at all. As œ approaches 90°, 


the required shaft power rises rapidly towards infinity. We can never reach œ = 90° because this would mean zero flow 


normal to the outlet, which is impossible. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-56E 
Solution Water enters the impeller of a centrifugal pump radially at a specified flow rate and angular speed. The 
torque applied to the impeller is to be determined. 







Impeller 


Impeller 
blade 





Impeller region 


Assumptions 1 The flow is steady in the mean. 2 Irreversible losses are negligible. 

Properties We take the density of water to be 62.4 Ibm/ft’. 

Analysis Water enters the impeller normally, and thus V,, =0. The tangential component of fluid velocity at the 
outlet is given to be V,, =180 ft/s . The inlet radius r, is unknown, but the outlet radius is given to be r = 1 ft. The angular 


velocity of the propeller is 


@ = 2m = 27(500 rev/min | tiun 
60s 





) = 52.36 rad/s 
The mass flow rate is 
m = pV = (62.4 lbm/ft? )(80/60 ft*/s) = 83.2 Ibm/s 


Only the tangential velocity components contribute to torque, and the application of the angular momentum equation gives 


Thate = Mra V2; — riV1 s) = (83.2 lbm/s)[C1 ft)(180 ft/s) - (| = 465 Ibf - ft 
i , 32.2 Ibm - ft/s 
Discussion This shaft power input corresponding to this torque is 
; . 1kW 
W =2AMT ar = OT char = (52.36 rad/s)(465 Ibf - ft} ——————_——_ | = 33.0 kW 
737.56 lbf - ft/s 


Therefore, the minimum power input to this pump should be 33 kW. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-57 
Solution A centrifugal pump is used to supply water at a specified rate and angular speed. The minimum power 
consumption of the pump is to be determined. 







Impeller 


Impeller 
blade 





Impeller region 


Assumptions 1 The flow is steady in the mean. 2 Irreversible losses are negligible. 


Properties We take the density of water to be 1000 kg/m’. 





Analysis We take the impeller region as the control volume. The normal velocity components at the inlet and the 
outlet are 
.15m° 
oe e SON gh ani 
>°  27r,;b, 22(0.13 m)(0.080 m) 
V 15m? 
Von = eS en, 





2ar,b,  2n(0.30m)(0.035 m) 


The tangential components of absolute velocity are: 
a, = 0°: Vin =Vin tana, =0 
Ol = 60°: Vy, =V>,, tana, = (2.274 m/s) tan 60° = 3.938 m/s 


The angular velocity of the propeller is 

1min 

60s 
ii = pV = (1000 kg/m? (0.15 m7/s) = 150 kg/s 

Normal velocity components V,,, and V>,, as well pressure acting on the inner and outer circumferential areas pass through 


the shaft center, and thus they do not contribute to torque. Only the tangential velocity components contribute to torque, and 
the application of the angular momentum equation gives 





@ = 2m = 27(1200 revimin( ) = 125.7 rad/s 


1kN 


That = MCT V2 — rViz) = (150 kg/s)[(0.30 m)(3.938 m/s) - OJ} ———————- 
shaft 2V2 TVt 8 oe 


|r- 


Then the shaft power becomes 
1kW 


W = @T aon = (125.7 rad/s)(177.2 kN - m)}| ———— 
mat = i (Gen mr 


) =22.3 kW 


Discussion Note that the irreversible losses are not considered in analysis. In reality, the required power input will be 
larger. 
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Chapter 6 Momentum Analysis of Flow Systems 


Review Problems 


6-58 
Solution Water is flowing into and discharging from a pipe U-section with a secondary discharge section normal to 
return flow. Net x- and z- forces at the two flanges that connect the pipes are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The weight of the U-turn and the water in it is negligible. 4 The 
momentum-flux correction factor for each inlet and outlet is given to be 2 = 1.03. 














Properties We take the density of water to be 1000 kg/m’. 8 kg/s 
Analysis The flow velocities of the 3 streams are | | © 
~ © 
= m Mi _ = g/s : -15.3 m/s 
PA, p(aDE14) (1000 kg/m”)[z(0.05 m)" /4 I Hint 
: ; 22 kg/s 
22k 
v, = m, mz 7 : g/s - -2.80 m/s 
PA, p(aDz/4) (1000 kg/m” )[z(0.10 m)* /4] O 
i j 8 kg/ — 
= mz ms _ : g/s - sji3mh 
PA; p(aD3/4) (1000 kg/m`“)[z(0.03 m)" /4] 30 kg/s 


We take the entire U-section as the control volume. We designate the horizontal coordinate by x with the direction of 
incoming flow as being the positive direction and the vertical coordinate by z. The momentum equation for steady one- 


dimensional flow is > F= ` pV — > pV . We let the x- and z- components of the anchoring force of the cone be Fr, 


out in 


and Fr, and assume them to be in the positive directions. Then the momentum equations along the x and z axes become 
Fra, + P A; + P, A, = pm, (-V, ) = mV; -> Fry = -P 4; = P,A, = Bim V2 + mV) 
Fp, +0 = m3V; -0 > Fp, = fn3V; 


Substituting the given values, 


(0.05 m)* z(0.10 m)? 


~[(150—100) kN/m?] F 


Fp, = (200—100) kN/m? ] 


—1.03) (22 kg/s)(2.80 m/s) a + (30 kg/s)(15.3 m/s) — 
1000 kg - m/s 1000 kg - m/s 


=—0.733 kN =-733N 


Fp, = 1.03(8 kg/s)(11.3 m | = 93.1N 


1kg-m/s 
The negative value for Fr, indicates the assumed direction is wrong, and should be reversed. Therefore, a force of 733 N 
acts on the flanges in the opposite direction. A vertical force of 93.1 N acts on the flange in the vertical direction. 


Discussion To assess the significance of gravity forces, we estimate the weight of the weight of water in the U-turn and 
compare it to the vertical force. Assuming the length of the U-turn to be 0.5 m and the average diameter to be 7.5 cm, the 
mass of the water becomes 


D? .075 m)? 
m= pV = pAL= pak = (1000 kgm ZOIR os m) = 2.2kg 


whose weight is 2.2x9.81 = 22 N, which is much less than 93.1, but still significant. Therefore, disregarding the 
gravitational effects is a reasonable assumption if great accuracy is not required. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-59 
Solution A fireman was hit by a nozzle held by a tripod with a rated holding force. The accident is to be investigated 
by calculating the water velocity, the flow rate, and the nozzle velocity. 


Assumptions 1 The flow is steady and incompressible. 2 The water jet is exposed to the atmosphere, and thus the pressure 
of the water jet is the atmospheric pressure, which is disregarded since it acts on all surfaces. 3 Gravitational effects and 
vertical forces are disregarded since the horizontal resistance force is to be determined. 4 Jet flow is nearly uniform and 
thus the momentum-flux correction factor can be taken to be unity, = 1. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis We take the nozzle and the horizontal portion of the hose as the system such that water enters the control 
volume vertically and outlets horizontally (this way the pressure force and the momentum flux at the inlet are in the vertical 
direction, with no contribution to the force balance in the horizontal direction, and designate the entrance by | and the 
outlet by 2. We also designate the horizontal coordinate by x (with the direction of flow as being the positive direction). 


The momentum equation for steady one-dimensional flow is > F= > pV — > BmV . We let the horizontal 


out in 
force applied by the tripod to the nozzle to hold it be Fr,, and assume it to be in the positive x direction. Then the 
momentum equation along the x direction becomes 


2 2 2 
. lkg- ; 
Fp, = V, -0 = hV = pAVV = py? > (1800 nf ewe) = (1000 kg/m?) 20-0” 2 


Solving for the water outlet velocity gives V = 30.3 m/s. Then the water flow rate becomes Nozzle 


mD* y - 70.05 m)? 


; (30.3 m/s) = 0.0595 m?/s 


V=AV= 


When the nozzle was released, its acceleration must have been 





a = 


nozzle m 10 kg 


nozzle 





F _1800N[(1kg-m/s? 
1N 


J- isoms? 


Assuming the reaction force acting on the nozzle and thus its acceleration to remain constant, the time it takes for the 
nozzle to travel 60 cm and the nozzle velocity at that moment were (note that both the distance x and the velocity V are zero 
at time ¢t = 0) 


x=tat? + t= ae aea = 0.0816 s 
a 180 m/s 


V =at = (180 m/s” )(0.0816 s) =14.7 m/s 





Thus we conclude that the nozzle hit the fireman with a velocity of 14.7 m/s. 


Discussion Engineering analyses such as this one are frequently used in accident reconstruction cases, and they often 
form the basis for judgment in courts. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-60 
Solution During landing of an airplane, the thrust reverser is lowered in the path of the exhaust jet, which deflects the 
exhaust and provides braking. The thrust of the engine and the braking force produced after the thrust reverser is deployed 
are to be determined. 


Assumptions 1 The flow of exhaust gases is steady and one-dimensional. 2 The exhaust gas stream is exposed to the 
atmosphere, and thus its pressure is the atmospheric pressure. 3 The velocity of exhaust gases remains constant during 
reversing. 4 Jet flow is nearly uniform and thus the momentum-flux correction factor can be taken to be unity, f= 1. 


Analysis (a) The thrust exerted on an airplane is simply the momentum flux of the combustion gases in the reverse 
direction, 
3 IN 
Thrust = m,,V_, = (18 kg/s)(250 m/s)| ———- |= 4500 N 
l 1kg-m/s 


(b) We take the thrust reverser as the control volume such that it cuts through both exhaust streams normally and the 
connecting bars to the airplane, and the direction of airplane as the positive direction of x axis. The momentum equation for 
steady one-dimensional flow in the x direction reduces to 


S E=$ nV- nV > Fp, = mi(V)c0820°—7i(-V)_ > Fa, = (1+ c08 20° nV; 
out in 
Substituting, the reaction force is determined to be 


Fp, = (14008 20°)(18 kg/s)(250 m/s) = 8729 N 


The breaking force acting on the plane is equal and opposite to this force, 


F, = 8729 N = 8730 N 


breaking 


Therefore, a braking force of 8730 N develops in the opposite direction to flight. 





mV 


Control 





Discussion This problem can be solved more generally by measuring the reversing angle from the direction of exhaust 
gases (a = 0 when there is no reversing). When a < 90°, the reversed gases are discharged in the negative x direction, and 
the momentum equation reduces to 


Fp, =m(-V)cosa —m(-V) >» Fp. =(1-cosa)mv, 





This equation is also valid for a >90° since cos(180°-a) = - cosa. Using a = 160°, for example, gives 
Fr, =(1—cos160)mV; = (1+cos 20)mV;_, which is identical to the solution above. 
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Chapter 6 Momentum Analysis of Flow Systems 


6-61 g 


SF, 


Solution The previous problem is reconsidered. The effect of thrust reverser angle on the braking force exerted on 
the airplane as the reverser angle varies from 0 (no reversing) to 180° (full reversing) in increments of 10° is to be 
investigated. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


V_jet=250 "m/s" 


m_dot=18 "kg/s" 
F_Rx=(1-cos(alpha))*m_dot*V_jet "N" 




































































Reversing Braking force 9000 
angle, Frakes N eT J 
o£ 8000 
0 0 FA 4 
10 68 7000 7 
20 271 6000 A 
30 603 y | 
40 1053 5000 Á 
50 1607 z x 
60 2250 a 4000 7 
70 2961 Š A 
80 3719 yo 3000 Z 
90 4500 2000 S 
100 5281 ye 
110 6039 1000 
120 6750 
130 7393 0 1 1: ! ! 1: ! 1: 
140 7947 0 20 40 60 80 100 120 140 160 180 
150 8397 a, ° 
160 8729 
170 8932 
180 9000 











Discussion As expected, the braking force is zero when the angle is zero (no deflection), and maximum when the angle 
is 180° (completely reversed). Of course, it is impossible to completely reverse the flow, since the jet exhaust cannot be 
directed back into the engine. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-62E 
Solution The rocket of a spacecraft is fired in the opposite direction to motion. The deceleration, the velocity change, 
and the thrust are to be determined. 


Assumptions 1 The flow of combustion gases is steady and one-dimensional during the firing period, but the flight of the 
spacecraft is unsteady. 2 There are no external forces acting on the spacecraft, and the effect of pressure force at the nozzle 
outlet is negligible. 3 The mass of discharged fuel is negligible relative to the mass of the spacecraft, and thus the spacecraft 
may be treated as a solid body with a constant mass. 4 The nozzle is well-designed such that the effect of the momentum- 
flux correction factor is negligible, and thus J= 1. 


Analysis (a) We choose a reference frame in which the control 
volume moves with the spacecraft. Then the velocities of fluid steams 
become simply their relative velocities (relative to the moving body). 18000 Ibm 
We take the direction of motion of the spacecraft as the positive 
direction along the x axis. There are no external forces acting on the 1500 ft/s 


spacecraft, and its mass is nearly constant. Therefore, the spacecraft can 
be treated as a solid body with constant mass, and the momentum 


equation in this case is 
x = x 
d(mV) nee ae dV, ce Se ep 
0= = + > Amv — >» pave > Mypae a =-m;V; 





out in 


Noting that the motion is on a straight line and the discharged gases 
move in the positive x direction (to slow down the spacecraft), we write 
the momentum equation using magnitudes as 





dV dV, rh 
pace —— space f 
Menace ~ —m /V¢ > = V; 








M space 


Substituting, the deceleration of the spacecraft during the first 5 seconds is determined to be 
BV space my z 150 Ibm/s 


= = = (5000 ft/s) = - 41.7 ft/s? 
18,000 Ibm 


a 
space 
i dt M space 


(b) Knowing the deceleration, which is constant, the velocity change of the spacecraft during the first 5 seconds is 


determined from the definition of acceleration dgjace =AV space / dt to be 
AV ooace =Aspacedt —> AVeoace =AspaceAt = (-41.7 ft/s” X(5 s) = -209 ft/s 


space space 
(c) The thrust exerted on the system is simply the momentum flux of the combustion gases in the reverse direction, 


1 Ibf 


Thrust = Fr = =m,V; = -(150 lbm/s)(5000 Mo r 
x m IUS 


) = —23,290 Ibf = -23,300 Ibf 


Therefore, if this spacecraft were attached somewhere, it would exert a force of 23,300 lbf (equivalent to the weight of 
23,300 Ibm of mass on earth) to its support in the negative x direction. 


Discussion In Part (b) we approximate the deceleration as constant. However, since mass is lost from the spacecraft 
during the time in which the jet is on, a more accurate solution would involve solving a differential equation. Here, the time 
span is short, and the lost mass is likely negligible compared to the total mass of the spacecraft, so the more complicated 
analysis is not necessary. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-63 
Solution A horizontal water jet strikes a vertical stationary flat plate normally at a specified velocity. For a given 
flow velocity, the anchoring force needed to hold the plate in place is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water splatters off the sides of the plate in a plane normal to 
the jet. 3 The water jet is exposed to the atmosphere, and thus the pressure of the water jet and the splattered water is the 
atmospheric pressure which is disregarded since it acts on the entire control surface. 4 The vertical forces and momentum 
fluxes are not considered since they have no effect on the horizontal reaction force. 5 Jet flow is nearly uniform and thus the 
momentum-flux correction factor can be taken to be unity, 2 = 1. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis We take the plate as the control volume such that it contains the entire plate and cuts through the water jet 
and the support bar normally, and the direction of flow as the positive direction of x axis. We take the reaction force to be in 
the negative x direction. The momentum equation for steady one-dimensional flow in the x (flow) direction reduces in this 
case to 





` F= $ AV = S Anv > -Fp,=-m,V, > Fp, =V 


out in 


We note that the reaction force acts in the opposite direction to flow, and we should not forget the negative sign for forces 
and velocities in the negative x-direction. The mass flow rate of water is 


. D? 0.05 m)? 
tn = pV = pAV = pv = (1000 kgm?) ZORD (30 m/s) = 58.90 kg/s 


Substituting, the reaction force is determined to be 


Fp, = (58.90 kg/s)(30 m/s) = 1767 N=1770N 





Therefore, a force of 1770 N must be applied to the plate in the opposite direction 
to the flow to hold it in place. 


Discussion In reality, some water may be scattered back, and this would add to the reaction force of water. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-64 
Solution A water jet hits a stationary cone, such that the flow is diverted equally in all directions at 45°. The force 
required to hold the cone in place against the water stream is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water jet is exposed to the atmosphere, and thus the pressure 
of the water jet before and after the split is the atmospheric pressure which is disregarded since it acts on all surfaces. 3 The 
gravitational effects are disregarded. 4 Jet flow is nearly uniform and thus the momentum-flux correction factor can be 
taken to be unity, B= 1. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis The mass flow rate of water jet is 


1D? z(0.05 m)? 


= pV = pAV = pV = (1000 kg/m?) = —— B0 m/s) = 58.90 kg/s 





We take the diverting section of water jet, including the cone as the control volume, and designate the entrance by 1 and the 

outlet after divergence by 2. We also designate the horizontal coordinate by x with the direction of flow as being the 

positive direction and the vertical coordinate by y. 

The momentum equation for steady one-dimensional flow is > F= > pV — > pV . We let the x- and y- components 
out in 

of the anchoring force of the cone be Fr, and Fr, and assume them to be in the positive directions. Noting that V, = V,; = V 

and m, = m; = m, the momentum equations along the x and y axes become 


Fg, = MV, cos 0- mV, = MV (cos 0—1) 


Re 


=0 (because of symmetry about x axis) 
Substituting the given values, 


1N 
Fr, = (58.90 kg/s)(30 m/s)(cos45° -1) —— 
1kg -m/s 





=-518N 
Fp, =0 


y 
The negative value for Fr, indicates that the assumed direction is wrong, and should be reversed. Therefore, a force of 518 
N must be applied to the cone in the opposite direction to flow to hold it in place. No holding force is necessary in the 
vertical direction due to symmetry and neglecting gravitational effects. 


Discussion In reality, the gravitational effects will cause the upper part of flow to slow down and the lower part to 
speed up after the split. But for short distances, these effects are negligible. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-65 
Solution An ice skater is holding a flexible hose (essentially weightless) which directs a stream of water horizontally 
at a specified velocity. The velocity and the distance traveled in 5 seconds, and the time it takes to move 5 m and the 
velocity at that moment are to be determined. 


Assumptions 1 Friction between the skates and ice is negligible. 2 The flow of water is steady and one-dimensional (but 
the motion of skater is unsteady). 3 The ice skating arena is level, and the water jet is discharged horizontally. 4 The mass 
of the hose and the water in it is negligible. 5 The skater is standing still initially at t = 0. 6 Jet flow is nearly uniform and 
thus the momentum-flux correction factor can be taken to be unity, = 1. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis (a) The mass flow rate of water through the hose is 
D’ .02 m)? 
t= pAV = ae = (1000 kgm ZOD 10 m/s) = 3.14 kg/s 


The thrust exerted on the skater by the water stream is simply the momentum flux of the water stream, and it acts in the 
reverse direction, 


F = Thrust = mV = (3.14 kg/s)(10 m/s) ma =31.4 N (constant) 
1kg -m/s 


The acceleration of the skater is determined from Newton’s 2™ law of motion F = ma where m is the mass of the skater, 





F. oam 


= 0.523 m/s” 
m 60kg IN 


Note that thrust and thus the acceleration of the skater is constant. The velocity of the skater and the distance traveled in 5 s 
are 


Vecater = at = (0.523 m/s? )(5s) = 2.62 m/s . 
x=4at? =1(0.523 m/s” )(5s)* =6.54m =} 10 m/s 
(b) The time it will take to move 5 m and the velocity at that moment are D=2 cm 


Hose 








= 1 a -JZ _ | 2(5 m) 
0.523 m/s” 
V = at = (0.523 m/s? \(4.4s) =2.3 m/s 


skater 


Discussion In reality, the velocity of the skater will be lower because of friction on ice and the resistance of the hose to 
follow the skater. Also, in the mV expressions, V is the fluid stream speed relative to a fixed point. Therefore, the correct 


expression for thrust is F = m(V ), and the analysis above is valid only when the skater speed is low relative to 


z V skater 


the jet speed. An exact analysis would result in a differential equation. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-66 
Solution Indiana Jones is to ascend a building by building a platform, and mounting four water nozzles pointing 
down at each corner. The minimum water jet velocity needed to raise the system, the time it will take to rise to the top of 
the building and the velocity of the system at that moment, the additional rise when the water is shut off, and the time he 
has to jump from the platform to the roof are to be determined. 


Assumptions 1 The air resistance is negligible. 2 The flow of water is steady and one-dimensional (but the motion of 
platform is unsteady). 3 The platform is still initially at t = 0. 4 Jet flow is nearly uniform and thus the momentum-flux 
correction factor can be taken to be unity, = 1. 


Properties We take the density of water to be 1000 kg/m’. 


Analysis (a) The total mass flow rate of water through the 4 hoses and the total weight of the platform are 


D? ; ? 
t= pAV = 4p —V 7 4(1000 kfm?) =O 15 m/s) = 118 kg/s 


W = mg = (150 kg)(9.81 mè 5 


E N 


g: m/s 
We take the platform as the system. The momentum equation for steady one-dimensional flow is 

> F= > Bnav - » BmV . The minimum water jet velocity needed to raise the platform is determined by setting the net 
out in 

force acting on the platform equal to zero, 


nD? y2 





W= m( Viin) 0 > W= MV min = pA Vinin Vinin = 4p 





min 


Solving for Vinin and substituting, 


2 
Vie W =E ma lkg - m/s -13.7 m/s 
pmD (1000 kg/m” )z(0.05 m) 1N 


(b) We let the vertical reaction force (assumed upwards) acting on the platform be Fr,. Then the momentum equation in the 
vertical direction becomes 








= —298 N 


2 
Fg -W =m(-V)-0=mV —> Fp, =W -mV =(1472N)- (118 kg/s)(15 mo Em 


The upward thrust acting on the platform is equal and opposite to this reaction force, and thus F = 298 N. Then the 
acceleration and the ascending time to rise 10 m and the velocity at that moment become 





F _ 298N (1kg-m/s* 
m 150kg| 1N 


t 
x=tat? > t= pa ZET =328 x 
a S 


V =at = (2 m/s? (3.2 s) = 6.4 m/s 
(c) When water is shut off at 10 m height (where the velocity is 6.4 m/s), the 
platform will decelerate under the influence of gravity, and the time it takes to 


|-20ms? 















come to a stop and the additional rise above 10 m become D=5 cm 
15 m/s 
V, .4 
V=V-gt=0 > t=—-= i w =0.65s 
& 98l1m/s 


z=Vot—4 gt* =(6.4 m/s)(0.65 s)-4 (9.81 m/s” (0.65 s)* = 2.1m 


Therefore, Jones has 2x0.65 = 1.3 s to jump off from the platform to the roof since it takes another 0.65 s for the platform 
to descend to the 10 m level. 


Discussion Like most stunts in the Indiana Jones movies, this would not be practical in reality. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-67E 
Solution A box-enclosed fan is faced down so the air blast is directed downwards, and it is to be hovered by 
increasing the blade rpm. The required blade rpm, air outlet velocity, the volumetric flow rate, and the minimum 
mechanical power are to be determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 The air leaves the blades at a uniform velocity at 
atmospheric pressure, and thus the momentum-flux correction factor can be taken to be unity, = 1. 3 Air approaches the 
blades from the top through a large area at atmospheric pressure with negligible velocity. 4 The frictional effects are 
negligible, and thus the entire mechanical power input is converted to kinetic energy of air (no conversion to thermal 
energy through frictional effects). 5 The change in air pressure with elevation is negligible because of the low density of 
air. 6 There is no acceleration of the fan, and thus the lift generated is equal to the total weight. 


Properties The density of air is given to be 0.078 lbm/ft’. 


Analysis (a) We take the control volume to be a vertical hyperbolic cylinder bounded by streamlines on the sides 
with air entering through the large cross-section (section 1) at the top and the fan located at the narrow cross-section at the 
bottom (section 2), and let its centerline be the z axis with upwards being the positive direction. 
The momentum equation for steady one-dimensional flow is YF = 2 pV -5 pV . Noting that the only 
out in 
force acting on the control volume is the total weight W and it acts in the negative z direction, the momentum equation 
along the z axis gives 











W=n(-V,)-0 —> W=mñV,=(PAV3W, =pAV? > V,= a 
where A is the blade span area, 
A=2D* /4=2(3 ft)” /4=7.069 ft” 
Then the discharge velocity to produce 5 lbf of upward force becomes 
2 
a hoii =17.1 ft/s 
(b) The volume flow rate and the mass flow rate of air are determined from their 
definitions, 
V = AV, = (7.069 ft?)(17.1 ft/s) = 121 ft/s VivVV VY 
ri = pV = (0.078 Ibm/ft*)(121 ft*/s) = 9.43 Ibm/s © 


(c) Noting that Pı = P2 = Pam, Vı = 0, the elevation effects are negligible, and the frictional effects are disregarded, the 
energy equation for the selected control volume reduces to 


[P v? ' [P Ve ' , , v2 
Mm) —+——-+ 82) +W pump u =M —+—~—+ 8% + Wrurbine + Emech,loss > Wan, u =Ma 
p 2 i p 2 i i 2 
Substituting, 
2 2 
Warani Gaa C808)” e or - = ) =64.3 W 
, 2 2 32.2 Ibm - ft/s 0.73756 lbf - ft/s 


Therefore, the minimum mechanical power that must be supplied to the air stream is 64.3 W. 


Discussion The actual power input to the fan will be considerably larger than the calculated power input because of the 
fan inefficiency in converting mechanical work to kinetic energy. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-68 
Solution A parachute slows a soldier from his terminal velocity Vr to his landing velocity of Vp. A relation is to be 
developed for the soldier’s velocity after he opens the parachute at time t = 0. 


Assumptions 1 The air resistance is proportional to the velocity squared (i.e. F = -kV°). 2 The variation of the air 
properties with altitude is negligible. 3 The buoyancy force applied by air to the person (and the parachute) is negligible 
because of the small volume occupied and the low density of air. 4 The final velocity of the soldier is equal to its terminal 
velocity with his parachute open. 


Analysis The terminal velocity of a free falling object is reached when the air resistance (or air drag) equals the 
weight of the object, less the buoyancy force applied by the fluid, which is negligible in this case, 
Far resistance — W > kVẹ =mg => k= a“ 
Ve 


This is the desired relation for the constant of proportionality k. When the parachute is deployed and the soldier starts to 
decelerate, the net downward force acting on him is his weight less the air resistance, 
2 
2 mg ,,2 V 
Fact =W- Fair resistance = mg “kV = mg =V = me) Fh ees gee: 
V V air resistance 
F F 









T TE i dV . 
Substituting it into Newton’s 2™ law relation F,,, =ma=m A gives 
t 


net 
í a dV 
mg| lL-— |= 
Vý dt 


Canceling m and separating variables, and integrating from t = 0 when V= V; to 
t=t when V= V gives 


dV 








y d t 
=a a gdt > f 2 = 5f dt Parachute 
1-V IVE Vr Ve -V Ve 0 
W=mg 
d. 1 
Using Žž => hf = from integral tables and applying the | 
2_y? 2a a-x 
a° -x 


integration limits, 


1 mirt netr _ gt 
Wr Vr-V Vp-Vr) Ve 





Rearranging, the velocity can be expressed explicitly as a function of time as 





Vy +Vp + (Vr -Vp Je? VF 
cave eevee Vr 














Discussion Note that as t + 0, the velocity approaches the landing velocity of Vy, as expected. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-69 
Solution An empty cart is to be driven by a horizontal water jet that enters from a hole at the rear of the cart. A 
relation is to be developed for cart velocity versus time. 


Assumptions 1 The flow of water is steady, one-dimensional, incompressible, and horizontal. 2 All the water which 
enters the cart is retained. 3 The path of the cart is level and frictionless. 4 The cart is initially empty and stationary, and 
thus V = 0 at time ¢ = 0. 5 Friction between water jet and air is negligible, and the entire momentum of water jet is used to 
drive the cart with no losses. 6 Jet flow is nearly uniform and thus the momentum-flux correction factor can be taken to be 
unity, B= 1. 


Analysis We note that the water jet velocity V; is constant, but the car velocity V is variable. Noting that 
m = pA(V; —V) where A is the cross-sectional area of the water jet and V; - V is the velocity of the water jet relative to the 


cart, the mass of water in the cart at any time t is Cart 
mo 
t t t 
m, = | rind =| pA(V, -V)dt = pAV jt- pA| Vat (1) 
0 0 0 F 
Also, Waterjet 
dm, . AV, -V) 
w sha = 
di PAW J 


We take the cart as the moving control volume. The net force acting on the cart in this case is equal to the momentum flux 
of the water jet. Newton’s 2" law F = ma = d(mV)/dt in this case can be expressed as 


d aV 
F= a MoaV) ) where F= $ piv = $ piv =(MV)in = MV; = pA(V; -V XV; 





dt in out 
and 
d(MoaV) alin, +m, )V] dV d(m,vV) dV dV dm,, 
= =m, + =m, +m, +V 
dt dt dt dt dt dt dt 


=(m, + me) + palV, —V)V 
t 
Note thatin mV expressions, we used the fluid stream velocity relative to a fixed point. Substituting, 
dV dV 
PA(V, —V)V; =(m, + My) +pAV,-V)V —->  pA(V,; -V)(V; -V)=(m, + My) 


Noting that m,, is a function of ¢ (as given by Eq. 1) and separating variables, 
dV _ dt N dV _ dt 
2 2 i 
PAV, -V) M, +My PAV, -V) m, + pAV,t - pA f Var 





Integrating from t = 0 when V = 0 to t = t when V = V gives the desired integral, 





p dV ope dt 
[oe a ore 
0 PAV; -V) °’ m, + pAV;t - pA | Var 
0 











Discussion Note that the time integral involves the integral of velocity, which complicates the solution. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-70 
Solution A plate is maintained in a horizontal position by frictionless vertical guide rails. The underside of the plate 
is subjected to a water jet. The minimum mass flow rate mM nin tO just levitate the plate is to be determined, and a relation is 


to be obtained for the steady state upward velocity. Also, the integral that relates velocity to time when the water is first 
turned on is to be obtained. 


Assumptions 1 The flow of water is steady and one-dimensional. 2 The water jet splatters in the plane of he plate. 3 The 
vertical guide rails are frictionless. 4 Times are short, so the velocity of the rising jet can be considered to remain constant 
with height. 5 At time t = 0, the plate is at rest. 6 Jet flow is nearly uniform and thus the momentum-flux correction factor 
can be taken to be unity, B= 1. 


Analysis (a) We take the plate as the system. The momentum equation for steady one-dimensional flow is 
XF = » pV -5 pV . Noting that m= pAV, where A is the cross-sectional area of the water jet and W = m,g, the 
out in 


minimum mass flow rate of water needed to raise the plate is determined by setting the net force acting on the plate equal to 
Zero, 


=W= O-MminVs > W= Manin Vy => Mp, = Mamin (Manin / AV; )> Mamin = q PAMm,8 


For m>m a relation for the steady state upward velocity V is obtained setting the upward impulse applied by water jet 


min > 
to the weight of the plate (during steady motion, the plate velocity V is constant, and the velocity of water jet relative to 
plate is V; -V), 


. mpg n [mpg 
W=n(V,;-V) > m,g=pPAV;-V) > V-V i > V=” g 
pA pA pA 


(b) At time t = 0 the plate is at rest (V = 0), and it is subjected to water 
jet with m > M min and thus the net force acting on it is greater than the 








weight of the plate, and the difference between the jet impulse and the 
weight will accelerate the plate upwards. Therefore, Newton’s 2™ law 
F =ma = mdV/dt in this case can be expressed as 


dV 


iV, -V)-W =m AA 
(Vs -V) dt 


pa > PAV; -V)’?-m,g=m, 
Separating the variables and integrating from t= 0 when V=0 tot=t 


when V = V gives the desired integral, 








f° m,dV t f? m,dV 


=r a = dt > — 
0 pA(V,-V) —m,8 t=0 ° pA(V, -V) -m,8 











Nozzle 


Discussion This integral can be performed with the help of integral tables. But the 
relation obtained will be implicit in V. 
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Chapter 6 Momentum Analysis of Flow Systems 


6-71 
Solution Water enters a centrifugal pump axially at a specified rate and velocity, and leaves at an angle from the 
axial direction. The force acting on the shaft in the axial direction is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The forces acting on the piping system in the horizontal 
direction are negligible. 3 The atmospheric pressure is disregarded since it acts on all surfaces. 4 Water flow is nearly 
uniform at the outlet and thus the momentum-flux correction factor can be taken to be unity, B= 1. 


Properties We take the density of water to be 1000 kg/m’. 

Analysis From conservation of mass we have m, =m, =m, and thus 
V, = V, and A.,V, = A,.V>. Noting that the discharge area is half the inlet 
area, the discharge velocity is twice the inlet velocity. That is, 





A. 
AnVo = V, = 2V, = 2(5 m/s) = 10 m/s 
c2 
We take the pump as the control volume, and the inlet direction of flow as 
the positive direction of x axis. The linear momentum equation in this case 
in the x direction reduces to 
S F=) pnV-9 phV > -Fp =mV,cosð -mV) —> Fp =V -Vcos0) 


out ın 





where the mass flow rate it 
tn = pV = (1000 kg/m? )(0.20 m°/s) = 200 kg/s 
Substituting the known quantities, the reaction force is determined to be (note that cos60° = 0.5) 
Fe, = (200 kg/s)[(5 m/s) - (10 m/s)cos60] -e =0 
1kg -m/s 


Discussion Note that at this angle of discharge, the bearing is not subjected to any horizontal loading. Therefore, the 
loading in the system can be controlled by adjusting the discharge angle. 





6-72 
Solution Water enters the impeller of a turbine through its outer edge of diameter D with velocity V making an angle 
& with the radial direction at a mass flow rate of m , and leaves the impeller in the radial direction. The maximum power 
=anmDV sina . 


that can be generated is to be shown to be Wua 


Assumptions 1 The flow is steady in the mean. 2 Irreversible losses are 
negligible. 


Analysis We take the impeller region as the control volume. The 
tangential velocity components at the inlet and the outlet are V}, =0 and 


Vo, =Vsina. 


Normal velocity components as well pressure acting on the inner and 
outer circumferential areas pass through the shaft center, and thus they do not 
contribute to torque. Only the tangential velocity components contribute to 
torque, and the application of the angular momentum equation gives 


Tyhatt = (V2, —“Vi 4) = mr2V2, —-0 =mDVV sin a)/2 






Impeller region 


The angular velocity of the propeller is @=27m. Then the shaft power 
becomes 


W natt = OT snare = 27NmD(V sin a)/2 





Simplifying, the maximum power generated becomes |W pat = 7mDV sin æ | which is the desired relation. 











Discussion The actual power is less than this due to irreversible losses that are not taken into account in our analysis. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-73 
Solution A two-armed sprinkler is used to water a garden. For specified flow rate and discharge angles, the rates of 
rotation of the sprinkler head are to be determined. 





Assumptions 1 The flow is uniform and cyclically steady (i.e., steady from a frame of reference rotating with the 
sprinkler head). 2 The water is discharged to the atmosphere, and thus the gage pressure at the nozzle outlet is zero. 3 
Frictional effects and air drag of rotating components are neglected. 4 The nozzle diameter is small compared to the 
moment arm, and thus we use average values of radius and velocity at the outlet. 


Properties We take the density of water to be 1000 kg/m? = 1 kg/L. 





Analysis We take the disk that encloses the sprinkler arms as the control volume, which is a stationary control 
volume. The conservation of mass equation for this steady flow system is m, =m, =m. Noting that the two nozzles are 
identical, we have mM, 71 =m/2 or Voe = Fi /2 since the density of water is constant. The average jet outlet velocity 
relative to the nozzle is 
V 60 L/ Im? 
Va = -S u E = 95.49 mis 
Ajet 2[7(0.02 m)“ / 4] \ 1000 L 


The angular momentum equation can be expressed as yim = S rnv -9 riv. Noting that there are no external 
out in 


moments acting, the angular momentum equation about the axis of rotation becomes 


0=-2rm V,cosð > V,=0 > Viet Vnoze = 0 


nozzle j 


Noting that the tangential component of jet velocity is V jett = Vjet COS 8 , we have 


V = Va COS 0 = (95.49 m/s)cos ð 


nozzle 


Also noting that V = ær = 27r , and angular speed and the rate of rotation of sprinkler head become 


nozzle 





95.49 m/ 0 
1) 9 =0%: «= Yeon — (95.49 mis)c080 _ 545 rad/s and p2 -2 d/ ove ) = 2026 rpm = 2030 ppm 
r 0.45 m 2a 20 1 min 
95.49 m/ 30° r 
2) 0 = 30°: pa Venme _ (95.49 mis)cos30° _ a4 aus and j =o nh Re | iss rpm = 1760 rpm 
r 0.45 m 2m 27 1 min 
95.49 m/ 60° 
3) 0=60°: a= Vnozte _ (95.49 m/s)cos60° _ 106rad/s and ù= = om (8 =1013 rpm = 1010 rpm 
r 0.45 m 2a 27 1 min 


Discussion Final results are given to three significant digits, as usual. The rate of rotation in reality will be lower 
because of frictional effects and air drag. 
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6-74 & 


es 


Chapter 6 Momentum Analysis of Flow Systems 


Solution The previous problem is reconsidered. The effect of discharge angle @on the rate of rotation n as 0 varies 


from 0 to 90° in increments of 10° is to be investigated. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


D=0.02 "m" 

r=0.45 "m" 

n_nozzle=2 "number of nozzles" 
Ac=pi*D*2/4 
V_jet=V_dot/Ac/n_nozzle 
V_nozzle=V_jet*cos(theta) 
V_dot=0.060 "m3/s" 
omega=V_nozzle/r 
n_dot=omega*60/(2*pi) 


























Angle, Vnozzle > @ n 
P m/s rad/s rpm 
0 95.5 212 2026 
10 94.0 209 1996 
20 89.7 199 1904 
30 82.7 184 1755 
40 73.2 163 1552 
50 61.4 136 1303 
60 47.7 106 1013 
70 32.7 73 693 
80 16.6 37 352 
90 0.0 0 0 

2250 











450 






































Discussion The maximum rpm occurs when 0= 0°, as expected, since this represents purely tangential outflow. When 0 
= 90°, the rpm drops to zero, as also expected, since the outflow is purely radial and therefore there is no torque to spin the 


sprinkler. 
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Chapter 6 Momentum Analysis of Flow Systems 
6-75 
Solution A stationary water tank placed on wheels on a frictionless surface is propelled by a water jet that leaves the 
tank through a smooth hole. Relations are to be developed for the acceleration, the velocity, and the distance traveled by 
the tank as a function of time as water discharges. 


Assumptions 1 The orifice has a smooth entrance, and thus the frictional losses are negligible. 2 The flow is steady, 
incompressible, and irrotational (so that the Bernoulli equation is applicable). 3 The surface under the wheeled tank is level 
and frictionless. 4 The water jet is discharged horizontally and rearward. 5 The mass of the tank and wheel assembly is 
negligible compared to the mass of water in the tank. 4 Jet flow is nearly uniform and thus the momentum-flux correction 
factor can be taken to be unity, B= 1. 


Analysis (a) We take point 1 at the free surface of the tank, and point 2 at 
the outlet of the hole, which is also taken to be the reference level (z2 = 0) so that 
the water height above the hole at any time is z. Noting that the fluid velocity at 
the free surface is very low (V, = 0), it is open to the atmosphere (P; = Pam), and 
water discharges into the atmosphere (and thus P; = Pam), the Bernoulli equation 
simplifies to 














P v2 P 2 2 
J ,tigs 24V tz > = a0 > V, =42gz 
pg 2g ps 28 2g 
The discharge rate of water from the tank through the hole is 
. zD Di 
m= pAV, =p—*V, =p - 2gz 
The momentum equation for steady one-dimensional flow is SF = > pV = 2 pV . Applying it to the water tank, 


out in 
the horizontal force that acts on the tank is determined to be 
2 2 
: i aD aD 
F=mV,-0=mV; =p a 28z = pgz 7 


The acceleration of the water tank is determined from Newton’s 2™ law of motion F = ma where m is the mass of water in 
the tank, m= PV ank = e(mD* /4)z, 


AE Pes /2) > pea 
m pz(zD? 74) D 

















Note that the acceleration of the tank is constant. 
(b) Noting that a = dV/dt and thus dV = adt and acceleration a is constant, the velocity is expressed as 





2 


D 
V =at => 3 Ven 











(c) Noting that V = dx/dt and thus dx = Vdt, the distance traveled by the water tank is determined by integration to be 


2 2 


D D 
dx =Vdt -> dx=2g8 td > x=g8 2r 
D D 


2 

















since x =O atr=0. 


Discussion In reality, the flow rate discharge velocity and thus the force acting on the water tank will be less because of 
the frictional losses at the hole. But these losses can be accounted for by incorporating a discharge coefficient. 





Design and Essay Problems 


6-76 
Solution Students’ essays and designs should be unique and will differ from each other. 





vee? 


6-55 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 7 Dimensional Analysis and Modeling 


Solutions Manual for 
Fluid Mechanics: Fundamentals and Applications 


by Cengel & Cimbala 





CHAPTER 7 
DIMENSIONAL ANALYSIS AND MODELING 





PROPRIETARY AND CONFIDENTIAL 


This Manual is the proprietary property of The McGraw-Hill Companies, Inc. 
(“McGraw-Hill”) and protected by copyright and other state and federal laws. By 
opening and using this Manual the user agrees to the following restrictions, and if the 
recipient does not agree to these restrictions, the Manual should be promptly returned 
unopened to McGraw-Hill: This Manual is being provided only to authorized 
professors and instructors for use in preparing for the classes using the affiliated 
textbook. No other use or distribution of this Manual is permitted. This Manual 
may not be sold and may not be distributed to or used by any student or other 
third party. No part of this Manual may be reproduced, displayed or distributed 
in any form or by any means, electronic or otherwise, without the prior written 
permission of McGraw-Hill. 


7-1 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 7 Dimensional Analysis and Modeling 


Dimensions and Units, Primary Dimensions 


7-1C 
Solution We are to explain the difference between a dimension and a unit, and give examples. 
Analysis A dimension is a measure of a physical quantity (without numerical values), while a unit is a way to 


assign a number to that dimension. Examples are numerous — length and meter, temperature and °C, weight and Ibf, mass 
and kg, time and second, power and watt,... 


Discussion When performing dimensional analysis, it is important to recognize the difference between dimensions and 
units. 





7-2C 
Solution We are to append the given table with other parameters and their primary dimensions. 
Analysis Students’ tables will differ, but they should add entries such as angular velocity, kinematic viscosity, work, 


energy, power, specific heat, thermal conductivity, torque or moment, stress, etc. 


Discussion This problem should be assigned as an ongoing homework problem throughout the semester, and then 
collected towards the end. Individual instructors can determine how many entries to be required in the table. 





7-3C 
Solution We are to list the seven primary dimensions and explain their significance. 
Analysis The seven primary dimensions are mass, length, time, temperature, electrical current, amount of light, 


and amount of matter. Their significance is that all other dimensions can be formed by combinations of these seven 
primary dimensions. 


Discussion One of the first steps in a dimensional analysis is to write down the primary dimensions of every variable or 
parameter that is important in the problem. 





7-4 
Solution We are to write the primary dimensions of the universal ideal gas constant. 
Analysis From the given equation, 


Primary dimensions of the universal ideal gas constant: 


Mi? 
iye pressure x volume | | L _ | mL? 
. mol x temperature NxT t'TN 


Or, in exponent form, {R,,} = {m"' L?t? TIN}. 





Discussion The standard value of R,, is 8314.3 J/kmol-K. You can verify that these units agree with the dimensions of 
the result. 
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Chapter 7 Dimensional Analysis and Modeling 





7-5 

Solution We are to write the primary dimensions of atomic weight. 

Analysis By definition, atomic weight is mass per mol, 

Primary dimensions of atomic weight: {fm} ny DS. a (1) 
mol N 


Or, in exponent form, {M} = [m N’. 


Discussion In terms of primary dimensions, atomic mass is not dimensionless, although many authors treat it as such. 
Note that mass and amount of matter are defined as two separate primary dimensions. 





7-6 
Solution We are to write the primary dimensions of the universal ideal gas constant in the alternate system where 
force replaces mass as a primary dimension. 


Analysis From Newton’s second law, force equals mass times acceleration. Thus, mass is written in terms of force as 


Primary dimensions of mass in the alternate system: 


R, -1 force l-1 F |- Ft? (1) 
acceleration Lit? L 


We substitute Eq. 1 into the results of Problem 7-4, 





Primary dimensions of the universal ideal gas constant: 
Ft” > 


2 =; 
mL FL 2 
m-a- ri (ix | E 


Or, in exponent form, {R,,} = {F L! TI N}. 





Discussion The standard value of R, is 8314.3 J/kmol-K. You can verify that these units agree with the dimensions of 
Eq. 2. 
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Chapter 7 Dimensional Analysis and Modeling 
7-7 
Solution We are to write the primary dimensions of the specific ideal gas constant, and verify are result by 
comparing to the standard SI units of R,i:. 


Analysis We can approach this problem two ways. If we have already worked through Problem 7-4, we can use our 
results. Namely, 


Primary dimensions of specific ideal gas constant: 


: 2 
R 7 L 
{Rn} =|} = NeT = a ) 
N 


Or, in exponent form, {Rgas} = L? t? TH}. Alternatively, we can use either form of the ideal gas law, 


Primary dimensions of specific ideal gas constant: 


MIE 
{R -| pressure x volume | JEL B | L | (2) 
gas Bi Sa aan cine Gia ae 7 R E 


mass x temperature mxT tT 


For air, Rair = 287.0 J/kg-K. We transform these units into primary dimensions, 


Primary dimensions of the specific ideal gas constant for air: 


2 2 
{Rug} =} 2870 p=) alee) 
kgxK mxT tT 


Equation 3 agrees with Eq. 1 and Eq. 2, increasing our confidence that we have performed the algebra correctly. 





Discussion Notice that numbers, like the value 287.0 in Eq. 3 have no influence on the dimensions. 





7-8 
Solution We are to write the primary dimensions of torque and list its units. 
Analysis Torque is the product of a length and a force, 





- length D 
Primary dimensions of torque: (m) = {length x mass eng - } = (m «| (1) 
tme“ 


Or, in exponent form, { M } = {m! L? t°}. The common units of torque are newton-meter (SI) and inch-pound 
(English). In primary units, however, we write the primary SI units according to Eq. 1, 

Primary SI units: Units of torque = kg -m7/s” 

and in primary English units, 

Primary English units: Units of torque = Ibm -ft”/s” 

Discussion Since torque is the product of a force and a length, it has the same dimensions as energy. Primary units are 


not required for dimensional analysis, but are often useful for unit conversions and for verification of proper units when 
solving a problem. 
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Chapter 7 Dimensional Analysis and Modeling 
7-9 


Solution We are to determine the primary dimensions of each variable. 
Analysis 
(a) Energy is force times length (the same dimensions as work), 


Primary dimensions of energy: 


2 
{E} = {force x length} = [mssins length = k | (1) 
time t 





Or, in exponent form, {E} = miL’. 
(b) Specific energy is energy per unit mass, 


Primary dimensions of specific energy: 
2 2 
fe} _ feee] _ jae =a . 1 | _ E | (2) 
mass time mass t 


Or, in exponent form, {e} = IL’ E’. 





(c) Power is the rate of change of energy, i.e. energy per unit time, 


Primary dimensions of power: 
2 2 
(w) _ faee] _ [maserar = 1 | _ k | (3) 
time time time t 


Or, in exponent form, { W } ={m' Itt, 





Discussion In dimensional analysis it is important to distinguish between energy, specific energy, and power. 








7-10 
Solution We are to determine the primary dimensions of electrical voltage. 
Analysis From the hint, 
Primary dimensions of voltage: 
mass x length” 
. ee ae 2 
{voltage} = Dae =-]— tme ot _ = (1) 
current current tI 


Or, in exponent form, {E} = fm Ler}. 


Discussion We see that all dimensions, even those of electrical properties, can be expressed in terms of primary 
dimensions. 
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Chapter 7 Dimensional Analysis and Modeling 


7-11 

Solution We are to write the primary dimensions of electrical resistance. 

Analysis From Ohm’s law, we see that resistance has the dimensions of voltage difference divided by electrical 
current, 


Primary dimensions of resistance: 





mass x length” 
R= AE | _] time? x current | _ | mI? 
{R} = 
I current tI 


Or, in exponent form, {R} = {m" L? t° T°}, where we have also used the result of the previous problem. 


Discussion All dimensions can be written in terms of primary dimensions. 





7-12 
Solution We are to determine the primary dimensions of each variable. 


Analysis 
(a) Acceleration is the rate of change of velocity, 


Primary dimensions of acceleration: 
(o= foi] - frenet, d J-E} (1) 
time time time t 


Or, in exponent form, {a} = {L! t. 





(b) Angular velocity is the rate of change of angle, 


Primary dimensions of angular velocity: {o} = {mee | = oh = E (2) 


time time t 


Or, in exponent form, { @} = {t'}. 
(c) Angular acceleration is the rate of change of angular velocity, 


Primary dimensions of angular acceleration: 
fa =o} =| menarretocty |_| 2 x a \-{-} (3) 
time time time t 


Or, in exponent form, {a} = {t?}. 





Discussion In Part (b) we note that the unit of angle is radian, which is a dimensionless unit. Therefore the dimensions 
of angle are unity. 
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Chapter 7 Dimensional Analysis and Modeling 


7-13 
Solution We are to write the primary dimensions of angular momentum and list its units. 
Analysis Angular momentum is the product of length, mass, and velocity, 


Primary dimensions of angular momentum: 


2 
{A} = {length <mass Sneh | = a} (1) 
time t 
Or, in exponent form, { H } = {m'L?t™}. We write the primary SI units according to Eq. 1, 
; . . kg -m? 
Primary ST units: Units of angular momentum = —-—— 
s 
and in primary English units, 


i Ibm - ft? 
Primary English units: Units of angular momentum = a 


Discussion Primary units are not required for dimensional analysis, but are often useful for unit conversions and for 
verification of proper units when solving a problem. 





7-14 
Solution We are to determine the primary dimensions of each variable. 


Analysis 
(a) Specific heat is energy per unit mass per unit temperature, 


Primary dimensions of specific heat at constant pressure: 
2 


fe J-a |] E a) 
£ mass x temperature mxT tT 


Or, in exponent form, {c,} = IL ETH. 





(b) Specific weight is density times gravitational acceleration, 








length 
Primary dimensions of specific weight: {ps} = a a = (| (2) 


Or, in exponent form, {pg} = {m} L? t?}. 


(c) Specific enthalpy has dimensions of energy per unit mass, 


mL’ 
. i ; z energy t L 
Primary dimensions of specific enthalpy: fh} =; — p=) r= F (3) 
mass m 


Or, in exponent form, {h} = {L7 i. 


Discussion As a check, from our study of thermodynamics we know that dh = c,dT for an ideal gas. Thus, the 
dimensions of dh must equal the dimensions of c, times the dimensions of dT. Comparing Eqs. 1 and 3 above, we see that 
this is indeed the case. 
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Chapter 7 Dimensional Analysis and Modeling 


7-15 
Solution We are to determine the primary dimensions of thermal conductivity. 
Analysis The primary dimensions of Q inci ate energy/time, and the primary dimensions of dT/dx are 


temperature/length. From the given equation, 





energy mL’ 
; ; ‘ - time É mL 
Primary dimensions of thermal conductivity: fk} = i ; = =]; (1) 
apns emperature LxT tT 
length 


Or, in exponent form, {k} = {m! i T”. We obtain a value of k from a reference book. E.g. Keopper = 401 W/m-K. These 
units have dimensions of power/length:temperature. Since power is energy/time, we see immediately that Eq. | is correct. 
Alternatively, we can transform the units of k into primary units, 





Primary SI units of thermal conductivity: Kooper = 401 UA ( =\# 2) = 401 kg = (2) 
m s s s` 


Discussion We have used the principle of dimensional homogeneity to determine the primary dimensions of k. Namely, 
we utilized the fact that the dimensions of both terms of the given equation must be identical. 














7-16 
Solution We are to determine the primary dimensions of each variable. 
Analysis 
(a) Heat generation rate is energy per unit volume per unit time, 
m? 
; ; ; . . energy t? m 
Primary dimensions of heat generation rate: = = = 1 
i f £ 18} {ae _| L't |=} a) 
Or, in exponent form, { g } = fm! LI Y. 
(b) Heat flux is energy per unit area per unit time, 
mL? 
. ; ; : energy t? m 
Primary dimensions of heat flux: = = = 2 
a f f t faes] Lt (l 2) 
Or, in exponent form, { g } = {m! t°}. 
(c) Heat flux is energy per unit area per unit time per unit temperature, 
mL? 
: : ; : energy t? m 
Primary dimensions of heat transfer coefficient: h} = = = 3 
2 f f mm | area x time x | L’ xtxT B G) 


Or, in exponent form, {h} = {mi t? TH. 


Discussion In the field of heat transfer it is critical that one be careful with the dimensions (and units) of heat transfer 
variables. 





7-8 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 7 Dimensional Analysis and Modeling 


7-17 

Solution We are to choose three properties or constants and write out their names, their SI units, and their primary 
dimensions. 

Analysis There are many options. For example, 


Students may choose c, (specific heat at constant volume). The units are kJ/kg-K, which is energy per mass per 
temperature. Thus, 


Primary dimensions of specific heat at constant volume: 
2 


fe ) _ energy J e i L (1) 
ý mass x temperature mxT tT 


Or, in exponent form, {c,} = IL ETH. 





Students may choose v (specific volume). The units are m°/kg, which is volume per mass. Thus, 


3 
Primary dimensions of specific volume: fv} = | = El (2) 


Or, in exponent form, {v} = {m™ L°}. 
Students may choose hy (latent heat of vaporization). The units are kJ/kg, which is energy per mass. Thus, 


Primary dimensions of latent heat of vaporization: 
2 


(n, jda- Po 7 P (3) 
# mass m t? 


Or, in exponent form, {hr} = {L? t°}. (The same dimensions hold for hy and hy.) 


Students may choose sy (specific entropy of a saturated liquid). The units are kJ/kg-K, which is energy per mass per 
temperature. Thus, 


Primary dimensions of specific entropy of a saturated liquid: 
2 


(gis) eye 
í mass x temperature mxT tT 


Or, in exponent form, {s;} = { L? t? T}. (The same dimensions hold for sg and sg.) 





Discussion Students’ answers will vary. There are some other choices. 
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Chapter 7 Dimensional Analysis and Modeling 


7-18E 

Solution We are to choose three properties or constants and write out their names, their SI units, and their primary 
dimensions. 

Analysis There are many options. For example, 


Students may choose c, (specific heat at constant volume). The units are Btu/lbm-R, which is energy per mass per 
temperature. Thus, 


Primary dimensions of specific heat at constant volume: 


fe 1 S energy Je te. L (1) 
” mass x temperature mxT tT 


Or, in exponent form, {c,} = LETH. 





Students may choose v (specific volume). The units are ft?/lbm, which is volume per mass. Thus, 


3 
Primary dimensions of specific volume: fv} = fme) = B (2) 


Or, in exponent form, {v} = {m™ L°}. 
Students may choose hy (latent heat of vaporization). The units are Btu/lbm, which is energy per mass. Thus, 


Primary dimensions of latent heat of vaporization: 
2 


(n, }={ mee - Fo 7 P (3) 
x mass m t 


Or, in exponent form, {hr} = {L? t°}. (The same dimensions hold for hy and hy.) 


Students may choose sy (specific entropy of a saturated liquid). The units are Btu/lbm-R, which is energy per mass per 
temperature. Thus, 


Primary dimensions of specific entropy of a saturated liquid: 
2 


fis) ey ee 
í mass x temperature mxT tT 


Or, in exponent form, {s;} = { L? t? T}. (The same dimensions hold for sg and sg.) 





Discussion Students’ answers will vary. There are some other choices. 
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Chapter 7 Dimensional Analysis and Modeling 


Dimensional Homogeneity 


7-19C 
Solution We are to explain the law of dimensional homogeneity. 
Analysis The law of dimensional homogeneity states that every additive term in an equation must have the same 


dimensions. As a simple counter example, an equation with one term of dimensions length and another term of dimensions 
temperature would clearly violate the law of dimensional homogeneity — you cannot add length and temperature. All terms 
in the equation must have the same dimensions. 


Discussion If in the solution of an equation you realize that the dimensions of two terms are not equivalent, this is a 
sure sign that you have made a mistake somewhere! 





7-20 
Solution We are to determine the primary dimensions of the gradient operator, and then verify that primary 
dimensions of each additive term in the equation are the same. 


Analysis 
(a) By definition, the gradient operator is a three-dimensional derivative operator. For example, in Cartesian coordinates, 


Gradient operator in Cartesian coordinates: 


= ô ô 0) 70 +30 şə 
y= =m; =i +j—t+k 
Ox Oy Oz ox ` dy Oz 





Therefore its dimensions must be 1/length. Thus, 


= 1 
Primary dimensions of the gradient operator: {Vv} = {+} 


Or, in exponent form, { V }={L"}. 


(b) Similarly, the primary dimensions of a time derivative (0/0f) are 1/time. Also, the primary dimensions of velocity are 
length/time, and the primary dimensions of acceleration are length/time’. Thus each term in the given equation can be 
written in terms of primary dimensions, 


(aj =| =e} aik} 
length 


av | _ time - {net | av. -fE 
ôt time time? ôt t 


{(v.¥)v\ = length 1 , dength E length (un 
time length time time“ t? 


Indeed, all three additive terms have the same dimensions, namely {L' t°}. 














Discussion If the dimensions of any of the terms were different from the others, it would be a sure sign that an error 
was made somewhere in deriving or copying the equation. 
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Chapter 7 Dimensional Analysis and Modeling 
7-21 
Solution We are to determine the primary dimensions of each additive term in the equation, and we are to verify that 
the equation is dimensionally homogeneous. 


Analysis The primary dimensions of the time derivative (0/Ot) are 1/time. The primary dimensions of the gradient 
vector are I/length, and the primary dimensions of velocity are length/time. Thus each term in the equation can be written 
in terms of primary dimensions, 

















z massxlength : 
F| _jforce| time F = L 
m mass mass m fe 
. length . 
WV | _)_time ee 
ôt time ôt t? 
= 3\5 length 1 length ahs L 
(Poe r] a-t] 
time length time t 


Indeed, all three additive terms have the same dimensions, namely {L! t°}. 


Discussion The dimensions are, in fact, those of acceleration. 





7-22 
Solution We are to determine the primary dimensions of each additive term in Eq. 1, and we are to verify that the 
equation is dimensionally homogeneous. 


Analysis The primary dimensions of the material derivative (D/D?) are 1/time. The primary dimensions of volume are 
length’, and the primary dimensions of velocity are length/time. Thus each term in the equation can be written in terms of 


primary dimensions, 
1 DV| | 1 „ length’ i 1DV\|_ f1 
V Dt length? time time V Dt t 














length 
ou _} time [_J_ 1 ou = 1 
Ox length time Ox t 
length 
ov _} time |_J 1 ov efit 
oy length time oy t 
length 








(acl) ion |” ie] 
OZ length time 


Indeed, all four additive terms have the same dimensions, namely {t”'}. 


leit 


Discussion If the dimensions of any of the terms were different from the others, it would be a sure sign that an error 
was made somewhere in deriving or copying the equation. 





7-12 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 7 Dimensional Analysis and Modeling 
7-23 
Solution We are to determine the primary dimensions of each additive term, and we are to verify that the equation is 
dimensionally homogeneous. 


Analysis The primary dimensions of the velocity components are length/time. The primary dimensions of coordinates 
r and z are length, and the primary dimensions of coordinate @ are unity (it is a dimensionless angle). Thus each term in the 
equation can be written in terms of primary dimensions, 

Lau) | a Be | f ralu) fi 

r Or length length time r or t 
length 


1 ôu) __]_ 1 time -f 1 ) 1 Ou, {3} 
r 00 length 1 time r 00 t 
length 
ôu, -{"} 
Oz t 


ou.|_} time |_J_1 
Oz length time 


Indeed, all three additive terms have the same dimensions, namely {t’'}. 


length 























Discussion If the dimensions of any of the terms were different from the others, it would be a sure sign that an error 
was made somewhere in deriving or copying the equation. 
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Chapter 7 Dimensional Analysis and Modeling 
7-24 


Solution We are to determine the primary dimensions of each additive term in the equation, and we are to verify that 
the equation is dimensionally homogeneous. 


Analysis The primary dimensions of heat transfer rate are energy/time. The primary dimensions of mass flow rate are 


mass/time, and those of specific heat are energy/mass-temperature, as found in Problem 7-14. Thus each term in the 
equation can be written in terms of primary dimensions, 


2 




















ag 
-, fenergy| | e (_] mE a | mL? 
{9} l time l t | t (9| t 
mL’ 
f 2 mL’? : mL’ 
time mass x temperature t mxT t t 
2 
2 mL’ 2 
{hC Ta} = = x energy x temperature | fy tS Tt ka {hC Ta} = (=| 
time mass x temperature t mxT t t 


Indeed, all three additive terms have the same dimensions, namely {m' L? t°}. 


Discussion We could also have left the temperature difference in parentheses as a temperature difference (same 
dimensions as the individual temperatures), and treated the equation as having only two terms. 





7-25 


Solution We are to determine the primary dimensions of each additive term, and we are to verify that the equation is 
dimensionally homogeneous. 


Analysis The primary dimensions of the time derivative (d/dt) are 1/time. The primary dimensions of density are 
mass/length’, those of volume are length’, those of area are length’, and those of velocity are length/time. The primary 
dimensions of unit vector n are unity, i.e. {1} (in other words 7n has no dimensions). Finally, the primary dimensions of b, 
which is defined as B per unit mass, are {B/m}. Thus each term in the equation can be written in terms of primary 


dimensions, 
dB ys = B dB, sys | _ B 
dt time dt t 


























2j pbdV > =5— l x a x = x length? Zi pov | = {7} 
dt ~ €Y time length” mass dt °c t 

(f. bV, ñada) = 5 Ao o iini (f. Pb, -ñda} = 2 
es length” mass _ time cs t 


Indeed, all three additive terms have the same dimensions, namely {B t}. 


Discussion The RTT for property B has dimensions of rate of change of B. 
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7-26 
Solution We are to determine the primary dimensions of the first three additive term, and we are to verify that those 
terms are dimensionally homogeneous. Then we are to evaluate the dimensions of the adsorption coefficient. 


Analysis The primary dimensions of the time derivative (d/dt) are 1/time. Those of A, are length’, those of V are 


length’, those of c are mass/length’, and those of V are length*/time. Thus the primary dimensions of the first three terms 
are 


mass 


3 
ve} =l engi lene 2 fs] 
dt time time 


{5} =| | D 
Pa e a) 


Indeed, the first three additive terms have the same dimensions, namely {m' t”}. Since the equation must be dimensionally 
homogeneous, the last term must have the same dimensions as well. We use this fact to find the dimensions of k,,, 
































mass mass 
_ J Mass _ j time | _ time 2 L 
fear }={S] jejim ime ef 
s zX length 
length“ 


Or, in exponent form, {k,} = {L't'}. The dimensions of wall adsorption coefficient are those of velocity. 


Discussion In fact, some authors call k, a “deposition velocity”. 
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Chapter 7 Dimensional Analysis and Modeling 


Nondimensionalization of Equations 


7-27C 

Solution We are to give the primary reason for nondimensionalizing an equation. 

Analysis The primary reason for nondimensionalizing an equation is to reduce the number of parameters in the 
problem. 


Discussion As shown in the examples in the text, nondimensionalization of an equation reduces the number of 
independent parameters in the problem, simplifying the analysis. 





7-28 


Solution We are to nondimensionalize all the variables, and then re-write the equation in nondimensionalized form. 
Assumptions 1 The air in the room is well mixed so that c is only a function of time. 


Analysis 
(a) We nondimensionalize the variables by inspection according to their dimensions, 


Nondimensionalized variables: 








V V A, i S 
V¥=—, c¥= C tst 7, A* =, k,*=k, —, and S*= 
L Climit L i L V Cimi V 


(b) We substitute these into the equation to generate the nondimensionalized equation, 


d (Ge ) 
d [e 7 
V 


We notice that every term in Eq. | contains the quantity V Cimi: We divide every term by this quantity to get a 


o. , V 
VL 7 S* Cimi V ~ Ve* Cini ~ (tis ) (A, *L fe Z (1) 


nondimensionalized form of the equation, 





dc* 
Nondimensionalized equation: V*— = §*—c¥—c*A*k,* 


dt* 











No dimensionless groups have arisen in this nondimensionalization. 


Discussion Since all the characteristic scales disappear, no dimensionless groups have arisen. Since there are no 


dimensionless parameters, one solution in nondimensionalized variables is valid for all combinations of L, V , and Ciimit- 
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Chapter 7 Dimensional Analysis and Modeling 
7-29 
Solution We are to nondimensionalize the equation, and identify the dimensionless parameters that appear in the 
nondimensionalized equation. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 


Analysis We plug the nondimensionalized variables into the equation. For example, u = u*U and x = x*L in the first 
term. The result is 


U ðu* U ðv* U Ow* _ 


L ôx* Lôy* L éz* 








or, after simplifying, 

Nondimensionalized incompressible flow relationship: 
* yk * 

Ou T Ov M Ow -0 (1) 

ox* Oy* Oz* 























There are no nondimensional parameters in the nondimensionalized equation. The original equation comes from pure 
kinematics — there are no fluid properties involved in the equation, and therefore it is not surprising that no nondimensional 
parameters appear in the nondimensionalized form of the equation, Eq. 1. 


Discussion We show in Chap. 9 that the equation given in this problem is the differential equation for conservation of 
mass for an incompressible flow field — the incompressible continuity equation. 





7-30 
Solution We are to nondimensionalize the equation of motion and identify the dimensionless parameters that appear 
in the nondimensionalized equation. 


Analysis We plug in the nondimensionalized variables. For example, u = u*V and x = x*L in the first term. The result 
is 

Lf 1 DV*_V du* V dv*  V dw* 

Ľ V* Dt* Léax* Léy* L az* 





or, after simplifying, 





x x x x 
(4) 1 DV* Ou ao mw (1) 


V/)V* Dt® ox* dy* dz* 
We recognize the nondimensional parameter in parentheses in Eq. 1 as St, the Strouhal number. We can re-write Eq. | as 


Nondimensionalized oscillating compressible flow relationship: 
1 DV* du* dv* ôw* 
t— = +—+ 
V* Dt* Ox* Oy* Odz* 























Discussion We show in Chap. 9 that the given equation of motion is the differential equation for conservation of mass 
for an unsteady, compressible flow field — the general continuity equation. We may also use angular frequency æ (radians 
per second) in place of physical frequency f (cycles per second), with the same result. 
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7-31 
Solution We are to determine the primary dimensions of the stream function, nondimensionalize the variables, and 
then re-write the definition of yin nondimensionalized form. 


Assumptions 1 The flow is incompressible. 2 The flow is two-dimensional in the x-y plane. 


Analysis (a) We use that fact that all equations must be dimensionally homogeneous. We solve for the dimensions of 
A 


2 
Primary dimensions of stream function: fy} = fu} x fy} = {Ex L} = [£] 


Or, in exponent form, { y} = rh. 
(b) We nondimensionalize the variables by inspection according to their dimensions, 


Nondimensionalized variables: 











t t t 
u*=u ve=v * = yY — 
L L "OT 





(c) We generate the nondimensionalized equations, 
Lv 
L t 
u*ž*| = | = —— 
( ) dy*(L) 


t 
We notice that every term in both parts of the above equation contains the ratio L/t. We divide every term by L/t to get the 
final nondimensionalized form of the equations, 


(2). 223) 


t ax*(L) 











Nondimensionalized stream function equations: |u* = ve= 











No dimensionless groups have arisen in this nondimensionalization. 


Discussion Since all the nondimensionalized variables scale with L and f, no dimensionless groups have arisen. 
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Chapter 7 Dimensional Analysis and Modeling 


7-32 
Solution We are to nondimensionalize the equation of motion and identify the dimensionless parameters that appear 
in the nondimensionalized equation. 


Analysis We plug the nondimensionalized variables into the equation. For example, t = f*/@ and V = VV * in the 
first term on the right hand side. The result is 


a 


oL(F/m)* = @U 





or, after simplifying by multiplying each term by L/ V,,’, 


(2) (Frm) =] Vt (pagay (1) 


œ 





We recognize the nondimensional parameter in parentheses in Eq. 1 as St, the Strouhal number. We re-write Eq. 1 as 


Nondimensionalized Newton’s second law for incompressible oscillatory 
; 2( a OV* (Gx .W)y 
flow: (St)’ (F /m)* = (St) a +(Ve-Ve)V 














Discussion We used angular frequency @ in this problem. The same result would be obtained if we used physical 
frequency. Equation | is the basis for forming the differential equation for conservation of linear momentum for an 
unsteady, incompressible flow field. 





7-33 


Solution We are to nondimensionalize the Bernoulli equation and generate an expression for the pressure coefficient. 


Assumptions 1 The flow is incompressible. 2 Gravitational terms in the Bernoulli equation are negligible compared to the 
other terms. 











1 2 
Analysis We nondimensionalize the equation by dividing each term by the dynamic pressure, PV... 
2 
P 
Nondimensionalization: £ + a 2 — +1 
1 V? Va 1 V? 
3 PY 3 PY 
Rearranging, 
P-P. y? 
Pressure coefficient: C,= i —=1-—> 
ye Ve 











Discussion Pressure coefficient is a useful dimensionless parameter that is inversely related to local air speed — as local 
air speed V increases, C, decreases. 
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Chapter 7 Dimensional Analysis and Modeling 


Dimensional Analysis and Similarity 


7-34C 
Solution We are to list the three primary purposes of dimensional analysis. 
Analysis The three primary purposes of dimensional analysis are: 


1. To generate nondimensional parameters that help in the design of experiments and in the reporting of 
experimental results. 

2. To obtain scaling laws so that prototype performance can be predicted from model performance. 

3. To (sometimes) predict trends in the relationship between parameters. 


Discussion Dimensional analysis is most useful for difficult problems that cannot be solved analytically. 





7-35C 
Solution We are to list and describe the three necessary conditions for complete similarity between a model and a 
prototype. 


Analysis The three necessary conditions for complete similarity between a model and a prototype are: 
1. Geometric similarity — the model must be the same shape as the prototype, but scaled by some constant scale 
factor. 
2. Kinematic similarity — the velocity at any point in the model flow must be proportional (by a constant scale 
factor) to the velocity at the corresponding point in the prototype flow. 
3. Dynamic similarity — all forces in the model flow scale by a constant factor to corresponding forces in the 
prototype flow. 


Discussion Complete similarity is achievable only when all three of the above similarity conditions are met. 





7-36 
Solution For a scale model of a submarine being tested in air, we are to calculate the wind tunnel speed required to 
achieve similarity with the prototype submarine that moves through water at a given speed. 


Assumptions 1 Compressibility of the air is assumed to be negligible. 2 The wind tunnel walls are far enough away so as 
to not interfere with the aerodynamic drag on the model sub. 3 The model is geometrically similar to the prototype. 


Properties For water at T= 15°C and atmospheric pressure, p = 999.1 kg/m? and w= 1.138 x 10° kg/m-s. For air at T = 
25°C and atmospheric pressure, p = 1.184 kg/m’ and y= 1.849 x 10° kg/m:s. 


Analysis Similarity is achieved when the Reynolds number of the model is equal to that of the prototype, 
L VL 
Similarity: Re,, = PV nbn = Re, = Ppl np (1) 
Hn Hp 


We solve Eq. 1 for the unknown wind tunnel speed, 


L 
Va =V, Hm (ež) 
Hp J\ Pm J\ Em 


1.849x10% Reims kg/m} 


= (0.560 m/s 
( ee kg/m-s }\ 1.184 kg/m? 


Jo = 61.4m/s 


Discussion At this air temperature, the speed of sound is around 346 m/s. Thus the Mach number in the wind tunnel is 
equal to 61.4/346 = 0.177. This is sufficiently low that the incompressible flow approximation is reasonable. 
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Chapter 7 Dimensional Analysis and Modeling 


7-37 
Solution For a scale model of a submarine being tested in air, we are to calculate the wind tunnel speed required to 
achieve similarity with the prototype submarine that moves through water at a given speed. 


Assumptions 1 Compressibility of the air is assumed to be negligible. 2 The wind tunnel walls are far enough away so as 
to not interfere with the aerodynamic drag on the model sub. 3 The model is geometrically similar to the prototype. 


Properties For water at T= 15°C and atmospheric pressure, p = 999.1 kg/m? and w= 1.138 x 10° kg/m:s. For air at T= 
25°C and atmospheric pressure, p = 1.184 kg/m? and y= 1.849 x 10° kg/m-s. 


Analysis Similarity is achieved when the Reynolds number of the model is equal to that of the prototype, 
V L VL 

Similarity: Re, = PV mn _ Re, = PV php i 
Hm Hp 


We solve Eq. 1 for the unknown wind tunnel speed, 


L -5 . 3 
v, =v,| 42 |] Pe || | 0.560 mvs] SPXTO Reims | 999-1 Kein (94) — 184 mis 
E ly J Pa L 1.138x10™~ kg/m-s J| 1.184 kg/m” 


At this air temperature, the speed of sound is around 346 m/s. Thus the Mach number in the wind tunnel is equal to 
184/346 = 0.532. The Mach number is sufficiently high that the incompressible flow approximation is not 
reasonable. The wind tunnel should be run at a flow speed at which the Mach number is less than one-third of the 
speed of sound. At this lower speed, the Reynolds number of the model will be too small, but the results may still be 
usable, either by extrapolation to higher Re, or if we are fortunate enough to have Reynolds number independence, 
as discussed in Section 7-5. 


Discussion It is also unlikely that a small instructional wind tunnel can achieve such a high speed. 
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Chapter 7 Dimensional Analysis and Modeling 


7-38E 
Solution For a prototype parachute and its model we are to calculate drag coefficient, and determine the wind tunnel 
speed that ensures dynamic similarity. Then we are to estimate the aerodynamic drag on the model. 


Assumptions 1 The model is geometrically similar to the prototype. 
Properties For air at 60°F and standard atmospheric pressure, p = 0.07633 Ibm/ft* and = 1.213 x 10° Ibm/ft's. 


Analysis (a) The aerodynamic drag on the prototype parachute is equal to the total weight. We can then easily 
calculate the drag coefficient Cp, 


Fop 230 Ibf 
2P Vs Ap 





Drag coefficient: Cp = 


_ (= Ti “| Si 
(24 ft) lbf s 





+(0.07633 Ibm/ft* )(20 ft/s)” 


(b) We must match model and prototype Reynolds numbers in order to achieve dynamic similarity, 


VL 
Similarity: Re, = Paala Re, = Pes, (1) 
Hm Lp 
We solve Eq. 1 for the unknown wind tunnel speed, 
; Hm || Pp L, 
Wind tunnel speed: Veale be lp |e (20 ft/s) (1)(1)(12) = 240 ft/s (2) 
My )\ Pm m 


(c) As discussed in the text, if the fluid is the same and dynamic similarity between the model and the prototype is 
achieved, the aerodynamic drag force on the model is the same as that on the prototype. Thus, 


Aerodynamic drag on model: Fom = Fpp =2301bf (3) 


Discussion We should check that the wind tunnel speed of Eq. 2 is not too high that the incompressibility 
approximation becomes invalid. The Mach number at this speed is about 240/1120 = 0.214. Since this is less than 0.3, 
compressibility is not an issue in this model test. The drag force on the model is quite large, and a fairly hefty drag balance 
must be available to measure such a large force. 
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Chapter 7 Dimensional Analysis and Modeling 


7-39 
Solution We are to discuss why one would pressurize a wind tunnel. 
Analysis As we see in some of the example problems and homework problems in this chapter, it is often difficult to 


achieve a high-enough wind tunnel speed to match the Reynolds number between a small model and a large prototype. 
Even if we were able to match the speed, the Mach number would often be too high. A pressurized wind tunnel has higher 
density air. At the same Reynolds number, the larger density leads to a lower air speed requirement. In other words, a 
pressurized wind tunnel can achieve higher Reynolds numbers for the same scale model. 

If the pressure were to be increased by a factor of 1.5, the air density would also go up by a factor of 1.5 (ideal gas 
law), assuming that the air temperature remains constant. Then the Reynolds number, Re = pVL/y, would go up by 
approximately 1.5. Note that we are also assuming that the viscosity does not change significantly with pressure, which is a 
reasonable assumption. 


Discussion The speed of sound is not a strong function of pressure, so Mach number is not affected significantly by 
pressurizing the wind tunnel. However, the power requirement for the wind tunnel blower increases significantly as air 
density is increased, so this must be taken into account when designing the wind tunnel. 





7-40 
Solution We are to estimate the drag on a prototype submarine in water, based on aerodynamic drag measurements 
performed in a wind tunnel. 


Assumptions 1 The model is geometrically similar. 2 The wind tunnel is run at conditions which ensure similarity 
between model and prototype. 


Properties For water at T= 15°C and atmospheric pressure, p = 999.1 kg/m? and w= 1.138 x 10° kg/m-s. For air at T = 
25°C and atmospheric pressure, 0 = 1.184 kg/m* and w= 1.849 x 10° kg/m:s. 
Analysis Since the Reynolds numbers have been matched, the nondimensionalized drag coefficient of the model 
equals that of the prototype, 

F, D,m = Fpp 


Dd 1 
PaVa La PV, Ly l ) 


We solve Eq. 1 for the unknown aerodynamic drag force on the prototype, F p,p, 


2 2 2 
V L ; 2 
r ar [A E] -a3 m2m: fos mY e 03N 
Pa JA V, L 1.184 kg/m-s jJ\ 61.4 m/s 


m m 


where we have used the wind tunnel speed calculated in Problem 7-36. 


Discussion Although the prototype moves at a much slower speed than the model, the density of water is much higher 
than that of air, and the prototype is eight times larger than the model. When all of these factors are combined, the drag 
force on the prototype is much larger than that on the model. 
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7-41E 
Solution The concept of similarity will be utilized to determine the speed of the wind tunnel. 


Assumptions 1 Compressibility of the air is ignored (the validity of this assumption will be discussed later). 2 The wind 
tunnel walls are far enough away so as to not interfere with the aerodynamic drag on the model car. 3 The model is 
geometrically similar to the prototype. 4 Both the air in the wind tunnel and the air flowing over the prototype car are at 
standard atmospheric pressure. 


Properties For air at T = 25°C and atmospheric pressure, p = 1.184 kg/m’ and z= 1.849 x 10° kg/m-s. 


Analysis Since there is only one independent II in this problem, similarity is achieved if Iz m = Izp, where II; is the 
Reynolds number. Thus, we can write 
L VL 
_ PaVm m -T],, =Re, = P Pp 
Hm Hp 


IIL, = Re 


2,m m 





which can be solved for the unknown wind tunnel speed for the model tests, Vin, 


v, =V, eeh = (60.0 mph) (1)(1)(4) = 240 mph 


Hp P m L 


m 


Thus, to ensure similarity, the wind tunnel should be run at 240 miles per hour (to three significant digits). 


Discussion This speed is quite high, and the wind tunnel may not be able to run at that speed. We were never given the 
actual length of either car, but the ratio of L, to Lm is known because the prototype is four times larger than the scale model. 
The problem statement contains a mixture of SI and English units, but it does not matter since we use ratios in the algebra. 





7-42E 
Solution We are to estimate the drag on a prototype car, based on aerodynamic drag measurements performed in a 
wind tunnel. 


Assumptions 1 The model is geometrically similar. 2 The wind tunnel is run at conditions which ensure similarity 
between model and prototype. 


Properties For air at T = 25°C and atmospheric pressure, p = 1.184 kg/m? and y= 1.849 x 10° kg/m-s. 
Analysis Following the example in the text, since the Reynolds numbers have been matched, the nondimensionalized 
drag coefficient of the model equals that of the prototype, 

F, D,m = Fpp 


2 = 1 
PaVa La PV, Ly 0 


We solve Eq. | for the unknown aerodynamic drag force on the prototype, Fp», 


2 2 2 
P V L 60.0 mph 2 
F, =F — || — | | — | =(36.5 Ibf )(1)}) ———— | (4) =36.5 lbf 


m m 


where we have used the wind tunnel speed calculated in the previous problem. 
Discussion Since the air properties of the wind tunnel are identical to those of the air flowing around the prototype car, 


it turns out that the aerodynamic drag force on the prototype is the same as that on the model. This would not be the case if 
the wind tunnel air were at a different temperature or pressure compared to that of the prototype. 
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Chapter 7 Dimensional Analysis and Modeling 


7-43 
Solution We are to discuss whether cold or hot air in a wind tunnel is better, and we are to support our answer by 
comparing air at two given temperatures. 


Properties For air at atmospheric pressure and at T= 10°C, p = 1.246 kg/m? and y= 1.778 x 10° kg/m:s. At T = 50°C, 
p= 1.092 kg/m? and w= 1.963 x 10° kg/m:s. 


Analysis As we see in some of the example problems and homework problems in this chapter, it is often difficult to 
achieve a high-enough wind tunnel speed to match the Reynolds number between a small model and a large prototype. 
Even if we were able to match the speed, the Mach number would often be too high. Cold air has higher density than warm 
air. In addition, the viscosity of cold air is lower than that of hot air. Thus, at the same Reynolds number, the colder air 
leads to a lower air speed requirement. In other words, a cold wind tunnel can achieve higher Reynolds numbers than 
can a hot wind tunnel for the same scale model, all else being equal. We support our conclusion by comparing air at two 
temperatures, 


Poora VL 
Re soa = Moora = Peoia Hnot = 1.246 kg/m? 1.963 x 10° kg/m 5 = 


Rey  ProrVL Py Moog 1.092 kg/m? 1.778x10” kg/m-s 
Hnot 





Comparison of Reynolds numbers: 


Thus we see that the colder wind tunnel can achieve approximately 26% higher Reynolds number, all else being 
equal. 


Discussion There are other issues however. First of all, the denser air of the cold wind tunnel is harder to pump — the 
cold wind tunnel may not be able to achieve the same wind speed as the hot wind tunnel. Furthermore, the speed of sound 
is proportional to the square root of temperature. Thus, at colder temperatures, the Mach number is higher than at warmer 
temperatures for the same value of V, and compressibility effects are therefore more significant at lower temperatures. 
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Solution We are to calculate the speed and angular velocity (rpm) of a spinning baseball in a water channel such that 
flow conditions are dynamically similar to that of the actual baseball moving and spinning in air. 


Properties For air at T = 20°C and atmospheric pressure, p = 1.204 kg/m? and y= 1.825 x 10° kg/m-s. For water at T = 
20°C and atmospheric pressure, p = 998.0 kg/m? and y= 1.002 x 10° kg/m:s. 


Analysis The model (in the water) and the prototype (in the air) are actually the same baseball, so their characteristic 
lengths are equal, Lm = Ly. We match Reynolds number, 


V L 
Re — PuVndin _ pe Pelro (1) 


m P 


4 m Hp 


and solve for the required water tunnel speed for the model tests, Vm, 


L 1.002x10” k . 1.204 kg/m? 
v, =v, | 2 || 2 || = |= (80.0 mpn)| 100210 _ke/m:s | 1204 ksim \(1)=5.30mph 9 
Lp J Pm J\ En 1.825x10” kg/m-s J( 998.0 kg/m” 





We also match Strouhal numbers, recognizing that 7 is proportional to f, 





L L iL AL 
St, =fabn agp, fete, Tinka Tt 3) 
Va V, Vai V 


from which we solve for the required spin rate in the water tunnel, 


> a | WV, 5.30 mph 
ù, =ñ | — || — |= (300 rpm) (1) = |=19.9 rpm 4 
a i Jel poe (a) P m 


m P 


Discussion Because of the difference in fluid properties between air and water, the required water tunnel speed is much 
lower than that in air. In addition, the spin rate is much lower, making flow visualization easier. 
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Dimensionless Parameters and the Method of Repeating Variables 
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Solution We are to verify that the Archimedes number is dimensionless. 
Analysis Archimedes number is defined as 
p,gL 
Archimedes number: Ar = a P,- p) (1) 
IC 


We know the primary dimensions of density, gravitational acceleration, length, and viscosity. Thus, 





ae 
s i 2 : Pre m 
Primary dimensions of Archimedes number: {Ar} = ae ae = {1} (2) 
Pe 3 
Lt? 


Discussion If the primary dimensions were not unity, we would assume that we made an error in the dimensions of one 
or more of the parameters. 
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Solution We are to verify that the Grashof number is dimensionless. 
Analysis Grashof number is defined as 
ATIL p’ 
Grashof number: Gr = eE (1) 
u 


We know the primary dimensions of density, gravitational acceleration, length, temperature, and viscosity. The dimensions 
of coefficient of thermal expansion £ are 1/temperature. Thus, 


Ll m 
2 6 
Primary dimensions of Grashof number: {Gr} = tT D = m (2) 
Lt? 


Discussion If the primary dimensions were not unity, we would assume that we made an error in the dimensions of one 
or more of the parameters. 
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Solution We are to verify that the Rayleigh number is dimensionless, and determine what other established 
nondimensional parameter is formed by the ratio of Ra and Gr. 


Analysis Rayleigh number is defined as 
AT|L’ p*c 
Ra = sAlAT|L'pc, 


i (1) 


Rayleigh number: 
We know the primary dimensions of density, gravitational acceleration, length, temperature, and viscosity. The dimensions 
of coefficient of thermal expansion / are 1/temperature, those of specific heat c, are length’/time”-temperature (Problem 7- 
14), and those of thermal conductivity k are mass-length/time*-temperature. Thus, 

















Lipt 
2 6 42 
Primary dimensions of Rayleigh number: {Ra} = ft —_trr = {1} (2) 
tT Lt 
We take the ratio of Ra and Gr: 
gplaT|E pc, 
c 
Ratio of Rayleigh number and Grashof number: a = ae = (3) 
Gr g B|AT|L’p* k 
we 
We recognize Eq. 3 as the Prandtl number, 
Ra C,H Pc, 
Prandtl number: Pram a a LY (4) 
Gr k pk 











Discussion Many of the established nondimensional parameters are formed by the ratio or product of two (or more) 
other established nondimensional parameters. 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are five parameters in this problem; n = 5, 


List of relevant parameters: h=f (a, P»8; R) n=5 (1) 


Step 2 The primary dimensions of each parameter are listed, 
h o pP & R 
ey tee tm PLY 
Step 3 Asa first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: jJ=3 


If this value of j is correct, the expected number of Is is 


Number of expected Is: k=n—-j=5-3=2 


Step 4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we 
elect not to pick the viscosity. We choose 


Repeating parameters: æ, p, and R 


Step 5 The dependent II is generated: 


r= hal hR" (m) (EE) (mre (e) 


mass: {m°} ={m’} 0=b, b, =0 
time: {1°} _ {re \ 0=-a, a, =0 
length: (=i 0=1-3b,+¢, cat 
The dependent I is thus 

Il: I], S = 


The second Pi (the only independent I in this problem) is generated: 


oe mye re) 
mass: {m°} — {m” \ 0=b, b, =0 
time: fe} = Ga 0=-2- a, a, = -2 
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length: (1) f fu i \ 


which yields 


IL: 


Chapter 7 Dimensional Analysis and Modeling 


0=1-3b, +c, c =-l1 
0=1+c, 


_ 8 
@ R 





2 


If we take II, to the power —1/2 and recognize that oR is the speed of the rim, we see that II, can be modified into a 


Froude number, 


Modified M12: 


Step 6 We write the final functional relationship as 


Relationship between Is: 





oR 
Il, =Fr=-2= 
VJgR 

a= s (Fr) Q) 











Discussion In the generation of the first II, h and R have the same dimensions. Thus, we could have immediately 
written down the result, II; = A/R. Notice that density p does not appear in the result. Thus, density is not a relevant 


parameter after all. 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are seven parameters in this problem; n = 7, 


List of relevant parameters: h=f (o, P-8, R,t, 4) n=7 (1) 


Step 2 The primary dimensions of each parameter are listed, 
h Qo p g R t u 
Eo Eh me e e e re) 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the expected number of Is is 

Number of expected IIs: k=n-j=7-3=4 

Step 4 We need to choose three repeating parameters since j = 3. For convenience we choose the same repeating 
parameters that we used in the previous problem, 


Repeating parameters: æ, p, and R 


Step 5 The first two IIs are identical to those of the previous problem: 


h 
Il: II, s 
R 
and 
I: IL, -2R 


where IT, is identified as a form of the Froude number. The third II is formed with time f. Since repeating parameter @ 
has dimensions of 1/time, it is the only one that remains in the IT. Thus, without the formal algebra, 


Il;: Il, = at 


Finally, II; is generated with liquid viscosity, 


TL, = uo“ p” R° (L) = f(m (ey (mL) (Ly 
mass: {m°} ={m'm’| 0=1+b, b, =-1 
time: fee) sie] 0=-1-a, a, =-1 
length: EE 0=-1-3b, + c,=-2 

Si | pias, C4 4 
The final I] is thus 
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Ty: TI, = me (2) 


If we invert II, and recognize that œR is the speed of the rim, it becomes clear that II, of Eq. 2 can be modified into a 
Reynolds number, 








2 
Modified Tu: ne (3) 
u 
Step 6 We write the final functional relationship as 
. . h 
Relationship between Is: R =f (Fr, ot, Re) (4) 











Discussion Notice that this time density p does appear in the result. There are other acceptable answers, but this one has 
the most established dimensionless groups. 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are five parameters in this problem; n = 5, 


List of relevant parameters: t =f (v, p> D) n=5 


Step 2 The primary dimensions of each parameter are listed, 
Si V p 4 D 
(7p Eej qmr) {mwe fE) 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the expected number of Is is 

Number of expected IIs: k=n-j=5-3=2 

Step 4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we 
elect not to pick the viscosity. We choose 


Repeating parameters: V, p, and D 


Step 5 The dependent II is generated: 


n, = Avo" i) = (Ee) re (LY 
mass: {m°} = fm’) 0=b, b, =0 
time: {t°} E Ee 0=-l-a, a,=-l 
length: Een] 0=a, -3b +c, c =l 
The dependent I is thus 
TI: I], = SD =St 

V 


where we have identified this Pi as the Strouhal number. 
The second Pi (the only independent II in this problem) is generated: 


n, = av* php" (i) = f(m (ee) (r) (LY | 
mass: {m°} ={m'm”) pelih b,=-1 
time: fo} =frtee} Oe a, =-1 
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length: {1°} E CELD) 0=-1+a, -3b, +c, c& ==] 
0=-1-1+3+c, 
which yields 
4 
TL: II, = —— 
$ ? pVD 


We recognize this I as the inverse of the Reynolds number. So, after inverting, 


Modified 11: Il, = P Reynolds number = Re 
u 


2 


Step 6 We write the final functional relationship as 








Relationship between IIs: St= f (Re) 








Discussion We cannot tell from dimensional analysis the exact form of the functional relationship. However, 
experiments verify that the Strouhal number is indeed a function of Reynolds number. 





7-33 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 7 Dimensional Analysis and Modeling 


7-51 


Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are six parameters in this problem; n = 6, 


List of relevant parameters: =f (v, PL, D,c) n=6 (1) 
Step 2 The primary dimensions of each parameter are listed, 
f V p u D c 


ty Eej wr) {mwe LY 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 


Reduction: j=3 


If this value of j is correct, the expected number of Is is 


Number of expected IIs: k=n-j=6-3=3 


Step 4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we 
elect not to pick the viscosity. We choose 


Repeating parameters: V, p, and D 


Step 5 The dependent II is generated: 
M, = fV" p” D° un F (ey(ee J: (m'L* y (t y | 


mass: {m°} 2 fm’) 0=b, b, =0 
time: {t°} = ce \ 0=-1-a, a,=-l 
length: (ES Lei 0=a,-3b, +¢, ca =l 

The dependent I is thus 

Il: Il, = 42 =St 


where we have identified this Pi as the Strouhal number. 
The second Pi (the first independent IT in this problem) is generated: 


M, =a" phD° t) =mi (ee r (e) 
mass: {m°} ={m'm”) pelih b,=-1 
time: fo} =frtee} Oe a, =-1 

7-34 


PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


length: {19} E {tL LL? \ 
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IL: 
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0=—-l+a,—3b, +c, c,=-1 
0=-1-1+3+c, 


TL, =“ 
pvD 


We recognize this IT as the inverse of the Reynolds number. So, after inverting, 


Modified 11: 


2 


IL = Le = Reynolds number = Re 
u 


The third Pi (the second independent II in this problem) is generated: 


I, = cV“ p” D” 


-feee rP) 


mass: {m°} = {m’} 0=b, b, =0 

time: {1°} es {er} 0=-1-a, a, =-1 

length: (1) E (rs L413 0=1+a, —3b, +c, c, =0 
Z 0=1-1+c, 

which yields 

Is: I ia 


We recognize this IT as the inverse of the Mach number. So, after inverting, 


Modified TI: II, = y = Mach number = Ma 
c 


Step 6 We write the final functional relationship as 








St= f (Re, Ma) 





Relationship between IIs: 





Discussion We have shown all the details. After you become comfortable with the method of repeating variables, you 
can do some of the algebra in your head. 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 


Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are five parameters in this problem; n = 5, 


List of relevant parameters: W=f (a, pot, D) n=5 (1) 


Step 2 The primary dimensions of each parameter are listed, 
w w p u D 
mee} fe} fe} fre} fe) 
Step 3 Asa first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 


Reduction: j=3 


If this value of j is correct, the expected number of Is is 

Number of expected IIs: k=n-—j=5-3=2 

Step 4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we 
elect not to pick the viscosity. We choose 


Repeating parameters: æ, p, and D 


Step 5 The dependent II is generated: 





ny = Wen pb" = [fmre (ore) Ly] 
mass: {m°} = m'm’) 0=1+b, b =-1 
time: f°} =r} Gate a, =-3 
length: Spo} 0=2-3b, +c, &=-5 
The dependent TI is thus 
n: n= oem, 


where we have defined this Pi as the power number (Table 7-5). 
The second Pi (the only independent IT in this problem) is generated: 


T, = uo" p” D? {1} 7 (mre) y" (m'L* i (£ "| 
MESS {m°} = {m'm” | 0=1+b, b, =-1 
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time: fe} s 0=-l-a, a, =—l 
oe pum) | OTS o 
which yields 
Ih: IL = — 

pD o 


Since Da@is the speed of the tip of the rotating stirrer blade, we recognize this IT as the inverse of a Reynolds number. So, 
after inverting, 


_ pD’o = p(Do)D 
u 


Modified Ty: II, 


= Reynolds number = Re 


Step 6 We write the final functional relationship as 





Relationship between Is: N,p=f (Re) (2) 











Discussion After some practice you should be able to do some of the algebra with the exponents in your head. Also, we 
usually expect a type of Reynolds number when we combine viscosity with a density, a length, and some kind of speed, be 
it angular speed or linear speed. 
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Solution We are to determine the dimensionless relationship between the given parameters 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The dimensional analysis is identical to the previous problem except that we add two additional 
independent parameters, both of which have dimensions of length. The two Is of the previous problem remain. We get two 
additional IIs since n is now equal to 7 instead of 5. There is no need to go through all the algebra for the two additional ITs 
— since their dimensions match those of one of the repeating variables (D), we know that all the exponents in the IT will be 
zero except the exponent for D, which will be —1. The two additional Is are 





D h. 
I; and II: I, = II, = tce 
D D 
The final functional relationship is 
a . D tank P urtace 
Relationship between IIs: N, =f Res p (1) 











Discussion We could also manipulate our IIs so that we have other length ratios like Mgurtace/Dtank, etc. Amy such 
combination is acceptable. 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 


Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are five parameters in this problem; n = 5, 


List of relevant parameters: o=f (x,V, p, 4) n=5 (1) 
Step 2 The primary dimensions of each parameter are listed, 
ô x V P u 


Eo E pe) me} mr) 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 
If this value of j is correct, the expected number of Is is 


Number of expected IIs: k=n-—j=5-3=2 


Step 4 We need to choose three repeating parameters since j = 3. We pick length scale x, density p, and freestream 
velocity V. 


Repeating parameters: x, p, and V 


Step 5 The IIs are generated. Note that for the first II we can do the algebra in our heads since the relationship is 
very simple. Namely, the dimensions of 6 are identical to those of one of the repeating variables (x). In such a case 
we know that all the exponents in the II group are zero except the one for x, which is —1. The dependent IT is thus 


Th: Tl, = 2 
x 
The second IT is formed with viscosity, 

TL, = px“ pV" (1,}={(m'e'e)(Ly (my (Le")'| 
mass: {m°} ={m'm’} 0=1+b b=-1 
time: {1°} =r} 0=-1-c c=-l 
length: {19} E [Perr] 0=-l1+a-3b+c a=-l 

p 0=-1+a+3-1 
which yields 
Iz: II, = a 
“  pVx 


We recognize this IT as the inverse of the Reynolds number, 
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Modified Il, = Reynolds number based on x: IIL, = Re, w 
u 


Step 6 We write the final functional relationship as 





ô 
Relationship between IIs: —=f (Re, ) 
x 











Discussion We cannot determine the form of the relationship by purely dimensional reasoning since there are two Is. 
However, in Chap. 10 we shall see that for a laminar boundary layer, IT, is proportional to the square root of IT). 
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Solution We are to create a scale for volume flow rate and then define an appropriate Richardson number. 
Analysis By “back of the envelope” reasoning (or by inspection), we define a volume flow rate scale as L’V. Then 


the Richardson number can be defined as 








ee LgAp _ L gdp _ LgAp 


Richardson number: Ri 5 2 2 (1) 
pV p(w) ev 











Discussion It is perhaps more clear from the form of Eq. | that Richardson number is a ratio of buoyancy forces to 
inertial forces. 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are six parameters in this problem; 7 = 6, 


List of relevant parameters: u=f (uV, h, p, y) n=6 (1) 


Step 2 The primary dimensions of each parameter are listed, 
u 4 V h P y 
ey fee} ee Œ} mE] 
Step 3 Asa first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the expected number of IIs is 


Number of expected Ils: k=n-j=6-3=3 


Step 4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we 
elect not to pick the viscosity. It is better to pick a fixed length (h) rather than a variable length (y); otherwise y would 
appear in each Pi, which would not be desirable. We choose 


Repeating parameters: V, p, and h 


Step 5 The dependent I is generated: 


nh, =u" phi (m= [Eeee (r (e) 


mass: {m°} Z fm”) 0=b, b, =0 
time: fe) = {rir \ 0=-l-a, a, =-1 
length: {LD} ={LLsL* i} O=1+a,-3b,+¢, ca =0 
The dependent IT is thus 

Th: 11, = 


The second Pi (the first independent IT in this problem) is generated: 


mewe jf ee eye) 
MASSE {m°} ={m'm”} 0=1+b, b, =-1 
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time: fe) SAE) 0=-1-a, a, =-l 
length: 0=-1+a, -3b, +c c =-1 
0) _ fT- we] 3h To 2 2 2 2 
MAREE] 0=-1-1+3+c, 
which yields 
u 

TI: Thee 

? 2 Vh 


We recognize this IT as the inverse of the Reynolds number. So, after inverting, 


h 
Modified M12: Il, = pie = Reynolds number = Re 
u 


The third Pi (the second independent II in this problem) is generated: 


n, = ve prne j= f(E Ee (e e) 
mass: {m°} _ {m”} 0=b, b, =0 
time: a z fe) 0=-a, a, =0 
length: f) 2 (Lera Le} : aii —3b,+¢, c, =—l 
which yields 
II: II, = 


Step 6 We write the final functional relationship as 





Relationship between Is: —=f [Re z) (2) 











Discussion We notice in the first and third IIs that when the parameter on which we are working has the same 
dimensions as one of the repeating parameters, the IT is simply the ratio of those two parameters (here u/V and y/h). 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 


Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are seven parameters in this problem; n = 7, 


List of relevant parameters: u=f (aV, h, p, y,t) n=7 (1) 
Step 2 The primary dimensions of each parameter are listed, 
u u V h p y t 


Ce) ee) e o w Et 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 
If this value of j is correct, the expected number of IIs is 
Number of expected Ils: k=n-j=7-3=4 
Step 4 We need to choose three repeating parameters since j = 3. Following the guidelines outlined in this chapter, we do 


not pick the viscosity. It is better to pick a fixed length (A) rather than a variable length (y); otherwise y would appear in 
each Pi, which would not be desirable. It would also not be wise to have time appear in each parameter. We choose 


Repeating parameters: V, p, and h 


Step 5 The IIs are generated. The first three IIs are identical to those of the previous problem, so we do not include 
the details here. The fourth IT is formed by joining the new parameter ¢ to the repeating variables, 


m, =v per tjO r e) 
mass: {m°} = fm") oa b, =0 
length: Se) 0 =a, -3b, +c, c, =-1 
This IT is thus 
Ty: Il, = t 


Step 6 Combining this result with the first three IIs from the previous problem, 





; ; u y tV 
Relationship between Ts: — = f| Re,—,— 2 
elations. up etween S V a| h h ) ( ) 











Discussion As t — 0, II, becomes irrelevant and the result degenerates into that of the previous problem. 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are four parameters in this problem; n = 4, 


List of relevant parameters: c=f (k, T, R, ) n=4 (1) 


Step 2 The primary dimensions of each parameter are listed; the ratio of specific heats k is dimensionless. 
C k T Roas 

{Lt} {it ey ee 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (T, L, and t). 
Reduction: j=3 
If this value of j is correct, the expected number of Is is 
Number of expected Is: k=n-j=4-3=1 
Thus we expect only one IT. 


Step 4 We need to choose three repeating parameters since j = 3. We only have one choice in this problem, since there are 
only three independent parameters on the right-hand side of Eq. 1. However, one of these is already dimensionless, so it is a 
TI all by itself. In this situation we reduce j by one and continue, 


Reduction: j=3-1=2 
If this revised value of j is correct, the expected number of Is is 
Number of expected Is: k=n-j=4-2=2 


We now expect two IIs. We choose two repeating parameters since j = 2, 


Repeating parameters: T and Roas 


Step 5 The dependent II is generated: 


N, = cT" Rp {11} = (ee (T) (LT J’ ) 
time: (e}= fra) 0=-1-2%, b =-1/2 
temperature: (} =fr) E a =-1/2 
length: (PSC) 0=1425, b =-1/2 


Fortunately the two results for exponent b; agree. The dependent IT is thus 





Il: I = 
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The independent IT is already known, 


Il: Il, =k 


Step 6 We write the final functional relationship as 








Relationship between Is: 


= f (k) (2) 











Discussion We cannot tell from dimensional analysis the exact form of the functional relationship. However, in this 
case the result agrees with the known equation for speed of sound in an ideal gas, c = ,/kR „T . 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are five parameters in this problem; n = 5, 


u? 


List of relevant parameters: c=f (k,T, R M) n=5 (1) 


Step 2 The primary dimensions of each parameter are listed; the ratio of specific heats k is dimensionless. 


c k T R, M 
T m ITI {mT Nn} {m'n} 
Step 3 As a first guess, j is set equal to 5, the number of primary dimensions represented in the problem (m, T, L, N, and 
t). 
Reduction: j=5 
If this value of j is correct, the expected number of IIs is 
Number of expected Ils: k=n-j=5-5=0 


Obviously we cannot have zero IIs. We check that we have not missed a relevant parameter. Convinced that we have 
included all the relevant parameters we reduce j by 1: 


Reduction: j=5-1=4 
If this value of j is correct, the expected number of IIs is 


Number of expected Ils: k=n-j=5-4=1 


Step 4 We need to choose four repeating parameters since j = 4. We only have one choice in this problem, since there are 
only four independent parameters on the right-hand side of Eq. 1. However, one of these is already dimensionless, so it is a 
II all by itself. In this situation we reduce j by one (again) and continue, 


Reduction: j=4-1=3 
If this revised value of j is correct, the expected number of Is is 
Number of expected IIs: k=n-j=5-3=2 


We now expect two IIs. Since j = 3 we choose three repeating parameters, 


Repeating parameters: T, M, and R, 


Step 5 The dependent II is generated: 


TI, =cT*M*RÀ (m) =f(LE (T)! (m'a) (m'rrern) ) 
time: (e) =fr) 0=-1-2c, cç =-1/2 
mass: {m?} ={m*m® } 0=b+q b=- b, =1/2 
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maed (We daa hang Ania 
temperature: {T°} x TET 0= a, —¢, a, =<, a= -1/2 
length: (r) > {LL} 0=1426, c =-1/2 


Fortunately the two results for exponent b; agree, and the two results for exponent c; agree. (If they did not agree, we would 
search for algebra mistakes. Finding none we would suspect that j is not correct or that we are missing a relevant parameter 
in the problem.) The dependent II is thus 





Il: IL — 


The independent I is already known, 
Th: Tl, =k 


Step 6 We write the final functional relationship as 














Relationship between Ts: II, = =f(k 2 
p 1 IRF ( ) (2) 





Discussion Since we know that Ras = R„/M, we see that the result here is the same as that of the previous problem. 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are three parameters in this problem; n = 3, 


List of relevant parameters: c=f (T, Rs) n=3 (1) 


Step 2 The primary dimensions of each parameter are listed, 
c T Roas 
ee} p) per} 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (T, L, and t). 
Reduction: j=3 
If this value of j is correct, the expected number of IIs is 
Number of expected IIs: k=n-j=3-3=0 


Obviously this is not correct, so we re-examine our initial assumptions. We can add another variable, k (the ratio of specific 
heats) to our List of relevant parameters. This problem would then be identical to Problem 7-58. Instead, for instructional 
purposes we reduce j by one and continue, 


Reduction: j=3-1=2 

If this revised value of j is correct, the expected number of IIs is 

Number of expected IIs: k=n-j=3-2=1 
We now expect only one II. 


Step 4 We need to choose two repeating parameters since j = 2. We only have one choice in this problem, since there are 
only two independent parameters on the right-hand side of Eq. 1, 


Repeating parameters: T and Roas 


Step 5 The dependent II is generated: 


I, = cT" Rp’ (nj=(ee\(ry very} 
time: fe} = {er} 0=-1-2», b, =-1/2 
temperature: {7°} = {T} a, =, a, =-1/2 
length: {LP} ={LL4} 0=1+2b, b =-1/2 


Fortunately the two results for exponent b; agree. The dependent IT is thus 
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TI: I], = 


Step 6 Since there is only one IJ, it is a function of nothing. This is only possible if we set the IT equal to a constant. We 
write the final functional relationship as 








Relationship between Is: II, = <= constant (2) 











Discussion Our result represents an interesting case of “luck”. Although we failed to include the ratio of specific heats k 
in our analysis, we nevertheless obtain the correct result. In fact, if we set the constant in Eq. 2 as the square root of k, our 


result agrees with the known equation for speed of sound in an ideal gas, c = ,/kR,,.T . 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters, and 
compare to the known equation for an ideal gas. 


Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are three parameters in this problem; n = 3, 


List of relevant parameters: c=f (P. p) n=3 (1) 


Step 2 The primary dimensions of each parameter are listed, 


Ee) me} {mit 


Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 

If this value of j is correct, the expected number of IIs is 

Number of expected IIs: k=n—-j=3-3=0 


Obviously this is not correct, so we re-examine our initial assumptions. If we are convinced that c is a function of only P 
and p, we reduce j by one and continue, 


Reduction: j=3-1=2 

If this revised value of j is correct, the expected number of Is is 

Number of expected IIs: k=n-j=3-2=1 
We now expect only one II. 


Step 4 We need to choose two repeating parameters since j = 2. We only have one choice in this problem, since there are 
only two independent parameters on the right-hand side of Eq. 1, 


Repeating parameters: P and p 


Step 5 The dependent II is generated: 


I, = cP“ p” M} = [(Le' (mr? j (m'L*)"} 
time: {1°} = oe \ 0=-1-2a, a, =-1/2 
mass: {m°} 7 fm" m”) 0=a,+b, b, =1/2 
length: Base 0=1-a, -3b 0=0 
(Si) jee 1 


Fortunately the exponents for length agree with those of mass and time. The dependent IT is thus 
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I: n, =e j2 
P 


Step 6 Since there is only one TI, it is a function of nothing. This is only possible if we set the II equal to a constant. We 
write the final functional relationship as 





Relationship between Ils: II, =c 


S 





P 
= constant, or c = constant |— (2) 
\ p 


The ideal gas equation is P = PRgasT, or P/ = RgasT. Thus, Eq. 2 can be written as 





£. 
P 








Alternative result using ideal gas law: c = constant, | R,T (3) 











Equation 3 is indeed consistent with the equation c= /kR,,.T . 


Discussion There is no way to obtain the value of the constant in Eq. 2 or 3 solely by dimensional analysis, but it turns 
out that the constant is the square root of k. 





7-50 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 7 Dimensional Analysis and Modeling 
7-62 


Solution We are to use dimensional analysis to find a functional relationship between Fp and variables V, L, and y. 


Assumptions 1 We assume Re << 1 so that the creeping flow approximation applies. 2 Gravitational effects are irrelevant. 
3 No parameters other than those listed in the problem statement are relevant to the problem. 


Analysis We follow the step-by-step method of repeating variables. 


Step 1 There are four variables and constants in this problem; n = 4. They are listed in functional form, with the 
dependent variable listed as a function of the independent variables and constants: 


List of relevant parameters: F=f (V, L, 4) n=4 


Step2 The primary dimensions of each parameter are listed. 
Fp V L u 
(m'ta) fie} (o) (m'int) 
Step 3 As a first guess, we set j equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the number of Is expected is 


Number of expected Ils: k=n-j=4-3=1 


Step 4 Now we need to choose three repeating parameters since j = 3. Since we cannot choose the dependent variable, our 
only choices are V, L, and u. 


Step5 Now we combine these repeating parameters into a product with the dependent variable Fp to create the 
dependent II, 


Dependent II: Tl, =F,V" D u° (1) 
We apply the primary dimensions of Step 2 into Eq. 1 and force the II to be dimensionless, 


Dimensions of Il: 
(I) = {mL} = {Fv ut} = (mL) (L) (E) (mre) 


Now we equate the exponents of each primary dimension to solve for exponents a, through cy. 


mass: {m°} = {m'm \ 0=1+c ¢=-1 
time: fe} = Aa \ 0=-2-a,-¢, a,=—l 
length: foi = [ULALA] 0=1+a, +b -c at 


Equation | thus becomes 


F, 
I: I, =— (2) 
LVL 





Step 6 We now write the functional relationship between the nondimensional parameters. In the case at hand, there is 
only one IT, which is a function of nothing. This is possible only if the IT is constant. Putting Eq. 2 into standard functional 
form, 
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Fp 








Relationship between IIs: II, = VE =f (nothing) = constant (3) 
u 
or 
Result of dimensional analysis: Fp = constant - uwVL (4) 











Thus we have shown that for creeping flow around an object, the aerodynamic drag force is simply a constant multiplied by 
HVL, regardless of the shape of the object. 


Discussion This result is very significant because all that is left to do is find the constant, which will be a function of 
the shape of the object (and its orientation with respect to the flow). 
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Solution We are to find the functional relationship between the given parameters and name any established 
dimensionless parameters. 


Assumptions 1 The given parameters are the only ones relevant to the flow at hand. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are five parameters in this problem; n = 5, 


List of relevant parameters: V=f (a, (P, -= p), 4, g) n=5 (1) 
Step 2 The primary dimensions of each parameter are listed, 
V d, (Pp 2 p) H & 


Ee) fe) fete) (ue) 
Step 3 Asa first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 


Reduction: j=3 


If this value of j is correct, the expected number of IIs is 


Number of expected IIs: k=n-j=5-3=2 
Step 4 We need to choose three repeating parameters since j = 3. We pick length scale d,, density difference (p, - p), and 
gravitational constant g. 


Repeating parameters: dys (P, -P); and g 


Step 5 The IIs are generated. Note that for the first II we do the algebra in our heads since the relationship is very 
simple. The dependent IT is 


I], =a Froude number: [i = 


p 


This II is a type of Froude number. Similarly, the II formed with viscosity is generated, 


T, = ud’ (p,-p) 8° {m,}= (mre (EY (mie) (ee )| 
MASS: {m°} ={m'm’} 0=1+b b=-1 
time: eee 0=-1-2c c=- 
length: ee heen 0=-l+a-—3b+c _ 3 

MRE] 0=-1+a+3-4 ae) 


which yields 
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Iz: IL, =— 
(2, -p)4,? N8 


We recognize this TI as the inverse of a kind of Reynolds number if we split the d, terms to separate them into a length 
scale and (when combined with g) a velocity scale. The final form is 


o _(»,-P)4,J¢4, 
> =- N 


Modified Il, = a Reynolds number: 


Step 6 We write the final functional relationship as 








Relationship between Ts: =f (2) 











Discussion We cannot determine the form of the relationship by purely dimensional reasoning since there are two Is. 
However, in Chap. 10 we shall see that IT, is a constant times IT. 
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Solution We are to develop an equation for the settling speed of an aerosol particle falling in air under creeping flow 
conditions. 


Assumptions 1 The particle falls at steady speed V. 2 The Reynolds number is small enough that the creeping flow 
approximation is valid. 


Analysis We start by recognizing that as the particle falls at steady settling speed, its net weight W must equal the 
aerodynamic drag Fp on the particle. We also know that W is proportional to (p, - Pedy. Thus, 


Equating forces: W =constant, (P, -= p) gd; = F, = constant, 4 Vd , (1) 


where we have converted the notation of the previous problem, and we have defined two different constants. The two 
constants in Eq. 1 can be combined into one new constant for simplicity. Solving for V, 


(0, -p) 8d,’ 
u 





Settling speed: V = constant (2) 











If we divide both sides of Eq. 2 by ,/gd, we see that the functional relationship given by Eq. 2 of the previous problem is 
consistent. 
Discussion This result is valid only if the Reynolds number is much smaller than one, as will be discussed in Chap. 10. 


If the particle is less dense than the fluid (e.g. bubbles rising in water), our result is still valid, but the particle rises instead 
of falls. 





7-65 
Solution We are to determine how the settling speed of an aerosol particle falling in air under creeping flow 
conditions changes when certain parameters are doubled. 


Assumptions 1 The particle falls at steady speed V. 2 The Reynolds number is small enough that the creeping flow 
approximation is valid. 


Analysis From the results of the previous problem, we see that if particle size doubles, the settling speed increases 
by a factor of 2° = 4. Similarly, if density difference doubles, the settling speed increases by a factor of 2' = 2. 


Discussion This result is valid only if the Reynolds number remains much smaller than unity, as will be discussed in 
Chap. 10. As the particle’s settling speed increases by a factor of 2 or 4, the Reynolds number will also increase by that 
same factor. If the new Reynolds number is not small enough, the creeping flow approximation will be invalid and our 
results will not be correct, although the error will probably be small. 
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Solution We are to generate a nondimensional relationship between the given parameters. 


Assumptions 1 The flow is fully developed. 2 The fluid is incompressible. 3 No other parameters are significant in the 
problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters. 


Step 1 All the relevant parameters in the problem are listed in functional form: 


List of relevant parameters: AP =f (Vv, €, p, L, D, L) n=7 


Step 2 The primary dimensions of each parameter are listed: 
AP V E p u D L 
(re) eh e fe} e h e) 


Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 


Reduction: j=3 


If this value of j is correct, the expected number of Is is 


Number of expected IIs: k=n-j=1-3=4 


Step 4 We need to choose three repeating parameters since j = 3. Following the guidelines listed in Table 7-3, we cannot 
pick the dependent variable, AP. We cannot choose any two of parameters ¢, L, and D since their dimensions are 
identical. It is not desirable to have x or £ appear in all the Is. The best choice of repeating parameters is thus V, D, and p. 


Repeating parameters: V, D, and p 


Step 5 The dependent II is generated: 





I, = APV“ D” p° {m} 2 (mre) T (L y (m'L* "| 
Mrs {m°} ={m'm"} 0=1+¢, ¢=—l 
time: fe) = {err \ 0=-2-a, a, =-2 
length: (1) _ (re jaj ) 0=-1+a +b -3c b, =0 

0=-1-2+b, +3 
The dependent IT is thus 
Il: I, = a 


From Table 7-5, the established nondimensional parameter most similar to our II, is the Euler number Eu. No 
manipulation is required. 
We form the second II with u. By now we know that we will generate a Reynolds number, 


D 
IL, = 4V” D” p° II, = a Reynolds number = Re 
u 
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The final two IT groups are formed with ¢ and then with L. The algebra is trivial for these cases since their dimension 
(length) is identical to that of one of the repeating variables (D). The results are 


Tl, =éV“D" p® II, = a = Roughness ratio 


a, C, L . . . 
I, = LV“ D” p“ I, = Dr Length-to-diameter ratio or aspect ratio 


Step 6 We write the final functional relationship as 








AP L 
Relationship between Ils: Eu =— =f Re (1) 
pV D D 











Discussion The result applies to both laminar and turbulent fully developed pipe flow; it turns out, however, that the 
second independent II (roughness ratio) is not nearly as important in laminar pipe flow as in turbulent pipe flow. Since AP 
drops linearly with distance down the pipe, we know that AP is linearly proportional to L/D. It is not possible to determine 
the functional relationships between the other IIs by dimensional reasoning alone. 
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Solution We are to determine by what factor volume flow rate increases in the case of fully developed laminar pipe 
flow when pipe diameter is doubled. 


Assumptions 1 The flow is steady. 2 The flow is fully developed, meaning that dP/dx is constant and the velocity profile 
does not change downstream. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters. 


Step 1 All the relevant parameters in the problem are listed in functional form: 


List of relevant parameters: V= f (Da) n=4 
x 


Step 2 The primary dimensions of each parameter are listed: 
V D u dP/dx 
(pe E) [me fma] 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the expected number of Is is 


Number of expected IIs: k=n-j=4-3=1 


Step 4 We need to choose three repeating parameters since j = 3. Here we must pick all three independent parameters, 


Repeating parameters: D, u, and dP/dx 


Step 5 The IT is generated: 





1, z V (aP Idx)" D’ p° {m} = {(Le") (me i (£ ) Cir oa )"| 
mass: {m°} = {m° mê \ 0=a,+¢, Cc, =a, 
time: da 0=-l1-2a -c a=-1 

{t}={t a ba ke Ga 
length: e) _ (pre jä re) 0=3-2a +b -c b =—4 
b =-3+2a +c, 
The dependent I is thus 
. = Vu 
TL: IL, o pi dP 
dx 


Step 6 Since there is only one II, we set it equal to a constant. We write the final functional relationship as 
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ee . Dt dP 
Relationship between IIs: TI, = constant, V= constantan (1) 
u dx 











We see immediately that if the pipe diameter is doubled with all other parameters fixed, the volume flow rate will 
increase by a factor of 2* = 16. 


Discussion We will see in Chap. 9 that the constant is 7/8. There is no way to obtain the value of the constant from 
dimensional analysis alone. 
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Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are four parameters in this problem; n = 4, 


List of relevant parameters: Ò =f (t, Cp (Tya -T )) n=4 (1) 


in 


Step 2 The primary dimensions of each parameter are listed, 


Q m Cp Tour Tj 


fe} fe} per) fe) 


Step 3 Asa first guess, j is set equal to 4, the number of primary dimensions represented in the problem (m, T, L, and t). 
Reduction: j=4 

If this value of j is correct, the expected number of Is is 

Number of expected IIs: k=n-j=4-4=0 


Obviously this is not correct, so we re-examine our initial assumptions. We are convinced that our list of parameters is 
sufficient, so we reduce j by one and continue, 


Reduction: j=4-1=3 

If this revised value of j is correct, the expected number of Is is 

Number of expected IIs: k=n-j=4-3=1 
We now expect only one II. 


Step 4 We need to choose three repeating parameters since j = 3. We only have one choice in this problem, since there are 
only three independent parameters on the right-hand side of Eq. 1, 


Repeating parameters: m, c, and (Tya -T, ) 


in 


Step 5 The dependent I is generated: 


D, = Gite (Ta -R {thf ={(m'Le*)(m'e')* (Ler (ry | 

mass: {m°} = {m'**} O=1+a, a, =-l 
length: IP= fpr] 0=2+2b, fa 
temperature: {7°} ={r-ar} =h c=- 
ame ae) (ee 3=1+2 


Fortunately the result for the time exponents is consistent with that of the other dimensions. The dependent I is thus 
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— Ê 
mc, (Ta -Ta ) 


out in 


Il: IL = 


Step 6 Since there is only one I, it is a function of nothing. This is only possible if we set the IIT equal to a constant. We 
write the final functional relationship as 





Relationship between Is: II, = — L =constant| (2) 
mC, (Ta = Ta ) 











Discussion When there is only one II, we know the functional relationship to within some (unknown) constant. In this 
particular case, comparing to Eq. 1 of Problem 7-24, we see that the constant is unity, Q =mc, (T, -T,, ) . There is no way 


out 
to obtain the constant in Eq. 2 from dimensional analysis; however, one experiment would be sufficient to determine the 
constant. 





Experimental Testing and Incomplete Similarity 


7-69C 
Solution We are to define wind tunnel blockage and discuss its acceptable limit. We are also to discuss the source of 
measurement errors at high values of blockage. 


Analysis Wind tunnel blockage is defined as the ratio of model frontal area to cross-sectional area of the test- 
section. The rule of thumb is that the blockage should be no more than 7.5%. If the blockage were significantly higher than 
this value, the flow would have to accelerate around the model much more than if the model were in an unbounded 
situation. Hence, similarity would not be achieved. We might expect the aerodynamic drag on the model to be too high 
since the effective freestream speed is too large due to the blockage. 


Discussion There are formulas to correct for wind tunnel blockage, but they become less and less reliable as blockage 
increases. 





7-70C 
Solution We are to discuss the rule of thumb concerning Mach number and incompressibility. 
Analysis The rule of thumb is that the Mach number must stay below about 0.3 in order for the flow field to be 


considered “incompressible”. What this really means is that compressibility effects, although present at all Mach 
numbers, are negligibly small compared to other effects driving the flow. If Ma is larger than about 0.3 in a wind tunnel 
test, the model flow field loses both kinematic and dynamic similarity, and the measured results are questionable. Of 
course, the error increases as Ma increases. 


Discussion Compressible flow is discussed in detail in Chap. 12. There you will see where the value 0.3 comes from. 
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7-71C 
Solution We are to discuss some situations in which a model should be larger than its prototype. 
Analysis There are many possible situations, and students’ examples should vary. Generally, any flow field that is 


very small and/or very fast benefits from simulation with a larger model. In most cases these are situations in which we 
want the model to be larger and slower so that experimental measurements and flow visualization are easier. Here are a few 
examples: 


— Modeling a hard disk drive. 

— Modeling insect flight. 

— Modeling the settling of very small particles in air or water. 

— Modeling the motion of water droplets in clouds. 

— Modeling flow through very fine tubing. 

— Modeling biological systems like blood flow through capillaries, flow in the bronchi of lungs, etc. 


Discussion You can think of several more examples. 





7-72C 
Solution We are to discuss the purpose of a moving ground belt 
and suggest an alternative. 


Analysis From the frame of reference of a moving car, both the air 

and the ground approach the car at freestream speed. When we test a 

model car in a wind tunnel, the air approaches at freestream speed, but Wind tunnel 
the ground (floor of the wind tunnel) is stationary. Therefore we are not V test section 
modeling the same flow. A boundary layer builds up on the wind tunnel — 

floor, and the flow under the car cannot be expected to be the same as ~~ 


= 


that under a real car. A moving ground belt solves this problem. Another 
way to say the same thing is to say that without the moving ground belt, 
there would not be kinematic similarity between the underside of the False wall 
model and the underside of the prototype. 

If a moving ground belt is unavailable, we could instead install 
a false wall — i.e., a thin flat plate just above the boundary layer on 
the floor of the wind tunnel. A sketch is shown in Fig. 1. At least then 
the boundary layer will be very thin and will not have as much influence 
on the flow under the model. 


FIGURE 1 

A false wall along the floor of a wind tunnel 
to reduce the size of the ground boundary 
layer. 


Discussion We discuss boundary layer growth in Chap. 10. 
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7-73 
Solution We are to show that Froude number and Reynolds number are the dimensionless parameters that appear in a 
problem involving shallow water waves. 


Assumptions 1 Wave speed c is a function only of depth h, gravitational acceleration g, fluid density p, and fluid 
viscosity 4. 


Analysis We perform a dimensional analysis using the method of repeating variables. 


Step 1 There are five parameters in this problem; n = 5, 


List of relevant parameters: c=f (h, p> Ms g) n=5 


Step 2 The primary dimensions of each parameter are listed, 


c h P u 8 
Ee p} m) re) fey 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the expected number of Is is 


Number of expected IIs: k=n-j=5-3=2 


Step 4 We need to choose three repeating parameters since j = 3. We pick length scale h, density difference p, and 
gravitational constant g. 


Repeating parameters: h, p, and g 


Step 5 The IIs are generated. Note that for the first II we do the algebra in our heads since the relationship is very 
simple. The dependent IT is 


II, = Froude number: M, afro (1) 


o 


This II is the Froude number. Similarly, the II formed with viscosity is generated, 





T, = uh" p's {11} _ f(m (r) (m'L* y (Lt? | 
mass: {m°} = {m'm’} 0=1+b p=- 
time: (e= {r} 0=-1-2c c=-7 
length: eee 0=-1+a-3b+c o3 

(LU }={L LLL} jigs a 
which yields 
TL: fio 
ph? J/g 
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We can manipulate this IT into the Reynolds number if we invert it and then multiply by Fr (Eq. 1) The final form is 


Modified Il, = Reynolds number: Il, =Re= pch 
u 


Step 6 We write the final functional relationship as 





c pch 


= f (Re) where Re = — 
u 





Relationship between Is: Fr= 








Ey 





Discussion As discussed in this chapter, it is often difficult to match both Fr and Re between a model and a prototype. 





7-74 

Solution We are to nondimensionalize experimental pipe data, plot 
the data, and determine if Reynolds number independence has been 
achieved. We are then to extrapolate to a higher speed. 


Assumptions 1 The flow is fully developed. 2 The flow is steady and 
incompressible. 


Properties For water at T = 20°C and atmospheric pressure, p = {Reynolds number 
998.0 kg/m? and w= 1.002 x 10° kg/m:s. i lindependence 

I 

e 


Analysis (a) We convert each data point in the table from V and AP 
to Reynolds number and Euler number. The calculations at the last 
(highest speed) data point are shown here: 


Reynolds number: 








998.0 kg/m* }(50 m/s)(0.104 m 1 
ne 2D _| a A E 
u 1.002 x10™~ kg/m-s 
FIGURE 1 
and Nondimensionalized experimental data from 
Euler number: a section of pipe. 
2 
7 - s Ne (s =) -gaoi (2) 
PV? (998.0 kg/m*)(50 m/s)” \ s°N 


We plot Eu versus Re in Fig. 1. Although there is experimental scatter in the data, it appears that Reynolds number 
independence has been achieved beyond a Reynolds number of about 2 x 10°. The average value of Eu based on the last 6 
data points is 0.3042. 


(b) We extrapolate to higher speeds. At V = 80 m/s, we calculate AP, assuming that Eu remains constant to higher values of 
Re, 

Extrapolated value: 
s°N 


gm 





AP = Eux pV? =0.3042(998.0 kg/m*)(80 msj ) =1,940,000 N/m? ©) 


Discussion It is shown in Chap. 8 that Reynolds number independence is indeed achieved at high-enough values of Re. 
The threshold value above which Re independence is achieved is a function of relative roughness height, &D. 
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7-75 
Solution We are to calculate the wind tunnel blockage of a model truck in a wind tunnel and determine if it is within 
acceptable limits. 


Assumptions 1 The frontal area is equal to truck width times height. (Note that the actual area of the truck may be 
somewhat smaller than this due to rounded corners and the air gap under the truck, but a truck looks nearly like a rectangle 
from the front, so this is not a bad approximation.) 


Analysis Wind tunnel blockage is defined as the ratio of model frontal area to cross-sectional area of the test-section, 


Anat _ (0-159 m)(0.257 m) 
A vind tunnel (1.2 m) (1.0 m) 


The rule of thumb is that the blockage should be no more than 7.5%. Since we are well below this value, we need not worry 
about blockage effects. 





Blockage: Blockage = =0.034=3.4% (1) 


Discussion The length of the model does not enter our analysis since we are only concerned with the frontal area of the 
model. 





7-76C 
Solution We are to discuss whether Reynolds number independence has been achieved, and whether the researchers 
can be confident about it. 


Analysis We remove the last four data points from Table 7-7 and from Fig. 7-41. From the remaining data it appears 
that the drag coefficient is beginning to level off, but is still decreasing with Re. Thus, the researchers do not know if 
they have achieved Reynolds number independence or not. 


Discussion The wind tunnel speed is too low to achieve Reynolds number independence. 
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7-77E 
Solution We are to calculate the size and scale of the model truck to be constructed, and calculate its maximum 
Reynolds number. Then we are to determine whether this model in this wind tunnel will achieve Reynolds number 
independence. 


Assumptions 1 The model will be constructed carefully so as to achieve approximate geometric similarity. 2 The wind 
tunnel air is at the same temperature and pressure as that flowing over the prototype truck. 


Properties For air at T = 80°F and atmospheric pressure, p = 0.07350 Ibm/ft* and y= 1.248 x 10° Ibm/ft-s. 
Analysis (a) The rule of thumb about blockage is that we should keep the blockage below 7.5%. Thus, the frontal 


area of the model truck must be no more than 0.075 x Avind tunnel. The ratio of height to width of the full-scale truck is H,/W, 
= 12/8.33 = 1.44. Thus, for the geometrically similar model truck, 








TIMA,, 
Equation for model truck width: W,, = Am _ 197A vind won (1) 
H, 1.44W 
We solve Eq. 1 for Wm, 
7. : 0.075(400 in? 
Model truck width: Wa = 3% Avis nel l ) =4.56in (2) 
1.44 
Scaling the height and length geometrically, 
Model truck dimensions: W,, =4.56in, H,, =6.57in, L, = 28.5in (3) 


These dimensions represent a model that is scaled at approximately 1:22. 
(b) At the maximum speed, with Re based on truck width, 


Maximum Re: 


0.07350 Ibmvft* )(4.56 in)(160 ft/s 4 
aie Ee MC JUSO s) (an) asgo O 
u 1.248x10° Ibm/ft-s 12 in 


(c) Based on the data of Fig. 7-41, this Reynolds number is shy of the value needed to achieve Reynolds number 
independence. 


Discussion The students should run at the highest wind tunnel speed. Their measured values of Cp will probably be 
higher than those of the prototype, but the relative difference in Cp due to their modifications should still be valid. 
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7-78 
Solution We are to calculate and plot Cp as a function of Re for a given set of wind tunnel measurements, and 
determine if dynamic similarity and/or Reynolds number independence have been achieved. Finally, we are to estimate the 
aerodynamic drag force acting on the prototype car. 


Assumptions 1 The model car is geometrically similar to the prototype car. 2 The aerodynamic drag on the strut holding 
the model car is negligible. 


Properties For air at atmospheric pressure and at T = 25°C, p = 
1.184 kg/m? and z= 1.849 x 10° kg/(m s). 











Analysis We calculate Cp and Re for the last data point listed in 
the given table (at the fastest wind tunnel speed), 
Model drag coefficient at last data point: 
Fp m 
Cp m = a 
F PaVm Am 
4.91 N (s =) 
p 2 (1.69 m) (1.30 m) | sN 
+(1.184 kg/m’ )(55 m/s)" on) NC ) 
16° 
= 0.319 
and 0.3 Trrrypyrrrrsprrr rye er rt 
0 1 2 3 4 
Model Reynolds ead at last data point: Rex 10° 
Pm m m 
oo FIGURE 1 
Aerodynamic drag coefficient as a function 
(1.184 kg/m’) (55 m/s) 1.69 m (1) of Reynolds number — results 
E 16 nondimensionalized from wind tunnel test 
7 1.849x10° kg/m-s data on a model car. 
=3,72x10° 


We repeat the above calculations for all the data points in the given table, and we plot Cp verses Re in Fig. 1. 
Have we achieved dynamic similarity? Well, we have geometric similarity between model and prototype, but the 
Reynolds number of the prototype car is 


p,V,W, (1-184 kg/m’) (29 m/s) (1.69 m) 
Hy 1.849x10° kg/m-s 





Reynolds number of prototype car: Re, = =3.14x10° (2) 


where the width and speed of the prototype are used in the calculation of Re,. Comparison of Eqs. 1 and 2 reveals that the 
prototype Reynolds number is more than eight times larger than that of the model. Since we cannot match the independent 
IIs in the problem, dynamic similarity has not been achieved. 

Have we achieved Reynolds number independence? From Fig. | we see that Reynolds number independence 
has indeed been achieved — at Re greater than about 3 x 10°, Cp has leveled off to a value of about 0.32 (to two significant 
digits). 

Since we have achieved Reynolds number independence, we can extrapolate to the full scale prototype, assuming 
that Cp remains constant as Re is increased to that of the full scale prototype. 


Aerodynamic drag on the prototype: 
1 3 1 N 
a Ta (1184 kg/m’ )(29 mvs) (1.69 m)(1.30 moa $ 





J-ss0 


gm 


Discussion We give our final result to two significant digits. 
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Review Problems 


7-79C 

Solution 

(a) False: Kinematic similarity is a necessary but not sufficient condition for dynamic similarity. 

(b) True: You cannot have dynamic similarity if the model and prototype are not geometrically similar. 

(c) True: You cannot have kinematic similarity if the model and prototype are not geometrically similar. 

(d) False: It is possible to have kinematic similarity (scaled velocities at corresponding points), yet not have dynamic 
similarity (forces do not scale at corresponding points). 





7-80C 
Solution We are to think of and describe a prototype and model flow in which there is geometric but not kinematic 
similarity even though Re, = Rep. 


Analysis Students’ responses will vary. Here are some examples: 


— A model car is being tested in a wind tunnel such that there is geometric similarity and the wind tunnel speed is 
adjusted so that Re, = Re,. However, there is not a moving ground belt, so there is not kinematic similarity 
between the model and prototype. 

— A model airplane is being tested in a wind tunnel such that there is geometric similarity and the wind tunnel speed 
is adjusted so that Rem = Rep. However, the Mach numbers are quite different, and therefore kinematic similarity is 
not achieved. 

— A model of a river or waterfall or other open surface flow problem in which there is geometric similarity and the 
speed is adjusted so that Rem = Rep. However, the Froude numbers do not match and therefore the velocity fields 
are not similar and kinematic similarity is not achieved. 


Discussion There are many more acceptable cases that students may imagine. 





7-81C 
Solution We are to find at least three established nondimensional parameters not listed in Table 7-5, and list these 
following the format of that table. 








Analysis Students’ responses will vary. Here are some examples: 
Name Definition Ratio of significance 
Bingham Bm- TL yield stress 
number uV viscous stress 
Elasticity El- £” elastic force 
number pL’ inertial force 
D? p’ ravitational force 
Galileo number Ga" E E 
u4 viscous force 


In the above, t, is a characteristic time. 


Discussion There are many more established dimensionless parameters in the literature. Some sneaky students may 
make up their own! 
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7-82 
Solution We are to determine the primary dimensions of each variable, and then show that Hooke’s law is 
dimensionally homogeneous. 


Analysis 
(a) Moment of inertia has dimensions of length’, 


Primary dimensions of moment of inertia: {I} = {length*} = {L'} (1) 


(b) Modulus of elasticity has the same dimensions as pressure, 


Primary dimensions of modulus of elasticity: 
{ E) _ J force | _ | mass x length x 1 _} m (2) 
area time? length? Lt? 


Or, in exponent form, {E} = fm! L! E’. 





(c) Strain is defined as change in length per unit length, so it is dimensionless. 





Primary dimensions of strain: fe} = {eee = {1} (3) 
eng 


(d) Stress is force per unit area, again just like pressure. 


fi length 
Primary dimensions of stress: {o} = | ore = p mapan, | = {= (4) 





Or, in exponent form, {o} = {m’ L t’. 


(e) Hooke’s law is o= Ee. We write the primary dimensions of both sides: 


EE 


Or, in exponent form, the dimensions of both sides of the equation are {m'L’! t”}. Thus we see that Hooke’s law is indeed 
dimensionally homogeneous. 


Primary dimensions of Hooke’s law: {o} z ‘= = {Ee 


Discussion If the dimensions of Eq. 5 were not homogeneous, we would surely expect that we made an error 
somewhere. 
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7-83 
Solution We are to find the functional relationship between the given parameters and name any established 
dimensionless parameters. 


Assumptions 1 The given parameters are the only ones relevant to the flow at hand. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are five parameters in this problem; n = 5, 


List of relevant parameters: z =f (F, L,E, I) n=5 (1) 
Step 2 The primary dimensions of each parameter are listed, 
Za F L E I 


(C) mrih) E) mee) LY 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the expected number of IIs is 


Number of expected IIs: k=n-j=5-3=2 


Step 4 We need to choose three repeating parameters since j = 3. We cannot pick both length L and moment of inertia I 
since their dimensions differ only by a power. We also notice that we cannot choose F, L, and E since these three 
parameters can form a II all by themselves. So, we set j = 3 — 1 = 2, and we choose two repeating parameters, expecting 
5-2=3 Ils, 


Repeating parameters: L and E 


Step 5 The IIs are generated. Note that for the first II we do the algebra in our heads since zg has the same 
dimensions as L. The dependent IT is 


Il: IL = 


This IT is not an established dimensionless group, although it is a ratio of two lengths, similar to an aspect ratio. 
We form the second II with force F: 


TI, = FE'E’ (1,}={(m'Le)(L)' (mire) | 
mass: {m°} = {m'm’} 0=1+b b=-1 
time: {t°} _ {ere} 0=-2-2b b=-1 
length: E nA 0=1+a-b a=-2 
PR a=-1+b 
which yields 
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F 
LE 





Il: IL, = 

We do not recognize I, as a named dimensionless parameter. 
The final TI is formed with moment of inertia. Since {I} = {Lf}, there is no need to go through the algebra — we 

write 

II: II, == 

Again, we do not recognize IT, as a named dimensionless parameter. 


Step 6 We write the final functional relationship as 





F I 
Relationship between IIs: - =f E) (2) 











Discussion We cannot determine the form of the relationship by purely dimensional reasoning since there are three IIs. 
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7-84 
Solution We are to generate dimensionless relationships among given parameters, and then we are to discuss how AP 
decreases if the time is doubled. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis (a) We perform dimensional analyses using the method of repeating variables. First we analyze AP: 


Step 1 There are four parameters in this problem; n = 4, 


List of relevant parameters: AP =f (t,c,E) n=4 (1) 


Step 2 The primary dimensions of each parameter are listed, 
AP t c E 
moe e e mre) 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the expected number of IIs is 


Number of expected IIs: k=n-j=4-3=1 


Step 4 We need to choose three repeating parameters since j = 3. We pick all the independent parameters — time t, speed 
of sound c, and energy E, 


Repeating parameters: t, c, and E 


Step 5 The dependent II is generated: 





TI, =APxt%c" E% {T1,} = f(m )(e J (Le y (mr*)"| 
MASS: {m°} ={m'm°} 0=1+c ca =- 
length: 5 a 0=-1+b +2 b =3 

WSC UE \ 6 PaA c 1 
time: eee eae 0=-2+a -b -2 aq =3 
(rj={t ee j a À 
The dependent II is thus 
II, for AP: II, = cane 
E 


This IT is not an established one, so we leave it as is. 


Step 6 We write the final functional relationship as 











E 
Relationship between Is: AP = constant ae (2) 
°C 
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We perform a similar dimensional analysis using the same repeating variables, but this time for radius r. We do 
not show the algebra since the II can be found by inspection. We get 


: 
I], for r: I =— 
ct 
Since this is the only IT, it must be equal to a constant, 
Relationship between Is: r = constant -ct (3) 


(b) From Eq. 2 we see that if t is doubled, AP decreases by a factor of 2 =8. 


Discussion The pressure rise across the blast wave decays rapidly with time (and with distance from the explosion). 
The speed of sound depends on temperature. If the explosion is of sufficient strength, T will increase significantly and c 
will not remain constant. 





7-85 
Solution We are to find an alternate definition of Archimedes number, and list it following the format of Table 7-5. 
Then we are to find an established IT group that is similar. 


Analysis Students’ responses will vary. There seems to be a plethora of definitions of Archimedes number. Here is 
the one most appropriate for buoyant fluids: 





Name Definition Ratio of significance 
Archimedes Ars gLAp buoyant force 
number pv’ inertial force 


In the above, Ap is a characteristic density difference in the fluid (due to buoyancy) and p is a characteristic or average 
density of the fluid. A glance through Table 7-5 shows that the Richardson number is very similar to this alternative 
definition of Ar. In fact, the alternate form of Ri (Problem 7-55) is identical to our new Ar. 


Discussion Some students may find other definitions that are also valid. For example, Ap/p may be replaced by A7/T. 
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7-86 
Solution We are to generate a dimensionless relationship between the given parameters. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 3 The flow is fully developed. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are five parameters in this problem; n = 5, 


IP 
List of relevant parameters: u=f hZ, 4, ) n=5 (1) 
Step 2 The primary dimensions of each parameter are listed, 
u h dP/dx u y 


Ee) o e me) re) fe) 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 
If this value of j is correct, the expected number of IIs is 


Number of expected IIs: k=n-j=5-3=2 


Step 4 We need to choose three repeating parameters since j = 3. We cannot pick both h and y since they have the same 
dimensions. We choose 


Repeating parameters: h, dP/dx, and 


Step 5 The dependent I is generated: 


new (2 Pe m EE rep ore) 


X 





Mass: {m°} = {m? mê \ 0=b +c c =-b, 
time: f°} _ fetes r ) 0=-1-2b -c b =-1 
0=-1-b, &=1 
length: iP _ {UL Lh | 0=1+4, -2b =c, a =-2 
7 0=1+a, +1 
The dependent IT is thus 
uu 

Il: IL = 

h? aP 

dx 


The independent II is generated with variable y. Since {y} = {L}, and this is the same as one of the repeating variables (h), 
II, is simply y/h, 
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Il: II, = X 
h 


Step 6 We write the final functional relationship as 








Relationship between Is: II, = Hu =f Z 
hk? dP h 


dx 


(2) 











Discussion If we were to solve this problem exactly (using the methods of Chap. 9) we would see that the functional 
relationship of Eq. 2 is correct. 
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Solution We are to generate a dimensionless relationship between the given parameters and then analyze the 
behavior of Umax When an independent variable is doubled. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 3 The flow is fully developed. 
Analysis (a) A step-by-step dimensional analysis procedure could be performed. However, we notice that max has 


the same dimensions as u. Therefore the algebra would be identical to that of the previous problem except that there is only 
one IT instead of two since y is no longer a parameter. The result is 








Relationship between Is: Il, = pin — constant = C 
„z dP (1) 
dx 
or 
i . . h° dP 
Final relationship for Umax: Ul .. = C— (2) 
u dx 











Alternatively, we can use the results of the previous problem directly. Namely, since we know that the maximum velocity 
occurs at the centerline, y/h = 1/2 there, and is a constant. Hence, Eq. 2 of the previous problem reduces to Eq. 1 of the 
present problem. 


(b) If h doubles, we see from Eq. 2 that umas will increase by a factor of 2 =4. 
(c) If dP/dx doubles, we see from Eq. 2 that ux Will increase by a factor of 2' = 2. 
(d) Since there is only one I in this problem, we would need to conduct only one experiment to determine the constant C in 


Eq. 2. 


Discussion The constant turns out to be -1/8, but there is no way to determine this from dimensional analysis alone. To 
obtain the constant, we would need to either do an experiment, or solve the problem exactly using the methods discussed in 
Chap. 9. 
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Chapter 7 Dimensional Analysis and Modeling 
7-88 [Also solved using EES on enclosed DVD| 
Solution We are to generate a relationship for Darcy friction factor f in terms of Euler number Eu. We are then to 
plot fas a function of Re and discuss whether Reynolds number independence has been achieved. 


Assumptions 1 The flow is fully developed. 2 The flow is steady and 
incompressible. 


Properties For water at T = 20°C and atmospheric pressure, p = 
998.0 kg/m? and z= 1.002 x 10° kg/m-s. 


Analysis (a) Since the flow is fully developed, the control volume 

cuts through two cross sections in which the velocity profiles are f 'Reynolds number 
identical. The flow is also steady, so the control volume momentum i lindependence 
equation in the horizontal (x) direction reduces to USF Po —— 


Conservation of momentum: 


= F, = > F, pressure + » Fe shear stress — 0 


We multiply pressure by cross-sectional area to obtain the pressure force, 
and wall shear stress times inner pipe wall surface area to obtain the shear 
stress force, 


(1) 





xD FIGURE 1 
> E pms TAP 4 >, F hersis T TDL (2) Nondimensionalized experimental data from 
a section of pipe. 
Note the negative sign in the shear stress term since T, points to the left. 
We substitute Eq. 2 into Eq. 1. After some algebra, 








4T L 
Result: AP = 2&2 (3) 
D 
Finally, we divide both sides of Eq. 3 by pV’ to convert AP into an Euler number, 
AP 4r,L 14L/{ 8 
Nondimensional relationship: Eu = — = “y = -— 2m (4) 
pV PVD 2D\ pv 


We recognize the term in parentheses on the right as the Darcy friction factor. Thus, 




















IL D 
Final nondimensional relationship: Eu = an.. or |f= m (5) 








(b) We use Eq. 5 to calculate f at each data point of Table P7-74. We plot f as a function of Re in Fig. 1. We see that the 
behavior of f mimics that of Eu (as it must because of Eq. 5 where we see that f is just a constant times Eu). Since 
Eu shows Reynolds number independence for Re greater than about 2 x 10°, so does f. We see Reynolds number 
independence for Re greater than about 2 x 10°. From the plot, the extrapolated value of f at large Re is about 
0.04867, which agrees with Eq. 5 when we plug in the Re-independent value of Eu, 


0.104 m 


D 
Extrapolated value of f: f =2—Eu=2 
i L 1.3 m 


(0.3042) = 0.0487 (6) 


Discussion We show in Chap. 8 (the Moody chart) that f does indeed flatten out at high enough values of Re, depending 
on the relative roughness height, &D. 
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Chapter 7 Dimensional Analysis and Modeling 


7-89 
Solution We are to create characteristic scales so that we can define a desired established dimensionless parameter. 
Analysis (a) For Froude number we need a velocity scale, a length scale, and gravity. We already have a length 


scale and gravity. We create a velocity scale as V'/ L . We then define a Froude number as 





V V' y’ 


Fr =——=-—— -= 
ai Wel [et 


(b) For Reynolds number we need a velocity scale, a length scale, and kinematic viscosity. Of these we only have the 
kinematic viscosity, so we need to create a velocity scale and a length scale. After a “back of the envelope” analysis, we 


Froude number: 











create a velocity scale as V'/L where L is some undefined characteristic length scale. Thus, 





IV WV V 
v Lv v 





Reynolds number: Re 











Note that in this case, the length scales drop out, so it doesn’t matter that we could not define a length scale from the given 
parameters. 


(c) For Richardson number we need a length scale, the gravitational constant, a volume flow rate, a density, and a density 
difference. Of these we have all but the volume flow rate, so we create a volume flow rate scale as V' L . Thus, 





. Lega Lg Led 
Richardson number: Ri= ae = £ K = > £ 
ava ot) 














Discussion You can verify that each of the parameters above is dimensionless. 
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Chapter 7 Dimensional Analysis and Modeling 
7-90 
Solution We are to find the functional relationship between the given parameters and name any established 
dimensionless parameters. 


Assumptions 1 The given parameters are the only ones relevant to the flow at hand. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are seven parameters in this problem; n = 7, 


List of relevant parameters: V=f (d, D, p, 4,h, g) n=7 (1) 


Step 2 The primary dimensions of each parameter are listed, 
V d D p u h g 
Ee LY Œ) m) (mwe LY e) 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the expected number of IIs is 


Number of expected IIs: k=n-j=7-3=4 


Step 4 We need to choose three repeating parameters since j = 3. We pick length scale h, fluid density p, and gravitational 
constant g. 


Repeating parameters: h, p, and g 


Step 5 The IIs are generated. Note that in this case we do the algebra in our heads since these relationships are very 
simple. The dependent II is 





I], =a Froude number: Tl = V 


1 Jeh 


This II is a type of Froude number. Similarly, the two length-scale IIs are obtained easily, 


d 
Il: Il, = ; 
and 

D 
Il: Il, = z 


Finally, the II formed with viscosity is generated, 


T, = wh" pg (1,}={(m'L'e')(L)" (m'L)* (Le?) | 
mass; TH = {m'm” \ 0=1+b, b, =-1 
time: ee 0=-1-2c, C, =- 
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Chapter 7 Dimensional Analysis and Modeling 





length: 0=—-l+a, —3b, + 
& {L"} 2 TIa) a, 4 TC a, = _3 
0=-l+a,+3-+ 2 
which yields 
Th: Tl, = 4 


3 
ph? |g 

We recognize this IT as the inverse of a kind of Reynolds number. We also split the h terms to separate them into a length 
scale and (when combined with g) a velocity scale. The final form is 


Modified 14 = a Reynolds number: 








u 
Step 6 We write the final functional relationship as 
V d D phigh 
Relationship between Is: = =fl—.—., Eng (2) 
J gh hh u 











Discussion You may choose different repeating variables, and may generate different nondimensional groups. If you do 
the algebra correctly, your answer is not “wrong” — you just may not get the same dimensionless groups. 
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Chapter 7 Dimensional Analysis and Modeling 
7-91 


Solution We are to find a dimensionless relationship among the given parameters. 
Assumptions 1 The given parameters are the only ones relevant to the flow at hand. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are seven parameters in this problem; n = 7, 


List of relevant parameters: t =f (d, D,p, uh, g) n=7 (1) 


empty 


Step 2 The primary dimensions of each parameter are listed, 


fempty d D P H h &§ 


CQ E o ea mny a wey 


Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 


Reduction: j=3 


If this value of j is correct, the expected number of IIs is 


Number of expected IIs: k=n-j=7-3=4 


Step 4 We need to choose three repeating parameters since j = 3. We pick length scale h, fluid density p, and gravitational 
constant g. (Note: these are the same repeating parameters as in the previous problem.) 


Repeating parameters: h, p, and g 


Step 5 The IIs are generated. We leave out the details since the algebra is trivial and can be done by inspection in 
most cases. The dependent I is 








: _ E 
Tl: TT, = tonpty a 
The rest of the IIs are identical to those of the previous problem. 
Step 6 We write the final functional relationship as 
d D phigh 
Relationship between Is: oe ee fl——, PNS (2) 
h h h u 











Discussion You may choose different repeating variables, and may generate different nondimensional groups. If you do 
the algebra correctly, your answer is not “wrong” — you just may not get the same dimensionless groups. 
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Chapter 7 Dimensional Analysis and Modeling 
7-92 
Solution We are to calculate the temperature of water in a model test to ensure similarity with the prototype, and we 
are to predict the time required to empty the prototype tank. 


Assumptions 1 The parameters specified in the previous problem are the only parameters relevant to the problem. 2 The 
model and prototype are geometrically similar. 


Properties For ethylene glycol at 60°C, v= p/p = 4.75x10° m’/s (given). 


Analysis 
(a) We use the functional relationship obtained in the previous problem, 


d D phigh 


Dimensionless relationship: = =f í TR’ 
u 


Since the model and prototype are geometrically similar, (d/h)moae1 = (d/h) prototype and (D/A)moaei = (D/A)prototype: Thus, we are 
left with only one II to match to ensure similarity. Namely, the Reynolds number parameter in Eq. 1 must be matched 


6? 


between model and prototype. Since g remains the same in either case, and using “m” for model and “p” for prototype, 


3 
h| gl hj gh h \2 
Similarity: [ene (2) ót Afi) (2) 
m p 


u u My MAA 


m 


We recognize that v= 4/p, and we know that h,/h, = 4. Thus, Eq. 2 reduces to 


-3 


h, \2 3 
Similarity: Va =V, (+) =4.75x10° m’/s(4)? =5.94x107 m7/s__ 3) 


m 


For similarity we need to find the temperature of water where the kinematic viscosity is 5.94x10°’ m7/s. By interpolation 
from the property tables, the designers should run the model tests at a water temperature of 45.8°C. 


(b) At dynamically similar conditions, Eq. 1 yields 


At dynamically similar conditions: 
t Bl aly £ t o =t h 453 inJ4 =9.06min © 
empty i ~ | “empty h > empty,p — “empty,m n Bii min i min 
p m o: 


Discussion We set up Eqs. 3 and 5 in terms of ratios of h, to Am so that the actual dimensions are not needed — just the 
ratio is needed, and it is given. 
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Chapter 7 Dimensional Analysis and Modeling 
7-93 
Solution For the simplified case in which V depends only on h and g, we are to determine how V increases when h is 
doubled. 


Assumptions 1 The given parameters are the only ones relevant to the problem. 


Analysis We employ the dimensional analysis results of Problem 7-90. Dropping d, D, p, and w from the list of 
parameters, we are left with n = 3, 


List of relevant parameters: V=f (h, 8) n=3 (1) 


We perform the analysis in our heads —only one II remains, and it is therefore set to a constant. The final result of the 
dimensional analysis is 


Relationship between IIs: Hoe constant (2) 


J 


Thus, when h is doubled, we can easily calculate the factor by which V increases, 


V, V h, 
Increase in V: = — or V,=V, 22 V, 2 (3) 
gh \h 


Jeh Jeh 


Thus, when h increases by a factor of 2, V increases by a factor of J2. 

















Discussion We don’t need to know the constant in Eq. 2 to solve the problem. However, it turns out that the constant is 
V2 (see Chap. 5). 





7-94 
Solution We are to verify the dimensions of particle relaxation time q, and then identify the established 
dimensionless parameter formed by nondimensionalization of 7,. 





Analysis First we obtain the primary dimensions of z,, 
mx E 
. bes JE = 
Primary dimensions of t,: fr} = = = {t} 
Lt 


A characteristic time scale for the air flow is L/V. Thus, we nondimensionalize z,, 





d? 
Nondimensionalized particle relaxation time: Pe Pp V 
' P? ë lgu L 
From Table 7-5 we recognize this as the Stokes number, Stk, 
d,V 
Stokes number: Stk = Polo Y 
18uL 











Discussion Stokes number is useful when studying the flow of aerosol particles. 
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Chapter 7 Dimensional Analysis and Modeling 
7-95 
Solution We are to compare the primary dimensions of each given property in mass-based and force-based primary 
dimensions, and discuss. 


Analysis From previous problems and examples in this chapter, we can write down the primary dimensions of each 
property in the mass-based system. We use the fundamental definitions of these quantities to generate the primary 
dimensions in the force-based system: 


(a) For pressure P the primary dimensions are 


Mass-based primary dimensions Force-based primary dimensions 
m force F 
P = <4 ——— P = = <4 — 
l j =} eee} ‘st 


(b) For moment M the primary dimensions are 












































Mass-based primary dimensions Force-based primary dimensions 
{m1} -fmt {m1} = {force x moment arm} = {FL} 
t 











(c) For energy E the primary dimensions are 


Mass-based primary dimensions Force-based primary dimensions 


(B = [mE] {£} = {force x distance} = {FL} 


























We see that (in these three examples anyway), the forced-base cases have only two primary dimensions represented (F and 
L), whereas the mass-based cases have three primary dimensions represented (m, L, and t). Some authors would prefer the 
force-based system because of its reduced complexity when dealing with forces, pressures, energies, etc. 


Discussion Not all variables have a simpler form in the force-based system. Mass itself for example has primary 
dimensions of {m} in the mass-based system, but has primary dimensions of {Ft?/L} in the force-based system. In 
problems involving mass, mass flow rates, and/or density, the force-based system may not have any advantage. 
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Chapter 7 Dimensional Analysis and Modeling 
7-96 
Solution The pressure difference between the inside of a soap bubble and the outside air is to be analyzed with 
dimensional analysis and the method of repeating variables using the force-based system of primary dimensions. 


Assumptions 1 The soap bubble is neutrally buoyant in the air, and gravity is not relevant. 2 No other variables or 
constants are important in this problem. 


Analysis The step-by-step method of repeating variables is employed. 


Step 1 There are three variables and constants in this problem; n = 3, 


AP = f (R,o,) n=3 (1) 


Step 2 The primary dimensions of each parameter are listed. The dimensions of pressure are force per area and those of 
surface tension are force per length. 


AP R O; 


fe} fey 
Step 3 Asa first guess, j is set equal to 2, the number of primary dimensions represented in the problem (F and L). 
Reduction: j=2 

If this value of j is correct, the expected number of IIs is 


Number of expected Ils: k=n-j=3-2=1 


Step 4 We choose two repeating parameters since j = 2. Our only choice is R and o, since AP is the dependent variable. 


Step 5 The dependent I is generated: 


II, = APR“o," {,} ={FL} = (PL?) (FL) | 
force: {F°} = {FF \ 0=1+b, b= 
length: pias 0=-2+a,-b, a, =1 
TR a, =2+6, 
Eq. 1 thus becomes 
Il: IL = ME 2) 


From Table 7-5, the established nondimensional parameter most similar to Eq. 2 is the Weber number, defined as a 
pressure times a length divided by surface tension. There is no need to further manipulate this II. 


Step 6 We now write the functional relationship between the nondimensional parameters. Since there is only one II, it is a 
function of nothing, which means it must be a constant, 











R . Oo, 
Relationship between IIs: I, =—— = f (nothing)=constant —> |AP= constant == (3) 





The result using force-based primary dimensions is indeed identical to the previous result using the mass-based system. 


Discussion Because only two primary dimensions are represented in the problem when using the force-based system, 
the algebra is in fact a lot easier. 
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Chapter 7 Dimensional Analysis and Modeling 
7-97 
Solution We are to a third established nondimensional parameter that is formed by the product or ratio of two given 
established nondimensional parameters. 


Analysis 
(a) The product of Reynolds number and Prandtl number yields 


PLV ye CoH _ pLVc, 
































Reynolds number times Prandtl number: Rex Pr = k : (1) 
u 

We recognize Eq. 1 as the Peclet number, 

LV LV 
Peclet number: Pe = Rex Pr = PREVC E (2) 

k a 
(b) The ratio of Schmidt number and Prandtl number yields 
a 
D k 
Schmidt number divided by Prandtl number: Se Ms (3) 
Pr CpH PCpD az 
k 
We recognize Eq. 3 as the Lewis number, 
S k 
Lewis number: Le = = as (4) 
Pr pcpDas Dag 
(c) The product of Reynolds number and Schmidt number yields 
L L 

Reynolds number times Schmidt number: Rex Sc = ae an A (5) 

PDs Das 
We recognize Eq. 5 as the Sherwood number, 

LV 
Sherwood number: Sh = RexSc = —— (6) 
Dag 











Discussion Can you find any other such combinations from Table 7-5? 
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Chapter 7 Dimensional Analysis and Modeling 
7-98 
Solution We are to determine the relationship between four established nondimensional parameters, and then try to 
form the Stanton number by some combination of only two other established dimensionless parameters. 








Analysis We manipulate Re, Nu, and Pr, guided by the known result. After some trial and error, 
Lh 
N kh h 
Stanton number: St= an k = (1) 
RexPr pVL Her PEV 
u4 k 











We recognize from Table 7-5 (or from the previous problem) that Peclet number is equal to the product of Reynolds 
number and Prandtl number. Thus, 

















Lh 
N p I 
Stanton number: St= Y= k -— (2) 
Pe pLVcp  pc,V 
k 





Discussion Not all named, established dimensionless parameters are independent of other named, established 
dimensionless parameters. 





7-99 
Solution We are to find the functional relationship between the given parameters. 


Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis First we do some thinking. If we imagine traveling at the same speed as the bottom plate, the flow would 
be identical to that of Problem 7-56 except that the top plate speed would be (Viop — Vbottom) instead of just V. The step-by- 
step method of repeating variables is otherwise identical to that of Problem 7-56, and the details are not included here. The 
final functional relationship is 





























Relationship between Is: —_“_-= f (rež (1) 

Vios ~ Victoi h 
where 

P Vo ie V, ottom h 

Reynolds number: Re = P(o Voon) (2) 
Discussion It is always wise to look for shortcuts like this to save us time. 
7-100 
Solution We are to determine the primary dimensions of electrical charge. 
Analysis The fundamental definition of electrical current is charge per unit time. Thus, 
Primary dimensions of charge: fa} = {current x time} = {I t (1) 


Or, in exponent form, {q} = {t'I'}. 


Discussion We see that all dimensions, even those of electrical properties, can be expressed in terms of primary 
dimensions. 
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Chapter 7 Dimensional Analysis and Modeling 


7-101 
Solution We are to determine the primary dimensions of electrical capacitance. 
Analysis Electrical capacitance C is measured in units of farads (F). By definition, a one-farad capacitor with an 


applied electric potential of one volt across it will store one coulomb of electrical charge. Thus, 


Primary dimensions of capacitance: 








It TPt’ 1 
{c} = {charge/ voltage} = ae = ir | (1) 


vl 





where the primary dimensions of voltage are obtained from Problem 7-10, and those of electric charge are obtained from 
the previous problem. Or, in exponent form, {C} = {m L? tt P}. 


Discussion We see that all dimensions, even those of electrical properties, can be expressed in terms of primary 
dimensions. 





7-102 

Solution We are to determine the primary dimensions of electrical time constant RC, and discuss the significance of 
our result. 

Analysis The primary dimensions of electrical resistance are obtained from Problem 7-11. Those of electrical 


capacitance C are obtained from the previous problem. Thus, 


Primary dimensions of electrical time constant RC: 


2 2,4 
{RC} = {resistance x capacitance} = ae a = {t} (1) 


Thus we see that the primary dimensions of RC are those of time. This explains why a resistor and capacitor in series is 
often used in timing circuits. 


Discussion The cut-off frequency of the low-pass filter is proportional to 1/R-C. If the resistor and the capacitor were to 
swap places we would have a high-pass rather than a low-pass filter. 





7-103 
Solution We are to determine the primary dimensions of both sides of the equation, and we are to verify that the 
equation is dimensionally homogeneous. 


Analysis The primary dimensions of the time derivative (d/dt) are 1/time. The primary dimensions of capacitance are 
current’xtime*/ (massxlength’), as obtained from Problem 7-101. Thus both sides of the equation can be written in terms of 
primary dimensions, 


{I} = {current} {I} = {I} 


mass x length” 


C dE _ current? x time* current x time? _ {current} cE = m 
dt mass x length? time dt 


Indeed, both sides of the equation have the same dimensions, namely {J}. 


Discussion Current is one of our seven primary dimensions. These results verify our algebra in Problem 7-101. 
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Chapter 7 Dimensional Analysis and Modeling 
7-104 
Solution We are to find the functional relationship between the given parameters, and then answer some questions 
about scaling. 


Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis 
(a) The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the Hs). 


Step 1 There are four parameters in this problem; n = 4, 


List of relevant parameters: OP=f (p. V, D) n=4 (1) 
Step 2 The primary dimensions of each parameter are listed, 
oP p V D 


{mL} fm L>} e {L} 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 


Reduction: j=3 


If this value of j is correct, the expected number of IIs is 


Number of expected IIs: k=n-j=4-3=1 


Step 4 We need to choose three repeating parameters since j = 3. We only have one choice in this problem, since there are 
only three independent parameters on the right-hand side of Eq. 1, 


Repeating parameters: P. V , and D 


Step 5 The dependent IT is generated: 





Il, = 6Pp"V" D* {T,} = {(m't te? )(m'L* ee I (L )"| 
mass: {m?} = {m'"* } 0=1+a, a=-l1 
time: fe) = ma \ 0=-2-b, b =-2 
Prgin [P= [uaa  0=-1-3a, +32, +c asa 
The dependent II is thus 
Ik: II, = DOF 

pv’ 


Step 6 Since there is only one I, it is a function of nothing. This is only possible if we set the II equal to a constant. We 
write the final functional relationship as 





ad D*6P 
Relationship between Is: TI, = 7 = constant (2) 


p 
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Chapter 7 Dimensional Analysis and Modeling 
(b) We re-write Eq. 2 as 
72 


V 
Equation for OP: OP =constant P 7 (3) 
D 





Thus, if we double the size of the cyclone, the pressure drop will decrease by a factor of 24 = 16. 
(c) Also from Eg. 3 we see that if we double the volume flow rate, the pressure drop will increase by a factor of 2” = 
4. 


Discussion The pressure drop would be smallest for the largest cyclone operating at the smallest volume flow rate. 
(This agrees with our intuition.) 
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Chapter 7 Dimensional Analysis and Modeling 
7-105 
Solution We are to find the functional relationship between the given parameters, and then answer some questions 
about scaling. 


Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis 
(a) The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the Hs). 


Step 1 There are five parameters in this problem; n = 5, 


List of relevant parameters: w= f (a, E,, 4, D,) n=5 (1) 


Step 2 The primary dimensions of each parameter are listed, 
W ap Ep H D, 
{Lr} e) fm'ver'} {mite} fE) 


where the primary dimensions of voltage are obtained from Problem 7-10, and those of electric charge are obtained from 
Problem 7-100. 


Step 3 Asa first guess, j is set equal to 4, the number of primary dimensions represented in the problem (m, L, t, and I). 


Reduction: j=4 


If this value of j is correct, the expected number of IIs is 


Number of expected IIs: k=n-j=5-4=1 


Step 4 We need to choose four repeating parameters since j = 4. We only have one choice in this problem, since there are 
only four independent parameters on the right-hand side of Eq. 1, 


Repeating parameters: qp, E, Dp, and u 


Step 5 The dependent II is generated: 


I, = wq," E’ u° D,” m,}= (ee y(re i (m' LT i (mL y (Ly 


current: {1°} = {r> \ 0=a,-)b, a =b, 
mass: {m°} = {m’ mê \ 0=b +c c =- =a, 
ie jee 0=-1+a, -3b -c a= 
c =l1 
length: lefuri] O=1+b,-c, +4, d= 
The dependent II is thus 
Il: I, F "i 
q,E; 
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Step 6 Since there is only one IT, it is a function of nothing. This is only possible if we set the IT equal to a constant. We 
write the final functional relationship as 

















wuD, 
Relationship between Ils: II, = ee constant (2) 
dp 
(b) We re-write Eq. 2 as 
. q,E; 
Equation for w: w = constant —— (3) 
p 











Thus, if we double the electric field strength, the drift velocity will increase by a factor of 2. 
(c) Also from Eq. 3 we see that if we double the particle size, the drift velocity will decrease by a factor of 2. 
Discussion These results agree with our intuition. Certainly we would expect the drift velocity to increase if we 


increase the field strength. Also, larger particles have more aerodynamic drag, so for the same charge, we would expect a 
larger dust particle to drift more slowly than a smaller dust particle. 
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7-106 
Solution We are to generate a dimensionless functional relationship between the given parameters and then compare 
our results with a known exact analytical solution. 


Assumptions 1 There is no flow (hydrostatics). 2 The parameters listed here are the only relevant parameters in the 
problem. 


Analysis (a) We perform a dimensional analysis using the method of repeating variables. 


Step 1 There are five parameters in this problem; 7 = 6, 


List of relevant parameters: h=f (p, g,0,,D, ¢) n=6 (1) 


Step 2 The primary dimensions of each parameter are listed, 
h p g o; D 9 


Eo me) pe we o A 


Note that the dimensions of the contact angle are unity (angles are dimensionless). 


Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 


Reduction: J=3 


If this value of j is correct, the expected number of Ts is 


Number of expected IIs: k=n-j=6-3=3 


Step 4 We need to choose three repeating parameters since j = 3. We cannot choose ¢ since it is dimensionless. We 
choose a length (D) and a density (o). We’d rather have gravitational constant g than surface tension o, in our Is. So, we 
choose 


Repeating parameters: p.88, D 


Step 5 The dependent II is generated. Since h has the same dimensions as D, we immediately write 
Il: Tl, = — 


The first independent II is generated by combining o, with the repeating parameters, 





H, = 0,0" g D° (j= (m) (mrs) (e e) 
mass: {m°} E {m'm*} 0=1+a, a, =-1 
time: {e} S 0=-2-2b, b, =-] 
length: (loa pare 0=-3a, +b, +c, c =-2 

í ) E í } c, = 3a, —b, 
The first independent IT is thus 
: = Gs 
ae Ma gD? 


Finally, the third IT (second independent IT) is simply angle ¢itself since it is dimensionless, 
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Il: IL = ? 


Step 6 We write the final functional relationship as 








l i 
Relationship between IIs: 2- s os 2 | (2) 











(b) From Chap. 2 we see that the exact analytical solution is 





4 
Exact relationship: h= cos (3) 
Ps 


Comparing Eqs. 2 and 3, we see that they are indeed of the same form. In fact, 





Functional relationship: II, = constant x II, x cos II, (4) 











Discussion We cannot determine the constant in Eq. 4 by dimensional analysis. However, one experiment is enough to 
establish the constant. Or, in this case we can find the constant exactly. Viscosity is not relevant in this problem since there 
is no fluid motion. 





7-107 
Solution We are to find a functional relationship for the time scale required for the liquid to climb up the capillary 
tube. 


Assumptions 1 täs is a function of the same parameters listed in the previous problem, but there is another relevant 
parameter. 


Analysis Since this is an unsteady problem, the rise time will surely depend also on fluid viscosity x. The list of 
parameters now involves seven parameters, 


List of relevant parameters: te =f (p. g,o,,D,¢, u) n=7 (1) 


and we expect four IIs. We choose the same repeating parameters and the algebra is similar to that of the previous problem. 
It turns out that 


Mr: I, = "o 
ND 


The second and third II are the same as those of the previous problem. Finally, the fourth TI is formed by combining x 
with the repeating parameters. We expect some kind of Reynolds number. We can do the algebra in our head. Specifically, 


a velocity scale can be formed as 4/gD . Thus, 





Dy gD 
I; Ree 
u 
The final functional relationship is 
A i g 5, 
Relationship between IIs: hises|—~ = f | —~.¢,Re (2) 
D pgD 











Discussion If we would have defined a time scale as ,/D/g , we could have written IT, by inspection as well, saving 


ourselves some algebra. 
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7-108 


Solution We are to use dimensional analysis to find the functional relationship between the given parameters. 
Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are four parameters in this problem; n = 4, 


List of relevant parameters: Il=f (P, C, p) n=4 (1) 


Step 2 The dimensions of J are those of power per area. The primary dimensions of each parameter are listed, 
I P c p 
me) fme) e) fr) 


Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 


Reduction: j=3 


If this value of j is correct, the expected number of Is is 


Number of expected Is: k=n-j=4-3=1 


Step 4 We need to choose three repeating parameters since j = 3. The problem is that the three independent parameters 
form a TI all by themselves (c’p/P is dimensionless). Let’s see what happens if we don’t notice this, and we pick all three 
independent parameters as repeating variables, 


Repeating parameters: P, p, and c 


Step 5 The IT is generated: 


T, =IxP*ptc! (1) ={(m'e*) (mice? (mL) (Ley | 
mass: {m’} = {m'm‘m?} 0=1+a+b a=-l1-b 
time: ; 0=-3-2a-c c=-1+2b 

jee] 
c=-3-2a 
length: See 0=-a-—3b+c c=-14+2b 
(L} ={L LL} c=a+t+3b 


This is a situation in which two of the equations agree, but we cannot solve for unique exponents. If we knew b, we could 
get a and c. The problem is that any value of b we choose will make the IT dimensionless. For example, if we choose b = 1, 
we find that a = —2 and c = 1, yielding 





I 
IT, for the case with b = 1: II, = = 
Since there is only one I, we write 
Functional relationship for the case with b = 1: I =constant x — (2) 
pc 
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However, if we choose a different value of b, say b =—1, then a= 0 and c = -3, yielding 





II, for the case with b =-1: II, = - 
pc 
Since there is only one IT, we write 
Functional relationship for the case with b =-1: I = constant x pc? (3) 


Similarly, you can come up with a whole family of possible answers, depending on your choice of b. We double check our 
algebra and realize that any value of b works. Hence the problem is indeterminate with three repeating variables. 

We go back now and realize that something is wrong. As stated previously, the problem is that the three 
independent parameters can form a dimensionless group all by themselves. This is another case where we have to reduce j 
by 1. Setting j = 3 — 1 = 2, we choose two repeating parameters, 


Repeating parameters: p and c 


We jump to Step 5 of the method of repeating variables, 


Step 5 The first II is generated: 


1, = pte" (11,}={(m'e)(mLy'(Le)'| 


mass: {m’} = {m'm*} 0=1+a a=-1 

time: {1°} _ eae 0=-3-b b=-3 

length: {12} E (er) . = A +b b=-3 
=3a 


Fortunately, the results for time and length agree. The dependent IT is thus 





Il: I, = L 
pc 
We form the second II with sound pressure P, 

I, = Ppte! {1,}={(m'L'e*)(m't*y (Ue)'| 
mass: {m?\={m'm*} Give e=-l 
time: {1°} = fre \ 0=-2-f f ZER 
length: (12) _ {LL} 0=-1-3e+ f f=-2 

f=1+3e 
The second II is thus 
IL: II, = = 
pc 


Step 6 We write the final functional relationship as 
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; ; I P 
Relationship between IIs: — =f 5 (4) 
pc pc 
(b) We try the force-based primary dimension system instead. 
Step 1 There are four parameters in this problem; n = 4, 
List of relevant parameters: Il=f (P, C, p) n=4 (5) 


Step2 The dimensions of Z are those of power per area. The primary dimensions of each parameter are listed, 
I P c p 
EEI- RET. MEn EEE 


Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (F, L, and t). 
Again, however, the three independent parameters form a dimensionless group all by themselves. Thus we lower j by 1. 


Reduction: j=2 


If this value of j is correct, the expected number of Ts is 


Number of expected IIs: k=n-j=4-2=2 


Step 4 We need to choose two repeating parameters since j = 2. We pick the same two parameters as in Part (a), 


Repeating parameters: p andc 


Step 5 The first II is generated: 


N, =1x pc" m} = (Prerje TB $ 
force: {P} = {FP} 0=1+b b=-1 
time: ra t frites} 0= a c=-3 

ses 
length: ire 0=-1-4b+c c=-3 
SIGL Ce 


Again the two results for length and time agree. The dependent I is thus 





Il: I, = 2 
pc 
We form the second II with sound pressure P, 
T, = Px p°c' {m,}= {(PL?)(PeL ye )'| 
force: {F°} = {F'F°} 0=1+e e=-]l 
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time: (o Í [ren 


length: {19} E {LL} 


The second IT is thus 


IL: 


Chapter 7 Dimensional Analysis and Modeling 





0=-2e-f f=-2 
f =-2e 
0=-2-4e+ f f=-2 
f=2+4e 
P 
IL, =— 
pc 


Step 6 We write the final functional relationship as 


Relationship between Is: 











I P 
pe -(4 


) (6) 











Discussion Equations 4 and 6 are the same. This exercise shows that you should get the same results using mass-based 


or force-based primary dimensions. 
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7-109 
Solution We are to find the dimensionless relationship between the given parameters. 


Assumptions 1 The given parameters are the only relevant ones in the problem. 


Analysis The step-by-step method of repeating variables is employed to obtain the nondimensional parameters (the 
IIs). 


Step 1 There are now five parameters in this problem; n = 5, 


lI 
Nn 


a) 


List of relevant parameters: Il=f (P, c, p, r) n 


Step2 The dimensions of Z are those of power per area. The primary dimensions of each parameter are listed, 
I P c p r 
me) e) fue} (we) fe) 
Step 3 As a first guess, j is set equal to 3, the number of primary dimensions represented in the problem (m, L, and t). 
Reduction: j=3 


If this value of j is correct, the expected number of Is is 
Number of expected Us: k=n-—j=5-3=2 
Step 4 We need to choose three repeating parameters since j = 3. We pick the three simplest independent parameters (r 


instead of P), 


Repeating parameters: r, p, and c 


Step 5 The first II is generated: 


M, =1xr"pcĂ {1} = {(m'e)(L | (m't? ) (ue j) 





mass: {m’| ={m'm’} 0=1+b b=-1 
time: P _ | 0=-3-c c=-3 
re pi oo n 
The first IT is thus 
Il: I, = a: 
po 
We form the second II with sound pressure P, 
I, = Pxr’ pc! f, } = Ca y (m'L* y (Le )'| 
la {m’| ={m'm‘} 0=1+e El 
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time: {1°} 2 ei \ 0=-2-f fase 
length: i 0=-l+d-3e+ d=0 
& t 7 pe ie f 
d=1+3e-f 
The second IT is thus 
P 
IL: II, = 2 
pe 
Step 6 We write the final functional relationship as 
. ; I P 
Relationship between IIs: A (4) (2) 
pc pc 











Discussion This is an interesting case in which we added another independent parameter (r), yet this new parameter 
does not even appear in the final functional relationship! The list of independent parameters is thus over specified. (It turns 
out that P is a function of r, so r is not needed in the problem.) The result here is identical to the result of the previous 
problem. It turns out that the function in Eq. 2 is a constant times IT,”, which yields the correct analytical equation for J, 
namely 

2 


Analytical result: I =constant x — (3) 
pc 
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Chapter 8 Flow in Pipes 


Laminar and Turbulent Flow 


8-1C 
Solution We are to discuss why pipes are usually circular in cross section. 
Analysis Liquids are usually transported in circular pipes because pipes with a circular cross section can withstand 


large pressure differences between the inside and the outside without undergoing any significant distortion. 





Discussion Piping for gases at low pressure are often non-circular (e.g., air conditioning and heating ducts in buildings). 


8-2C 
Solution We are to define and discuss Reynolds number for pipe and duct flow. 
Analysis Reynolds number is the ratio of the inertial forces to viscous forces, and it serves as a criterion for 


determining the flow regime. At large Reynolds numbers, for example, the flow is turbulent since the inertia forces are 
large relative to the viscous forces, and thus the viscous forces cannot prevent the random and rapid fluctuations of the 


fluid. It is defined as follows: a 


(a) For flow in a circular tube of inner diameter D: Re = — 


<$ 
o> 








(b) For flow in a rectangular duct of cross-section a x b: Re = —— 





4A 4ab 2ab 


where D, = — = is the hydraulic diameter. 


p a+b) (a+b) 











Discussion Since pipe flows become fully developed far enough downstream, diameter is the 
appropriate length scale for the Reynolds number. In boundary layer flows, however, the boundary layer 
grows continually downstream, and therefore downstream distance is a more appropriate length scale. 





8-3C 
Solution We are to compare the Reynolds number in air and water. 
Analysis Reynolds number is inversely proportional to kinematic viscosity, which is much smaller for water than for 


air (at 25°C, vir = 1.562x10° m/s and Vater = 1/0 = 0.891x10°/997 = 8.9x 10° m’/s). Therefore, noting that Re = VD/v, 
the Reynolds number is higher for motion in water for the same diameter and speed. 


Discussion Of course, it is not possible to walk as fast in water as in air — try it! 























8-4C 
Solution We are to express the Reynolds number for a circular pipe in terms of mass flow rate. 
Analysis Reynolds number for flow in a circular tube of diameter D is expressed as V 
VD j j 4n 
Re=— _ where V=V,, = wis a = = and y=" m 
v pA, p(zD?/4) prD p 
Substituting, D 
i ; Aji 
kes o a Re = 2" 
v prD’(u/p) aDu aDu 
Discussion This result holds only for circular pipes. 
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8-5C 
Solution We are to compare the pumping requirement for water and oil. 
Analysis Engine oil requires a larger pump because of its much larger viscosity. 


Discussion The density of oil is actually 10 to 15% smaller than that of water, and this makes the pumping requirement 
smaller for oil than water. However, the viscosity of oil is orders of magnitude larger than that of water, and is therefore the 
dominant factor in this comparison. 





8-6C 
Solution We are to discuss the Reynolds number for transition from laminar to turbulent flow. 
Analysis The generally accepted value of the Reynolds number above which the flow in a smooth pipe is turbulent is 


4000. In the range 2300 < Re < 4000, the flow is typically transitional between laminar and turbulent. 


Discussion In actual practice, pipe flow may become turbulent at Re lower or higher than this value. 





8-7C 
Solution We are to compare pipe flow in air and water. 
Analysis Reynolds number is inversely proportional to kinematic viscosity, which is much smaller for water than for 


air (at 25°C, Vair = 1.562x10° m7/s and Viyater = L/p= 0.891x10°/997 = 8.9x107 m/s). Therefore, for the same diameter and 
speed, the Reynolds number will be higher for water flow, and thus the flow is more likely to be turbulent for water. 


Discussion The actual viscosity (dynamic viscosity) yw is larger for water than for air, but the density of water is so 
much greater than that of air that the kinematic viscosity of water ends up being smaller than that of air. 





8-8C 
Solution We are to define and discuss hydraulic diameter. 


Analysis For flow through non-circular tubes, the Reynolds number and the friction factor are based on the hydraulic 


4A 


diameter D,, defined as |D,, =——“| where A, is the cross-sectional area of the tube and p is its perimeter. The hydraulic 




















4A, 4nD*/4_ 
p aD 


diameter is defined such that it reduces to ordinary diameter D for circular tubes since |D, = DI, 











Discussion Hydraulic diameter is a useful tool for dealing with non-circular pipes (e.g., air conditioning and heating 
ducts in buildings). 





8-9C 
Solution We are to define and discuss hydrodynamic entry length. 
Analysis The region from the tube inlet to the point at which the boundary layer merges at the centerline is 


called the hydrodynamic entrance region, and the length of this region is called hydrodynamic entry length. The entry 
length is much longer in laminar flow than it is in turbulent flow. But at very low Reynolds numbers, L, is very small 
(e.g., L = 1.2D at Re = 20). 


Discussion The entry length increases with increasing Reynolds number, but there is a significant change in entry 
length when the flow changes from laminar to turbulent. 





8-3 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 8 Flow in Pipes 


8-10C 
Solution We are to compare the wall shear stress at the inlet and outlet of a pipe. 
Analysis The wall shear stress 7, is highest at the tube inlet where the thickness of the boundary layer is nearly 


zero, and decreases gradually to the fully developed value. The same is true for turbulent flow. 


Discussion We are assuming that the entrance is well-rounded so that the inlet flow is nearly uniform. 





8-11C 
Solution We are to discuss the effect of surface roughness on pressure drop in pipe flow. 
Analysis In turbulent flow, tubes with rough surfaces have much higher friction factors than the tubes with smooth 


surfaces, and thus surface roughness leads to a much larger pressure drop in turbulent pipe flow. In the case of 
laminar flow, the effect of surface roughness on the friction factor and pressure drop is negligible. 


Discussion The effect of roughness on pressure drop is significant for turbulent flow, as seen in the Moody chart. 





Fully Developed Flow in Pipes 


8-12C 
Solution We are to discuss how the wall shear stress varies along the flow direction in a pipe. 
Analysis The wall shear stress 7, remains constant along the flow direction in the fully developed region in both 


laminar and turbulent flow. 


Discussion However, in the entrance region, 7, starts out large, and decreases until the flow becomes fully developed. 





8-13C 
Solution We are to discuss the fluid property responsible for development of a velocity boundary layer. 
Analysis The fluid viscosity is responsible for the development of the velocity boundary layer. 


Discussion You can think of it this way: As the flow moves downstream, more and more of it gets slowed down near 
the wall due to friction, which is due to viscosity in the fluid. 





8-14C 

Solution We are to discuss the velocity profile in fully developed pipe flow. 

Analysis In the fully developed region of flow in a circular pipe, the velocity profile does not change in the flow 
direction. 


Discussion This is, in fact, the definition of fully developed — namely, the velocity profile remains of constant shape. 
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8-15C 
Solution We are to discuss the relationship between friction factor and pressure loss in pipe flow. 
Analysis The friction factor for flow in a tube is proportional to the pressure loss. Since the pressure loss along 


the flow is directly related to the power requirements of the pump to maintain flow, the friction factor is also proportional 
to the power requirements to overcome friction. The applicable relations are 

mAP, mAP, 
= L and Wom = Ł 


pump ` pump 


p p 
































Discussion This type of pressure loss due to friction is an irreversible loss. Hence, it is always positive (positive being 
defined as a pressure drop down the pipe). A negative pressure loss would violate the second law of thermodynamics. 





8-16C 
Solution We are to discuss the value of shear stress at the center of a pipe. 
Analysis The shear stress at the center of a circular tube during fully developed laminar flow is zero since the 


shear stress is proportional to the velocity gradient, which is zero at the tube center. 


Discussion This result is due to the axisymmetry of the velocity profile. 





8-17C 
Solution We are to discuss whether the maximum shear stress in a turbulent pipe flow occurs at the wall. 
Analysis Yes, the shear stress at the surface of a tube during fully developed turbulent flow is maximum since 


the shear stress is proportional to the velocity gradient, which is maximum at the tube surface. 


Discussion This result is also true for laminar flow. 





8-18C 
Solution We are to discuss the change in head loss when the pipe length is doubled. 
Analysis In fully developed flow in a circular pipe with negligible entrance effects, if the length of the pipe is 


doubled, the head loss also doubles (the head loss is proportional to pipe length in the fully developed region of flow). 


Discussion If entrance lengths are not negligible, the head loss in the longer pipe would be less than twice that of the 
shorter pipe, since the shear stress is larger in the entrance region than in the fully developed region. 





8-19C 
Solution We are to examine a claim about volume flow rate in laminar pipe flow. 
Analysis Yes, the volume flow rate in a circular pipe with laminar flow can be determined by measuring the velocity 


at the centerline in the fully developed region, multiplying it by the cross-sectional area, and dividing the result by 2. This 
works for fully developed laminar pipe flow in round pipes since V = Vavg Ae =V max / 2)4e- 


Discussion This is not true for turbulent flow, so one must be careful that the flow is laminar before trusting this 
measurement. It is also not true if the pipe is not round, even if the flow is fully developed and laminar. 
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8-20C 
Solution We are to examine a claim about volume flow rate in laminar pipe flow. 
Analysis No, the average velocity in a circular pipe in fully developed laminar flow cannot be determined by simply 


measuring the velocity at R/2 (midway between the wall surface and the centerline). The average velocity is Vmax/2, but the 
velocity at R/2 is 
V(R/2)=S, 


max 


r’ WV ons 
er =—, which is much larger than V,,,;/2. 
r=R/2 


Discussion There is, of course, a radial location in the pipe at which the local velocity is equal to the average velocity. 
Can you find that location? 








8-21C 
Solution We are to compare the head loss when the pipe diameter is halved. 
Analysis In fully developed laminar flow in a circular pipe, the head loss is given by 
y? y? y? 4 
er 64L -64 L _ 64v L 
D2g ReD2g VDivD2g D D2g 
; i V V ae 
The average velocity can be expressed in terms of the flow rate as V = — = . Substituting, 





A, -mD7/4 


C 





64v ef V s 4LV _ 128LV 
L 


D? 2g\|aD?°14) D* 2gnD?  gaDÎ 
Therefore, at constant flow rate and pipe length, the head loss is inversely proportional to the 4" power of diameter, and 
thus reducing the pipe diameter by half increases the head loss by a factor of 16. 


Discussion This is a very significant increase in head loss, and shows why larger diameter tubes lead to much smaller 
pumping power requirements. 





8-22C 
Solution We are to discuss why the friction factor is higher in turbulent pipe flow compared to laminar pipe flow. 
Analysis In turbulent flow, it is the turbulent eddies due to enhanced mixing that cause the friction factor to be 


larger. This turbulent mixing leads to a much larger wall shear stress, which translates into larger friction factor. 


Discussion Another way to think of it is that the turbulent eddies cause the turbulent velocity profile to be much fuller 
(closer to uniform flow) than the laminar velocity profile. 








8-23C 
Solution We are to define and discuss turbulent viscosity. 
Analysis Turbulent viscosity 4ų is caused by turbulent eddies, and it accounts for momentum transport by 
ial Ou = 
turbulent eddies. It is expressed as |7, =—u'v' = 4, op where u is the mean value of velocity in the flow direction and 
y 











u'and u'are the fluctuating components of velocity. 


Discussion Turbulent viscosity is a derived, or non-physical quantity. Unlike the viscosity, it is not a property of the 
fluid; rather, it is a property of the flow. 
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Chapter 8 Flow in Pipes 


8-24C 
Solution We are to discuss the dimensions of a constant in a head loss expression. 
V2 
Analysis We compare the dimensions of the two sides of the equation h, = 0.0826 fis Using curly brackets to 


mean “the dimensions of’, we have {L} = {0.0826} - {1} {L} Ae {L*} , and the dimensions of the constant are thus 
{0.0826} = {Ltt Therefore, the constant 0.0826 is not dimensionless. This is not a dimensionally homogeneous 


equation, and it cannot be used in any consistent set of units. 


Discussion Engineers often create dimensionally inhomogeneous equations like this. While they are useful for 
practicing engineers, they are valid only when the proper units are used for each variable, and this can occasionally lead to 
mistakes. For this reason, the present authors do not encourage their use. 











8-25C 
Solution We are to discuss the change in head loss due to a decrease in viscosity by a factor of two. 
Analysis In fully developed laminar flow in a circular pipe, the pressure loss and the head loss are given by 
2uLV AP 
one and (eae 
D PS = pgD 


When the flow rate and thus the average velocity are held constant, the head loss becomes proportional to viscosity. 
Therefore, the head loss is reduced by half when the viscosity of the fluid is reduced by half. 


Discussion This result is not valid for turbulent flow — only for laminar flow. It is also not valid for laminar flow in 
situations where the entrance length effects are not negligible. 








8-26C 
Solution We are to discuss the relationship between head loss and pressure drop in pipe flow. 
Analysis The head loss is related to pressure loss by |h; = AP, / eg |. For a given fluid, the head loss can be converted 











to pressure loss by multiplying the head loss by the acceleration of gravity and the density of the fluid. Thus, for constant 
density, head loss and pressure drop are linearly proportional to each other. 


Discussion This result is true for both laminar and turbulent pipe flow. 





8-27C 
Solution We are to discuss if the friction factor is zero for laminar pipe flow with a perfectly smooth surface. 
Analysis During laminar flow of air in a circular pipe with perfectly smooth surfaces, the friction factor is not zero 


because of the no-slip boundary condition, which must hold even for perfectly smooth surfaces. 


Discussion If we compare the friction factor for rough and smooth surfaces, roughness has no effect on friction factor 
for fully developed laminar pipe flow unless the roughness height is very large. For turbulent pipe flow, however, 
roughness very strongly impacts the friction factor. 





8-28C 
Solution We are to explain why friction factor is independent of Re at very large Re. 
Analysis At very large Reynolds numbers, the flow is fully rough and the friction factor is independent of the 


Reynolds number. This is because the thickness of viscous sublayer decreases with increasing Reynolds number, and it 
be comes so thin that the surface roughness protrudes into the flow. The viscous effects in this case are produced in the 
main flow primarily by the protruding roughness elements, and the contribution of the viscous sublayer is negligible. 


Discussion This effect is clearly seen in the Moody chart — at large Re, the curves flatten out horizontally. 
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Chapter 8 Flow in Pipes 


8-29E 
Solution The pressure readings across a pipe are given. The flow rates are to be determined for three different 
orientations of horizontal, uphill, and downhill flow. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The flow is laminar (to be verified). 4 The pipe involves no components such as bends, valves, and 
connectors. 5 The piping section involves no work devices such as pumps and turbines. 


Properties The density and dynamic viscosity of oil are given to be p = 56.8 Ibm/ft’ and u = 0.0278 lbm/ft-s, 
respectively. 


Analysis The pressure drop across the pipe and the cross-sectional area of the pipe are 
AP = P, - P, =120 -14 =106 psi 
A, =D? 14 = z(0.5/12ft)? /4 = 0.001364 ft? 





(a) The flow rate for all three cases can be determined from 


y - AP -pgLsin 0)xD* L=120ft 


128 uL 
where 0 is the angle the pipe makes with the horizontal. For the horizontal case, 6 = 0 and thus sin 0 = 0. Therefore, 
APaD* (106 psi)r(0.5/12 ft) [4 Ibf/ft? | 32.2 Ibm- ft/s? 


Vo = = 
horiz 128 128(0.0278 Ibm/ft-s)(120 ft) Llbf 
uL 





- ) = 0.0109 ft?/s 
1 psi 


(b) For uphill flow with an inclination of 20°, we have 8 = +20°, and 





pel sin 0 = (56.8 Ibm/ft? )(32.2 ft/s” )(120 ft) sin 204 are! I mu = 16.2 psi 
144 Ibf/ft? )\. 32.2 Ibm- ft/s” 


, (AP — pgL sin 0)nD* 7 





Vow = 
uphill 128 uL 20° 
106 —16.2 psi)z(0.5/12 ft)4 ft/s? 
_ (106 —16.2 psi)z(0.5/12 ft) fei 32.2 Ibm - ft/s _ 0.00923 ft2/s 

128(0.0278 Ibm/ft - s)(120 ft) 1 psi 1lbf 

(c) For downhill flow with an inclination of 20°, we have 0 = -20°, and 20° 

: (AP — pgL sin 6)xD* 
re 


128 ul 
_ [106 —(—16.2) psilr(0.5/12 ft)* { 144 Ibf/ft? | 32.2 Ibm. ft/s” 
128(0.0278 Ibm/ft -s)(120 ft) 1lbf 


The flow rate is the highest for downhill flow case, as expected. The average fluid velocity and the Reynolds number in this 
case are 





- |: 0.0126 ft?/s 
1 psi 


/ 3 
V _ 0.0126 ft : er 
A, 0.001364 ft 
_ pVD _ (56.8 lbm/ft* )(9.24 ft/s)(0.5/12 ft) _ 
u 0.0278 Ibm/ft-s 


which is less than 2300. Therefore, the flow is laminar for all three cases, and the analysis above is valid. 


Re 787 





Discussion Note that the flow is driven by the combined effect of pressure difference and gravity. As can be seen from 
the calculated rates above, gravity opposes uphill flow, but helps downhill flow. Gravity has no effect on the flow rate in 
the horizontal case. Downhill flow can occur even in the absence of an applied pressure difference. 
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Chapter 8 Flow in Pipes 
8-30 
Solution Oil is being discharged by a horizontal pipe from a storage tank open to the atmosphere. The flow rate of oil 
through the pipe is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The entrance and exit loses are negligible. 4 The flow is laminar (to be verified). 5 The pipe involves no 
components such as bends, valves, and connectors. 6 The piping section involves no work devices such as pumps and 
turbines. 


Properties The density and kinematic viscosity of oil are given to be p = 850 kg/m* and v= 0.00062 m’/s, respectively. 
The dynamic viscosity is calculated to be 


H= pv = (850 kg/m? )(0.00062 m? / s) = 0.527 kg/m- s 


Analysis The pressure at the bottom of the tank is 
P l,gage T pgh 


= (850 kg/m? )(9.81 m/s” )(3 m) — 
1000 kg - m/s 





= 25.02 kN/m? 
Disregarding inlet and outlet losses, the pressure drop across the pipe is 





AP =P, -P, =P -P 


atm 


= P gage = 25.02 KN/m? = 25.02 kPa 


The flow rate through a horizontal pipe in laminar flow is determined from 
2 4 
_APrD* _ (25.02 kN/m’ ) (0.005 m) (1000 kg: m/s” 
"i 1284 128(0.527 kg/m-s)(40 m) 1 kN 


The average fluid velocity and the Reynolds number in this case are 





) =1.821x10® m°/s = 1.82 x10% mĉ?/s 


V V 1821x10 m?/s 
A, aD’Ii4 ~~ (0.005 m)* /4 

pVD (850 kg/m? )(9.27 x10~* m/s)(0.005 m) 
oe 0.527 kg/m -s 





V= =9.27x10~* m/s 


Re = 0.0075 


which is less than 2300. Therefore, the flow is Jaminar and the analysis above is valid. 


Discussion The flow rate will be even less when the inlet and outlet losses are considered, especially when the inlet is 
not well-rounded. 
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Chapter 8 Flow in Pipes 
8-31 
Solution The average flow velocity in a pipe is given. The pressure drop, the head loss, and the pumping power are 
to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The pipe involves no components such as bends, valves, and connectors. 4 The piping section involves no 
work devices such as pumps and turbines. 


Properties The density and dynamic viscosity of water are given to be p = 999.7 kg/m’ and yz = 1.307x10° kg/m-s, 
respectively. 





Analysis (a) First we need to determine the flow regime. The Reynolds number of the flow is 
VD _ (999.7 kg/m? (1.2 m/s)(2x 10° 
Re = LED _ (999.7 kefm? (1 2V8)2x10" m) _ 96 ve 
u 1.307x10~ kg/m-s D=0.2cm 


which is less than 2300. Therefore, the flow is laminar. Then the pews 


friction factor and the pressure drop become P45: 
64 64 





f=2 = _ =0.0349 
Re 1836 
y? 7kg/m?)(1.2 m/s)? 
ap=ap, = PV 9.934919 _ (999-7 kg/m? (1.2 m/s) 1kN EPA.) _apeuha 
D 2 0.002 m 2 1000 kg -m/s |1 kN/m? 


(b) The head loss in the pipe is determined from 

AP LV? 1 1.2 m/s)” 
Lof sgg VT a 
Pz D 2g 0.002 m 2(9.81 m/s”) 


(c) The volume flow rate and the pumping power requirements are 


hy, = =19.2m 





V =VA, =V (4D? 14) = (1.2 m/s)[z(0.002 m)? / 4] =3.77x10% m? / s 


Wn =VAP =(3.77x10™ m? sgass eaf -0N 
1 kPa :m”™/s 


pump ) = 0.71 Ww 


Therefore, power input in the amount of 0.71 W is needed to overcome the frictional losses in the flow due to viscosity. 


Discussion If the flow were instead turbulent, the pumping power would be much greater since the head loss in the pipe 
would be much greater. 
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Chapter 8 Flow in Pipes 
8-32 
Solution The flow rate through a specified water pipe is given. The pressure drop, the head loss, and the pumping 
power requirements are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The pipe involves no components such as bends, valves, and connectors. 4 The piping section involves no 
work devices such as pumps and turbines. 


Properties The density and dynamic viscosity of water are given to be p = 999.1 kg/m? and u = 1.138x10° kg/m-s, 
respectively. The roughness of stainless steel is 0.002 mm. 








Analysis First we calculate the average velocity and the Reynolds number to determine the flow regime: 
à ; g 
a - E 
A. aD4/4 m(0.04m)/4 
VD (999.1kg/m*)(6.366 m/s)(0.04 m) me D=4 
pees oe EE ei" ails omens 
4 1.138x10 ~” kg/m-s 
which is greater than 4000. Therefore, the flow is turbulent. The L=30m 


relative roughness of the pipe is 


2x10 
gps i a 
0.04m 
The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 


Colebrook equation using an equation solver (or an iterative scheme), 


-5 
E T E E E T =a 
JF 37 Reff 3.7 -2.236x10° ff 


It gives f= 0.01573. Then the pressure drop, head loss, and the required power input become 








2 3 2 
Popa pop eee | | es) -289 kPa 
D 2 0.04m 2 1000 kg -m/s 1 kN/m? 

AP 2 ; 2 
(22 7? e einai 

pg D 2g 0.04m 2(9.81 m/s“ ) 

Hany =VAP = (0.08 159239 KPa ae )=1.91Kw 
1kPa-m°/s 


Therefore, useful power input in the amount of 1.91 kW is needed to overcome the frictional losses in the pipe. 


Discussion The friction factor could also be determined easily from the explicit Haaland relation. It would give f = 
0.0155, which is sufficiently close to 0.0157. Also, the friction factor corresponding to ¢ = 0 in this case is 0.0153, which 
indicates that stainless steel pipes in this case can be assumed to be smooth with an error of about 2%. Also, the power 
input determined is the mechanical power that needs to be imparted to the fluid. The shaft power will be more than this due 
to pump inefficiency; the electrical power input will be even more due to motor inefficiency. 
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Chapter 8 Flow in Pipes 
8-33E 
Solution The flow rate and the head loss in an air duct is given. The minimum diameter of the duct is to be 
determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The duct involves no components such as bends, valves, and connectors. 4 Air is an ideal gas. 5 The duct is 
smooth since it is made of plastic, e ~ 0. 6 The flow is turbulent (to be verified). 


Properties The density, dynamic viscosity, and kinematic viscosity of air at 100°F are p = 0.07088 lbm/ft’, u = 
0.04615 Ibm/ft-h, and v= 0.6512 ft/s = 1.80910 ft/s. 


Analysis The average velocity, Reynolds number, friction factor, and the head loss relations can be expressed as (D is 
in ft, Vis in ft/s, Re and fare dimensionless) 


om V  12f?/s 





















A, aD?14 nD?14 Air e| 

Real? = = . 12 ft'/s 

v 1.809x10~ ft" /s 

L = 400 ft 
A cdo ee ie 
Vf 3.7 Re ff ReJf 
2 2 2 

a, =f EY sr y 

D 2g D 2g D 232.2 ft/s?) 


This is a set of 4 equations in 4 unknowns, and solving them with an equation solver gives 
D=0.88 ft, f=0.0181, V= 19.8 ft/s, and Re = 96,040 
Therefore, the diameter of the duct should be more than 0.88 ft if the head loss is not to exceed 50 ft. Note that Re > 4000, 


and thus the turbulent flow assumption is verified. 
The diameter can also be determined directly from the third Swamee-Jain formula to be 


LV? 4.15 z 5.270-04 
D =0.66 £1” ea +4 [| 
gh, gh, 
5.70.04 
= 0.66] 0+ (0.180% 107 ft? /s)(12 #43 / sy4| AOR _ 
(32.2 ft/s” )(50 ft) 


= 0.89 ft 


Discussion Note that the difference between the two results is less than 2%. Therefore, the simple Swamee-Jain relation 
can be used with confidence. 
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Chapter 8 Flow in Pipes 


8-34 
Solution In fully developed laminar flow in a circular pipe, the velocity at y = R/2 is measured. The velocity at the 
center of the pipe (7 = 0) is to be determined. 


Assumptions The flow is steady, laminar, and fully developed. 


Analysis The velocity profile in fully developed laminar flow in a circular pipe is given by 


2 
u(r) = ma 
R 2p 
u(r) = Umax(1-r /R ) 


where tax is the maximum velocity which occurs at pipe center, r= 0. At r =R/2, 


2 
3 
HI) =| 1 LP Jou (1--t) = Mise 
R 





4 4 
Solving for ux and substituting, 


4u(R/2) 4 
lg, = RA) AO) 9.00 mis 


which is the velocity at the pipe center. 





Discussion The relationship used here is valid only for fully developed laminar flow. The result would be much 
different if the flow were turbulent. 





8-35 
Solution The velocity profile in fully developed laminar flow in a circular pipe is given. The average and maximum 
velocities as well as the flow rate are to be determined. 


Assumptions The flow is steady, laminar, and fully developed. 


Analysis The velocity profile in fully developed laminar flow in a circular pipe is given by 


2 
r 
u(r) = u ax| 1-— 
| =| u(r) = Umax(1-17/R?) 
The velocity profile in this case is given by 
u(r) =4(-r? /R”) 


Comparing the two relations above gives the maximum velocity to be 
Umax = 4.00 m/s. Then the average velocity and volume flow rate 
become 





y, = Yra 4/8 _» 00 m/s 
s 2 2 





V=V..A. =V... (aR”) = (2 m/s)[7(0.02 m)”]= 0.00251 m?/s 


avg **c avg 


Discussion A unique feature of fully developed laminar pipe flow is that the maximum velocity is exactly twice the 
average velocity. This is not the case for turbulent pipe flow, since the velocity profile is much fuller. 
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Chapter 8 Flow in Pipes 


8-36 
Solution The velocity profile in fully developed laminar flow in a circular pipe is given. The average and maximum 
velocities as well as the flow rate are to be determined. 


Assumptions The flow is steady, laminar, and fully developed. 


Analysis The velocity profile in fully developed laminar flow in a circular pipe is given by 
2 
r 
u(r) = Umax h ~ =] u(r) = Umax(1-1°/R°) 


The velocity profile in this case is given by 
u(r) =4(1—r?/R7) 


Comparing the two relations above gives the maximum velocity to be Umax 
= 4.00 m/s. Then the average velocity and volume flow rate become 


y,,, = tna 4S 9.00 mis 
2 2 


Um ax 





avg 


V =V, A. =V, (R>) = (2 m/s)[z(0.07 m)? ] = 0.0308 mĉ/s 


avg “tc avg 


Discussion Compared to the previous problem, the average velocity remains the same since the maximum velocity (at 
the centerline) remains the same, but the volume flow rate increases as the diameter increases. 





8-37 
Solution Air enters the constant spacing between the glass cover and the plate of a solar collector. The pressure drop 
of air in the collector is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The roughness effects are negligible, and thus the inner surfaces are considered to be smooth, ¢ ~ 0. 4 Air is an 
ideal gas. 5 The local atmospheric pressure is 1 atm. 


Properties The properties of air at 1 atm and 45° are p= 1.109 kg/m’, w= 1.941x10° kg/m-s, and v= 1.750x10° m’/s. 





Analysis Mass flow rate, cross-sectional area, hydraulic diameter, average velocity, and the Reynolds number are 
ii = pV = (1.11 kg/m*)(0.15 m?/s) = 0.1665 kg/s hi 
A, = axb =(1m)(0.03 m) = 0.03 m? Glass cover 0.15 m’vs 
44, _ 4(0.03m? 
poe) 20585 
p  20+0.03)m 
/ 3 
V. 0.15m 2 eye 
A, 0.03 m Collector plate 





VD, _ (5 m/s)(0.05825 m) 


V -1.750x10~° m/s 
Since Re is greater than 4000, the flow is turbulent. The friction factor corresponding to this Reynolds number for a smooth 
flow section (e/D = 0) can be obtained from the Moody chart. But to avoid reading error, we use the Colebrook equation, 


-ood i2 25 1 zorgo 2.51 | 


Re = =1.664x 104 Insulation 











+——_ —— =- +— 
Vf 3.7 ReJf if 16,640,/f 
which gives f= 0.0271. Then the pressure drop becomes 
2 3 2 
1.11k 
AP = AP, -rl V” gogz —$™®  C1Hkg/m iS ms) IN 1Pa_|\_s09paq 
D 0.05825 m 2 1kg-m/s? }\1 N/m? 


Discussion The friction factor could also be determined easily from the explicit Haaland relation. It would give f = 
0.0270, which is sufficiently close to 0.0271. 
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Chapter 8 Flow in Pipes 
8-38 
Solution Oil flows through a pipeline that passes through icy waters of a lake. The pumping power needed to 
overcome pressure losses is to be determined. 


Assumptions The flow is steady and incompressible. 2 The flow section considered is away from the entrance, and thus 
the flow is fully developed. 3 The roughness effects are negligible, and thus the inner surfaces are considered to be smooth, 
Ex O. 


Properties The properties of oil are given to be p = 894 kg/m’ and y= 2.33 kg/m-s. 
(Icy lake, 0°C) 





Analysis The volume flow rate and the Reynolds number in this case are 
2 2 
: 4 i 
Ver er 205 mig 00808 ne Oil 
4 4 10°C 
VD _ (894kg/m3)(0.5 m/s)(0.4 m) 0.5 m/s ane 
Rea eee a 
4 2.33 kg/m -s 
which is less than 2300. Therefore, the flow is laminar, and the friction factor is |\som | 
so nT pa 
Re 76.7 
Then the pressure drop in the pipe and the required pumping power become 
2 3 2 
4k : 
Menage! pV _ 9.834 300m (894 kg/m~ )(0.5 m/s) 1kN 1kPa -69.9 kPa 
D 0.4m 2 1000 kg -m/s (1 kN/m? 


1kW 


Pa-m?/s 


W.,.. = VAP = (0.0628 m?/s)(69.9 kPa) - 


pump 


) = 4.39 kW 


Discussion The power input determined is the mechanical power that needs to be imparted to the fluid. The shaft power 
will be much more than this due to pump inefficiency; the electrical power input will be even more due to motor 
inefficiency. 





8-39 
Solution Laminar flow through a square channel is considered. The change in the head loss is to be determined when 
the average velocity is doubled. 


Assumptions 1 The flow remains laminar at all times. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 





Analysis The friction factor for fully developed laminar flow in a square channel is 
: VD 
f= so where Re = 2 
Re u 


Then the head loss for laminar flow can be expressed as 

2 2 2 
_,LV 56.92 LV"  5692u LV = 28 46V LL 
D2g Re D2g VD D2g pgD? 


which shows that the head loss is proportional to the average velocity. Therefore, the head loss doubles when the average 
velocity is doubled. This can also be shown as 


Ary 

















hy,» = 28.46V, uy z = 28.46(2V) He z= 28467 as z] =2h;; 
pgD pgD pgD 


Discussion The conclusion above is also valid for laminar flow in channels of different cross-sections. 
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Chapter 8 Flow in Pipes 


8-40 
Solution Turbulent flow through a smooth pipe is considered. The change in the head loss is to be determined when 
the average velocity is doubled. 


Assumptions 1 The flow remains turbulent at all times. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The inner surface of the pipe is smooth. 


Analysis The friction factor for the turbulent flow in smooth pipes is given as 


Fenrik t whee Real 


Then the head loss of the fluid for turbulent flow can be expressed as 
2 -0.2 2 -0.2 18 
o2 LV pvD LV pD LV 
u D 2g u D 2g 


which shows that the head loss is proportional to the 1.8" power of the average velocity. Therefore, the head loss increases 
by a factor of 2'* = 3.48 when the average velocity is doubled. This can also be shown as 





g g 
ò ò 


LV? 
hzi =f a R =0.184 = 0.184 





-0.2 1.8 -0.2 1.8 
hyo = 0.18422) h s 0.18422) a 
u 2g HJ D 2g 
-0.2 1.8 
= aois 2) Et = 29h, =3.48h,,1 
u & 


For fully rough flow in a rough pipe, the friction factor is independent of the Reynolds 
number and thus the flow velocity. Therefore, the head loss increases by a factor of 4 
in this case since 

LV? 


h;i = f —— 
mar D 2g 
and thus the head loss is proportional to the square of the average velocity when f, L, and D are constant. 


Discussion Most flows in practice are in the fully rough regime, and thus the head loss is generally assumed to be 
proportional to the square of the average velocity for all kinds of turbulent flow. Note that we use diameter D here in place 
of hydraulic diameter D,. For a square duct, it turns out that D, = D, so this is a valid approximation. 
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Chapter 8 Flow in Pipes 
8-41 
Solution Air enters a rectangular duct. The fan power needed to overcome the pressure losses is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 Air is an ideal gas. 4 The duct involves no components such as bends, valves, and connectors. 5 The flow 
section involves no work devices such as fans or turbines 


Properties The properties of air at 1 atm and 35°C are p = 1.145 kg/m’, = 1.895x10° kg/m-s, and v= 1.655x10 
m’/s. The roughness of commercial steel surfaces is ¢ = 0.000045 m. 





Analysis The hydraulic diameter, the volume flow rate, and the Reynolds number in this case are 
4A 4(0.1 2 
pee ee een arian 
p  2at+b)  2(0.15+0.20)m 7m 


V =VA, =V (axb) = (7 m/s)(0.15x 0.20 m°) = 0.21 m?/s 

_ PVD _ (1.145 kg/m?)(7 m/s)(0.1714 m) 
u 1.895x10 kg/m -s 

which is greater than 4000. Therefore, the flow is turbulent. The relative 


Re = 72,490 cm 





roughness of the pipe is an 20 cm 
5 
eID, = 45x10 M 2625x107 
0.1714m 


The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


ID ; a . 
1 --2010§ n 251 | si 20a 250 2.51 | 


ar 3.7 Ref JF 37 72,490) F 


It gives f= 0.02034. Then the pressure drop in the duct and the required pumping power become 














2 3 2 
AP = AP, = f E 2V -0.02034 — 1 145 kg/m* 7 m/s) IN . í Pa )=23.3Pa 
D 2 0.1714m 2 1kg-m/s? |1 N/m 
Wamp = VAP = (0.21 m°/s)(23.3 Pa|) =4.90 W 
PrE 1 Pa-m?/s 


Discussion The friction factor could also be determined easily from the explicit Haaland relation. It would give f = 
0.02005, which is sufficiently close to 0.02034. Also, the power input determined is the mechanical power that needs to be 
imparted to the fluid. The shaft power will be much more than this due to fan inefficiency; the electrical power input will be 
even more due to motor inefficiency. 
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Chapter 8 Flow in Pipes 


8-42E 
Solution Water passes through copper tubes at a specified rate. The pumping power required per ft length to maintain 
flow is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The pipe involves no components such as bends, valves, and connectors. 4 The piping section involves no 
work devices such as pumps and turbines. 


Properties The density and dynamic viscosity of water at 60°F are p = 62.36 lbm/ft? and u = 2.713 lbm/ft-h = 
7.536x10" lbm/ft-s. The roughness of copper tubing is 5x10° ft. 


Analysis First we calculate the average velocity and the Reynolds number to determine the flow regime: 


pas Oe E o 070s 
pA, p(aD?/4) (62.36 lb/ft? )[ (0.75/12 ft)? / 4] 


_ PVD _ (62.36 lbm/ft 3)(6.272 ft/s)(0.75/12 ft) 


4 7.536 x10~* Ibm/ft-s 
which is greater than 4000. Therefore, the flow is turbulent. The relative 
roughness of the pipe is 








Re = 32,440 






Water 

D=0.75 in 
1.2 lbm/s 

_ 5x10 ft 


= = 8x10 
0.75/12 ft 


é 


The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


-5 
A zoog E2, 5 yi zorg E 2.51 | 


JI 3.7 ReJf iT 3.7 32440 F 


It gives f= 0.02328. Then the pressure drop and the required power input become 














2 3 2 
AP =P, = L pv = 0.02328 lft (62.36 lbm/ft” )(6.272 ft/s) ( 11bf )- 14.2 Tbf/ft? 
D 2 0.75/12 ft 2 32.2 lbm - ft/s 
: 2 
A -VAP = mAP _ (1.2 Ibm/s)(14.2 Ibf/ft~ ) ( 1W = 0.37 W (per ft length) 


P 62.36 lbm/ft? 0.737 Ibf - ft/s 


Therefore, useful power input in the amount of 0.37 W is needed per ft of tube length to overcome the frictional losses in 
the pipe. 


Discussion The friction factor could also be determined easily from the explicit Haaland relation. It would give f = 
0.02305, which is sufficiently close to 0.02328. Also, the friction factor corresponding to ¢ = 0 in this case is 0.02306, 
which indicates that copper pipes can be assumed to be smooth with a negligible error. Also, the power input determined is 
the mechanical power that needs to be imparted to the fluid. The shaft power will be more than this due to pump 
inefficiency; the electrical power input will be even more due to motor inefficiency. 





8-18 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 8 Flow in Pipes 


8-43 
Solution The pressure of oil in a pipe which discharges into the atmosphere is measured at a certain location. The 
flow rates are to be determined for 3 different orientations. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The flow is laminar (to be verified). 4 The pipe involves no components such as bends, valves, and 
connectors. 5 The piping section involves no work devices such as pumps and turbines. 


Properties The density and dynamic viscosity of oil are given to be p = 876 kg/m’ and z= 0.24 kg/m:s. 
Analysis The pressure drop across the pipe and the cross-sectional area are 
AP = P, —P, =135-88=47kPa 
A, =D? /4=7(0.015 m)? /4 =1.767x10~4 m? 





135 kPa 


(a) The flow rate for all three cases can be determined from, 
, _(AP- pel sin @)aD* Oil 
128 uL 


where 0 is the angle the pipe makes with the horizontal. For the horizontal 
case, 8 = O and thus sin 0 = 0. Therefore, 


_ Aap" ee ee eee 


oie =——_ = =1.62x10° m?/s 
128uL —128(0.24kg/m-s)(15m){ 1N 1kPa 


(b) For uphill flow with an inclination of 8°, we have 8 = +8°, and 
(AP - pgL sin 0)xD* 
128 uL 


_ [(47,000 Pa - (876 kg/m? )(9.81 m/s? )(15 m) sin 8°]z (0.015 m)4 Í 1kg- m/s? 
128(0.24 kg/m-s)(15 m) (Pasa? 


Vuphil = 





=1.00x10° m/s 
(c) For downhill flow with an inclination of 8°, we have 0 = -8°, and 
(AP — pgL sin 0)aD* 
128 ul 
_ [(47,000 Pa — (876 kg/m?)(9.81 m/s” )(15 m) sin(-8°)]7(0.015 m)* [Hs -m/s? ) 


V downhill = 





128(0.24 kg/m -s)(15 m) 1Pa-m” 


=2.24x10° m3/s 
The flow rate is the highest for downhill flow case, as expected. The average fluid velocity and the Reynolds number in this 


case are 


j -5 3 
_V _ 224x10 = S 0.127 m/s 
A, 1.767x10™ m 
_ pYD _ (876 kg/m? (0.127 m/s)(0.015m) _ 


u 0.24 kg/m -s 





Re 7.0 


which is less than 2300. Therefore, the flow is laminar for all three cases, and the analysis above is valid. 


Discussion Note that the flow is driven by the combined effect of pressure difference and gravity. As can be seen from 
the calculated rates above, gravity opposes uphill flow, but helps downhill flow. Gravity has no effect on the flow rate in 
the horizontal case. 
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Chapter 8 Flow in Pipes 
8-44 
Solution Glycerin is flowing through a horizontal pipe which discharges into the atmosphere at a specified flow rate. 
The absolute pressure at a specified location in the pipe, and the angle @ that the pipe must be inclined downwards for the 
pressure in the entire pipe to be atmospheric pressure are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The flow is laminar (to be verified). 4 The pipe involves no components such as bends, valves, and 
connectors. 5 The piping section involves no work devices such as pumps and turbines. 


Properties The density and dynamic viscosity of glycerin at 40°C are given to be p= 1252 kg/m’ and y= 0.27 kg/m-s. 


Analysis (a) The flow rate for horizontal or inclined pipe can be determined from 


Ve (AP — pgL sin @)xD* 








(1) 
128 uL i 
č P : 7 Glycerin, 
where O is the angle the pipe makes with the horizontal. For the 
horizontal case, 8 = 0 and thus sin 6 = 0. Therefore, 0.035 L/s 
4 
aie = APaD (2) L=25m 
Oriz 128 uL 


Solving for AP and substituting, 


AP 





128 4L Vori  128(0.27 kg/m - s)(25 m)(0.035x10° m?/s) 1kN 
pt (0.02 m)* ait a] 
= 60.2 kN/m’ = 60.2 kPa 
Then the pressure 25 m before the pipe exit becomes 


AP =P, -P, +>  P, =P, +AP =100+60.2=160.2 kPa 


(b) When the flow is gravity driven downhill with an inclination O, and the pressure in the entire pipe is constant at the 
atmospheric pressure, the hydrostatic pressure rise with depth is equal to pressure drop along the pipe due to frictional 
effects. Setting AP = P; — P, = 0 in Eq. (1) and substituting, Ois determined to be 


, pg sin OaD $ 
V downhill = 128 
u 


_ — (1252 kg/m*)(9.81 m/s”) sin 677(0.02 m)* 
128(0.27 kg/m s) 





0.035x10 7? m°?/s > @=-11.3° 


Therefore, the pipe must be inclined 11.3° downwards from the horizontal to maintain flow in the pipe at the same rate. 
Verification: The average fluid velocity and the Reynolds number in this case are 
oV V 0.035x10°m?;/s 
A, mD?/4  a0.02m)?/4 


_ pVD _ (1252 kg/m?)(0.111 m/s)(0.02 m) 2 
u 0.27 kg/m- s 


=0.111 m/s 





Re 10.3 


which is less than 2300. Therefore, the flow is laminar, as assumed, and the analysis above is valid. 


Discussion Note that the flow is driven by the combined effect of pressure difference and gravity. Gravity has no effect 
on the flow rate in the horizontal case, but it governs the flow alone when there is no pressure difference across the pipe. 
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Chapter 8 Flow in Pipes 
8-45 
Solution Air in a heating system is distributed through a rectangular duct made of commercial steel at a specified 
rate. The pressure drop and head loss through a section of the duct are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 Air is an ideal gas. 4 The duct involves no components such as bends, valves, and connectors. 5 The flow 
section involves no work devices such as fans or turbines. 


Properties The roughness of commercial steel surfaces is ¢ = 0.000045 m. The dynamic viscosity of air at 40°C is w= 
1.918x10° kg/m-s, and it is independent of pressure. The density of air listed in that table is for 1 atm. The density at 105 
kPa and 315 K can be determined from the ideal gas relation to be 












ee ae a = 1.169 kg/m? 
RT (0.287 kPa: m°/kg.K)(40 + 273 K) es 
t 
Analysis The hydraulic diameter, average velocity, and 0.2 ae 03 i 
Reynolds number are 
4A, 4ab 4(0.3 m)(0.20 m) 
h=—= = ——_—_—_ = 0.24m 
p  Xa+b)  2(0.3+0.20)m 
; . 3 Air 
V V 0.5.m~/s 43°C 
V=—= ————— = 8.333 m/s 05 mi/s 





A axb (03m\02m) 


c 


_ PVD, _ (1.169 kg/m? )(8.333 m/s)(0.24 m) 





Re z = 121,900 
u 1.918x10” kg/m-s 
which is greater than 4000. Therefore, the flow is turbulent. The relative roughness of the duct is 
4.5x10% 
dime ee 
0.24m 


The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


/D eo 
Foo § ij I J a 2.51 


iF; 3.7 Ref Vf 37 :121,900)F 


It gives f= 0.01833. Then the pressure drop in the duct and the head loss become 
40m (1.169 kg/m?)(8.333 m/s)? 1N 














2 
AP = AP, = f £2 = 0.01833 |r =124Pa 





D 2 0.24m 2 1 kg- m/s? 
AP LV? 4 8.333 m/s)? 
paar a e 3 =10.8m 
pg D 2g 0.24m 2(9.81 m/s”) 


Discussion The required pumping power in this case is 


W oump = VAP = (0.5 m*/s)(124 pa{ =62W 
um] 3 

1 Pa-m~/s 
Therefore, 62 W of mechanical power needs to be imparted to the fluid. The shaft power will be more than this due to fan 
inefficiency; the electrical power input will be even more due to motor inefficiency. Also, the friction factor could be 
determined easily from the explicit Haaland relation. It would give f= 0.0181, which is sufficiently close to 0.0183. 
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Chapter 8 Flow in Pipes 


8-46 
Solution Glycerin is flowing through a smooth pipe with a specified average velocity. The pressure drop per 10 m of 
the pipe is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The pipe involves no components such as bends, valves, and connectors. 4 The piping section involves no 
work devices such as pumps and turbines. 


Properties The density and dynamic viscosity of glycerin at 40°C are given to be p = 1252 kg/m’ and y= 0.27 kg/m-s, 
respectively. 


Analysis The volume flow rate and the Reynolds number are 
V =VA, =V (aD? /4) = (3.5 m/s)[7(0.05 m)? / 4] = 0.006872 m3/s 


_ PVD, _ (1252 kg/m?)(3.5 m/s)(0.05 m) 
u 0.27 kg/m `s 
which is less than 2300. Therefore, the flow is laminar, and the friction 
factor for this circular pipe is L=10m 
64 _ 4 _ 0.07887 
Re 811.5 
Then the pressure drop in the pipe becomes 
2 3 2 
1252k: ; 
AP =AP, = L pv -0.07887 10m (1252 kg/m“ )(3.5 m/s) 1kN 1kPa 
D 2 0.05 m 2 1000 kg- m/s J1 KN/m? 


Glyceri 
=811.5 3.5 m5 D=5cm 





Re 





J=121 kPa 


Discussion The required pumping power in this case is 

1kW 
kPa -m?/s 
Therefore, 0.83 kW of mechanical power needs to be imparted to the fluid. The shaft power will be more than this due to 
pump inefficiency; the electrical power input will be even more due to motor inefficiency. 


Wa = VAP = (0.006872 m?/s)(121 kraf- 


pump 


) =0.83 kW 
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Chapter 8 Flow in Pipes 


8-47 g 


P 


Solution In the previous problem, the effect of the pipe diameter on the pressure drop for the same constant flow rate 
is to be investigated by varying the pipe diameter from 1 cm to 10 cm in increments of 1 cm. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


g=9.81 
Vdot=3.5*pi*(0.05)*2/4 
Ac=pi*D*2/4 

rho= 1252 

nu=mu/rho 

mu=0.27 

L=10 

V=Vdot/Ac 

"Reynolds number" 
Re=V*D/nu 

f=64/Re 
DP=f*(L/D)*rho*V“2/2000 "kPa" 
W=Vdot*DP "kW" 








D,m AP, kPa V, m/s Re 
0.01 75600 87.5 4057 
0.02 4725 21.88 2029 
0.03 933.3 9.722 1352 
0.04 295.3 5.469 1014 
0.05 121 3.5 811.5 
0.06 58.33 2.431 676.2 
0.07 31.49 1.786 579.6 
0.08 18.46 1.367 507.2 
0.09 11.52 1.08 450.8 
0.1 7.56 0.875 405.7 

















80000 








70000 


60000 





50000 








40000 


30000 





DP, kPa 


20000 








10000 






































0 1 1 
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 
D,m 


Discussion The pressure drop decays quite rapidly with increasing diameter — by several orders of magnitude, in fact. 
We conclude that larger diameter pipes are better when pressure drop is of concern. Of course, bigger pipes cost more and 
take up more space, so there is typically an optimum pipe size that is a compromise between cost and practicality. 
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Chapter 8 Flow in Pipes 
8-48E 
Solution Air is flowing through a square duct made of commercial steel at a specified rate. The pressure drop and 
head loss per ft of duct are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 Air is an ideal gas. 4 The duct involves no components such as bends, valves, and connectors. 5 The flow 
section involves no work devices such as fans or turbines. 


Properties The density and dynamic viscosity of air at 1 atm and 60°F are p = 0.07633 lbm/ft’, x = 0.04365 lbm/ft-h, 
and v= 0.5718 ft7/s = 1.588x10* ft/s. The roughness of commercial steel surfaces is ¢ = 0.00015 ft. 






Analysis The hydraulic diameter, the average velocity, and the Reynolds number in this case are 
4A, 4a? 
D,=—o =“ =a=1ft 
p 4a : 
Air duct 


1 ft x 1 ft 





. 2 a 
y = = Y= 008 Imin _ 1200 f’min = 20 f/s 
A. a (if) 


Cc 


VD 20 ft/s)(1 ft 
see Ne se 0" 
v 1.588x10" ft/s Air 
which is greater than 4000. Therefore, the flow is turbulent. i Pe w 


The relative roughness of the duct is 
0.00015 ft 


1ft 
The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


1 eID, es) 1 1.5x104 2.51 


J=- a? Tf > T 3.7 + 125,9007 


It gives f= 0.0180. Then the pressure drop in the duct and the head loss become 
L pv? 1 ft (0.07633 Ibm/ft* )(20 ft/s) ( 1lbf 


AP = AP, = f —£— = 0.0180 — — 
D 2 1 ft 2 32.2 Ibm- fi/s 


AP Ly 1ft (20 ft/s)? 
Lof sgorio -nts - 
pZ D 2g 1ft 2(32.2 ft/s?) 


Re 





elD, = =1.5x104 





=-2.0 oe, 


J- 8.53x10™° Ibf/ft? 


hy = =0.112 ft 





Discussion The required pumping power in this case is 


wW 


pump 


1W 
0.737 lbf - ft/s 
Therefore, 0.231 W of mechanical power needs to be imparted to the fluid per ft length of the duct. The shaft power will be 
more than this due to fan inefficiency; the electrical power input will be even more due to motor inefficiency. Also, the 
friction factor could be determined easily from the explicit Haaland relation. It would give f= 0.0178, which is sufficiently 
close to 0.0180. 


= VAP = (1200 / 60 ft?/s)(8.53x 107° Ibf/ft? f ) = 0.231 W (per ft length) 
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Chapter 8 Flow in Pipes 


8-49 
Solution Liquid ammonia is flowing through a copper tube at a specified mass flow rate. The pressure drop, the head 
loss, and the pumping power required to overcome the frictional losses in the tube are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The pipe involves no components such as bends, valves, and connectors. 4 The piping section involves no 
work devices such as pumps and turbines. 


Properties The density and dynamic viscosity of liquid ammonia at -20°C are p = 665.1 kg/m? and yw = 2.361x10" 
kg/m-s. The roughness of copper tubing is 1.5x10° m. 


Analysis First we calculate the average velocity and the Reynolds number to determine the flow regime: 
j j 0.15 kg/ 
a=" _- 8 ____ = 11.49 m/s 
PA, p(aD~/4)  (665.1kg/m~ )[7(0.005 m)* / 4] 
_ pVD _ (665.1 kg/m?)(11.49 m/s)(0.005 m) 
4 2.361x1074 kg/m s 
which is greater than 4000. Therefore, the flow is turbulent. The 
relative roughness of the pipe is 
-6 
EDE 1.5x10 ° m -3x10 
0.005 m 
The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


4 
o=-20e 2? 2.51 | J 200 2 2.51 | 


T aek Tr 37 1618x10° |F 


It gives f= 0.01819. Then the pressure drop, the head loss, and the useful pumping power required become 


V= 








Re =1.618x10° Ammonia 





0.15 kg/s 


L=30m 














L pv’ 
AP=AP. = f=? 
z To 5 
665.1 kg/m*)(11.49 m/s) 
= 0.018192 ™ l s ) a | LEPA = 4792 kPa = 4790 KPa 
0.005 m 2 1000 kg- m/s? (1 KN/m? 
AP 3 11.4 ? 
me er apg = ews” aA 
Pz D 2g 0.005 m 2(9.81 m/s”) 
. l j .15 kg/s)(4792 kP 
Vii Vp ee of se )=1.08 Kw 
p 665.1 kg/m 1 kPa-m”™/s 


Therefore, useful power input in the amount of 1.08 kW is needed to overcome the frictional losses in the tube. 


Discussion The friction factor could also be determined easily from the explicit Haaland relation. It would give f = 
0.0180, which is sufficiently close to 0.0182. The friction factor corresponding to ¢ = 0 in this case is 0.0163, which is 
about 10% lower. Therefore, the copper tubes in this case are nearly “smooth”. 

Also, the power input determined is the mechanical power that needs to be imparted to the fluid. The shaft power 
will be more than this due to pump inefficiency; the electrical power input will be even more due to motor inefficiency. 
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Chapter 8 Flow in Pipes 
8-50 [Also solved using EES on enclosed DVD] 


Solution Water is flowing through a brass tube bank of a heat exchanger at a specified flow rate. The pressure drop 
and the pumping power required are to be determined. Also, the percent reduction in the flow rate of water through the 
tubes is to be determined after scale build-up on the inner surfaces of the tubes. 


Assumptions 1 The flow is steady, horizontal, and incompressible. 2 The entrance effects are negligible, and thus the 
flow is fully developed (this is a questionable assumption since the tubes are short, and it will be verified). 3 The inlet, exit, 
and header losses are negligible, and the tubes involve no components such as bends, valves, and connectors. 4 The piping 
section involves no work devices such as pumps and turbines. 


Properties The density and dynamic viscosity of water at 20°C are p = 983.3 kg/m’ and w = 0.467x10° kg/m-s, 
respectively. The roughness of brass tubing is 1.5x10° m. 






Analysis First we calculate the average velocity and the 80 tubes 
Reynolds number to determine the flow regime: 
; ‘ 3 
y- V V _ 0.015 m/s -2.387 m/s 





Ae Nume (D?/4) 80[7(0.01m)* / 4] 


_ PVD, _ (983.3 kg/m? )(2.387 m/s)(0.01 m) 
u 0.467 x107? kg/m -s 


which is greater than 4000. Therefore, the flow is turbulent. The 
relative roughness of the pipe is 


1.5x10% 
ahe V Aaaa lem Water 
0.01m 
The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 


Colebrook equation using an equation solver (or an iterative scheme), 


-4 
1 --2.0004 £12. 2.51 | on zog S 2.51 | 


Vf 3.7 Ref f Vf 37 50,270) f 


It gives f= 0.0214. Then the pressure drop, the head loss, and the useful pumping power required become 





Re = 50,270 














2 3 2 
AP =AP, pL? _og1415™ (983.3 kg/m? )(2.387 m/s) 1kN í Pa )-8.99kPa 
D 0.01m 2 1000 kg - m/s 1 kN/m 
Wump = VAP = (0.015 m°/s)(8.99 kea ze ]=0.135 kW 
1 kPa .m?”/s 


Therefore, useful power input in the amount of 0.135 kW is needed to overcome the frictional losses in the tube. The 
hydrodynamic entry length in this case is 


Lh turbulent ¥ LOD = 10(0.01 m) = 0.1m 


which is much less than 1.5 m. Therefore, the assumption of fully developed flow is valid. (The effect of the entry region is 
to increase the friction factor, and thus the pressure drop and pumping power). 


After scale buildup: When 1-mm thick scale builds up on the inner surfaces (and thus the diameter is reduced to 0.8 cm 
from 1 cm) with an equivalent roughness of 0.4 mm, and the useful power input is fixed at 0.135 kW, the problem can be 
formulated as follows (note that the flow rate and thus the average velocity are unknown in this case): 


v=- e yp (1) 
A, Nune (D14) 80[7 (0.008 m)? / 4] 


3 
Re- 2P , pe- (983-3 kg/m*)V (0.008 m) 
4 0.467 x 107? kg/m-s 
_ 0.0004 m _ 


~ 0.008 m 





(2) 


é/D 0.05 
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Chapter 8 Flow in Pipes 








ES 20104 2 as) Se --20of 258, 25 


af 3.7 “Ree vf 3.7 Ref 





(3) 
L ov? 1.5m (983.3 kg/m°)V? 1kN 1kPa 
por E : -=f ( g/m”) . =] (4) 
D 2 0.008 m 2 1000 kg -m/s° J1 KN/m 
W ump =0.135kW > VAP =0.135 (5) 


Solving this system of 5 equations in 5 unknown (f, Re, V, AP, and V) using an equation solver (or a trial-and-error 
approach, by assuming a velocity value) gives 


f= 0.0723, Re = 28,870, V = 1.714 m/s, AP = 19.6 kPa, and V = 0.00689 m’/s = 6.89 L/s 


Then the percent reduction in the flow rate becomes 


on > Viiny = 15-6.89 
/ 15 


Reduction ratio = =0.54=54% 





clean 


Therefore, for the same pump input, the flow rate will be reduced to less than half of the original flow rate when the pipes 
were new and clean. 


Discussion The friction factor could also be determined easily from the explicit Haaland relation. Also, the power 
input determined is the mechanical power that needs to be imparted to the fluid. The shaft power will be more than this due 
to pump inefficiency; the electrical power input will be even more due to motor inefficiency. 





Minor Losses 


8-51C 
Solution We are to define minor loss and minor loss coefficient. 
Analysis The head losses associated with the flow of a fluid through fittings, valves, bends, elbows, tees, inlets, 
exits, enlargements, contractions, etc. are called minor losses, and are expressed in terms of the minor loss coefficient as 
= h L 
"V7 12g) 


Discussion Basically, any irreversible loss that is not due to friction in long, straight sections of pipe is a minor loss. 





8-52C 
Solution We are to define equivalent length and its relationship to the minor loss coefficient. 


Analysis Equivalent length is the length of a straight pipe which would give the same head loss as the minor loss 
component. It is related to the minor loss coefficient by 
D 


Le uiv =— K; 
ENO f 


Discussion Equivalent length is not as universal as minor loss coefficient because it depends on the roughness and 
Reynolds number of the equivalent straight section of pipe. 
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Chapter 8 Flow in Pipes 


8-53C 
Solution We are to discuss the effect of rounding a pipe inlet. 
Analysis The effect of rounding of a pipe inlet on the loss coefficient is (c) very significant. 


Discussion In fact, the minor loss coefficient changes from 0.8 for a reentrant pipe inlet to about 0.03 for a well- 
rounded pipe inlet — quite a significant improvement. 





8-54C 
Solution We are to discuss the effect of rounding on a pipe outlet. 
Analysis The effect of rounding of a pipe exit on the loss coefficient is (a) negligible. 


Discussion At any pipe outlet, all the kinetic energy is wasted, and the minor loss coefficient is equal to œ, which is 
about 1.05 for fully developed turbulent pipe flow. Rounding of the outlet does not help. 





8-55C 
Solution We are to compare the minor losses of a gradual expansion and a gradual contraction. 
Analysis A gradual expansion, in general, has a greater minor loss coefficient than a gradual contraction in 


pipe flow. This is due to the adverse pressure gradient in the boundary layer, which may lead to flow separation. 


Discussion Note, however, that pressure is “recovered” in a gradual expansion. In other words, the pressure rises in the 
direction of flow. Such a device is called a diffuser. 





8-56C 
Solution We are to discuss ways to reduce the head loss in a pipe flow with bends. 
Analysis Another way of reducing the head loss associated with turns is to install turning vanes inside the elbows. 


Discussion There are many other possible answers, such as: reduce the inside wall roughness of the pipe, use a 
larger diameter pipe, shorten the length of pipe as much as possible, etc. 





8-57C 
Solution We are to compare two different ways to reduce the minor loss in pipe bends. 
Analysis The loss coefficient is lower for flow through a 90° miter elbow with well-designed vanes (K; ~ 0.2) than it 


is for flow through a smooth curved bend (K; ~ 0.9). Therefore, using miter elbows with vanes results in a greater 
reduction in pumping power requirements. 


Discussion Both values are for threaded elbows. The loss coefficients for flanged elbows are much lower. 
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Chapter 8 Flow in Pipes 
8-58 
Solution Water is to be withdrawn from a water reservoir by drilling a hole at the bottom surface. The flow rate of 
water through the hole is to be determined for the well-rounded and sharp-edged entrance cases. 


Assumptions 1 The flow is steady and incompressible. 2 The reservoir is open to €) 
the atmosphere so that the pressure is atmospheric pressure at the free surface. 3 The 
effect of the kinetic energy correction factor is disregarded, and thus a= 1. 


Analysis The loss coefficient is Kz = 0.5 for the sharp-edged entrance, and Kz Water 
= 0.03 for the well-rounded entrance. We take point 1 at the free surface of the 

reservoir and point 2 at the exit of the hole. We also take the reference level at the 

exit of the hole (z) = 0). Noting that the fluid at both points is open to the atmosphere ee eee 
(and thus P, = P, = Pam) and that the fluid velocity at the free surface is zero (V, = ead 

0), the energy equation for a control volume between these two points (in terms of © 
heads) simplifies to 





P y? P Ve V2 
l l = +a, >+ Z3 + hurbinee +41 => z =@, —+h; 
PZ 2g PZ 2g ' 2g 
2 


V 
where the head loss is expressed as h,;, = K, a Substituting and solving for V2 gives 
g 


V? V? 


2 2 
ins a 43. Beis 
2g 2g Q +K; 1+K, 








Z,=Q@) +K; 


since œ = 1. Note that in the special case of K; = 0, it reduces to the Toricelli equation V, = 42gz; , as expected. Then the 


volume flow rate becomes 


V=A y. _ Diote 282z; 
oe 4 YI+K; 


Substituting the numerical values, the flow rate for both cases are determined to be 


2 2 2 
Well-rounded entrance: V = Diole oe = Ss 20.81m/s Bm) =1.34 x10 m?/s 
4 1+ K; 4 1+0.03 


. mD? 2 ; 2 = 
Shamed oad Ve AE 2 AEL n 4 ado ms 
4 Y1+K, 4 





1+0.5 


Discussion The flow rate in the case of frictionless flow (K; = 0) is 1.36x10° m°/s. Note that the frictional losses cause 
the flow rate to decrease by 1.5% for well-rounded entrance, and 18.5% for the sharp-edged entrance. 
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Chapter 8 Flow in Pipes 
8-59 
Solution Water is discharged from a water reservoir through a circular hole of diameter D at the side wall at a 
vertical distance H from the free surface. A relation for the “equivalent diameter’ of the sharp-edged hole for use in 
frictionless flow relations is to be obtained. 


Assumptions 1 The flow is steady and incompressible. 2 The reservoir is open to the atmosphere so that the pressure is 
atmospheric pressure at the free surface. 3 The effect of the kinetic energy correction factor is disregarded, and thus a= 1. 


Analysis The loss coefficient is K; = 0.5 for the sharp-edged entrance, and K; = 0 for the “frictionless” flow. We take 
point | at the free surface of the reservoir and point 2 at the exit of the hole, which is also taken to be the reference level (z, 
= 0). Noting that the fluid at both points is open to the atmosphere (and thus P, = P3 = Pam) and that the fluid velocity at the 
free surface is zero (V,; = 0), the energy equation for a control volume between these two points (in terms of heads) 
simplifies to 
2 2 2 
Trg anai r O iN +h, > Bena Ahr 
PZ 2g 2g 2g 


pump,u — turbin e, e 


V 2 
where the head loss is expressed as h, = K, a Substituting and solving for V2 gives 
g 


V? V? 2gH 2gH 
H=, —+K, — >  2gH=V2(@ +K) > n= | -= |2 
2g 2g æ&+K,; 1+K, 


since œ = 1. Then the volume flow rate becomes 


Va Ay, =D [2 
BO ah A A 


Note that in the special case of K; = O (frictionless flow), the velocity relation reduces to the Toricelli equation, 


V, frictionless = V2 . The flow rate in this case through a hole of D. (equivalent diameter) is 
2 


7 mm, uiv 
V= Ac equiv V7 frictionless = A y 2gH (2) © 


Setting Eqs. (1) and (2) equal to each other gives the desired relation for the 
equivalent diameter, 








(1) 








AD D? [2gH 
equiv 7T Z Water D © 
— OW heH = 4 
4 4 \1+K, 4 
PSS N 
which gives ^ 
D D 


D4. == =- = 0.904 D Dequiv < D 
equiv (+K, )* (1+0.5)"* q 


Discussion Note that the effect of frictional losses of a sharp-edged entrance is to reduce the diameter by about 10%. 
Also, noting that the flow rate is proportional to the square of the diameter, we have V œ DŻ u = (0.904D)? =0.82D°. 


equiv 


Therefore, the flow rate through a sharp-edged entrance is about 18% less compared to the frictionless entrance case. 
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Chapter 8 Flow in Pipes 
8-60 
Solution Water is discharged from a water reservoir through a circular hole of diameter D at the side wall at a 
vertical distance H from the free surface. A relation for the “equivalent diameter” of the slightly rounded hole for use in 
frictionless flow relations is to be obtained. 


Assumptions 1 The flow is steady and incompressible. 2 The reservoir is open to the atmosphere so that the pressure is 
atmospheric pressure at the free surface. 3 The effect of the kinetic energy correction factor is disregarded, and thus a= 1. 


Analysis The loss coefficient is K; = 0.12 for the slightly rounded entrance, and K; = 0 for the “frictionless” flow. 
We take point | at the free surface of the reservoir and point 2 at the exit of the hole, which is also taken to be the 
reference level (z2 = 0). Noting that the fluid at both points is open to the atmosphere (and thus Pı = P2 = Pam) and that the 


fluid velocity at the free surface is zero (V; = 0), the energy equation for a control volume between these two points (in 
terms of heads) simplifies to 


P, V? P. V? V? 
+a +z +h +a, —+ z, +h th, > H=@,—>—+h; 
PZ 2g 2g 2g 


pump,u — turbin e, e 


y? 
where the head loss is expressed as h, =K, ae Substituting and solving for V2 gives 
g 


V? V? 2gH 2gH 
H=, —+K, — > 2H=V2(a,+K;) > n= | -= |E 
2g 2g æ& +K; 1+K, 


since œ = 1. Then the volume flow rate becomes 


2 
. 2gH 
Vadina i 
4 V1+K, 
Note that in the special case of Kz = 0 (frictionless flow), the velocity relation reduces to the Toricelli equation, 
V3 frictionless = ¥ 2221 - The flow rate in this case through a hole of D, (equivalent diameter) is 
` aD uiv 
V= Ar equiv V2 frictionless = A y 2gH (2) 


Setting Eqs. (1) and (2) equal to each other gives the desired relation 
for the equivalent diameter, 








(1) 








aD? nD? | 20H Water D @) 
equiv & 
2gH = 
4 2 4 1+K, t ~ 
which gives | T 
D D Dequiv < D 


Dos = =0.972 D 
n A+K,)* (14+0.12)'" 





Discussion Note that the effect of frictional losses of a slightly rounded entrance is to reduce the diameter by about 3%. 
Also, noting that the flow rate is proportional to the square of the diameter, we have V x De iy = (0.972D)* =0.945D". 


equiv 


Therefore, the flow rate through a slightly rounded entrance is about 5% less compared to the frictionless entrance case. 
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Chapter 8 Flow in Pipes 
8-61 
Solution A horizontal water pipe has an abrupt expansion. The water velocity and pressure in the smaller diameter 
pipe are given. The pressure after the expansion and the error that would have occurred if the Bernoulli Equation had been 
used are to be determined. 


Assumptions 1 The flow is steady, horizontal, and incompressible. 2 The flow at both the inlet and the outlet is fully 
developed and turbulent with kinetic energy corrections factors of @ = @ = 1.06 (given). 


Properties We take the density of water to be p= 1000 kg/m’. 
Analysis Noting that p = const. (incompressible flow), the downstream velocity of water is 
A, y, = aD? 14 y, = D? y, = (0.08 m)? 
As aD? 14 D (0.16 m)? 


The loss coefficient for sudden expansion and the head loss can be calculated from 


Asan) _(, D2) _(, 0082) 
K,=|1-—™ h = h i z =0.5625 





(10 m/s) = 2.5 m/s 














Avarge D 0.16 
V? 1 2 

h, =K; Osi 
2g 2(9.81 m/s”) 


Noting that z,; = z. and there are no pumps or turbines 
involved, the energy equation for the expansion section can be 
expressed in terms of heads as 
2 2 2 2 
Mam Ciani gy ac > P +4 Moh +a Va +h, 
pg 2g Pg 2g i pg 2g Pg 2g 
Solving for P, and substituting, 


V? -aV 
Pee ee Lae" -en 


= 2.87 m 








2 


2 2 
zigouia sdonikgm ee w ogn aaae N e E) 
2 1000 kg - m/s J1 KN/m? 


=322 kPa 
Therefore, despite the head (and pressure) loss, the pressure increases from 300 kPa to 321 kPa after the expansion. This is 
due to the conversion of dynamic pressure to static pressure when the velocity is decreased. 
When the head loss is disregarded, the downstream pressure is determined from the Bernoulli equation to be 











P v? P, Ve P vV? P v? V? -n 
Lp l pgm agp Lyp ai yp 2 > P=P+pt— 

pg 2g pg 2g pg 2g pg 2g 2 

Substituting, 
1 As; 2 
P, = (300 kPa) + (1000 kg/m?) LOM) ~@5 mis)" /__IKN __UkPa_) _ 347 KPa 
2 1000 kg- m/s \1kN/m2 

Therefore, the error in the Bernoulli equation is Error = P> Bemouti — P2 = 347-322 = 25.0 kPa 


Note that the use of the Bernoulli equation results in an error of (347 — 322) / 322 = 0.078 or 7.8%. 


Discussion It is common knowledge that higher pressure upstream is necessary to cause flow, and it may come as a 
surprise that the downstream pressure has increased after the abrupt expansion, despite the loss. This is because the sum of 
the three Bernoulli terms which comprise the total head, consisting of pressure head, velocity head, and elevation head, 
namely [P/pg + %V"/g+ z], drives the flow. With a geometric flow expansion, initially higher velocity head is converted to 
downstream pressure head, and this increase outweighs the non-convertible and non-recoverable head loss term. 
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Chapter 8 Flow in Pipes 


Piping Systems and Pump Selection 


8-62C 
Solution We are to compare the flow rate and pressure drop in two pipes of different diameters in series. 
Analysis For a piping system that involves two pipes of different diameters (but of identical length, material, and 


roughness) connected in series, (a) the flow rate through both pipes is the same and (b) the pressure drop through the 
smaller diameter pipe is larger. 


Discussion The wall shear stress on the smaller pipe is larger, friction factor fis larger, and thus the head loss is higher. 





8-63C 
Solution We are to compare the flow rate and pressure drop in two pipes of different diameters in parallel. 
Analysis For a piping system that involves two pipes of different diameters (but of identical length, material, and 


roughness) connected in parallel, (a) the flow rate through the larger diameter pipe is larger and (b) the pressure drop 
through both pipes is the same. 


Discussion Since the two pipes separate from each other but then later re-join, the pressure drop between the two 
junctions must be the same, regardless of which pipe segment is under consideration. 





8-64C 
Solution We are to compare the pressure drop of two different-length pipes in parallel. 
Analysis The pressure drop through both pipes is the same since the pressure at a point has a single value, and the 


inlet and exits of these the pipes connected in parallel coincide. 


Discussion The length, diameter, roughness, and number and type of minor losses are all irrelevant — for any two pipes 
in parallel, both have the same pressure drop. 





8-65C 
Solution We are to discuss whether the required pump head is equal to the elevation difference when irreversible 
head losses are negligible. 


Analysis Yes, when the head loss is negligible, the required pump head is equal to the elevation difference between 
the free surfaces of the two reservoirs. 


Discussion A pump in a piping system may: (1) raise the fluid’s elevation, and/or (2) increase the fluid’s kinetic energy, 
and/or (3) increase the fluid’s pressure, and/or (4) overcome irreversible losses. In this case, (2), (3), and (4) are zero or 
negligible; thus only (1) remains. 





8-66C 
Solution We are to explain how the operating point of a pipe/pump system is determined. 
Analysis The pump installed in a piping system operates at the point where the system curve and the 


characteristic curve intersect. This point of intersection is called the operating point. 


Discussion The volume flow rate “automatically” adjusts itself to reach the operating point. 
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8-67C 
Solution We are to draw a pump head versus flow 
rate chart and identify several parameters. 


Analysis The plot of the head loss versus the flow 
rate is called the system curve. The experimentally 
determined pump head and pump efficiency versus the 
flow rate curves are called characteristic curves. The 
pump installed in a piping system operates at the point 
where the system curve and the characteristic curve 
intersect. This point of intersection is called the 
operating point. 

Discussion By matching the system (demand) curve 
and the . 
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Chapter 8 Flow in Pipes 
8-68 [Also solved using EES on enclosed DVD] 


Solution The pumping power input to a piping system with two parallel pipes between two reservoirs is given. The 
flow rates are to be determined. 

Reservoir B 
Assumptions 1 The flow is steady and incompressible. 2 Zp=2 m 
The entrance effects are negligible, and thus the flow is fully ceil, 
developed. 3 The elevations of the reservoirs remain constant. z= m 25 m 
4 The minor losses and the head loss in pipes other than the 3 cm 
parallel pipes are said to be negligible. 5 The flows through x 
both pipes are turbulent (to be verified). © 


Properties The density and dynamic viscosity of water at ©) 
20°C are p = 998 kg/m? and u = 1.002x10° kg/m-s. Plastic 5cm 
pipes are smooth, and their roughness is zero, ¢= 0. Pump 


Analysis This problem cannot be solved directly since the velocities (or flow rates) in the pipes are not known. 
Therefore, we would normally use a trial-and-error approach here. However, nowadays the equation solvers such as EES are 
widely available, and thus below we will simply set up the equations to be solved by an equation solver. The head supplied 
by the pump to the fluid is determined from 


E PVehpump,u e a (998 kg/m? XV (9.81 m/s? )h 
pump-motor 0.68 


elect,in 
We choose points 4 and B at the free surfaces of the two reservoirs. Noting that the fluid at both points is open to the 
atmosphere (and thus Py = Pg = Pm) and that the fluid velocities at both points are zero (V4 = Vz =0), the energy equation 
for a control volume between these two points simplifies to 


pump, u 





(a) 


P vi P Ve 
Atay A474 tloump.y = +37 4+25 +Nurinee +41 => M ampa =(Zg—Z4)+h; 
pZ 2g PZ 2g 
or 
Prag =(9-2)+h, (2) 
where 


h; = hra = hi (3) (4) 


We designate the 3-cm diameter pipe by 1 and the 5-cm diameter pipe by 2. The average velocity, Reynolds number, 
friction factor, and the head loss in each pipe are expressed as 











V V, V 
V =-= =— > V= — (5) 
Ac 1D? 14 (0.03m)? /4 
V. V. V. 
V, =—— = = > V, =———— (6) 
Aez D214 z(0.05m)? /4 
VD 998 kg/m? )V, (0.03 
ee ae a ™ a 
u 1.002x10 ” kg/m: s 
PVD, : (998 kg/m? )V, (0.05 m) @) 


Re, =———_ > Re, z 
4 1.002x10 ~” kg/m- s 


ID 2 l 
yo La zoos 25t Jo 


1 
= -2.0 log + > 
JA 3.7 ae JA Re, SA 


z zog 22 oa) | LE 201 0+ 2] (10 


+ > 
3.7 Res J fa ahs 














1 
A 








Res yf 

L, V? 25m y? 
hifi LJ > Ayah l a (11) 

D, 2g 0.03 m 2(9.81 m/s”) 

L, V2 25m V? 
hasj a > h= 2 (12) 
m2h D, 2g 12 = f2 0.05m 2(9.81 m/s”) 
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Chapter 8 Flow in Pipes 
V=V,4+V, a3) 
This is a system of 13 equations in 13 unknowns, and their simultaneous solution by an equation solver gives 
V =0.0183 m3/s, V, =0.0037m?/s, V, =0.0146m°/s, 
V, = 5.30 m/s, V2 = 7.42 m/s, h; =h; =h;2 =19.5m, Apumpu = 26.5 m 
Re, = 158,300, Re, = 369,700, fi =0.0164, f= 0.0139 


Note that Re > 4000 for both pipes, and thus the assumption of turbulent flow is verified. 


Discussion This problem can also be solved by using an iterative approach, but it will be very time consuming. 
Equation solvers such as EES are invaluable for this kind of problems. 
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Chapter 8 Flow in Pipes 
8-69E 
Solution The flow rate through a piping system connecting two reservoirs is given. The elevation of the source is to 
be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The elevations of the reservoirs remain constant. 4 There are no pumps or turbines in the piping system. 


Properties The density and dynamic viscosity of water at 70°F are p = 62.30 lbm/ft? and u = 2.360 lbm/ft-h = 
6.556x10™ Ibm/ft-s. The roughness of cast iron pipe is ¢= 0.00085 ft. 


Analysis The piping system involves 120 ft of 2-in diameter piping, a well-rounded entrance (K; = 0.03), 4 standard 
flanged elbows (K; = 0.3 each), a fully open gate valve (K; = 0.2), and a sharp-edged exit (K; = 1.0). We choose points 1 
and 2 at the free surfaces of the two reservoirs. Noting that the fluid at both points is open to the atmosphere (and thus P, = 
Pa = Pam), the fluid velocities at both points are zero (V, = V, =0), the free surface of the lower reservoir is the reference 
level (z) = 0), and that there is no pump or turbine (Apumpu = Mturbine = 0), the energy equation for a control volume between 
these two points simplifies to 


P, V? P, V? 


n e +h > z=h,; 


turbine, e 


L y? 
where hy = Arrota = AL,major + AL minor = G D = 2 Kı \e 


since the diameter of the piping system is constant. The average velocity in the 
pipe and the Reynolds number are 


_V_ V_ ___ 10/60 ft?/s 
A, aD? 14 (2/12 ft)? /4 





= 7.64 ft/s 






2.3 Ibm/ft* )(7.64 ft/s)(2/12 ft Z 
pe = L/D _ (623m) 7.64FUSIAN2AD L 60700 ! 
u 1.307 x10 ~ Ibm/ft- s 120 ft 
which is greater than 4000. Therefore, the flow is turbulent. The relative 2in f 
roughness of the pipe is X ©) 
10 ft*/mi 
pj pa POWE isi ore 
2/12 ft 


The friction factor can be determined from the Moody chart, but to avoid the 
reading error, we determine it from the Colebrook equation using an equation 
solver (or an iterative scheme), 


peat LP 2.51 | 4s 1 zorog 208 2.51 | 


Uf BT Ree) Oe 3.1 60,700) F 


It gives f= 0.0320. The sum of the loss coefficients is 





Kk, = Ky entrance + 4K L elbow + K L valve + K sexit = 9-03 + 4x 0.34 0.2 + 1.0 = 2.43 


Then the total head loss and the elevation of the source become 


2 2 
7.64 ft 
hy “(5K Jo = (0.0320) =o na) H- 23.1ft 
D 2g 2/12 ft 2(32.2 ft/s”) 





z, =h, =23.1ft 


Therefore, the free surface of the first reservoir must be 23.1 ft above the free surface of the lower reservoir to ensure water 
flow between the two reservoirs at the specified rate. 


Discussion Note that {L/D = 23.0 in this case, which is almost 10 folds of the total minor loss coefficient. Therefore, 
ignoring the sources of minor losses in this case would result in an error of about 10%. 
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Chapter 8 Flow in Pipes 
8-70 
Solution A water tank open to the atmosphere is initially filled with water. A sharp-edged orifice at the bottom drains 
to the atmosphere. The initial velocity from the tank and the time required to empty the tank are to be determined. 
Assumptions 1 The flow is uniform and incompressible. 2 The flow is turbulent so that the tabulated value of the loss 
coefficient can be used. 3 The effect of the kinetic energy correction factor is negligible, @= 1. 


Properties The loss coefficient is K; = 0.5 for a sharp-edged entrance. 


Analysis (a) We take point | at the free surface of the tank, and point 2 at the exit of the orifice. We also take the 
reference level at the centerline of the orifice (z, = 0), and take the positive direction of z to be upwards. Noting that the 
fluid at both points is open to the atmosphere (and thus P; = P2 = Pm) and that the fluid velocity at the free surface is very 
low (V; = 0), the energy equation for a control volume between these two points (in terms of heads) simplifies to 
2 2 2 
a £ Jig! ie, th th, > ang ah 
pg 2g pg 2g 2g 


turbine, e 


2 
where the head loss is expressed as h; =K; a Substituting and solving for V2 gives 
E 


y? y? 2 
z=a, +K, > 2gz=V;(a,+K,) + h= Je -e 
E E 2 E Water tank 


where œ = 1. Noting that initially z; = 2 m, the initial velocity is determined to be 


2gz : 
hs gz, _ |29.81 m/s OM L 511m/s 
1+K, 1+0.5 


The average discharge velocity through the orifice at any given time, in general, can be expressed as 


2 
V, = & 
1+K, 


where z is the water height relative to the center of the orifice at that time. 


(b) We denote the diameter of the orifice by D, and the diameter of the tank by Do. The flow rate of water from the tank can 
be obtained by multiplying the discharge velocity by the orifice area, 






<—3m — > 














2 
. 2 
v= A orifice V, = = = 
4 V1+kK, 
Then the amount of water that flows through the orifice during a differential time interval dt is 
2 
, 2 
Weva E (1) 
4 V1+kK, 


which, from conservation of mass, must be equal to the decrease in the volume of water in the tank, 
2 
aD 
dV = Arm (-dz) =— ae (2) 
where dz is the change in the water level in the tank during dt. (Note that dz is a negative quantity since the positive 


direction of z is upwards. Therefore, we used —dz to get a positive quantity for the amount of water discharged). Setting 
Eqs. (1) and (2) equal to each other and rearranging, 


D? |2 DE D? +K D2 +K 
a Z n=- d ah, pe La > d=- LW gp 
4 \1+K, 4 D? \ 2gz D? 2g 


The last relation can be integrated easily since the variables are separated. Letting tbe the discharge time and integrating it 
from t = 0 when z = z, to t= ty when z= 0 (completely drained tank) gives 


0 
a4] 
pae MR ag, 4 _ Dg fl+K, [27 | _ 2D6 I+ Ky i? 
10 D2\ 2g J= f DNY 2g -1+1 D2 \ 2g | 


Zi 
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Chapter 8 Flow in Pipes 


Simplifying and substituting the values given, the draining time is determined to be 


De 2 i 
p 0 2z,(1+K,) (Gm) : La =704 s=11.7 min 
Ip g (0.1m) 9.81 m/s 


Discussion The effect of the loss coefficient K, on the draining time can be assessed by setting it equal to zero in the 
draining time relation. It gives 


Dg [2 3m)? | 22 
Í f zeroloss = = san aie = 575s =9.6 min 
D g (0.1m) 9.81 m/s 


Note that the loss coefficient causes the draining time of the tank to increase by (11.7- 9.6)/11.7 = 0.18 or 18%, which is 
quite significant. Therefore, the loss coefficient should always be considered in draining processes. 
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Chapter 8 Flow in Pipes 
8-71 
Solution A water tank open to the atmosphere is initially filled with water. A sharp-edged orifice at the bottom drains 
to the atmosphere through a long pipe. The initial velocity from the tank and the time required to empty the tank are to be 
determined. 


Assumptions 1 The flow is uniform and incompressible. 2 The draining pipe is horizontal. 3 The flow is turbulent so that 
the tabulated value of the loss coefficient can be used. 4 The friction factor remains constant (in reality, it changes since the 
flow velocity and thus the Reynolds number changes). 5 The effect of the kinetic energy correction factor is negligible, so 
we set a= 1. 


Properties The loss coefficient is K; = 0.5 for a sharp-edged entrance. The friction factor of the pipe is given to be 
0.015. 
Analysis (a) We take point | at the free surface of the tank, and point 2 at the exit of the pipe. We take the reference 


level at the centerline of the pipe (z2 = 0), and take the positive direction of z to be upwards. Noting that the fluid at both 
points is open to the atmosphere (and thus P; = P; = Pam) and that the fluid velocity at the free surface is very low (V; = 0), 
the energy equation for a control volume between these two points (in terms of heads) simplifies to 


P V? P. V? V? 
a + Z + h pump, u = 4) 42 + hurbine,e + Az = zı =@,->+h, 
pg 2g PZ 2g 2g 


where 


L y? L y? 
hy = hr roat = hr major thr minor =| f +9 Ki El SK, 
L L,total L,major L,minor Gj D z) 2g (s D z) 2g 


since the diameter of the piping system is constant. Substituting and solving for V gives 


v? L v? 2 
Z =@,3 2 (4 +K, 2 > V, = ee 
2g D 2g A,+fL/ID+K, 


where a = 1. Noting that initially z, = 2 m, the initial velocity is determined to be 


2 ‘ 
Boys, | on SO SAs 
, 1+ fL/D+K, 1+0.015(100 m)/(0.1m) +0.5 


The average discharge velocity at any given time, in general, can be expressed 
as 








2gz 


V, = Se kt on ee ee 
1+ fL/D+K, 


where z is the water height relative to the center of the orifice at that time. 


(b) We denote the diameter of the pipe by D, and the diameter of the tank by D,. The flow rate of water from the tank can 
be obtained by multiplying the discharge velocity by the pipe cross-sectional area, 
2 
P 2 
V = App = aD J O 8 
4 V1+/L/D+K, 


Then the amount of water that flows through the pipe during a differential time interval dt is 


2 
Wives 2e iy 
4 V1+/L/D+K, 





(1) 


which, from conservation of mass, must be equal to the decrease in the volume of water in the tank, 


aD? 
dV = Aan (dz) = ar dz (2) 


where dz is the change in the water level in the tank during dt. (Note that dz is a negative quantity since the positive 


direction of z is upwards. Therefore, we used —dz to get a positive quantity for the amount of water discharged). Setting 
Eqs. (1) and (2) equal to each other and rearranging, 
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D? 2 DÈ Dé [f+fLID+K Do [l+fL/D+K, -4 
Z = dt ° dz > dt 0 f Ldz=- 2 f Lz 2dz The last relation 
4 V1+fL/D+K, 4 D? 2ez D? 2g 


can be integrated easily since the variables are separated. Letting tbe the discharge time and integrating it from ¢ = 0 when 
z =Z; to t = trwhen z = 0 (completely drained tank) gives 











0 


1 
t D2 {1+ fL/D+K, f° D? {1+ fL/D+K, |z? 2D? l+/LID+K, 2 
Gras def DE, Lf z"? dz >t; =- 0 f L |Z = iL Lz Simplifying 
t=0 D? 2g z=2, D? 2g + D? 2g 
Z 


and substituting the values given, the draining time is determined to be 


2 2 
js Di [2z,+ fL/D+K,) (3m) 2 ta)LEE(O.015)100 my Orlin) ¢ 05) re ee 
D g (0.1m) 9.81 m/s 


Discussion It can be shown by setting ZL = 0 that the draining time without the pipe is only 11.7 min. Therefore, the 
pipe in this case increases the draining time by more than 3 folds. 
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Chapter 8 Flow in Pipes 
8-72 
Solution A water tank open to the atmosphere is initially filled with water. A sharp-edged orifice at the bottom drains 
to the atmosphere through a long pipe equipped with a pump. For a specified initial velocity, the required useful pumping 
power and the time required to empty the tank are to be determined. 


Assumptions 1 The flow is uniform and incompressible. 2 The draining pipe is horizontal. 3 The flow is turbulent so that 
the tabulated value of the loss coefficient can be used. 4 The friction factor remains constant. 5 The effect of the kinetic 
energy correction factor is negligible, so we set a= 1. 


Properties The loss coefficient is K; = 0.5 for a sharp-edged entrance. The friction factor of the pipe is given to be 
0.015. The density of water at 30°C is p = 996 kg/m’, 


Analysis (a) We take point | at the free surface of the tank, and point 2 at the exit of the pipe. We take the reference 
level at the centerline of the orifice (z, = 0), and take the positive direction of z to be upwards. Noting that the fluid at both 
points is open to the atmosphere (and thus P; = P2 = P.,) and that the fluid velocity at the free surface is very low (V; = 0), 
the energy equation for a control volume between these two points (in terms of heads) simplifies to 
P v? P v? Vy 
a, 142) + Moumpy = +a +2) th +h, > z+h =æ, —+h; 
pg 2g pZ 2g 2 
where œ = 1 and 
L y? L y? 
hi = hi ota =AL mao tArm =S =+? Ki (=l fK, 
L L,total L,major L,minor Gj D > L) 2g Gj D z) 2g 
since the diameter of the piping system is constant. Substituting and noting that the initial discharge velocity is 4 m/s, the 
required useful pumping head and power are determined to be 


mn = pA.V> = p(aD? 14V» = (996 kg/m? [z (0.1m)? /4](4 m/s) = 31.3 kg/m? 


2 


L v; 
Pap “(4 5+K, Ja -(1+.015) 


turbine, e pump, u 





2 
moi +05 nS) paein 


0.1m 2(9.81 m/s”) 
W = VAP = mgh 


pump, u pump, u 


= (31.3 kg/s)(9.81 m/s” (11.46 m) — a }-382 kW 
1000 kg-m/s* IKN : m/s 


Therefore, the pump must supply 3.52 kW of mechanical energy to water. Note that the shaft power of the pump must be 
greater than this to account for the pump inefficiency. 


(b) When the discharge velocity remains constant, the flow rate of water becomes 
V = AV = (aD? 14V, = [7(0.1m)?/4](4 m/s) = 0.03142 m?/s 
The volume of water in the tank is 
V = Aan Zi = DE /4)z7 = [23 m)? /4(2 m) =14.14 m? 


Then the discharge time becomes 
V 1414m? 


=— 3 = 450s = 7.5 min 
V 0.03142 m°/s 








Discussion 


1 Note that the pump reduces the discharging time from 38.9 min to 7.5 min. The assumption of constant discharge velocity 
can be justified on the basis of the pump head being much larger than the elevation head (therefore, the pump will dominate 
the discharging process). The answer obtained assumes that the elevation head remains constant at 2 m (rather than 
decreasing to zero eventually), and thus it under predicts the actual discharge time. By an exact analysis, it can be shown 
that when the effect of the decrease in elevation is considered, the discharge time becomes 468 s = 7.8 min. This is 
demonstrated below. 


2 The required pump head (of water) is 11.46 m, which is more than 10.3 m of water column which corresponds to the 
atmospheric pressure at sea level. If the pump exit is at 1 atm, then the absolute pressure at pump inlet must be negative ( = 
-1.16 m or — 11.4 kPa), which is impossible. Therefore, the system cannot work if the pump is installed near the pipe exit, 


8-42 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 8 Flow in Pipes 


and cavitation will occur long before the pipe exit where the pressure drops to 4.2 kPa and thus the pump must be installed 
close to the pipe entrance. A detailed analysis is given below. 


Demonstration 1 for Prob. 8-72 (extra) (the effect of drop in water level on discharge time) 
Noting that the water height z in the tank is variable, the average discharge velocity through the pipe at any given time, in 
general, can be expressed as 


y2 2g(Z+h umpu) 
PAN (sZ, Z-z 5, eee Mb 
pump, D 2g 1+ fL/D+K, 


where z is the water height relative to the center of the orifice at that time. We denote the diameter of the pipe by D, and the 
diameter of the tank by Do. The flow rate of water from the tank can be obtained by multiplying the discharge velocity by 
the cross-sectional area of the pipe, 


2 [2g(Z+Moump u) 
VA ee 


PE 4 \V1+/L/D+K, 


Then the amount of water that flows through the orifice during a differential time interval dt is 


: 2 |22(Zz+ h umpu) 
dV = vdt- P LE T pumpu? y (1) 
4 \1+/fL/D+K, 


which, from conservation of mass, must be equal to the decrease in the volume of water in the tank, 

aD 
4 

where dz is the change in the water level in the tank during dt. (Note that dz is a negative quantity since the positive 


direction of z is upwards. Therefore, we used —dz to get a positive quantity for the amount of water discharged). Setting 
Eqs. (1) and (2) equal to each other and rearranging, 


2 [28(2+ hpump,u) aD DÈ [1+ fL/D+K E 
D eE i ip TO pe open METER a E 
4 \1+fL/D+K, 4 D? 2g ' 


The last relation can be integrated easily since the variables are separated. Letting t, be the discharge time and integrating it 
from t = 0 when z = z, to f = ty when z = 0 (completely drained tank) gives 


t DZ {1+ fL/D+K, f° 
f a=- DE Lf (Z+ hpump,u) |” dz 
t=0 D 2g Z=2] i 


Performing the integration gives 


dV = Aan dz) =- 





dz (2) 








110 
Do [i+ fL/D+K, (Z+ pump)? |) Ds [eee (Swe 





fas a0. ZO 
7 D 2g 4 D? g g 


sj 


| Substituting the 


values given, the draining time is determined to be 











paa Bm)? [ee [eT T 
f 


(0.1m)? 9.81 m/s” 9.81 m/s” 
= 468 s = 7.8 min 


Demonstration 2 for Prob. 8-72 (on cavitation) 

We take the pump as the control volume, with point 1 at the inlet and point 2 at the exit. We assume the pump inlet and 
outlet diameters to be the same and the elevation difference between the pump inlet and the exit to be negligible. Then we 
have z; = z, and V; = V;. The pump is located near the pipe exit, and thus the pump exit pressure is equal to the pressure at 
the pipe exit, which is the atmospheric pressure, P> = Pam. Also, the can take Az = O since the frictional effects and loses in 
the pump are accounted for by the pump efficiency. Then the energy equation for the pump (in terms of heads) reduces to 


P, y? P Ve Pii P 
tay 5 +2 +h Oy hayek ie bo aR a 








pump,u — turbine, e pump, u 


PS g PE & PE PE 
Solving for P, and substituting, 
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Fiabe = Pin re PZh pump, u 


= (101.3 kPa) — (996 kg/m? )(9.81 m/s? )(11.46 m) = Go =-10.7kPa 

1000 kg-m/s* \.1kN/m? 
which is impossible (absolute pressure cannot be negative). The technical answer to the question is that cavitation will 
occur since the pressure drops below the vapor pressure of 4.246 kPa. The practical answer is that the question is invalid 
(void) since the system will not work anyway. Therefore, we conclude that the pump must be located near the beginning, 
not the end of the pipe. Note that when doing a cavitation analysis, we must work with the absolute pressures. (If the 
system were installed as indicated, a water velocity of V = 4 m/s could not be established regardless of how much pump 
power were applied. This is because the atmospheric air and water elevation heads alone are not sufficient to drive such 
flow, with the pump restoring pressure after the flow.) 

To determine the furthest distance from the tank the pump can be located without allowing cavitation, we assume 
the pump is located at a distance L* from the exit, and choose the pump and the discharge portion of the pipe (from the 
pump to the exit) as the system, and write the energy equation. The energy equation this time will be as above, except that 
h; (the pipe losses) must be considered and the pressure at | (pipe inlet) is the cavitation pressure, P, = 4.246 kPa: 








P y? P. y? P abs P L* y? 
— +a +z] + honing 3 = +a, +25 + Aiurbine,e +h; = nt FA inpri =" tf ae ee 
pg 2g pg 2g pg pg D 2g 
L* y? P abs = Pim 
or — — = H h aum u 
D 2g pz pump, 


Substituting the given values and solving for L* gives 
L* (4m/s)? (4.246 —101.3)kN/m?° { 1000 kg- m/s” 
0.1m 2(9.81m/s?) (996 kg/m*)(9.81 m/s”) 1kN 


Therefore, the pump must be at least 12.5 m from the pipe exit to avoid cavitation at the pump inlet (this is where the 
lowest pressure occurs in the piping system, and where the cavitation is most likely to occur). 

Cavitation onset places an upper limit to the length of the pipe on the suction side. A pipe slightly longer would 
become vapor bound, and the pump could not pull the suction necessary to sustain the flow. Even if the pipe on the suction 
side were slightly shorter than 100 — 12.5 = 87.5 m, cavitation can still occur in the pump since the liquid in the pump is 
usually accelerated at the expense of pressure, and cavitation in the pump could erode and destroy the pump. 

Also, over time, scale and other buildup inside the pipe can and will increase the pipe roughness, increasing the 
friction factor f, and therefore the losses. Buildup also decreases the pipe diameter, which increases pressure drop. 
Therefore, flow conditions and system performance may change (generally decrease) as the system ages. A new system 
that marginally misses cavitation may degrade to where cavitation becomes a problem. Proper design avoids these 
problems, or where cavitation cannot be avoided for some reason, it can at least be anticipated. 


(0.015) Jars m) > L*=12.5m 
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8-73 
Solution Oil is flowing through a vertical glass funnel which is always maintained full. The flow rate of oil through 
the funnel and the funnel effectiveness are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed (to be verified). 3 The frictional loses in the cylindrical reservoir are negligible since its diameter is very large 
and thus the oil velocity is very low. 


Properties The density and viscosity of oil at 20°C are p = 888.1 kg/m? and = 0.8374 kg/m-s. 


Analysis We take point | at the free surface of the oil in the cylindrical reservoir, and point 2 at the exit of the funnel 
pipe which is also taken as the reference level (Zz, = 0). The fluid at both points is open to the atmosphere (and thus P, = P, 
= Pm) and that the fluid velocity at the free surface is negligible (V, = 0). For the ideal case of “frictionless flow,” the exit 
velocity is determined from the Bernoulli equation to be 


P v? P, Ve 
+z HHHH > Va =V¥ pgs =a 2824 
pg 2g pg 2g 

Substituting, 


Va max = V221 = 29.81 m/s? )(0.40 m) = 2.801 m/s 


This is the flow velocity for the frictionless case, and thus it is the maximum flow 
velocity. Then the maximum flow rate and the Reynolds number become 


V nax = V3 max A, z V3 max (aD; 14) 
= (2.801 m/s)[z (0.01 m)? / 4] = 2.20x107™4 m?/s 





Re- pVD _ (888.1 kg/m? )(2.801 m/s)(0.01 m) 
u 0.8374 kg/m -s 


=29.71 


which is less than 2300. Therefore, the flow is laminar, as postulated. (Note that in the actual case the velocity and thus the 
Reynolds number will be even smaller, verifying the flow is always laminar). The entry length in this case is 


L, =0.05 Re D = 0.05 x 29.71 x (0.01 m) = 0.015 m 


which is much less than the 0.25 m pipe length. Therefore, the entrance effects can be neglected as postulated. 
Noting that the flow through the pipe is laminar and can be assumed to be fully developed, the flow rate can be 
determined from the appropriate relation with 0 = -90° since the flow is downwards in the vertical direction, 
y - (AP -pgLsin 0)nD* 
128 uL 


ipe inlet =P ie exit = (Patm + P2heyiinder ) — Pim = P2heylinder is the pressure difference across the pipe, L = h 


where AP = P, 


pipe» 


and sin @ = sin (-90°) = -1. Substituting, the flow rate is determined to be 


Fa P2 (heyiinder + pipe) 7D" _ (888.1 kg/m? )(9.81 m/s?)(0.15 +0.25 m)z(0.01 m)“ 
128 uL 128(0.8374 kg/m -s)(0.25 m) 

Then the “funnel effectiveness” becomes 

V 4.09x10~° m*/s 


Eff = —— 


Vinax 2.201074 m/s 


= 4.09x107° m?/s 





=0.0186 or 1.86% 


Discussion Note that the flow is driven by gravity alone, and the actual flow rate is a small fraction of the flow rate that 
would have occurred if the flow were frictionless. 
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8-74 
Solution Oil is flowing through a vertical glass funnel which is always maintained full. The flow rate of oil through 
the funnel and the funnel effectiveness are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed (to be verified). 3 The frictional loses in the cylindrical reservoir are negligible since its diameter is very large 
and thus the oil velocity is very low. 


Properties The density and viscosity of oil at 20°C are p = 888.1 kg/m? and = 0.8374 kg/m-s. 


Analysis We take point | at the free surface of the oil in the cylindrical reservoir, and point 2 at the exit of the funnel 
pipe, which is also taken as the reference level (z, = 0). The fluid at both points is open to the atmosphere (and thus P; = P, 
= Pm) and that the fluid velocity at the free surface is negligible (V,;= 0). For the ideal case of “frictionless flow,” the exit 
velocity is determined from the Bernoulli equation to be 


P v? P, vV? 
4147, =~427 42, > V, =V; max =y428z 
pZ 2g pZ 2g 


(a) Case 1: Pipe length remains constant at 25 cm, but the pipe diameter is doubled 
to D, = 2 cm: 


Substitution gives 


Vaz max = 4221 = 29.81 m/s? (0.40 m) = 2.801 m/s 


This is the flow velocity for the frictionless case, and thus it is the maximum flow | 
velocity. Then the maximum flow rate and the Reynolds number become | 


Vinax =Vo,max 42 = V2.max (2D /4) = (2.801 m/s)[ 7z (0.02 m)? / 4] ©) 
=8.80x107* m*/s 


_ pvD _ (888.1 kg/m )(2.801 m/s)(0.02 m) 
u 0.8374 kg/m -s 


Re =59.41 





which is less than 2300. Therefore, the flow is laminar. (Note that in the actual case the velocity and thus the Reynolds 
number will be even smaller, verifying the flow is always laminar). The entry length is 


L, =0.05 Re D = 0.05 x 59.41 x (0.02 m) = 0.059 m 


which is considerably less than the 0.25 m pipe length. Therefore, the entrance effects can be neglected (with reservation). 
Noting that the flow through the pipe is laminar and can be assumed to be fully developed, the flow rate can be 
determined from the appropriate relation with O = -90° since the flow is downwards in the vertical direction, 
, _ (AP - pgL sin 0)azD* 
E 128 uL 


where AP = Prine intet — Poipeexit = (Patm + P8Mcytinder) — Patm = P&Mcyinder 18 the pressure difference across the pipe, L = hpipe, 


and sin 0 = sin (-90°) = -1. Substituting, the flow rate is determined to be 


,  PB(Acyiinder + Mpipe )aD* _ (888.1 kg/m? )(9.81 m/s” )(0.15+0.25 m)z(0.02 m)* 


V =6.54x10° m?/s 
128 uL 128(0.8374 kg/m - s)(0.25 m) 





Then the “funnel effectiveness” becomes 


V  0.654x10™% m°/s 
V 8.801074 m/s 


max 





Eff = =0.074 or 7.4% 


(b) Case 2: Pipe diameter remains constant at 1 cm, but the pipe length is doubled 
to L = 50 cm: 


Substitution gives 


Va max = ¥282, = 29.81 m/s? (0.65 m) = 3.571 m/s 





8-46 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 8 Flow in Pipes 


This is the flow velocity for the frictionless case, and thus it is the maximum flow 
velocity. Then the maximum flow rate and the Reynolds number become 


V max = Vo max 42 = V3 max (aD3 14) = (3.571 m/s)[z(0.01 m)? 1/4] 
= 2.805x10™f m? /s 


_ PVD _ (888.1 kg/m? )(3.571 m/s)(0.01 m) 
u 0.8374 kg/m -s 


Re = 37.87 


which is less than 2300. Therefore, the flow is laminar. (Note that in the actual case the velocity and thus the Reynolds 
number will be even smaller, verifying the flow is always laminar). The entry length is 


L, =0.05 Re D = 0.05 x 37.87 x (0.01 m) = 0.019 m 


which is much less than the 0.50 m pipe length. Therefore, the entrance effects can be neglected. 
Noting that the flow through the pipe is laminar and can be assumed to be fully developed, the flow rate can be 
determined from the appropriate relation with 0 = -90° since the flow is downwards in the vertical direction, 
V- (AP — pgL sin 0)aD* 
128 uL 
where AP = Prine inter — Poipeexit = (Patm + P8Mcytinder) — Patm = ZZheylinder 18 the pressure difference across the pipe, L = hpipe, 


and sin @ = sin (-90°) = -1. Substituting, the flow rate is determined to be 


_ PE Acytinder + Mpipe )abD* _ (888.1 kg/m*)(9.81 m/s” (0.15 +0.50 m)z(0.01 m)* 
128 uL 128(0.8374 kg/m -s)(0.50 m) 





V =3.32 x10 m/s 


Then the “funnel effectiveness” becomes 


V 332x10 m°/s 


Eff = — 
Vinax  2.805x10™* m°/s 


=0.0118 or 1.18% 





Discussion Note that the funnel effectiveness increases as the pipe diameter is increased, and decreases as the pipe 
length is increased. This is because the frictional losses are proportional to the length but inversely proportional to the 
diameter of the flow sections. 
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8-75 
Solution Water is drained from a large reservoir through two pipes connected in series. The discharge rate of water 
from the reservoir is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The pipes are horizontal. 3 The entrance effects are negligible, 
and thus the flow is fully developed. 4 The flow is turbulent so that the tabulated value of the loss coefficients can be used. 
5 The pipes involve no components such as bends, valves, and other connectors. 6 The piping section involves no work 
devices such as pumps and turbines. 7 The reservoir is open to the atmosphere so that the pressure is atmospheric pressure 
at the free surface. 8 The water level in the reservoir remains constant. 9 The effect of the kinetic energy correction factor is 
negligible, a= 1. 


Properties The density and dynamic viscosity of water at 15°C are p = 999.1 kg/m?® and w = 1.138x10° kg/m-s, 
respectively. The loss coefficient is K, = 0.5 for a sharp-edged entrance, and it is 0.46 for the sudden contraction, 
corresponding to d’/D’ = 4’/10° = 0.16. The pipes are made of plastic and thus they are smooth, ¢= 0. 


Analysis We take point | at the free surface of the reservoir, and point 2 at the exit of the pipe, which is also taken to 
be the reference level (z, = 0). Noting that the fluid at both points is open to the atmosphere (and thus P, = P, = P.tm), the 
fluid level in the reservoir is constant (V; = 0), and that there are no work devices such as pumps and turbines, the energy 
equation for a control volume between these two points (in terms of heads) simplifies to 
2 2 2 
Fp i SO end eet > 2, =a)? +h, 
2g P! 2g 2g 


Pg 
where a = 1. Substituting, 
Vs 
=— +h, (1) 
2(9.8 1m/s~* ) 
where 





L y? 
h; = hy total Z hi major T lt minor = » Gj D + DK, } 2g 





20m 35 m 


Note that the diameters of the two pipes, and thus the flow velocities through them are different. Denoting the first pipe by 
1 and the second pipe by 2, and using conservation of mass, the velocity in the first pipe can be expressed in terms of V, as 
A D} 4cm)? 

ly, -=2r, sL ka o 


1 2 PY A, = Pl 242 i= A, D? ESE 


Then the head loss can be expressed as 
L y? L v? 
ba = (A+ Kc [of E - Kamin E 
Dı a 2g D, ee) Oe 
or 





v? v? 
n| aii +0,5) [z am roso) i - 
0.10m 2(9.81m/s* 0.04 m 2(9.81m/s~* ) 
The flow rate, the Reynolds number, and the friction factor are expressed as 


V =V,4, =V, (D21) > V=V,[2(0.04m)"/4] (4) 





VD Ake/m? d 
te oP. g Re, = 0" g/m Wi 0m) 6) 
u 1.138x107° kg/m- s 
V,D 999.1 kg/m*)V, (0.04 
Rego. > Resi aoe CHM g 
u 1.138x107° kg/m- s 





et Dr 2.51 2) > 1 2.51 “| (7) 


1 
——=-2.0lo = —2.0log} 0 +———— 
at {4 : "Re, JA an | Re, JA 


ID : 
= = 916 {a zA J+ l +20 0+ 2 (8) 


Vio "Redh) vh Re, yfo 
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Chapter 8 Flow in Pipes 
This is a system of 8 equations in 8 unknowns, and their simultaneous solution by an equation solver gives 
V =0.00595 m*/s , VY, =0.757 m/s, V2 = 4.73 m/s, hy = hy, + hr = 0.13 + 16.73 = 16.86 m, 
Re, = 66,500, Re, = 166,200, fı =0.0196, f= 0.0162 


Note that Re > 4000 for both pipes, and thus the assumption of turbulent flow is valid. 


Discussion This problem can also be solved by using an iterative approach by assuming an exit velocity, but it will be 
very time consuming. Equation solvers such as EES are invaluable for this kind of problems. 
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Chapter 8 Flow in Pipes 
8-76E 
Solution The flow rate through a piping system between a river and a storage tank is given. The power input to the 
pump is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The flow is turbulent so that the tabulated value of the loss coefficients can be used (to be verified). 4 The 
elevation difference between the free surfaces of the tank and the river remains constant. 5 The effect of the kinetic energy 
correction factor is negligible, a= 1. 


Properties The density and dynamic viscosity of water at 70°F are p = 62.30 lbm/ft? and u = 2.360 lbm/ft-h = 
6.556x10" lbm/ft-s. The roughness of galvanized iron pipe is ¢ = 0.0005 ft. 


Analysis The piping system involves 125 ft of 5-in diameter piping, an entrance with negligible loses, 3 standard 
flanged 90° smooth elbows (K; = 0.3 each), and a sharp-edged exit (K; = 1.0). We choose points | and 2 at the free surfaces 
of the river and the tank, respectively. We note that the fluid at both points is open to the atmosphere (and thus P, = P, = 
Pm), and the fluid velocity is 6 ft/s at point | and zero at point 2 (V, = 6 ft/s and V; =0). We take the free surface of the 
river as the reference level (zı = 0). Then the energy equation for a control volume between these two points simplifies to 


P, v? P, Ve Ve 
—+t& 24 tM cmp =the + Z3 + Řiurbine,e + AL > a Hh stick =Z, +h, 
pg 2g pg 2g 2g 


where a, = | and 
L V? 
hy =hy soa = "1 major + ÅL minor = —+ °K, | 
L L,total L,major L,minor (r= z) 2g 


since the diameter of the piping system is constant. The average velocity in the 
pipe and the Reynolds number are 





vV V 1.5 ft?/s 








=—— = —— = 11.0 ft/s 
A, 7D? /4  7(5/12ft)7/4 t a 
2.3 Ibm/ft? (11.0 ft 12 ft == 
eo ES Ee 285500 River ——» 
u 6.556x10~ lbm/ft-s z 


which is greater than 4000. Therefore, the flow is turbulent. The relative roughness of the pipe is 
e/ p= 00012 
5/12ft 
The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 


Colebrook equation using an equation solver (or an iterative scheme), 


at 2004 2 = i 20104 2 2.51 | 


Jf 3.7 Ref JI 3.7 + 435,5047 


It gives f= 0.0211. The sum of the loss coefficients is 








YK, = Ky entrance +3K 7 elbow + Ky exit =0+3x0.3+1.0=1.9 


Then the total head loss becomes 
2 2 
125 ft 11.0 ft 
m, -(f 5+ K. |= (Coan z s10) CAS =1558 
D 2g 5/12 ft 2(32.2 ft/s*) 
The useful pump head input and the required power input to the pump are 





y? 2 
It nine =Z, +h; -Laia C ah 
' 2g 2(32.2 ft/s” ) 
= W ipu — VPM aaron, u 
ie 1 pump 1 pump 


(1.5 ft°/s) (62.30 Ibm/ft* )(32.2 ft/s? )(26.9 u 1 Ibf I 1 kw 
0.70 32.2 Ibm: ft/s” )\. 737 Ibf - ft/s 
Therefore, 4.87 kW of electric power must be supplied to the pump. 


) =4.87kW 
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Chapter 8 Flow in Pipes 


Discussion The friction factor could also be determined easily from the explicit Haaland relation. It would give f = 
0.0211, which is identical to the calculated value. The friction coefficient would drop to 0.0135 if smooth pipes were used. 
Note that fL/D = 6.3 in this case, which is about 3 times the total minor loss coefficient of 1.9. Therefore, the frictional 


losses in the pipe dominate the minor losses, but the minor losses are still significant. 





Solution 


In the previous problem, the effect of the pipe diameter on pumping power for the same constant flow rate 


is to be investigated by varying the pipe diameter from | in to 10 in in increments of | in. 


Analysis 


g=32.2 

L= 125 

D=Dinch/12 

z2= 12 

rho=62.30 

nu=mu/rho 

mu=0.0006556 

eff=0.70 

Re=V2*D/nu 

A=pi*(D^2)/4 

V2=Vdot/A 

Vdot= 1.5 

V1=6 

eps1=0.0005 

rf1=eps1/D 

1/sqrt(f1)=-2*log 10(rf1/3.7+2.51/(Re*saqrt(f1))) 
KL= 1.9 
HL=(f1*(L/D)+KL)*(V2‘2/(2*g)) 
hpump=z2+HL-V14%2/(2*32.2) 
Wpump=(Vdot*rho*hpump)/eff/737 


12000 


The EES Equations window is printed below, along with the tabulated and plotted results. 





















































D, in W pump KW V, ft/s Re 
1 2.178E+06 275.02 | 10667.48 
2 1.089E+06 68.75 289.54 
3 7.260E+05 30.56 38.15 
4 5.445E+05 17.19 10.55 
5 4.356E+05 11.00 4.88 
6 3.630E+05 7.64 3.22 
7 3.111E+05 5.61 2.62 
8 2.722E+05 4.30 2.36 
9 2.420E+05 3.40 2.24 
10 2.178E+05 2.75 2.17 





Discussion 


significant decrease in irreversible head loss in larger diameter pipes. 
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We see that the required pump power decreases very rapidly as pipe diameter increases. This is due to the 























Chapter 8 Flow in Pipes 
8-78 


Solution A solar heated water tank is to be used for showers using gravity driven flow. For a specified flow rate, the 
elevation of the water level in the tank relative to showerhead is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The flow is turbulent so that the tabulated value of the loss coefficients can be used (to be verified). 4 The 
elevation difference between the free surface of water in the tank and the shower head remains constant. 5 There are no 
pumps or turbines in the piping system. 6 The losses at the entrance and at the showerhead are said to be negligible. 7 The 
water tank is open to the atmosphere. 8 The effect of the kinetic energy correction factor is negligible, a= 1. 


Properties The density and dynamic viscosity of water at 40°C are p = 992.1 kg/m’ and w = 0.653x10° kg/m-s, 
respectively. The loss coefficient is K, = 0.5 for a sharp-edged entrance. The roughness of galvanized iron pipe is € = 
0.00015 m. 


Analysis The piping system involves 20 m of 1.5-cm diameter piping, an entrance with negligible loss, 4 miter bends 
(90°) without vanes (K; = 1.1 each), and a wide open globe valve (K; = 10). We choose point | at the free surface of water 
in the tank, and point 2 at the shower exit, which is also taken to be the reference level (z, = 0). The fluid at both points is 
open to the atmosphere (and thus P; = P; = P.tm), and V; = 0. Then the energy equation for a control volume between these 
two points simplifies to 


P Ve P Ve Ve 
— +a +z] + h pump, u = +a, ——+ Z3 + hubinese tA > 7) =A, —— +h, 
PZ 2g PZ 2g 2g 


L V? 
where A; =h; ot =A maior tAm =| S =+? Ki 
L L,total L,major L,minor (yr D ` z) 2g 


since the diameter of the piping system is constant. The average 
velocity in the pipe and the Reynolds number are 


V V 0.0007m°/s 
A. aD?/4 n(0.015m)?/4 
_ PVD 7 (992.1 kg/m? (3.961 m/s)(0.015 m) 
u 0.653x10 7°? kg/m-s 

which is greater than 4000. Therefore, the flow is turbulent. The relative 
roughness of the pipe is 

.0001 

eip- oi Showers 

0.015 m 
The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


I owg 2/24 25L| _, L -201g 20951, 251 
l 3.7 ReJf Jo 3.7 90,270,/ f 


It gives f= 0.03857. The sum of the loss coefficients is 
> K; = Ky entrance F 4K L elbow + K £ valve T K L exit =0+4x1.1+10+0=14.4 


Note that we do not consider the exit loss unless the exit velocity is dissipated within the system considered (in this case it 
is not). Then the total head loss and the elevation of the source become 


v2 Í 1 2 
n,-(f LEK J- (0.03857 - +144) DON i 
2 2g 0.015m 2(9.81 m/s”) 


-2 







Water tank 


V, = = 3.961 m/s 





Zi 





Re = 90,270 


0.7 L/s 














V? 3.961 m/s)? 

PEEL E 3 

2g 2(9.81 m/s~ ) 

since @ = 1. Therefore, the free surface of the tank must be 53.4 m above the shower exit to ensure water flow at the 
specified rate. 


+52.6m=53.4m 





Discussion We neglected the minor loss associated with the shower head. In reality, this loss is most likely significant. 





8-52 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 8 Flow in Pipes 
8-79 
Solution The flow rate through a piping system connecting two water reservoirs with the same water level is given. 
The absolute pressure in the pressurized reservoir is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The flow is turbulent so that the tabulated value of the loss coefficients can be used (to be verified). 4 There 
are no pumps or turbines in the piping system. 


Properties The density and dynamic viscosity of water at 10°C are p = 999.7 kg/m? and y= 1.307x10° kg/m-s. The 
loss coefficient is K; = 0.5 for a sharp-edged entrance, K; = 2 for swing check valve, K; = 0.2 for the fully open gate valve, 
and K; = 1 for the exit. The roughness of cast iron pipe is ¢= 0.00026 m. 


Analysis We choose points | and 2 at the free surfaces of the two reservoirs. We note that the fluid velocities at both 
points are zero (V; = Vz =0), the fluid at point 2 is open to the atmosphere (and thus Pz = Pm), both points are at the same 
level (z; = z.). Then the energy equation for a control volume between these two points simplifies to 





P y? P. v? P P, 
— +a, +z + hpump,u =— +æ, -+ z3 + hurbine,e +A; > L= +h; > P, = Pym + pgh; 
pg 2g pg 2g PZ PE 


L V? 
where A; =h; total = ÅL maior t AL minor =| S — +) Ki (— 
L L, total L,major L,minor [y D 3 L 2g 


since the diameter of the piping system is constant. The 
average flow velocity and the Reynolds number are 


V V  00012m°/s 
A, aD?I4 n(0.02m)?/4 
_ pPVaD _ (999.7 kg/m? )(3.82 m/s)(0.02 m) 
u 1.307x107° kg/m-s 
which is greater than 4000. Therefore, the flow is turbulent. 


The relative roughness of the pipe is 


g1 p = ®00Em _ 0013 
0.02 m 


The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


1 zoog £24254) 5 4x2 otogl 213,25! 
37 Reff) Vf 3.7 58,400 Jf 


It gives f= 0.0424. The sum of the loss coefficients is 


= 3.82 m/s 





= 


Re 





= 58,400 








os K; = Ks entrance T K L check valve + Ky. gate valve + K L exit =0.5+2+0.2+1=3.7 


Then the total head loss becomes 


y2 82 E 
n (745K Z- 0.024 Tu +37) CERA 658m 
D 2g 0.02m 2(9.81 m/s”) 





Substituting, 


1kN 1kP. 
P, = Pim + ggh; = (88 kPa) + (999.7 kg/m°)(9.81 m/s” )(65.8 m) re E) =734 kPa 
1000 kg - m/s 1kN/m 
Discussion The absolute pressure above the first reservoir must be 734 kPa, which is quite high. Note that the minor 
losses in this case are negligible (about 4% of total losses). Also, the friction factor could be determined easily from the 
explicit Haaland relation (it gives the same result, 0.0424). The friction coefficient would drop to 0.0202 if smooth pipes 
were used. 
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Chapter 8 Flow in Pipes 
8-80 
Solution A tanker is to be filled with fuel oil from an underground reservoir using a plastic hose. The required power 
input to the pump is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The flow is turbulent so that the tabulated value of the loss coefficients can be used (to be verified). 4 Fuel oil 
level remains constant. 5 Reservoir is open to the atmosphere. 


Properties The density and dynamic viscosity of fuel oil are given to be p = 920 kg/m’ and sz = 0.045 kg/m-s. The loss 
coefficient is K; = 0.12 for a slightly-rounded entrance and K; = 0.3 for a 90° smooth bend (flanged). The plastic pipe is 
smooth and thus ¢= 0. The kinetic energy correction factor at hose discharge is given to be a= 1.05. 


Analysis We choose point | at the free surface of oil in the reservoir and point 2 at the exit of the hose in the tanker. 
We note the fluid at both points is open to the atmosphere (and thus P, = P} = Pam) and the fluid velocity at point 1 is zero 
(V, = 0). We take the free surface of the reservoir as the reference level (z; = 0). Then the energy equation for a control 
volume between these two points simplifies to 
2 2 2 
i a ah PD gy NO ae +h, > Venu tls hes Oh 
pg 2g 2g ' 2g 


pump, u 7 turbine, e 


L Ve 
hi =hy sta =AL maor +L minoa =| S — +?) KL 
L L,total L,major L,minor Gj D > 1) 2g 


since the diameter of the piping system is constant. The flow rate is determined from the 
requirement that the tanker must be filled in 30 min, 


_ Vanker = 18 m? 


So = SO iim 
At (30x 60s) 


Then the average velocity in the pipe and the Reynolds 
number become 


V V  O0lm’řss 

A. zD?/4 2(0.05m)*/4 

_ p¥,D _ (920 kg/m? (5.093 m/s)(0.05 m) 
0.045 kg/m -s 


which is greater than 4000. Therefore, the flow is turbulent. The friction factor can be determined from the Moody chart, 
but to avoid the reading error, we determine it from the Colebrook equation, 


a a | Se Oios Oe 
Jf 37 Reff JI 52064 f 
It gives f= 0.0370. The sum of the loss coefficients is 
DK, = K} entrance + 2K L vena = 0.12 42% 0.3 =0.72 


Note that we do not consider the exit loss unless the exit velocity is dissipated within the system (in this case it is not). Then 
the total head loss, the useful pump head, and the required pumping power become 


L V? ( 20m Joon 
h, =| f—+) K, | =| (0.0370 +0.72 |=" = 20.5m 
[EK E- 00870 
2 





= 5.093 m/s 





z= 








Re = 5206 











0.05m 2(9.81 m/s”) 





y. , 2 
Aoump,u = == +z +h; = 1,95 28 mS)” 5m+20.5m =26.9m 
2g 2(9.81 m/s”) 
E Vogl pump, _ (0.01m*/s)(920 kg/m*)(9.81 m/s” )(26.9 m) 1kN | 1kW )- sacii 
= 1 pump 0.82 1000 kg m/s? Å 1KN -m/s 


Discussion Note that the minor losses in this case are negligible (0.72/15.52 = 0.046 or about 5% of total losses). Also, 
the friction factor could be determined easily from the Haaland relation (it gives 0.0372). 
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Chapter 8 Flow in Pipes 
8-81 


Solution Two pipes of identical length and material are connected in parallel. The diameter of one of the pipes is 
twice the diameter of the other. The ratio of the flow rates in the two pipes is to be determined 


Assumptions 1 The flow is steady and incompressible. 2 The friction factor is given to be the same for both pipes. 3 The 
minor losses are negligible. 


Analysis When two pipes are parallel in a piping system, the head loss for each pipe must be same. When the minor 
losses are disregarded, the head loss for fully developed flow in a pipe of length L and diameter D can be expressed as 
j N2 i 2 j T 
mal ego Spa V -gr Y _ L V 
t ! D2g ” D2g\4, D 2g | 4D? 14 Dg nD‘ gr’ D’ 


Solving for the flow rate gives 


[2 
i h 
V= T 25 kD? (k= constant of proportionality) 


When the pipe length, friction factor, and the head loss is constant, which is the case here for parallel connection, the flow 
rate becomes proportional to the 2.5" power of diameter. Therefore, when the diameter is doubled, the flow rate will 
increase by a factor of 2*° = 5.66 since 


Ve L 


If V, =kbD2 


Then Vp= EDS Ak OD, =2°5kD7> =275V] =5.66V, 


Therefore, the ratio of the flow rates in the two pipes is 5.66. 





Discussion The relationship of flow rate to pipe diameter is not linear or even quadratic. 
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Chapter 8 Flow in Pipes 
8-82 
Solution Cast iron piping of a water distribution system involves a parallel section with identical diameters but 
different lengths. The flow rate through one of the pipes is given, and the flow rate through the other pipe is to be 
determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The minor losses are negligible. 4 The flow is fully turbulent and thus the friction factor is independent of the 
Reynolds number (to be verified). 


Properties The density and dynamic viscosity of water at 15°C are p = 999.1 kg/m? and u = 1.138x10° kg/m-s. The 
roughness of cast iron pipe is ¢ = 0.00026 m. 





Analysis The average velocity in pipe A is 0.4 m/s 
Y j 8 y Pp 30 cm \ 1000 m 
V V 0.4m°/s = 
kisma 57 = 5.659 m/s A 
A, aD° 1/4 2(0.30m)* /4 =i 
When two pipes are parallel in a piping system, the head loss for each -= 
pipe must be same. When the minor losses are disregarded, the head 
loss for fully developed flow in a pipe of length Z and diameter D is B — 
2 1000 30 cm 
LV m 
h =f 
D 2g 


Writing this for both pipes and setting them equal to each other, and noting that D4 = Dz (given) and fy = fg (to be verified) 
gives 








Li V} Lg Ve L 1 
paupa a pand epena N an 
D, 2g Dg 2g Lpg 3000 m 


Then the flow rate in pipe B becomes 
V; = AV g =[7D° 141V; =[7(0.30 m)? / 418.267 m/s) = 0.231 m?/s 


Proof that flow is fully turbulent and thus friction factor is independent of Reynolds number: 


The velocity in pipe B is lower. Therefore, if the flow is fully turbulent in pipe B, then it is also fully turbulent in pipe A. 

The Reynolds number in pipe B is 

_ PVgD _ (999.1 kg/m 3)(3.267 m/s)(0.30 m) 
u 1.138x 107? kg/m-s 

which is greater than 4000. Therefore, the flow is turbulent. The relative roughness of the pipe is 


= 0.860x 10° 





Reg 


_ 0.00026 m 
0.30m 


é/D = 0.00087 

From Moody’s chart, we observe that for a relative roughness of 0.00087, the flow is fully turbulent for Reynolds number 
greater than about 10°. Therefore, the flow in both pipes is fully turbulent, and thus the assumption that the friction factor is 
the same for both pipes is valid. 


Discussion Note that the flow rate in pipe B is less than the flow rate in pipe A because of the larger losses due to the 
larger length. 
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Chapter 8 Flow in Pipes 
8-83 
Solution Cast iron piping of a water distribution system involves a parallel section with identical diameters but 
different lengths and different valves. The flow rate through one of the pipes is given, and the flow rate through the other 
pipe is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The minor losses other than those for the valves are negligible. 4 The flow is fully turbulent and thus the 
friction factor is independent of the Reynolds number. 


Properties The density and dynamic viscosity of water at 15°C are p = 999.1 kg/m? and u = 1.138x10° kg/m-s. The 
roughness of cast iron pipe is ¢ = 0.00026 m. 











Analysis For pipe A, the average velocity and the Reynolds number are 
3 0.4 m*/s 
Up ic aa 30cm y AR 1000 m 
A, aD° 1/4  2(0.30m)* /4 
V,D #5: 
Re, = PV 4D _ (999.1 kg/m” (5 2 m/s)(0.30 m) 1.49x10° 
u 1.138x10™ kg/m:s 
The relative roughness of the pipe is 
app OE eer cio 
30m 


The friction factor corresponding to this relative roughness and the Reynolds number can simply be determined from the 
Moody chart. To avoid the reading error, we determine it from the Colebrook equation 


1 é/D 2.51 | 1 8.667 x 104 2.51 | 
—-> 


— —— =-2.01 
at 3.7 REE JI eal 3.7 "T49x10° ff 


It gives f= 0.0192. Then the total head loss in pipe A becomes 


L Vi : 
Tes -(¢ 44K, ) 54 -( 0.0192) OO + 21) SSE EEE 107.9 m 
i D 2g 0.30 m 2(9.81m/s* ) 


When two pipes are parallel in a piping system, the head loss for each pipe must be same. Therefore, the head loss for pipe 
B must also be 107.9 m. Then the average velocity in pipe B and the flow rate become 











= 200 





L 
hyp (se 





3000 m 10) Ve 


+ 5 > Vz =3.24 m/s 
0.30m 2(9.81 m/s~* ) 


y2 
+k, Jee > 1079m= (00192 
D 2g 


V_ =AV_ =[2D? /4V 5 =[2(0.30 m)” /4]G.24 m/s) = 0.229 m?/s 


Discussion Note that the flow rate in pipe B decreases slightly (from 0.231 to 0.229 m’/s) due to the larger minor loss in 
that pipe. Also, minor losses constitute just a few percent of the total loss, and they can be neglected if great accuracy is not 
required. 
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8-84 
Solution Geothermal water is supplied to a city through stainless steel pipes at a specified rate. The electric power 
consumption and its daily cost are to be determined, and it is to be assessed if the frictional heating during flow can make 
up for the temperature drop caused by heat loss. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The minor losses are negligible because of the large length-to-diameter ratio and the relatively small number 
of components that cause minor losses. 4 The geothermal well and the city are at about the same elevation. 5 The properties 
of geothermal water are the same as fresh water. 6 The fluid pressures at the wellhead and the arrival point in the city are 
the same. 


Properties The properties of water at 110°C are p = 950.6 kg/m’, z= 0.255x10° kg/m-s, and C, = 4.229 kJ/kg-°C. The 
roughness of stainless steel pipes is 2x10° m. 


Analysis (a) We take point | at the well-head of geothermal resource and point 2 at the final point of delivery at the 
city, and the entire piping system as the control volume. Both points are at the same elevation (z) = z2) and the same 
velocity (V; = V2) since the pipe diameter is constant, and the same pressure (P; = Pz). Then the energy equation for this 
control volume simplifies to 


P y? P, Vy 
=—+ Gy S— +29 +herpinee tht = > pump, = Ax 
2g 
That is, the pumping power is to be used to overcome the head losses 
due to friction in flow. The average velocity and the Reynolds number 


are 








; ; pene 

Yi OE eg uis 

A. aD°/4 7(0.60m)* /4 
3 L=12km 
ee pVD _ (950.6 kg/m = m/s)(0.60 m) _ 1187x107 
4 0.255x10™~ kg/m-s 
which is greater than 4000. Therefore, the flow is turbulent. The relative roughness of 
the pipe is 
6 
gipa Moya 
0.60 m 


The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


-6 
d€ noro 2 s : 1 zorog SA 2.51 | 


ar 37 “Rey JI 3.7 "T8710" JF 


It gives f= 0.00829. Then the pressure drop, the head loss, and the required power input become 








L pv? 
AP =AP, = = = 0.00829 





12,000 m (950.6 kg/m*)(5.305 m/s)” 1kN í 1kPa 
0.60m 2 1000 kg : m/s )\1 kN/m? 

12,000 m (5.305 m/s)? _ 
0.60m 2(9.81 m/s”) 


) =2218 kPa 


AP 2 
i, = = f= (0.00828) 
PZ D 2g 


238 m 


Wea, in 
, 0.74 


7] pump-motor 7] pump-motor 


f . z 
_ Memos. VAP O) Goa us = 4496 kW = 4500kW 

1 kPa-m’/s 
Therefore, the pumps will consume 4496 kW of electric power to overcome friction and maintain flow. The pumps must 
raise the pressure of the geothermal water by 2218 kPa. Providing a pressure rise of this magnitude at one location may 
create excessive stress in piping at that location. Therefore, it is more desirable to raise the pressure by smaller amounts at a 
several locations along the flow. This will keep the maximum pressure in the system and the stress in piping at a safer level. 


(b) The daily cost of electric power consumption is determined by multiplying the amount of power used per day by the 
unit cost of electricity, 


Amount = Wetec, in At = (4496 kW)(24 h/day) = 107,900 kWh/day 


Cost = Amount x Unit cost = (107,900 kWh/day )($0.06/kWh ) = $6474/day = $6470/day 
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(c) The energy consumed by the pump (except the heat dissipated by the motor to the air) is eventually dissipated as heat 
due to the frictional effects. Therefore, this problem is equivalent to heating the water by a 4496 kW of resistance heater 
(again except the heat dissipated by the motor). To be conservative, we consider only the useful mechanical energy 
supplied to the water by the pump. The temperature rise of water due to this addition of energy is 


= 7] pump-motor Weekes = 0.74 x (4496 kJ/s) 


=0.55°C 
(950.6 kg/m? (1.5 m?/s)(4.229 kJ/kg -°C) 


Wy 


ech = PVc, AT — AT 





pVe ý 
Therefore, the temperature of water will rise at least 0.55°C, which is more than the 0.5°C drop in temperature (in reality, 
the temperature rise will be more since the energy dissipation due to pump inefficiency will also appear as temperature rise 
of water). Thus we conclude that the frictional heating during flow can more than make up for the temperature drop caused 
by heat loss. 


Discussion The pumping power requirement and the associated cost can be reduced by using a larger diameter pipe. 
But the cost savings should be compared to the increased cost of larger diameter pipe. 
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8-85 
Solution Geothermal water is supplied to a city through cast iron pipes at a specified rate. The electric power 
consumption and its daily cost are to be determined, and it is to be assessed if the frictional heating during flow can make 
up for the temperature drop caused by heat loss. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The minor losses are negligible because of the large length-to-diameter ratio and the relatively small number 
of components that cause minor losses. 4 The geothermal well and the city are at about the same elevation. 5 The properties 
of geothermal water are the same as fresh water. 6 The fluid pressures at the wellhead and the arrival point in the city are 
the same. 


Properties The properties of water at 110°C are p = 950.6 kg/m’, z= 0.255x10° kg/m-s, and C, = 4.229 kJ/kg-°C. The 
roughness of cast iron pipes is 0.00026 m. 


Analysis (a) We take point | at the well-head of geothermal resource and point 2 at the final point of delivery at the 
city, and the entire piping system as the control volume. Both points are at the same elevation (z2 = z2) and the same 
velocity (V; = V2) since the pipe diameter is constant, and the same pressure (P; = P). Then the energy equation for this 
control volume simplifies to 





P v? P. v? 
a +z + hpump,u =— +æ, =+ z3 + hurbine,e + Az > Dotan =h; 
PS 2g pg 2g 
That is, the pumping power is to be used to overcome the head losses 
due to friction in flow. The average velocity and the Reynolds number O © 
are Water 
V V 1.5 m°/ D=60cm 
V == =" *  _ = 5,305 mis 15 mis 
A, aD°/4 7(0.60m)* /4 
L=12km 
Re= PYD _ (950.6 kg/m n m/s)(0.60 m) -1.187x107 
4 0.255x10™ kg/m:s 
which is greater than 4000. Therefore, the flow is turbulent. The relative roughness of the pipe is 
61D = 2100026 m _ 4 33,1974 
0.60 m 


The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 
4 
d€ 2.01og EID 2.51 5 1 201 4.33x10 y 2.51 
JI 37 Reff af 3.7 1.187x107 ff 


It gives f= 0.0162. Then the pressure drop, the head loss, and the required power input become 











2 3 2 
6k 
AP=AP, = f L V? _ 0.0162 12000m (050.6 kg/m? )(5.305 m/s) 1kN Pa naa 
D 0.60m 2 1000 kg -m/s 1 kN/m? 
AP LV? 12 ; E 
a Se ene AO E E 
pg D 2g 0.60m 2(9.81m/s?) 
; Wamp, u Vap (1.5 m’/s)(4334 kPa)( 1 kw 
Vn —— = = — |=8785 kW = 8790 kW 
7] pump-motor 1] pump-motor 0.74 1 kPa-m` /s 


Therefore, the pumps will consume 8785 kW of electric power to overcome friction and maintain flow. The pumps must 
raise the pressure of the geothermal water by 4334 kPa. Providing a pressure rise of this magnitude at one location may 
create excessive stress in piping at that location. Therefore, it is more desirable to raise the pressure by smaller amounts at a 
several locations along the flow. This will keep the maximum pressure in the system and the stress in piping at a safer level. 


(b) The daily cost of electric power consumption is determined by multiplying the amount of power used per day by the 
unit cost of electricity, 


Amount = Wetec in At = (8785 kW)(24 h/day) = 210,800 kWh/day 


Cost = Amount x Unit cost = (210,800 kWh/day ) ($0.06/kWh ) = $12,650/day = $12, 700/day 


(c) The energy consumed by the pump (except the heat dissipated by the motor to the air) is eventually dissipated as heat 
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due to the frictional effects. Therefore, this problem is equivalent to heating the water by a 8785 kW of resistance heater 

(again except the heat dissipated by the motor). To be conservative, we consider only the useful mechanical energy 

supplied to the water by the pump. The temperature rise of water due to this addition of energy is 

Wesectin 0.74 x (8785 kI/s) 
(950.6 kg/m? )(1.5 m?/s)(4.229 kJ/kg -°C) 


W n 7] pump-motor 7 1 1 oC 


m 





ch = pVc, AT > AT : 
pve , 
Therefore, the temperature of water will rise at least 1.1°C, which is more than the 0.5°C drop in temperature (in reality, the 
temperature rise will be more since the energy dissipation due to pump inefficiency will also appear as temperature rise of 
water). Thus we conclude that the frictional heating during flow can more than make up for the temperature drop caused by 
heat loss. 


Discussion The pumping power requirement and the associated cost can be reduced by using a larger diameter pipe. 
But the cost savings should be compared to the increased cost of larger diameter pipe. 
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Solution The air discharge rate of a clothes drier with no ducts is given. The flow rate when duct work is attached is 
to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects in the duct are negligible, and thus the flow 
is fully developed. 3 The flow is turbulent so that the tabulated value of the loss coefficients can be used. 4 The losses at 
the vent and its proximity are negligible. 5 The effect of the kinetic energy correction factor on discharge stream is 
negligible, a= 1. 


Properties The density of air at 1 atm and 120°F is p = 0.06843 lbm/ft*. The roughness of galvanized iron pipe is £= 
0.0005 ft. The loss coefficient is K; ~ 0 for a well-rounded entrance with negligible loss, K; = 0.3 for a flanged 90° smooth 
bend, and K; = 1.0 for an exit. The friction factor of the duct is given to be 0.019. 


Analysis To determine the useful fan power input, we choose point 1 inside the drier sufficiently far from the vent, 
and point 2 at the exit on the same horizontal level so that z; = z) and P, = P», and the flow velocity at point | is negligible 
(V, = 0) since it is far from the inlet of the fan. Also, the frictional piping losses between 1 and 2 are negligible, and the 
only loss involved is due to fan inefficiency. Then the energy equation for a control volume between 1 and 2 reduces to 

[P y? 5 (P, Ve ove 

M| —+@—— + 82) +Wian =m — +æ —— +t 829 +W iurbine + E mechloss = Wian, u =m—_— (1) 

p 2 p 2 ; ; 2 

+E 


= Bech loss, fan and W tan, ua W ian -E 


— V1.2 ft/s 
A. aD? /4  7n(5/12 ft)? /4 


Now we attach the ductwork, and take point 3 to be at the duct exit so that the duct is included in the control 


volume. The energy equation for this control volume simplifies to 
2 


since @= | and E mech, loss mech loss, piping mech loss, fan * 





The average velocity is V, = = 8.80 ft/s 





Wan, = nS rng (2) Hot air #44 
Combining (1) and (2), G) | 
pV, B = py, "hs pVsghy > V, Fa a, 18 Veh, (3) —) 
where A l 15 ft 
prs e a 7.3373 ft/s i 


A, wD? 14 n(5/12f)2/4 
2 


L Vs 15 ft y. A 
n, =(F 4D K: |= (0019 2 13x031) = 2.580. 
D 2g 5/12 ft 2g 2g 


O 





Substituting into Eq. (3), 
WE ee We a V? o, 1333) 
a ee) ey 
2 2 2g 2 


(7.33V;)? 


+V, x 2.58 =96.2V;; 


Solving for V, and substituting the numerical values gives 
y2 1/3 8 802 1/3 
V; =| V, — =| 1.2— = 0.78 ft/s 
2x96.2 2x 96.2 


Discussion Note that the flow rate decreased considerably for the same fan power input, as expected. We could also 
solve this problem by solving for the useful fan power first, 








y? eana 1lbf I 1W 


W,.. . = oV, — = (0.06843 lbm/ft? (1.2 ft?/s }=o.13w 
fansu ~PN2 ( X ) 2 32.2 Ibrn - ft/s? (0.737 1bf -ft/s 


Therefore, the fan supplies 0.13 W of useful mechanical power when the drier is running. 
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Solution Hot water in a water tank is circulated through a loop made of cast iron pipes at a specified average 
velocity. The required power input for the recirculating pump is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is fully developed. 3 The flow is turbulent so that the 
tabulated value of the loss coefficients can be used (to be verified). 4 Minor losses other than those for elbows and valves 
are negligible. 


Properties The density and dynamic viscosity of water at 60°C are p = 983.3 kg/m’, u = 0.467x10° kg/m-s. The 
roughness of cast iron pipes is 0.00026 m. The loss coefficient is K; = 0.9 for a threaded 90° smooth bend and K; = 0.2 for 
a fully open gate valve. 


Analysis Since the water circulates continually and undergoes a cycle, we can take the entire recirculating system as 
the control volume, and choose points 1 and 2 at any location at the same point. Then the properties (pressure, elevation, 
and velocity) at 1 and 2 will be identical, and the energy equation will simplify to 

P v? P Ve 

+a +z thump u = +a, 42) +h 

PS 2g pg 2g 


+h, > hA 


turbine, e 


where 
L y? 
hy = hr major tAr mino =| f= + >, Kr |= 
L L,major L,minor (+ 1) 2g 


since the diameter of the piping system is constant. Therefore, the pumping 
power is to be used to overcome the head losses in the flow. The flow rate and 
the Reynolds number are 


V =VA, =V (4D? I4) = (2.5 m/s)[z (0.012 m)? /4] = 2.83x10™% m°?/s 
re- 2P _ 983.3 kg/m?)(2.5 m/s)(0.012 m) 








= = 63,200 
4 0.467x10 7 kg/m-s 
which is greater than 4000. Therefore, the flow is turbulent. The relative roughness of the pipe is 
ape MEE 
0.012 m 


The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


1 _ noro 2 5 ; 1 zorog 2227 2.51 | 


JI 37 Re Vf JI TEN 63200 f 


It gives f= 0.05075. Then the total head loss, pressure drop, and the required pumping power input become 
(2.5 m/s)? 
2(9.81 m/s”) 








=55.8m 





40 m 
01 


L V? ( ) 
h, =| f—+ K, |—— =| (0.05075 +6x0.9+2x0.2 
L (r= » Je ( i 


m 


AP = AP, = pgh; = (983.3 kg/m? )(9.81m/s° )(55.8 m es) =538 kPa 





1000 kg- m/s }\1kN/m 
; H ea 2.83x10 m3 kP 
Paaa pumpu _ VAP _ (2.83x10" m~/s)(538 of 1kW )-o.217 ew 
77 pump-motor 7] pump-motor 0.70 1kPa-m”/s 


Therefore, the required power input of the recirculating pump is 217 W. 


Discussion It can be shown that the required pumping power input for the recirculating pump is 0.210 kW when the 
minor losses are not considered. Therefore, the minor losses can be neglected in this case without a major loss in accuracy. 
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8-88 Ko 
Solution In the previous problem, the effect of average flow velocity on the power input to the recirculating pump for 
the same constant flow rate is to be investigated by varying the velocity from 0 to 3 m/s in increments of 0.3 m/s. 


Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 


g=9.81 

rho=983.3 

nu=mu/rho 

mu=0.000467 

D=0.012 

L=40 

KL=6*0.9+2*0.2 

Eff=0.7 

Ac=pi*D*2/4 

Vdot=V*Ac 

eps=0.00026 

rf=eps/D 

"Reynolds number" 

Re=V*D/nu 

1/sqrt(f)=-2*log1 O(rf/3.7+2.51/(Re*sart(f))) 
DP=(f*L/D+KL)*rho*V*2/2000 "kPa" 
W=Vdot*DP/Eff "kW" 










































































HL=(f*L/D+KL)*(V42/(2*g)) gä 

V, m/s | Wamp KW | AP;, kPa] Re 0.35 

0.0 | 0.0000 0.0 0 ea 

0.3 | 0.0004 8.3 | 7580 | 

0.6 | 0.0031 32.0 | 15160 0.25 

0.9 | 0.0103 71.0 | 22740 

12 | 0.0243 125.3 | 30320 = 0.2 

15 | 0.0472 | 195.0. | 37900 ~ of 

18 | 0.0814 | 279.9 | 45480 = is 

21 | 0.1290 | 380.1 | 53060 ia 

24 | 0.1922 | 495.7. | 60640 | 

27 | 0.2733 | 626.6 | 68220 0.05 

3.0 | 03746 | 772.8 | 75800 | 
0 T 1 1 L L 
0 0.5 1 1.5 2 2.5 3 


V, m/s 


Discussion As you might have suspected, the required power does not increase linearly with average velocity. Rather, 
the relationship is nearly quadratic. A larger diameter pipe would cut reduce the required pumping power considerably. 





8-64 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 8 Flow in Pipes 
8-89 
Solution Hot water in a water tank is circulated through a loop made of plastic pipes at a specified average velocity. 
The required power input for the recirculating pump is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is fully developed. 3 The flow is turbulent so that the 
tabulated value of the loss coefficients can be used (to be verified). 4 Minor losses other than those for elbows and valves 
are negligible. 


Properties The density and viscosity of water at 60°C are p = 983.3 kg/m’, = 0.467x10° kg/m-s. Plastic pipes are 
smooth, and thus their roughness is very close to zero, ¢= 0. The loss coefficient is K; = 0.9 for a threaded 90° smooth bend 
and K; = 0.2 for a fully open gate valve. 


Analysis Since the water circulates continually and undergoes a cycle, we can take the entire recirculating system as 
the control volume, and choose points 1 and 2 at any location at the same point. Then the properties (pressure, elevation, 
and velocity) at 1 and 2 will be identical, and the energy equation will simplify to 


P, Ve P, yV? 
m ag ra Te a Dg 72 * Muinee +t > Pitas 


where 


h; =h +h -(s4+5x jz 
E L,major L,minor D E 2g 
since the diameter of the piping system is constant. Therefore, the pumping 
power is to be used to overcome the head losses in the flow. The flow rate and 
the Reynolds number are 
V =VA, =V (aD? 14) = (2.5 m/s)[z (0.012 m)? /4] = 2.827x10” m°?/s 
_ PVD _ (983.3 kg/m? )(2.5 m/s)(0.012 m) 


Re 3 
H 0.467 x10 ~” kg/m-s 








= 63,200 


which is greater than 4000. Therefore, the flow is turbulent. The friction factor corresponding to the relative roughness of 
zero and this Reynolds number can simply be determined from the Moody chart. To avoid the reading error, we determine 
it from the Colebrook equation, 


seta £2 a a 2D os 2al | 


Jf 37 Re JI JI 63200,/ f 


It gives f= 0.0198. Then the total head loss, pressure drop, and the required pumping power input become 


Ve 2 
mn, =(F 5+ DK. |e = (00198) 2u +6x09+2x02) -CER 
D 2g 0.012 m 2(9.81 m/s”) 





=22.9m 





AP = pgh, = (983.3 kg/m*)(9.81 m/s” )(22.9 "ota (es) =221 kPa 


1000 kg-m/s J 1kN/m? 
; W ios 2.827 x10 m3/s)(221 KP 
Wseey =P = AT 8 OBIT AO CTP) /_IEW' _ | _ 0.0893 kW 
7] pump-motor 7] pump-motor 0.70 1kPa-m°/s 


Therefore, the required power input of the recirculating pump is 89.3 W. 


Discussion It can be shown that the required pumping power input for the recirculating pump is 82.1 W when the minor 
losses are not considered. Therefore, the minor losses can be neglected in this case without a major loss in accuracy. 
Compared to the cast iron pipes of the previous problem, the plastic pipes reduced the required power by more than 50%, 
from 217 to 89.3 W. Furthermore, plastic pipes are lighter and easier to install, and they don’t rust. 
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Flow Rate and Velocity Measurements 


8-90C 

Solution We are to discus the primary considerations when choosing a flowmeter. 

Analysis The primary considerations when selecting a flowmeter are cost, size, pressure drop, capacity, accuracy, 
and reliability. 


Discussion As with just about everything you purchase, you usually get what you pay for. 





8-91C 
Solution We are to explain how a Pitot-static tube works and discuss its application. 
Analysis A Pitot-static tube measures the difference between the stagnation and static pressure, which is the 





dynamic pressure, which is related to flow velocity by |V = ./2(P — P,)/ |. Once the average flow velocity is determined, 











the flow rate is calculated from V = VA... The Pitot tube is inexpensive, highly reliable since it has no moving parts, it has 
very small pressure drop, and its accuracy (which is about 3%) is acceptable for most engineering applications. 


Discussion The term “Pitot tube” or “Pitot probe” is often used in place of “Pitot-static probe”. Technically, however, a 
Pitot probe measures only stagnation pressure, while a Pitot-static probe measures both stagnation and static pressures. 





8-92C 
Solution We are to discuss the operation of obstruction flowmeters. 
Analysis An obstruction flowmeter measures the flow rate through a pipe by constricting the flow, and measuring 


the decrease in pressure due to the increase in velocity at (or downstream of) the constriction site. The flow rate for 


obstruction flowmeters is expressed as |V = 4,Cy/2(B, — P,)/L[p(.— B*)]| where A, = d’/4 is the cross-sectional area of 


the obstruction and £ =d/D is the ratio of obstruction diameter to the pipe diameter. Of the three types of obstruction flow 
meters, the orifice meter is the cheapest, smallest, and least accurate, and it causes the greatest head loss. The Venturi meter 
is the most expensive, the largest, the most accurate, and it causes the smallest head loss. The nozzle meter is between the 
orifice and Venturi meters in all aspects. 














Discussion As diameter ratio J decreases, the pressure drop across the flowmeter increases, leading to a larger minor 
head loss associated with the flowmeter, but increasing the sensitivity of the measurement. 





8-93C 
Solution We are to discuss the operation of positive displacement flowmeters. 
Analysis A positive displacement flowmeter operates by trapping a certain amount of incoming fluid, 


displacing it to the discharge side of the meter, and counting the number of such discharge-recharge cycles to 
determine the total amount of fluid displaced. Positive displacement flowmeters are commonly used to meter gasoline, 
water, and natural gas because they are simple, reliable, inexpensive, and highly accurate even when the flow is unsteady. 


Discussion In applications such as a gasoline meter, it is not the flow rate that is measured, but the flow volume. 
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8-94C 
Solution We are to discuss the operation of a turbine flowmeter. 
Analysis A turbine flowmeter consists of a cylindrical flow section that houses a turbine that is free to rotate, 


and a sensor that generates a pulse each time a marked point on the turbine passes by to determine the rate of 
rotation. Turbine flowmeters are relatively inexpensive, give highly accurate results (as accurate as 0.25%) over a wide 
range of flow rates, and cause a very small head loss. 


Discussion Turbine flowmeters must be calibrated so that a reading of the rpm of the turbine is translated into average 
velocity in the pipe or volume flow rate through the pipe. 





8-95C 
Solution We are to discuss the operation of rotameters. 
Analysis A variable-area flowmeter (or rotameter) consists of a tapered conical transparent tube made of glass or 


plastic with a float inside that is free to move. As fluid flows through the tapered tube, the float rises within the tube to a 
location where the float weight, drag force, and buoyancy force balance each other. Variable-area flowmeters are very 
simple devices with no moving parts except for the float (but even the float remains stationary during steady operation), and 
thus they are very reliable. They are also very inexpensive, and they cause a relatively small head loss. 


Discussion There are also some disadvantages. For example, they must be mounted vertically, and most of them require 
a visual reading, and so cannot be automated or connected to a computer system. 





8-96C 
Solution We are to compare thermal and laser Doppler anemometers. 
Analysis A thermal anemometer involves a very small electrically heated sensor (hot wire) which loses heat to 


the fluid, and the flow velocity is related to the electric current needed to maintain the sensor at a constant 
temperature. The flow velocity is determined by measuring the voltage applied or the electric current passing through the 
sensor. A laser Doppler anemometer (LDA) does not have a sensor that intrudes into flow. Instead, it uses two laser beams 
that intersect at the point where the flow velocity is to be measured, and it makes use of the frequency shift (the 
Doppler effect) due to fluid flow to measure velocity. 


Discussion Both of these devices measure the flow velocity at a point in the flow. Of the two, the hot wire system is 
much less expensive and has higher frequency resolution, but may interfere with the flow being measured. 





8-97C 
Solution We are to compare LDV and PIV. 


Analysis Laser Doppler velocimetry (LDV) measures velocity at a point, but particle image velocimetry (PIV) 
provides velocity values simultaneously throughout an entire cross-section and thus it is a whole-field technique. 
PIV combines the accuracy of LDV with the capability of flow visualization, and provides instantaneous flow field 
mapping. Both methods are non-intrusive, and both utilize laser light beams. 


Discussion In both cases, optical access is required — a hot-wire system does not require optical access, but, like the 
LDV system, measures velocity only at a single point. 
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Chapter 8 Flow in Pipes 


8-98 
Solution The flow rate of ammonia is to be measured with flow nozzle equipped with a differential pressure gage. 
For a given pressure drop, the flow rate and the average flow velocity are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The discharge coefficient of the nozzle meter is Cz = 0.96. 


Properties The density and dynamic viscosity of ammonia are given to be p = 624.6 kg/m? and y= 1.697x10* kg/m-s, 
respectively. 


Analysis The diameter ratio and the throat area of the meter are 
B=d/D=1.5/3=0.50 
Ay = md? 14 = (0.015 m)” /4=1.767x10~* m? 


Noting that AP = 4 kPa = 4000 N/m”, the flow rate becomes 


v= 4,0, PAD 
p-p”) 


= (1.767x107 nexos 








2x 4000 N/m? 1kg- m/s” 
(624.6 kg/m?)((1—0.50*)| 1N 





= 0.627 «10° m?/s 
which is equivalent to 0.627 L/s. The average flow velocity in the pipe is determined by dividing the flow rate by the cross- 
sectional area of the pipe, 

V V  0627x10°m?/s 
A mD?/4  n(0.03m)}?/4 


C 


V = = 0.887 m/s 





Discussion The Reynolds number of flow through the pipe is 


_ pVD _ (624.6 kg/m? )(0.887 m/s)(0.03 m) 


= =9.79x10* 
u 1.697x10™ kg/m-s 


Re 





Substituting the B and Re values into the orifice discharge coefficient relation gives 


0.5 0.5 
eem T nan e 
Re” (9.79 x10°)® 


which is about 2% different than the assumed value of 0.96. Using this refined value of Cy, the flow rate becomes 0.642 
L/s, which differs from our original result by only 2.4%. If the problem is solved using an equation solver such as EES, 
then the problem can be formulated using the curve-fit formula for Cz (which depends on Reynolds number), and all 
equations can be solved simultaneously by letting the equation solver perform the iterations as necessary. 


= 0.983 
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Chapter 8 Flow in Pipes 
8-99 
Solution The flow rate of water through a circular pipe is to be determined by measuring the water velocity at several 
locations along a cross-section. For a given set of measurements, the flow rate is to be determined. 


Assumptions The points of measurements are sufficiently close so that the variation of velocity between points can be 
assumed to be linear. 


Analysis The velocity measurements are given to be 
R,cm V, m/s 
0 6.4 
1 6.1 
2 5.2 
3 4.4 
4 2.0 
5 0.0 


The divide the cross-section of the pipe into 1-cm thick 
annual regions, as shown in the figure. Using midpoint 
velocity values for each section, the flow rate is determined 
to be 





V= I, Vdd, =) Vara Ta) 
= a[o -0)+ a200 —0.01?)+ “(2224 Vos? — 0.022) 


+ [422o -0.02?)+ “(2922 \o0s: — 0.04) 
= 0.0297 m?/s 


Discussion We can also solve this problem by curve-fitting the given data using a second-degree polynomial, and 
then performing the integration. 
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Chapter 8 Flow in Pipes 


8-100E 
Solution The flow rate of water is to be measured with an orifice meter. For a given pressure drop across the orifice 
plate, the flow rate, the average velocity, and the head loss are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The discharge coefficient of the orifice meter is Cz = 0.61. 


Properties The density and dynamic viscosity of water are given to be p = 62.36 kg/m’ and u = 7.536x10~ lbm/ft-s, 
respectively. We take the density of mercury to be 847 Ibm/ft’. 


Analysis The diameter ratio and the throat area of the orifice are 
B=d/D=2/4=0.50 
Ay = md? 14 = 2(2/12 ft)” /4 = 0.02182 ft” 

The pressure drop across the orifice plate can be expressed as 


AP =P, —P, =(Pug — Ps gh 


Then the flow rate relation for obstruction meters becomes 


= [X Png — Pr Bh (Pye! Pr —Vgh 
V=4C, (P P) -4C (Pug ae ihe (Pug a )g 
p-p) A-2") 1-2 


Substituting, the flow rate is determined to be 














2 
V = (0.02182 a 2823 es hoe) 0.277 ft?/s 
1-0.50 
The average velocity in the pipe is determined by dividing the flow rate by the cross-sectional area of the pipe, 
; ‘ ‘ 
a V _—s 0.277 ft" /s -3.17 ft/s 





A D14 a2 


The percent pressure (or head) loss for orifice meters is given in Fig. 8-59 for 2 = 0.5 to be 74%. Therefore, noting that the 
density of mercury is 13.6 times that of water, 


h, = (Permanent loss fraction )( Total head loss) = 0.74(0.50 ft Hg) = 0.37 ftHg =5.03 ft H,O 


The head loss between the two measurement sections can also be estimated from the energy equation. Since z; = z2, the 
head form of the energy equation simplifies to 


4 
P-P, v2 -y O Prehn [(D/4) -1]v? 





hox 
© Pg 2g Prk 2g 
D/d) -1\V2 24 —1 |(3.17 ft/s} 
= SG, he OE as pow cael CEU erry H,O 
BNE 2g 2(32.2 ft/s” ) 


This head loss, though a reasonable estimate, is lower than the exact one calculated above because it does not take into 
account irreversible losses downstream of the pressure taps, where the flow is still “recovering,” and is not yet fully 
developed. 


Discussion The Reynolds number of flow through the pipe is 


Re — LY. _ (62.36 kg/m? )(3.17 f/s)(4/12 ft 


= = 8.744x104 
4 7.536x10* Ibm/ft- s 


Substituting ß and Re values into the orifice discharge coefficient relation 


91.718°5 


C„ = 0.5959 + 0.03128%! -0.184 8° + -I7 
2 


gives Cz = 0.606, which is very close to the assumed value of 0.61. Using this refined value of Cz, the flow rate becomes 
0.275 ft’/s, which differs from our original result by less than 1%. Therefore, it is convenient to analyze orifice meters using 
the recommended value of Cz = 0.61 for the discharge coefficient, and then to verify the assumed value. 
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Chapter 8 Flow in Pipes 
8-101E 


Solution The flow rate of water is to be measured with an orifice meter. For a given pressure drop across the orifice 
plate, the flow rate, the average velocity, and the head loss are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The discharge coefficient of the orifice meter is Cz = 0.61. 


Properties The density and dynamic viscosity of water are given to be p = 62.36 kg/m’ and u = 7.536x10~ Ibm/ft-s, 
respectively. We take the density of mercury to be 847 Ibm/ft’. 


Analysis The diameter ratio and the throat area of the orifice are 
B=d/D=2/4=0.50 
Ay = md? 14 = 2(2/12 ft)” /4 = 0.02182 ft” 

The pressure drop across the orifice plate can be expressed as 
AP = P - P, = (Pug ~ Pr )gh 

Then the flow rate relation for obstruction meters becomes 

V=4C, pa = 40, [2Cene = pigh = AC, 2(Pug/ Pr = Dee 

p- 6) A-8) 1-2 


Substituting, the flow rate is determined to be 














2 
V = (0.02182 neyo, ee ts 
1-0.50 
The average velocity in the pipe is determined by dividing the flow rate by the cross-sectional area of the pipe, 
; ; 5 
V V — 0.339ft/s -3.88 ft/s 





A D14 AN2A 
The percent pressure (or head) loss for orifice meters is given in Fig. 8-59 for 2 = 0.5 to be 74%. Therefore, noting that the 
density of mercury is 13.6 times that of water, 

h,, = (Permanent loss fraction)(Total head loss) = 0.74(0.75 ft Hg) = 0.555 ft Hg = 7.55 ft H2O 


The head loss between the two measurement sections can also be estimated from the energy equation. Since z; = z2, the 
head form of the energy equation simplifies to 





4 2 
igo V? V? PreSlitg [(274) -i| 
© Pg 2g Pk 2g 
D/a) -1|V 2‘ —1](3.88 ft/s)” 
= SG phy Onr =13.6(0.75 peaa. =6.69 ft H,O 


2g 2(32.2 ft/s?) 


This head loss, though a reasonable estimate, is lower than the exact one calculated above because it does not take into 
account irreversible losses downstream of the pressure taps, where the flow is still “recovering,” and is not yet fully 
developed. 


Discussion The Reynolds number of flow through the pipe is 


PVD _ (62.36 kg/m? )(3.88 ft/s)(4/12 fÙ) 


= = 1.070x10° 
4 7.536x10* lbm/ft-s 


Re 





Substituting B and Re values into the orifice discharge coefficient relation 


91.71p7° 


C, = 0.5959 + 0.031287! — 0.184% + RIT 
2 


gives Cz = 0.605, which is very close to the assumed value of 0.61. Using this refined value of Cy, the flow rate becomes 
0.336 ft*/s, which differs from our original result by less than 1%. Therefore, it is convenient to analyze orifice meters using 
the recommended value of Cz = 0.61 for the discharge coefficient, and then to verify the assumed value. 
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Chapter 8 Flow in Pipes 


8-102 
Solution The flow rate of water is measured with an orifice meter. The pressure difference indicated by the orifice 
meter and the head loss are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The discharge coefficient of the orifice meter is Cz = 0.61. 


Properties The density and dynamic viscosity of water are given to be p = 998 kg/m’ and wz = 1.002x10* kg/m-s, 
respectively. 


Analysis The diameter ratio and the throat area of the orifice are 
B=d/D=30/50=0.60 
Ay = md? 14 = 2(0.30m)* / 4 = 0.07069 m? 


For a pressure drop of AP = P, — P, across the orifice plate, the flow 
rate is expressed as 
v= 4,0, PRD 
pa-p) 
Substituting, 
2AP 
(998 kg/m°X((1 — 0.604) 


which gives the pressure drop across the orifice plate to be 


0.25 m?/ s = (0.07069 m°)(0.61) 





AP = 14,600 kg: m/s* = 14.6 kPa 
It corresponds to a water column height of 


AP 14,600 kg - m/s” 


wT Eee 149 
PwE (998 kg/m°)(9.81 m/s*) 
The percent pressure (or head) loss for orifice meters is given in Fig. 8-59 for B= 0.6 to be 64%. Therefore, 


h, = (Permanent loss fraction )(Total head loss) = 0.64(1.49 m) = 0.95 m H,O 


The head loss between the two measurement sections can also be estimated from the energy equation. Since zı = z2, the 
head form of the energy equation simplifies to 








= 2_ 72 D/dÝ Ale 50/30) —1|(1.27 m/s)” 
pei anb y ie”) VE pai hee Y= ) 0.940 mH,0 
Prg 2g 2g 2(9.81 m/s?) 
, , f 
Where pat V 0.250 m` /s 21.27 m/s 


4 aD°/4 r(0.50m)/4 


This head loss, though a reasonable estimate, is lower than the exact one calculated above because it does not take into 
account irreversible losses downstream of the pressure taps, where the flow is still “recovering,” and is not yet fully 
developed. 


Discussion The Reynolds number of flow through the pipe is 


_ PVD _ (998 kg/m? )(1.27 m/s)(0.50 m) 


~ = 6.32x10° 
u 1.002x10” kg/m -s 


Re 





Substituting B and Re values into the orifice discharge coefficient relation 


91.718°5 


C4 = 0.5959 + 0.03128%" -0.184 8° + ROT 
0 


gives C4 = 0.605, which is very close to the assumed value of 0.61. 
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Chapter 8 Flow in Pipes 
8-103 
Solution A Venturi meter equipped with a differential pressure gage is used to measure to flow rate of water through 


a horizontal pipe. For a given pressure drop, the volume flow rate of water and the average velocity through the pipe are to 
be determined. 


Assumptions The flow is steady and incompressible. 


Properties The density of water is given to be p= 
999.1 kg/m’. The discharge coefficient of Venturi meter is 
given to be C4 = 0.98. 


Analysis The diameter ratio and the throat area of 
the meter are 


B=d/D=3/5=0.60 
Ay = md? 14 = 1(0.03 m)? /4 =7.069x10~* m? 


Noting that AP = 5 kPa = 5000 N/m’, the flow rate becomes 


Differential 
V=AC, = 2) pressure meter 
\ p(l- f") 


2 x 5000 N/m? 1kg-m/s* 
(999.1 kg/m*)((1-0.60*)| 1N 








= (7.069 x 10-* m?)(0.98) | 


= 0.00235 mĉ/s 


which is equivalent to 2.35 L/s. The average flow velocity in the pipe is determined by dividing the flow rate by the cross- 
sectional area of the pipe, 


y-¥ __V__ _ 0.00235 m*/s _ 


=—— = E 21.20 m/s 
A, 7D?14  z(0.05m)?/4 





Discussion Note that the flow rate is proportional to the square root of pressure difference across the Venturi meter. 
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Chapter 8 Flow in Pipes 


>) 


8-104 ee 


Solution The previous problem is reconsidered. The variation of flow rate as the pressure drop varies from 1 kPa to 
10 kPa at intervals of 1 kPa is to be investigated, and the results are to be plotted. 


























Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 
rho=999.1 "kg/m3" 
D=0.05 "m" 
d0=0.03 "m" 
beta=d0/D 
A0=pi*d0“2/4 
Cd=0.98 
Vol=A0*Cd*SQRT(2*DeltaP*1000/(rho*(1-beta*4)))*1000 "L/s" 
3.5 
Pressure Drop Flow rate 
AP, kPa L/s 
1 1.05 3 
2 1.49 
3 1.82 
4 2.10 E es 
5 2.35 ~ 
6 2.57 rE 
7 2.78 z 
8 2.97 = 
9 3.15 
10 3.32 = 















































1 2 3 4 7 8 9 10 


5 6 
AP, kPa 
Discussion This type of plot can be thought of as a calibration plot for the flowmeter, although a real calibration plot 


would use actual experimental data rather than data from equations. It would be interesting to compare the above plot to 
experimental data to see how close the predictions are. 
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Chapter 8 Flow in Pipes 
8-105 


Solution A Venturi meter equipped with a water manometer is used to measure to flow rate of air through a duct. For 
a specified maximum differential height for the manometer, the maximum mass flow rate of air that can be measured is to 
be determined. 


Assumptions The flow is steady and incompressible. 


Properties The density of air is given to be P,yir = 1.204 
kg/m’. We take the density of water to be pẹ, = 1000 kg/m’. 
The discharge coefficient of Venturi meter is given to be C, 
= 0.98. 


Analysis The diameter ratio and the throat area of the 
meter are 






Water 


B=d/D=6/15=0.40 
manometer 


Ay = ad? 14 = (0.06 m)? / 4 = 0.002827 m? 


The pressure drop across the Venturi meter can be expressed 
as 


AP =P -P, = (Pw -pe )gh 
Then the flow rate relation for obstruction meters becomes 


HBT R) She Pu — Pr )gh -4C Pw l Pair DA 
pa-2°) py - f°) l= 


Substituting and using / = 0.40 m, the maximum volume flow rate is determined to be 


V=AC; 





2(1000/1.204 —1)(9.81 m/s”)(0.40 m) 
1-0.40* 





V = (0.002827 maos = 0.2265 m?/s 


Then the maximum mass flow rate this Venturi meter can measure is 
ii = pV = (1.204 kg/m?) (0.2265 m°/s) = 0.273 kg/s 
Also, the average flow velocity in the duct is 


V V  02265m°/s 


A, aD°14 z(015m)?/4 





= 12.8 m/s 


Discussion Note that the maximum available differential height limits the flow rates that can be measured with a 
manometer. 
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Chapter 8 Flow in Pipes 
8-106 
Solution A Venturi meter equipped with a water manometer is used to measure to flow rate of air through a duct. For 
a specified maximum differential height for the manometer, the maximum mass flow rate of air that can be measured is to 
be determined. 


Assumptions The flow is steady and incompressible. 


Properties The density of air is given to be par = 1.204 
kg/m°. We take the density of water to be py = 1000 kg/m’. 
The discharge coefficient of Venturi meter is given to be Cz 
= 0.98. 





Analysis The diameter ratio and the throat area of the meter 
are Water 


manometer 





B=d!/D=7.5/15=0.50 
Ay = 7d? 14 = 2(0.075 m)” /4 = 0.004418 m’ 

The pressure drop across the Venturi meter can be expressed as 
AP = P,- P, = (Pw Pe )gh 

Then the flow rate relation for obstruction meters becomes 


ABR) SAC Pw — Pr)Bh -4C Pw! Pair — Dah 
pl- ) pr(l— B") 1- 


Substituting and using / = 0.40 m, the maximum volume flow rate is determined to be 


V=AC, 





2(1000/1.204 — 1)(9.81 m/s”)(0.40 m) 


z = 0.3608 m° /s 
1-0.50 





V = (0.004418 m®y08) 


Then the maximum mass flow rate this Venturi meter can measure is 
ii = pV = (1.204 kg/m*)(0.3608 m/s) = 0.434 kg/s 
Also, the average flow velocity in the duct is 


; ; 5 
y-¥- 4 oe oda 
A, @mD°l4  7(0.15m)°/4 





Discussion Note that the maximum available differential height limits the flow rates that can be measured with a 
manometer. 
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Chapter 8 Flow in Pipes 


8-107 
Solution A Venturi meter equipped with a differential pressure gage is used to measure the flow rate of liquid 
propane through a vertical pipe. For a given pressure drop, the volume flow rate is to be determined. 


Assumptions The flow is steady and incompressible. 


Properties The density of propane is given to be p= 514.7 kg/m’. The 
discharge coefficient of Venturi meter is given to be Cz = 0.98. 


Analysis The diameter ratio and the throat area of the meter are 
B=d/!D=5/8=0.625 
Ay = md? 14 = 2(0.05 m)* / 4 = 0.001963 m? 


Noting that AP = 7 kPa = 7000 N/m”, the flow rate becomes 


V = 4,6, PED 
pl- p°) 


= (0.001963 m? ross 








2x 7000 N/m? 1kg- m/s” 
(514.7 kg/m*)((1—0.625*)|_ 1N 


= 0.0109 m*/s 
which is equivalent to 10.9 L/s. Also, the average flow velocity in the pipe is 


j j 3 
A, zD°14  z(0.08m)}/4 








Discussion Note that the elevation difference between the locations of the two probes does not enter the analysis since 
the pressure gage measures the pressure differential at a specified location. When there is no flow through the Venturi 
meter, for example, the pressure gage would read zero. 
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Chapter 8 Flow in Pipes 


8-108 
Solution The flow rate of water is to be measured with flow nozzle equipped with a differential pressure gage. For a 
given pressure drop, the flow rate, the average flow velocity, and head loss are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The discharge coefficient of the nozzle meter is Cz = 0.96. 


Properties The density and dynamic viscosity of water are given to be p = 999.7 kg/m’ and ys = 1.307x10° kg/m-s, 
respectively. 


Analysis The diameter ratio and the throat area of the meter are 
B=d/D=1.5/3=0.50 
Ay = md? 14 = z(0.015 m)? /4=1.767x10 m? 


Noting that AP = 4 kPa = 4000 N/m”, the flow rate becomes 


v= 4,C,, PAD 
p-p") 


= (1.767 x107 m?)(0.96) | 








2x 3000 N/m? 1kg- m/s? 
(999.7 kg/m*)(1—0.50*)| 1N 





= 0.429 x 10°? m3/s 


which is equivalent to 0.429 L/s. The average flow velocity in the pipe is determined by dividing the flow rate by the cross- 
sectional area of the pipe, 


V V  0429x10°m?/s 


=—;— = A = 0.607 m/s 
A, aD4l4 z (0.03m) /4 





The water column height corresponding to a pressure drop of 3 kPa is 


Les 3000 kg - m/s? 
Y  P„g (999.7 kg/m?)(9.81 m/s”) 





= 0.306 m 


The percent pressure (or head) loss for nozzle meters is given in Fig. 8-59 for B= 0.5 to be 62%. Therefore, 


h,, = (Permanent loss fraction)(Total head loss) = 0.62(0.306 m) = 0.19 mH,O 


The head loss between the two measurement sections can be determined from the energy equation, which simplifies to (for 
Z| =2Z) 
poe i 
Prg 2g 


[(D/d)* We L 0.306 m — [8/154 -10.607 m/s)? 


5 = 0.024 m H20 
2g 2(9.81 m/s”) 





w 


Discussion The Reynolds number of flow through the pipe is 


_ VD _ (999.7 kg/m? )(0.607 m/s)(0.03 m) 


= =1.39x104 
4 1.307 x10™ kg/m:s 


Re 


Substituting the ß and Re values into the orifice discharge coefficient relation gives 








0.5 0.5 
C4 = 0.9975 — DEd = 0.9975 eae = 0.958 
Re” (1.39x10*)" 
which is practically identical to the assumed value of 0.96. 
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Chapter 8 Flow in Pipes 


8-109 
Solution A kerosene tank is filled with a hose equipped with a nozzle meter. For a specified filling time, the pressure 
difference indicated by the nozzle meter is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The discharge coefficient of the nozzle meter is Cz = 0.96. 
Properties The density of kerosene is given to be p = 820 kg/m’. 
Analysis The diameter ratio and the throat area of the meter are 
B=d/D=1.5/2=0.75 
Ay = nd? 14 = 2(0.015 m)” /4 =1.767x10~* m? 
To fill a 16-L tank in 20 s, the flow rate must be 


y -Yan 16L _ geri 
At 20s 





For a pressure drop of AP = P| — P, across the meter, the flow rate is expressed as 


V = 4,¢, PED 
pil-f") 
Substituting, 
2AP 
(820 kg/m*)((1—0.75*) 


which gives the pressure drop across the meter to be 


0.0008 m?/s = (1.767 x 1074 m? )(0.96) 


AP = 6230 kg: m/s” = 6.23 kPa 


Discussion Note that the flow rate is proportional to the square root of pressure difference across the nozzle meter. 
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Chapter 8 Flow in Pipes 


8-110 
Solution The flow rate of water is to be measured with flow nozzle equipped with an inverted air-water manometer. 
For a given differential height, the flow rate and head loss caused by the nozzle meter are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The discharge coefficient of the nozzle meter is Cz = 0.96. 


Properties The density and dynamic viscosity of water are given to be p = 998 kg/m? and uz = 1.002x10° kg/m-s, 
respectively. 


Analysis The diameter ratio and the throat area of the meter are 
B=d/D=2/4=0.50 
Ay = nd? 14 = 2(0.02 m)* /4 =3.142x107+ m? 


Noting that AP = 4 kPa = 4000 N/m”, the flow rate becomes 











V=AQC, eae) =AC, = SEE = AC, oh 
p(l- B") Va- 8) 1-8 
7 2(9.81 m/s”)(0.32 m) 
= (3.142x107* m7)(0.96),, =" 
hie a T. 


=0.781x10° m?/s 
which is equivalent to 0.781 L/s. The average flow velocity in the pipe is 


V V 081x10” m?/s 


= =F > = 0.621m/s 
A, mD°l4 7(0.04 m)*/4 





The percent pressure (or head) loss for nozzle meters is given in Fig. 8-59 for = 0.5 to be 62%. Therefore, 


h; = (Permanent loss fraction)(Total head loss) = 0.62(0.32 m) = 0.20 mH,O 


The head loss between the two measurement sections can be determined from the energy equation, which simplifies to (zı 
=z) 
B 2 p2 D/dý-1|v? (4/2)* —1 |(0.621 m/s} 
F-P, VAY, [K ) ] ! a e - ) =0.025 m H,O 
2g 2(9.81 m/s’) 





Discussion The Reynolds number of flow through the pipe is 


_ pVD _ (998 kg/m? )(0.621m/s)(0.04 m) 


= =2.47x10* 
4 1.002x10” kg/m-s 


Re 





Substituting the ß and Re values into the orifice discharge coefficient relation gives 

6.5385 6.53(0.50)°° 
pee oar 0 

which is almost identical to the assumed value of 0.96. 


C, = 0.9975 — 0.9975 — = 0.968 
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Chapter 8 Flow in Pipes 


8-111E 
Solution A Venturi meter equipped with a differential pressure meter is used to measure to flow rate of refrigerant- 
134a through a horizontal pipe. For a measured pressure drop, the volume flow rate is to be determined. 


Assumptions The flow is steady and incompressible. 


Properties The density of R-134a is given to be p= 
83.31 Ibm/ft’. The discharge coefficient of Venturi meter 
is given to be C4 = 0.98. 


Analysis The diameter ratio and the throat area of 
the meter are 


B=d/D=2/5=0.40 
Ay = md? 14 = (2/12 ft)” /4 = 0.02182 ft” 





Noting that AP = 7.4 psi = 7.4x144 lbf/ft’, the flow rate becomes 


Differential 


V=AC, [25 -B) pressure meter 
pa-p) 








2 2 
= 002128? y098 2x7.4x 144 Ibf/ft am ft/s 


(83.31 1bm/ft*)((1- 0.40*) 1lbf 
= 0.622 ft/s 
Also, the average flow velocity in the pipe is determined by dividing the flow rate by the cross-sectional area of the pipe, 


VV 0.622 ft? /s 
A, mD?/14  7(5/12t)?/4 


= 4.56 ft/s 


Discussion Note that the flow rate is proportional to the square root of pressure difference across the Venturi meter. 
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Chapter 8 Flow in Pipes 


Review Problems 


8-112 
Solution A compressor takes in air at a specified rate at the outdoor conditions. The useful power used by the 
compressor to overcome the frictional losses in the duct is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 Air is an ideal gas. 4 The duct involves no components such as bends, valves, and connectors, and thus minor 
losses are negligible. 5 The flow section involves no work devices such as fans or turbines. 


Properties The properties of air at 1 atm = 101.3 kPa and 15°C are py = 1.225 kg/m? and z= 1.802x10° kg/m-s. The 
roughness of galvanized iron surfaces is ¢= 0.00015 m. The dynamic viscosity is independent of pressure, but density of an 
ideal gas is proportional to pressure. The density of air at 95 kPa is 











3 
p=(P/ Py) py = (95/101.3)(1.225 kg/m?) = 1.149 kg/m? ee ‘5 
Analysis The average velocity and the Reynolds number are W 
; ; 3 _ 
jele a = n = 8.594 m/s f 
A, mD°l4 2(0.20m)°/4 
3 8m 
VD ; “8. : 
Re- Pa (1.149 kg/m” )(8 oa 20 m) 1.096 10° | 
4 1.802x10 ~ kg/m-s Air y 
compressor 
which is greater than 4000. Therefore, the flow is turbulent. The relative 150 hp 
roughness of the pipe is 
4 
e1p-15%10_™ 75x107 
0.20m 


The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


/D ; 5x10 
ite | | iis OO a a 
3.7 Relf 3.7 1,096x10° ff 


vf vf 


It gives f= 0.02109. Then the pressure drop in the duct and the required pumping power become 











2 3 2 
AP=AP, = L pv zod 8m (1.149 kg/m” )(8.594 m/s) IN ra) =35.8Pa 
D 2 0.20m 2 1kg-m/s~ )\1 N/m 
: ; 3 1W 
W pump,u = VAP = (0.27 m”/s)(35.8 po{ = 9.66 W 
1Pa-m°/s 


Discussion Note hat the pressure drop in the duct and the power needed to overcome it is very small (relative to 150 
hp), and can be disregarded. The friction factor could also be determined easily from the explicit Haaland relation. It would 
give f = 0.02086, which is very close to the Colebrook value. Also, the power input determined is the mechanical power 
that needs to be imparted to the fluid. The shaft power will be more than this due to fan inefficiency; the electrical power 
input will be even more due to motor inefficiency (but probably no more than 20 W). 
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Chapter 8 Flow in Pipes 


8-113 
Solution Air enters the underwater section of a circular duct. The fan power needed to overcome the flow resistance 
in this section of the duct is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 Air is an ideal gas. 4 The duct involves no components such as bends, valves, and connectors. 5 The flow 


section involves no work devices such as fans or turbines. 6 The pressure of air is | atm. Air 3 m/ 
ir, s 


Properties The properties of air at 1 atm and 15°C are pp = 1.225 kg/m? and u = | 
1.802x10° kg/m-s. The roughness of stainless steel pipes is ¢= 0.000005 m. 


Analysis The volume flow rate and the Reynolds number are 
V =VA, =V (aD? /4) = (3 m/s)[ (0.20 m)? / 4] = 0.0942 m/s 


VD 1.225 kg/m? 2 
_ PUD, _ (1.225 kghm*)Gmis}(0.20M) _ 4 79,194 
u 1.802x10 ~ kg/m-s —> Air 





Re 


which is greater than 4000. Therefore, the flow is turbulent. The relative roughness of the pipe is 


—6 
ef Deo -35x105 
0.20 m 
The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 


Colebrook equation using an equation solver (or an iterative scheme), 


/D 5x10” 
bie | ee Ges a ee 
JF 3.7 ReJf JF 3.7 4079x104 [f 


It gives f= 0.02195. Then the pressure drop in the duct and the required pumping power become 


River 











2 3 2 
MPEhe = - PV" _op195 15m (1.225 kg/m” )(3 m/s) IN - | wry ]=9.07 Pa 
D 2 0.2m 2 1kg-m/s” N/m 
W i 0942 m3/s)(9.07 P 
W aectric =— I _- ee = (0.0942 m*/s)(9.07 Pa) 0942 m Is\9 0 a) = RS W 3 ) =1.4W 
77 pump-motor 7] pump-motor 0.62 1Pa-m°”/s 


Discussion The friction factor could also be determined easily from the explicit Haaland relation. It would give f= 
0.02175, which is sufficiently close to 0.02195. Assuming the pipe to be smooth would give 0.02187 for the friction factor, 
which is almost identical to the f value obtained from the Colebrook relation. Therefore, the duct can be treated as being 
smooth with negligible error. 





8-114 
Solution The velocity profile in fully developed laminar flow in a circular pipe is given. The radius of the pipe, the 
average velocity, and the maximum velocity are to be determined. 


Assumptions The flow is steady, laminar, and fully developed. 


Analysis The velocity profile in fully developed laminar flow in a circular pipe is U(r)=Umax(1-77/R?) 


2 
u(r) = U nax (i 5) 


The velocity profile in this case is given by u(r) =6(1-0.01r°). 
Comparing the two relations above gives the pipe radius, the maximum 
velocity, and the average velocity to be 





R? > R=0.10m 


~ 100 


u 6 m/s 
Umax = 6 M/S > Vag E n 


3 m/s 


Discussion In fully developed laminar pipe flow, average velocity is exactly half of maximum (centerline) velocity. 
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Chapter 8 Flow in Pipes 


8-115E 
Solution The velocity profile in fully developed laminar flow in a circular pipe is given. The volume flow rate, the 
pressure drop, and the useful pumping power required to overcome this pressure drop are to be determined. 


Assumptions 1 The flow is steady, laminar, and fully developed. 2 The pipe is horizontal. 


Properties The density and dynamic viscosity of water at 40°F are p = 62.42 Ibm/ft’ and u = 3.74 Ibm/ft-h = 
1.039x10° Ibm/ft-s, respectively. 


Analysis The velocity profile in fully developed laminar flow in a circular pipe is 
2 u(r)=Umax(1-1°/R°) 

A= {= = 

u(r) = U max v 


The velocity profile in this case is given by 
u(r) =0.8(1-625r°) 


Comparing the two relations above gives the pipe radius, the maximum 
velocity, and the average velocity to be 





R? -Z > R=0.04ft 


Umax = 0.8 ft/s 


Parys Umax 0.8 ft/s 
2 


= 0.4 ft/s 
Then the volume flow rate and the pressure drop become 
V =VA, =V (aR?) = (0.4 ft/s)[7(0.04 ft)” ] = 0.00201 ft*/s 


AP 4 
ois =A y 0.00201ft?/s = 
128 uL 128(1.039 x107? Ibm/ft - s)(80 ft) 


It gives 





(AP) (0.08 ft) 32.2 Ibm - ft/s” 
1lbf 


AP =5.16 lbf/ft” =0.0358 psi 
Then the useful pumping power requirement becomes 


1W 


w. =< 2n ae 
0.737 lbf - ft/s 


pump, u 


= VAP = (0.00201 ft?/s)(5.16 Ibf/ft? f ) =0.014 W 


Checking The flow was assumed to be laminar. To verify this assumption, we determine the Reynolds number: 
_ PVD _ (62.42 lbm/ft? )(0.4 ft/s)(0.08 ft) 
4 1.039x107° Ibm/ft -s 





Re = 1922 


which is less than 2300. Therefore, the flow is laminar. 


Discussion Note that the pressure drop across the water pipe and the required power input to maintain flow is 
negligible. This is due to the very low flow velocity. Such water flows are the exception in practice rather than the rule. 
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Chapter 8 Flow in Pipes 


8-116E 
Solution The velocity profile in fully developed laminar flow in a circular pipe is given. The volume flow rate, the 
pressure drop, and the useful pumping power required to overcome this pressure drop are to be determined. 


Assumptions The flow is steady, laminar, and fully developed. 


Properties The density and dynamic viscosity of water at 40°F are p = 62.42 Ibm/ft’ and u = 3.74 Ibm/ft-h = 
1.039x10° Ibm/ft-s, respectively. 


Analysis The velocity profile in fully developed laminar flow in a circular pipe is u(r) = Umax(1-1°/R’) 
2 
r 
u(r) =Uyax| L-— 
The velocity profile in this case is given by 
u(r) = 0.8(1-625r7) 


Comparing the two relations above gives the pipe radius, the maximum velocity, 
the average velocity, and the volume flow rate to be 





R? = > R=0.04ft 


Umax = 0.8 ft/s 


Pea Umas 0.8 ft/s 
2 


=0.4 ft/s 
V =VA, =V (7R?) = (0.4 ft/s)[7(0.04 ft)? ] = 0.00201 ft?/s 


For uphill flow with an inclination of 12°, we have 0 = +12°, and 
1lbf 


32.2 Ibm- ft/s” 
(AP -1038)7(0.08 ft)? [22a ts) 


pg sin 0 = (62.42 lbm/ft? )(32.2 ft/s” )(80 ft) sin 12 = 1038 Ibf/ft” 


. (AP — pgL sin OaD’ 
Vapit =~ 





— 0.00201 ft?/s = 5 
128uL 128(1.039 x10~° Ibm/ft- s)(80 ft) 1lbf 
It gives 


AP =1043 Ibf/ft” = 7.24 psi 
Then the useful pumping power requirement becomes 


1W 
0.737 Ibf - ft/s 


pump, u 


W. = VAP = (0.00201 ft?/s)(1043 Ibf/ft” f ) =2.84 W 
Checking The flow was assumed to be laminar. To verify this assumption, we determine the Reynolds number: 
_ pVD _ (62.42 Ibm/ft* (0.4 ft/s)(0.08 ft) 


Re 5 
u 1.039x10 ~ Ibm/ft - s 


= 1922 





which is less than 2300. Therefore, the flow is laminar. 


Discussion Note that the pressure drop across the water pipe and the required power input to maintain flow is 
negligible. This is due to the very low flow velocity. Such water flows are the exception in practice rather than the rule. 
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Chapter 8 Flow in Pipes 
8-117 
Solution Water is discharged from a water reservoir through a circular pipe of diameter D at the side wall at a 
vertical distance H from the free surface with a reentrant section. A relation for the “equivalent diameter’ of the reentrant 
pipe for use in relations for frictionless flow through a hole is to be obtained. 


Assumptions 1 The flow is steady and incompressible. 2 The reservoir is open to the atmosphere so that the pressure is 
atmospheric pressure at the free surface. 3 The water level in the reservoir remains constant. 4 The pipe is horizontal. 5 The 
entrance effects are negligible, and thus the flow is fully developed and the friction factor fis constant. 6 The effect of the 
kinetic energy correction factor is negligible, œ = 1. 


Properties The loss coefficient is K, = 0.8 for the reentrant section, and K, = 0 for the “frictionless” flow. 


Analysis We take point | at the free surface of the reservoir and point 2 at the exit of the pipe, which is also taken as 
the reference level (z, = 0). Noting that the fluid at both points is open to the atmosphere (and thus P, = P} = Pm) and that 
the fluid velocity at the free surface of the reservoir is zero (V; = 0), the energy equation for a control volume between these 
two points (in terms of heads) simplifies to 
2 2 2 
FA Td oe te a ah +h, > Rew sk 
pZ 2g 2g 2g 


where œ = 1 and 


L y, L V? 
h; = Ay total = hy major + Ay minor (145k 2 -hst 


pump, u `~ turbine, e 


2, 
2 
2g 2g 


since the diameter of the pipe is constant. Substituting and solving for Vz 
gives 
V? L V? 2gH 
n= pak, > VV, =. |————— 
2g D 2g 1+ fL/D+K, 
Then the volume flow rate becomes 
2 
. 2gH 
V=4 n Z £ (1) 








4 V1+/L/D+K, 
Note that in the special case of K; = 0 and f= 0 (frictionless flow), the velocity relation reduces to the Toricelli equation, 


V> frictionless = ¥ 2821 - The flow rate in this case through a hole of D, (equivalent diameter) is 
2 








; zD equiv 
V= Aegi V7 frictionless = 7 vV 2gH (2) 
Setting Eqs. (1) and (2) equal to each other gives the desired relation for the equivalent diameter, 
zD uiv D? 2gH 
e ee 
4 4 V1+/L/D+K, 


which gives 
D D 
D gaye = v= _; = 0.63D =0.025 m 
(1+ fL/D+K,) (1+ 0.018 x 10/0.04 + 0.8) 





Discussion Note that the effect of frictional losses of a pipe with a reentrant section is to reduce the diameter by about 
40% in this case. Also, noting that the flow rate is proportional to the square of the diameter, we have 


V x D2, =(0.63D)* =0.40D*. Therefore, the flow rate through a sharp-edged entrance is about two-thirds less 


equiv 


compared to the frictionless flow case. 





8-86 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 8 Flow in Pipes 
8-118 
Solution A water tank open to the atmosphere is initially filled with water. The tank is drained to the atmosphere 
through a 90° horizontal bend of negligible length. The flow rate is to be determined for the cases of the bend being a 
flanged smooth bend and a miter bend without vanes. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is turbulent so that the tabulated value of the loss 
coefficient can be used. 3 The water level in the tank remains constant. 4 The length of the bend and thus the frictional loss 
associated with its length is negligible. 5 The entrance is well-rounded, and the entrance loss is negligible. 


Properties The loss coefficient is K, = 0.3 for a flanged smooth bend and K; = 1.1 for a miter bend without vanes. 


Analysis (a) We take point | at the free surface of the tank, and point 2 at the exit of the bend, which is also taken as 
the reference level (z, = 0). Noting that the fluid at both points is open to the atmosphere (and thus P; = P} = Pam) and that 
the fluid velocity at the free surface is very low (V, = 0), the energy equation for a control volume between these two 
points (in terms of heads) simplifies to 

2 2 2 
iP ee > 2 =, 2th, 
pg 2g ps 2g 2g 

y2 

where the head loss is expressedas h; =K; Zg . Substituting and solving for V, gives 


A : 2 
z=, +K, — > 2g7=V(æa+K,) > n= 7 
2g 2g a,+K, 


Then the flow rate becomes i m 
; zD? 2gz v 
V = Area = TaK, 
7 3 cm 
(a) Case 1 Flanged smooth bend (K; = 0.3): ©) 





2. l Aae, 2 2 
VAN 2 Z7 -2003m [2O8Ims Sm) L 0,00603 m?/s=6.03 L/s 
4 \a,+K, 4 1.05+0.3 


(b) Case 2 Miter bend without vanes (K, = 1.1): 


. 2 2 ; 2 : 2 
VA ME aa ae $i m/s“J©™ _ 9.90478 m/s = 4.78 L/s 
4 Ya,+K, 4 1.05411 


Discussion Note that the type of bend used has a significant effect on the flow rate, and a conscious effort should be 
made when selecting components in a piping system. If the effect of the kinetic energy correction factor is neglected, a = 1 
and the flow rates become 


D? {2 2 12(9.81 m/s” 

(a) Case 1(K,=0.3): V=AV,=2 ee Peas OY ett ys 
4 V1+K, 4 1403 
2 13 2 ; 2 

2 gz) _ m(0.03m)* _|2(9.81m/s*\SM) _ O 00483 m?s 


14K, 4 1+1.1 


Therefore, the effect of the kinetic energy correction factor is (6.14 - 6.03)/6.03 = 1.8% and (4.83 - 4.78)/4.83 = 1.0%, 
which is negligible. 











(b) Case 2 (K, =1.1): V=AV,= 
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Chapter 8 Flow in Pipes 
8-119 [Also solved using EES on enclosed DVD] 


Solution The piping system of a geothermal district heating system is being designed. The pipe diameter that will 
optimize the initial system cost and the energy cost is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The minor losses are negligible because of the large length-to-diameter ratio and the relatively small number 
of components that cause minor losses, the only significant energy loss arises from pipe friction. 4 The piping system is 
horizontal. 5 The properties of geothermal water are the same as fresh water. 6 The friction factor is constant at the given 
value. 7 The interest rate, the inflation rate, and the salvage value of the system are all zero. 8 The flow rate through the 
system remains constant. 


Properties We take the density of water to be p= 1000 kg/m’. The friction factor is given to be f= 0.015. 


Analysis The system operates in a loop, and thus we can take any point in the system as points 1 and 2 (the same 
point), and thus z,; =z, V; = V2, and P, = P. Then the energy equation for this piping system simplifies to 
2 2 
ZT gy AN FA uia BEP Daa +h 
pg 2g pg 2g 
That is, the pumping power is to be used to overcome the head losses due to friction in flow. When the minor losses are 
disregarded, the head loss for fully developed flow in a pipe of length L and diameter D can be expressed as 


turbine, e + h; > Penge ua h; 


L 2 
= EL pv" Water 
D 2 
The flow rate of geothermal water is pups 
Mm 10,000 kg/s Apache L=10km 


pP 1000 kg/m? 
To expose the dependence of pressure drop on diameter, we express it in terms of the flow rate as 








7 2 i à 
ap= pee _ Le V _16L pV? _ „8L oV? 
D 2 D 2\ 2D? 14 Don°D* ` D? r? 
Then the required pumping power can be expressed as 
W P W pump,u _ VAP = V 8L pv? = 8L pv? 
pump oes 2 
7] pump-motor 7] pump-motor 7] pump-motor D a D 77 pump-motor a 


Note that the pumping power requirement is proportional to f and L, consistent with our intuitive expectation. Perhaps not 
so obvious is that power is proportional to the cube of flow rate. The fact that the power is inversely proportional to pipe 
diameter D to the fifth power averages that a slight increase in pipe diameter will manifest as a tremendous reduction in 
power dissipation due to friction in a long pipeline. Substituting the given values and expressing the diameter D in meters, 





i 8(10,000 m) potep aois 1KN I 1kW ee T 
D’ 


W sump = (0.015) 
oe m> (0.80) 1000 kg -m/s? | 1KN -m/s D’ 


The number of hours in one year are 24x365 = 8760 h. Then the total amount of electric power used and its cost per year 
are 


: 1.52x10° 1.332x10° 
E pump = ping = r h) = ——.——_ kWh/yr 
9 7 
Energy cost = E pump X Unit cost = sa w levi soosi = — $/yr 


The installation cost of the system with a 30-year lifetime is given to be Cost = $10° D’ where D is in meters. The annual 
cost of the system is then 1/30" of it, which is 


6 p2 
System cost = Toal gost = MW o = $3.33 x104 D? (per year) 
Life time 30 yr 


Then the total annual cost of the system (installation + operating) becomes 
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Chapter 8 Flow in Pipes 


7.9910! 
Total cost = Energy cost + System cost = Ee 3.33x104 D? $/yr 
D 


The optimum pipe diameter is the value that minimizes this total, and it is determined by taking the derivative of the total 
cost with respect to D and setting it equal to zero, 


+2x3.33x101D =0 








ô(Total cost) 5 199% 10’ 
oD 6 
Simplifying gives D’ = 5998 whose solution is 


D=3.5 m 


This is the optimum pipe diameter that minimizes the total cost of the system under stated assumptions. A larger 
diameter pipe will increase the system cost more than it decreases the energy cost, and a smaller diameter pipe will increase 
the system cost more than it decreases the energy cost. 


Discussion The assumptions of zero interest and zero inflation are not realistic, and an actual economic analysis must 
consider these factors as they have a major effect on the pipe diameter. This is done by considering the time value of 
money, and expressing all the costs at the same time. Pipe purchase is a present cost, and energy expenditures are future 
annual costs spread out over the project lifetime. Thus, to provide consistent dollar comparisons between initial and future 
costs, all future energy costs must be expressed as a single present lump sum to reflect the time-value of money. Then we 
can compare pipe and energy costs on a consistent basis. Economists call the necessary factor the “Annuity Present Value 
Factor”, F. If interest rate is 10% per year with n = 30 years, then F = 9.427. Thus, if power costs $1,000,000/year for the 
next 30 years, then the present value of those future payments is $9,427,000 (and not $30,000,000!) if money is worth 10%. 
Alternatively, if you must pay $1,000,000 every year for 30 years, and you can today invest $9,437,000 at 10%, then you 
can meet 30 years of payments at the end of each year. The energy cost in this case can be determined by dividing the 
energy cost expression developed above by 9.427. This will result in a pipe diameter of D = 2.5 m. In an actual design, we 
also need to calculate the average flow velocity and the pressure head to make sure that they are reasonable. For a pipe 
diameter of 2.5 m, for example, the average flow velocity is 1.47 m/s and the pump pressure head is 5.6 m. 
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Chapter 8 Flow in Pipes 
8-120 
Solution Water is drained from a large reservoir through two pipes connected in series at a specified rate using a 
pump. The required pumping head and the minimum pumping power are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The pipes are horizontal. 3 The entrance effects are negligible, 
and thus the flow is fully developed. 4 The flow is turbulent so that the tabulated value of the loss coefficients can be used. 
5 The pipes involve no components such as bends, valves, and other connectors that cause additional minor losses. 6 The 
reservoir is open to the atmosphere so that the pressure is atmospheric pressure at the free surface. 7 The water level in the 
reservoir remains constant. 8 The effect of the kinetic energy correction factor is negligible, @ = 1. 


Properties The density and dynamic viscosity of water at 15°C are p = 999.1 kg/m? and y= 1.138x10° kg/m-s. The 
loss coefficient is K; = 0.5 for a sharp-edged entrance. The roughness of cast iron pipes is € = 0.00026 m. 


Analysis We take point | at the free surface of the tank, and point 2 and the reference level at the centerline of the 
pipe (z2 = 0). Noting that the fluid at both points is open to the atmosphere (and thus P; = P} = Pam) and that the fluid 
velocity at the free surface of the tank is very low (V, = 0), the energy equation for a control volume between these two 
points (in terms of heads) simplifies to 

P v? P. V? V? 

l +a; +z +h 2 +a, —+z, +h +h, > z+h =æ, —+h; 

PZ 2g g 2g 2 
where œ = 1 and 


L y? 
Ay = hy pote = AL major + Az ,minor = > G + > K; ) De. 


and the summation is over two pipes. Noting that the two pipes are connected in series and thus the flow rate through each 
of them is the same, the head loss for each pipe is determined as follows (we designate the first pipe by | and the second 
one by 2): 


pump,u — turbine, e pump, u 


V V 018 m* 
Pipe 1: VY; =—-=——= a = 6.366 mis 
Ay my 14 2(0.06m)* /4 
_ PVıDı _ (999.1 kg/m°)(6.366 m/s)(0.06 m) 
u 1.138x107° kg/m-s 
which is greater than 4000. Therefore, the flow is turbulent. The 
relative roughness of the pipe is 
; 20 
p/p = 2000m io "Pump 
0.06 m 
The friction factor corresponding to this relative roughness and the Reynolds 
number is, from the Colebrook equation, 


e/D, z5 E. 0.00433 2.51 | 






Re, 





= 335,300 30m 10L/s 








1 
SA 3.7 e a 37 335,300,/7, 


It gives fı = 0.02941. The only minor loss is the entrance loss, which is Kz; = 0.5. Then the total head loss of the first pipe 
becomes 


L y? 2 6.366 m/s)? 
hn [ABD x, | -Lcooasan om ros EMA aiam 
1 


=-2.0 be =-2.0 be 





0.06 m 2(9.81 m/s”) 
3 
inde: Per = 7 = a = 14.32 m/s 
Ac aD51/4 2(0.04m)~ /4 


_ PVD, _ (999.1 kg/m? )(14.32 m/s)(0.04 m) 








Re, 5 = 502,900 
H 1.138x10 ~ kg/m-s 
which is greater than 4000. Therefore, the flow is turbulent. The relative roughness of the pipe is 
.0002 
pipo ™ nes 
0.04 m 


The friction factor corresponding to this relative roughness and the Reynolds number is, from the Colebrook equation, 
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ID 
r= =-20h = Bi | cll 2g 20 2.51 | 


A 3.7 E A 3.7 §02,900,/ f; 


It gives f; = 0.03309. The second pipe involves no minor losses. Note that we do not consider the exit loss unless the exit 
velocity is dissipated within the system considered (in this case it is not). Then the head loss for the second pipe becomes 





L, V? 14.32 m/s)? 
ha = fa 222 = (0.03309) 2 ™ CAS MAY L 302.6 m 
D, 2g 0.04 m 2(9.81 m/s?) 


The total head loss for two pipes connected in series is the sum of the head losses of the two pipes, 


h; = hro = hzi +h = 21.34 302.6 = 323.9 m 


Then the pumping head and the minimum pumping power required (the pumping power in the absence of any inefficiencies 
of the pump and the motor, which is equivalent to the useful pumping power) become 

Vy 14.32 m/s)” 

h pump, u = &2 +h; -z= iy 7840 =304.4m 

i 2g 2(9.81m/s^) 


W pump, u7 VAP = VEN scsi 





= (999.1kg/m?)(0.018 m3/s)(9.81 m/s” )(304.4 m) oN 7 l u ) = 53.7 kW 
1000 kg-m/s~ A 1KN -m/s 


Therefore, the pump must supply a minimum of 53.7 kW of useful mechanical energy to water. 


Discussion Note that the shaft power of the pump must be greater than this to account for the pump inefficiency, and 
the electrical power supplied must be even greater to account for the motor inefficiency. 
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8-121 g 
Solution In the previous problem, the effect of second pipe diameter on required pumping head for the same flow 


rate is to be investigated by varying the pipe diameter from 1 cm to 10 cm in increments of 1 cm. 




































































Analysis The EES Equations window is printed below, followed by the tabulated and plotted results. 

rho=999.1 

mu=0.001138 

nu=mu/rho 

Vdot=0.018 "m3/s" 90000 

g=9.81 "m/s2" 

z1=30 "m" 80000 

L1=20 "m" F 

D1=0.06 "m" 70000 

Ac1=pi*D1^2/4 [ 

Re1=V1*D1/nu PERURI 

V1=Vdot/Ac1 = 50000 

eps1=0.00026 T t 

rf1=eps1/D1 a 40000 

A 2*log10(rf1/3.7+2.51/(Re1*sqrt(f1))) E 30000 

HL1=(f1*L1/D1+KL1)*V142/(2*g) [ 

L2=35 eich 

Re2=V2*D2/nu 10000 

V2=Vdot/(pi*D2*2/4) L 

eps2=0.00026 0 

rf2=eps2/D2 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 

1/sqrt(f2)=-2*log1 0(rf2/3.7+2.51/(Re2*sqrt(f2))) D2, m 

HL2=f2*(L2/D2)*V2^2/(2*g) 

HL=HL1+HL2 

hpump=V2^2/(2*g)+HL-z1 

Wpump=rho*Vdot*g*hpump/1000 "kW" 
Dao, m W pump kW hy, m Re 
0.01 89632.5 505391.6 | 2.012E+06 
0.02 2174.7 12168.0 | 1.006E+06 
0.03 250.8 1397.1 | 6.707E+05 
0.04 53.7 302.8 | 5.030E+05 
0.05 15.6 92.8 | 4.024E+05 
0.06 5.1 35.4 | 3.353E+05 
0.07 1.4 15.7 | 2.874E+05 
0.08 -0.0 7.8 | 2.515E+05 
0.09 -0.7 4.2 | 2.236E+05 
0.10 -1.1 2.4 | 2.012E+05 




















Discussion Clearly, the power decreases quite rapidly with increasing diameter. This is not surprising, since the 
irreversible frictional head loss (major head loss) decreases significantly with increasing pipe diameter. 
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Solution Two pipes of identical diameter and material are connected in parallel. The length of one of the pipes is 
twice the length of the other. The ratio of the flow rates in the two pipes is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is fully turbulent in both pipes and thus the friction 
factor is independent of the Reynolds number (it is the same for both pipes since they have the same material and diameter). 
3 The minor losses are negligible. 


Analysis When two pipes are parallel in a piping system, the head loss for each pipe must be same. When the minor 
losses are disregarded, the head loss for fully developed flow in a pipe of length Z and diameter D can be expressed as 


2 _\2 oe Se 42 42 
EP ase tt) Et) abit ppi Y 


D 2g Í Dag A, D 2g | aD? 14 


h i 
Lat Deg nD! en? D5 


Solving for the flow rate gives 


2 5 
i h, gD 
V= zue £ (kis a constant) 
8 fL VL 


When the pipe diameter, friction factor, and the head loss is constant, which is the case here for parallel connection, the 
flow rate becomes inversely proportional to the square root of length L. Therefore, when the length is doubled, the flow rate 
will decrease by a factor of 2°° = 1.41 since 


k 








If V,= 
A a 
k k k V, ; 
Th V, = = = = =0.707V 
= By sPEg 2, 2 i 





Therefore, the ratio of the flow rates in the two pipes is 0.707. 


Discussion Even though one pipe is twice as long as the other, the volume flow rate in the shorter pipe is not twice as 
much — the relationship is nonlinear. 
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8-123 [Also solved using EES on enclosed DVD] 


Solution A pipeline that transports oil at a specified rate branches out into two parallel pipes made of commercial 
steel that reconnects downstream. The flow rates through each of the parallel pipes are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 Entrance effects are negligible, and thus the flow is fully 
developed. 3 Minor losses are disregarded. 4 Flows through both pipes are turbulent (to be verified). 


Properties The density and dynamic viscosity of oil at 40°C are p = 876 kg/m? and z= 0.2177 kg/m-s. The roughness 
of commercial steel pipes is ¢= 0.000045 m. 


Analysis This problem cannot be solved directly since the velocities (or flow rates) in the pipes are not known. 


Below we will set up the equations to be solved by an equation solver. The head loss in two parallel branches must be the 
same, and the total flow rate must the sum of the flow rates in the parallel branches. Therefore, 


Ay =A a) 
V=V +V, > V +V, =3 (2) 


We designate the 30-cm diameter pipe by | and the 45-cm diameter pipe by 2. The average velocity, the relative roughness, 
the Reynolds number, friction factor, and the head loss in each pipe are expressed as 














Vi Vi Vi 
= = 9 i= 2 (3) 
A, DF 14 z(0.30m)? /4 
V. V. V. 
V, =—— = = V, = 2 5 (4) 
A.» ¢mDz/4 m(0.45m)? /4 
-5 
rf -145x10 m] 5x107 
D; 0.30 m 
-5 
P ii gioi = 
D, 0.45m 2 45 cm 
VD 876 kg/m? )V, (0.30 som (2) 
Re, = 24 1 Raa g/m` )V; (0.30 m) (5) 
u 0.2177 kg/m ` s 
V,D 76 kg/m? 4 
Re, _ PVD, Toe (876 kg/m” )V, (0.45 m) (6) 


T 


0.2177 kg/m- s 

1 eID; 251 1 1.5x10 2.51 
—— = -2.0log + > 2.0 log + (7) 
vA | 3.7 a VA | H a 


D ; 4 ; 
--20 5 2.51 > 1 --2004 2.51 |e 


+ —— + ——__ 
3T Rohe) AA aT Rel 

















1 
Jh 








L v? 500m y? 
hr =h > h= ! 9 
m5h D, 2g = 930m 2(9.81 m/s”) a 
L, V2 800 m y? 
hy,» = a > h= 2 10 
12 = D, 2g 12 Sr 0.45 m 2(9.81 m/s”) 


This is a system of 10 equations in 10 unknowns, and solving them simultaneously by an equation solver gives 
V, =0.91m3/s, V, =2.09m3/s, 


V, = 12.9 mis, V2 = 13.1 m/s, hy = hp» = 392m 


Re, = 15,540, Rez = 23,800, f, = 0.02785, f= 0.02505 
Note that Re > 4000 for both pipes, and thus the assumption of turbulent flow is verified. 


Discussion This problem can also be solved by using an iterative approach, but it would be very time consuming. 
Equation solvers such as EES are invaluable for theses kinds of problems. 
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Solution The piping of a district heating system that transports hot water at a specified rate branches out into two 


parallel pipes made of commercial steel that reconnects downstream. The flow rates through each of the parallel pipes are 
to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed. 3 The minor losses are given to be negligible. 4 Flows through both pipes are turbulent (to be verified). 


Properties The density and dynamic viscosity of water at 100°C are p = 957.9 kg/m? and y= 0.282x10° kg/m-s. The 
roughness of commercial steel pipes is ¢= 0.000045 m. 


Analysis This problem cannot be solved directly since the velocities (or flow rates) in the pipes are not known. 
Below we will set up the equations to be solved by an equation solver. The head loss in two parallel branches must be the 
same, and the total flow rate must the sum of the flow rates in the parallel branches. Therefore, 


hry = hy» (1) 


V=V,4+V, > V,+V, =3 (2) 


We designate the 30-cm diameter pipe by | and the 45-cm diameter pipe by 2. The average velocity, the relative roughness, 
the Reynolds number, friction factor, and the head loss in each pipe are expressed as 

















V Vi Vi 
= =— > V= 5 (3) 
Asi mD?214 2(0.30m)? /4 
V. V. V. 
V” =—==—— > h=—————— 4) 
A,, D314 z(0.45m)? /4 
-5 
po a E 
D; 0.30 m 
-5 
mae mM =1x10~ B = 
D, 0.45 m 800 m 45 cm 
VD 7.9 kg/m? WV, (0. 
Re, = 2% E a Re, = 9 wi i020) (5) 
4 0.282x10 7 kg/m- s 
V,D 7.9 kg/m? )V, (0.4 
Re, = 22 5 » Rey 9 gma W (0 5m) 6 
4 0.282x10 ~ kg/m- s 





1 eID; 251 1 1.5x10 2.51 
— = -2.0 log j= a i o S IM 
Ji 3.7 | a fe | 3.7 a 


/D Ri l 
1 --20{ = 2 2.51 | 1 zoro 2.51 Je 











+ > + 
h 3.7 Re, yha yJ 3.7 Re, yÍ 
L vê 500m y? 
ha=fi L > hu=fi ! 7 

D, 2g 0.30m 2(9.81m/s2) 
L, V? 800 m V? 

hash => > hp=h = 00 
D, 2g 0.45m 2(9.81 m/s”) 


This is a system of 10 equations in 10 unknowns, and their simultaneous solution by an equation solver gives 
V, =0.919 m3/s, V, =2.08m*/s, 
V, = 13.0 m/s, V, = 13.1 m/s, hzi =h; =187m 


Re, = 1.324x10’, Re) =2.00x10’, f,=0.0131, f=0.0121 
Note that Re > 4000 for both pipes, and thus the assumption of turbulent flow is verified. 


Discussion This problem can also be solved by using a trial-and-error approach, but it will be very time consuming. 
Equation solvers such as EES are invaluable for these kinds of problems. 
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8-125E 
Solution A water fountain is to be installed at a remote location by attaching a cast iron pipe directly to a water main. 
For a specified flow rate, the minimum diameter of the piping system is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed and the friction factor is constant for the entire pipe. 3 The pressure at the water main remains constant. 4 There 
are no dynamic pressure effects at the pipe-water main connection, and the pressure at the pipe entrance is 60 psia. 5 
Elevation difference between the pipe and the fountain is negligible (z. = z,) . 6 The effect of the kinetic energy correction 
factor is negligible, a= 1. 


Properties The density and dynamic viscosity of water at 70°F are p = 62.30 lbm/ft? and u = 2.360 lbm/ft-h = 
6.556x 10“ Ibm/ft-s. The roughness of cast iron pipe is ¢ = 0.00085 ft. The minor loss coefficient is K, = 0.5 for a sharp- 
edged entrance, K; = 1.1 for a 90° miter bend without vanes, K, = 0.2 for a fully open gate valve, and K; = 5 for an angle 
valve. 


Analysis We choose point | in the water main near the entrance where the pressure is 60 psig and the velocity in the 
pipe to be low. We also take point | as the reference level. We take point 2 at the exit of the water fountain where the 
pressure is the atmospheric pressure (P = Pxm) and the velocity is the discharge velocity. The energy equation for a control 
volume between these two points is 





2 2 2 
P Vi P, V5 P l,gage Vy 

— +q] Fo iy E mpa =— +d, PE +Z + hurbine,e tA > =Q —+h; 
PE g PE & PE 


L y? 
where Q= 1 and h; = Ay total = ar + hy minor = (re Dk oe 


since the diameter of the piping system is constant. Then the energy equation becomes 





‘ 9, 2 2 
: V. 
60 psi [aban {2 2 Ibm - ft/s |- 7 th, 


(62.3 lbm/ft? )(32.2 ft/s” ) 1lbf 2(32.2 ft/s”) 


The average velocity in the pipe and the Reynolds number are ae D © 


1 psi 


; 
Ty Ae -s ele oiTa ) a 


A, aD? /4 > aD? 14 
_ PhP , Re- (62.3 lbm/ft? )V,D (3) Water main 60 psig ——» 
u 6.556x10~* Ibm/ft-s — 


l gal 


Re 





The friction factor can be determined from the Colebrook equation, 


ID; 2 i l 
seo -20e t h = l 0.00085/ D s jo 


F aT Reg) y a. Ree 


The sum of the loss coefficients is 
> K; = Ki entrance H 3K L elbow + K iiae valve + Ky age valve 7 0.5+3x1.1+0.2+5=9 


Then the total head loss becomes 


L y? 50ft Ve 
h -(s5+ K > h Ji +9) (5) 
= D py t) 2g 3 D 2(32.2 ft/s?) 
These are 5 equations in the 5 unknowns of V2, hz, D, Re, and f, and solving them simultaneously using an equation solver 


such as EES gives 
V2 = 14.3 ft/s, h; = 135.5 ft, D = 0.0630 ft = 0.76 in, Re = 85,540, and f= 0.04263 





= -2.0 be 





Therefore, the diameter of the pipe must be at least 0.76 in (or roughly 3/4 in). 


Discussion The pipe diameter can also be determined approximately by using the Swamee and Jain relation. It would 
give D = 0.73 in, which is within 5% of the result obtained above. 
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Solution A water fountain is to be installed at a remote location by attaching a cast iron pipe directly to a water main. 
For a specified flow rate, the minimum diameter of the piping system is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed and the friction factor is constant for the entire pipe. 3 The pressure at the water main remains constant. 4 There 
are no dynamic pressure effects at the pipe-water main connection, and the pressure at the pipe entrance is 60 psia. 5 
Elevation difference between the pipe and the fountain is negligible (z. = z,) . 6 The effect of the kinetic energy correction 
factor is negligible, a= 1. 


Properties The density and dynamic viscosity of water at 70°F are p = 62.30 lbm/ft? and w = 2.360 lbm/ft-h = 
6.556x10" Ibm/ft-s. The plastic pipes are considered to be smooth, and thus their roughness is £ = 0. The minor loss 
coefficient is Kz = 0.5 for a sharp-edged entrance, K; = 1.1 for a 90° miter bend without vanes, K, = 0.2 for a fully open 
gate valve, and K; = 5 for an angle valve. 


Analysis We choose point | in the water main near the entrance where the pressure is 60 psig and the velocity in the 
pipe to be low. We also take point | as the reference level. We take point 2 at the exit of the water fountain where the 
pressure is the atmospheric pressure (P; = Pm) and the velocity is the discharge velocity. The energy equation for a control 
volume between these two points is 





2 2 2 
P Vi P, V5 P l,gage Vy 

— +q] Fo iy E mpa =— +d, PE +Z + hurbine,e tA > =Q —+h; 
PE g PE & PE 


L y? 
where Q= 1 and h; = Ay total = ar + hy minor = (re Dk oe 


since the diameter of the piping system is constant. Then the energy equation becomes 

















60 psi 144 1bf/ft? | 32.2 Ibm- ft/s? \ v? w 
(62.3 lbm/ft* )(32.2 ft/s” ) 1 psi 1lbf 2(32.2 ft/s”) r 
The average velocity in the pipe and the Reynolds number are 
V V 20/60 gal/s ( 0.1337 ft? 
,=—=— pja (2) 5 
A, aD?’14 maD~ 1 4 I gal 0 ft 
V,D 62.3 lbm/ft* VD 
Re Hee 25 ees! : Le 8) 
H 6.55610" lbm/ft-s 
The friction factor can be determined from the Colebrook equation, Water main 60 psig ——» 
1 é/D, 2.51 1 2.51 
— =-2.0log 14 = -2.0 log| 0+ (4) 
If f 37 a 7 T 


The sum of the loss coefficients is 
> K; = K L entrance F 3K L elbow + K L gate valve + Ky igs valve 7 0.5+3x1.1+0.2+5=9 


Then the total head loss becomes 


L y? 50ft Ve 
h -(5+ K > h Ji +9) (5) 
= D 2 t) 2g = D 2(32.2 ft/s?) 
These are 5 equations in the 5 unknowns of V2, hz, D, Re, and f, and solving them simultaneously using an equation solver 


such as EES gives 
V2 = 18.4 ft/s, h; = 133.4 ft, D = 0.05549 ft = 0.67 in, Re = 97,170, and f= 0.0181 





Therefore, the diameter of the pipe must be at least 0.67 in. 


Discussion The pipe diameter can also be determined approximately by using the Swamee and Jain relation. It would 
give D = 0.62 in, which is within 7% of the result obtained above. 
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Solution In a hydroelectric power plant, the flow rate of water, the available elevation head, and the combined 
turbine-generator efficiency are given. The electric power output of the plant is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed and the friction factor is constant for the entire pipe. 3 The minor losses are given to be negligible. 4 The water 
level in the reservoir remains constant. 


Properties The density and dynamic viscosity of water at 20°C are p = 998 kg/m’ and yz = 1.002x10° kg/m-s. The 
roughness of cast iron pipes is €= 0.00026 m. 


Analysis We take point 1 at the free surface of the reservoir, and point 2 and the reference level at the free surface of 
the water leaving the turbine site (z2 = 0). Noting that the fluid at both points is open to the atmosphere (and thus P, = P, = 
Pm) and that the fluid velocities at both points are very low (V, = V2 = 0), the energy equation for a control volume 
between these two points (in terms of heads) simplifies to 





P, v? P. Vy 
4 +z + Apumpu =— +a, > +29 + hyrbine.e +h; => honbine,e =Z) =h; 
PS 2g 2g 
The average velocity, Reynolds number, friction factor, and head loss in the pipe are 
; ; 4 
pa : = 8m 8 _ 3315 mss 
A, «aD /4 2(0.35m)*/4 © 
VD 3X8. ; 
Re - LPa _ (998 kg/m )(8.513 m/s)(0.35 m) -2899x106 


u 1.002x107° kg/m-s 


which is greater than 4000. Therefore, the flow is turbulent. The 
relative roughness of the pipe is 


0002 
eID, -RR 743x10 


The friction factor can be determined from the Moody chart, but 
to avoid the reading error, we determine it from the Colebrook 
equation using an equation solver (or an iterative scheme), 


/D : A . 
$e 20a hy 2.51 | 3 F 2.0log 7.43x10 z 2.51 
f 


Vf 37 Ref 3.7 2.899x106 f 


It gives f = 0.0184. When the minor losses are negligible, the head loss in the pipe and the available turbine head are 
determined to be 














200m (8.315 m/s)? 


5 37.05 m 
0.35m 2(9.81 m/s^) 


LV? 
h, = f ——=0.0184 
D 2g 


=z; —h, =70-37.05 =32.95 m 


turbine, e 
Then the extracted power from water and the actual power output of the turbine become 
W wurbine, e7 mMghwrvine, ES PV2hiurbine, e 


= (998 kg/m?)(0.8 m3/s)(9.81 m/s” )(32.95 m) ee a) = 258 kW 
1000 kg: m/s? )\1 KN- m/s 


oe T 7] turbine-gen W dines F (0.84)(258 kW) =217 kW 


Discussion Note that a perfect turbine-generator would generate 258 kW of electricity from this resource. The power 
generated by the actual unit is only 217 kW because of the inefficiencies of the turbine and the generator. Also note that 
more than half of the elevation head is lost in piping due to pipe friction. 
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8-128 
Solution In a hydroelectric power plant, the flow rate of water, the available elevation head, and the combined 
turbine-generator efficiency are given. The percent increase in the electric power output of the plant is to be determined 
when the pipe diameter is tripled. 


Assumptions 1 The flow is steady and incompressible. 2 Entrance effects are negligible, and thus the flow is fully 
developed and friction factor is constant. 3 Minor losses are negligible. 4 Water level is constant. 


Properties The density and dynamic viscosity of water at 20°C are p = 998 kg/m’ and ys = 1.002x10° kg/m-s. The 
roughness of cast iron pipes is ¢= 0.00026 m. 


Analysis We take point | at the free surface of the reservoir, and point 2 and the reference level at the free surface of 
the water leaving the turbine site (z. = 0). Noting that the fluid at both points is open to the atmosphere (and thus P, = P, = 
Pm) and that the fluid velocities at both points are very low (V, = V2 = 0), the energy equation for a control volume 
between these two points (in terms of heads) simplifies to 


2 2 
P, y P. y, 
1 1 2 2 = 
+a 2 +z; + h pump. u = ta, 2 +Z + Fabien +h; > Mturbine,e =z] =h; 
PE & PS & 


The average velocity, Reynolds number, friction factor, and head loss in the pipe for both cases (pipe diameter being 0.35 
m and 1.05 m) are 











j 3 
A _ 9 315 ms, 
Aa aD?/4 2(0.35m)?/4 © 
: , ; 
Vy = = Se ES 0.0039 
o2 ADZ/4 7(1.05m)*/4 ane 
VD kg/m?)(8.31 
soe (998 kg/m ea Ti r 
H 1.002x10 ~ kg/m-s | A 500 m 
V,D kg/m?)(0.92 1. 
Ree ta (998 kg/m? )(0.9239 m/s)(1.05m) _ 9 geen 496 





4 1.002x107° kg/m:s 


which are greater than 4000. Therefore, the flow is turbulent for 
both cases. The relative roughness of the pipe is 


ie ae da ef eo 
0.35m 1.05m 


The friction factor can be determined from the Moody chart, but to avoid the reading error, we determine it from the 
Colebrook equation using an equation solver (or an iterative scheme), 


1 743x10 2.51 ae 
ih 3.7 2.899x 10° /f, Jh 


The friction factors are determined to be fı = 0.01842 and f) = 0.01520. When the minor losses are negligible, the head 
losses in the pipes and the head extracted by the turbine are determined to be 


200m (8.315 m/s)? 
0.35 m 2(9.81 m/s”) 
Ve ; 2 
ee L V? 0015220 © a 
D, 2g 1.05m 2(9.81m/s*) 


The available or actual power output is proportional to the turbine head. Therefore, the increase in the power output when 
the diameter is doubled becomes 











= -2.0 log ; 
3.7 0.9662 x 10° ./ f, 


4 
E 2 2 104 2.51 | 





LV? 
h; = fi —— = 0.01842 =37.09m, Aurbine1 = Z1 -Az =70-37.09 = 32.91m 
D, 2g f 





=0.13m , Aurine? = Z2 ~hz = 70-0.13 = 69.87 m 


fiurbine,2 7 f iurbine,1 = 69.87 —32.91 
h 32.91 


Discussion Note that the power generation of the turbine more than doubles when the pipe diameter is tripled at the 
same flow rate and elevation. 





Increase in power output = =1.12 or 112% 


turbine, 1 
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Chapter 8 Flow in Pipes 


8-129E 
Solution The drinking water needs of an office are met by siphoning water through a plastic hose inserted into a large 
water bottle. The time it takes to fill a glass when the bottle is first opened and when it is empty are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed and the friction factor is constant for the entire pipe. 3 The on/off switch is fully open during filing. 4 The water 
level in the bottle remains nearly constant during filling. 5 The flow is turbulent (to be verified). 6 The effect of the kinetic 
energy correction factor is negligible, a= 1. 


Properties The density and dynamic viscosity of water at 70°F are p = 62.30 lbm/ft? and u = 2.360 lbm/ft-h = 
6.556x10™ Ibm/ft-s. The plastic pipes are considered to be smooth, and thus their roughness is £= 0. The total minor loss 
coefficient is given to be 2.8. 


Analysis We take point 1 to be at the free surface of water in the bottle, and point 2 at the exit of the hose., which is 
also taken to be the reference level (z, = 0). Noting that the fluid at both points is open to the atmosphere (and thus P, = P, 
= Pm) and that the fluid velocity at the free surface is very low (V; = 0), the energy equation for a control volume between 
these two points (in terms of heads) simplifies to 
2 2 2 
Ey ae BD sys hogs ail +h, > ie aa, 
2g 2g 2g 


pump,u — turbine, e 

















PE 
L V? ( 6 ft ) v? 
where œ =l1and h, =| f—+) K > h,= +2.8 1 
1 (45 2 Je 1 Í 35712 2(32.2 ft/s”) n 
since the diameter of the piping system is constant. Then the energy equation becomes 
y2 
zı = 0 ——— +h (2) Si 
2(32.2 ft/s“) 0.35 
The average velocity in the pipe and the Reynolds number are > 
V V V ft?/s 
V =—=—— > h= : (3) O i 
A, aD° 14 m(0.35/12 ft)” /4 E 
V, D 62.3 lbm/ft? )V, (0.35/12 ft av 
Re = 22 s Re =< Wal ) (4) 
H 6.556x10 * Ibm/ft -s 
The friction factor can be determined from the Colebrook equation, on 
D, 2 | © + 
Aai e a iL a ge Hi Oe 5) 7 
JI 37 Reff JI Re ff 


Finally, the filling time of the glass is 


hex Velass _ 0.00835 ft* 

V Ý ft?/s 
These are 6 equations in the 6 unknowns of V2, V , hy, Re, f, and At, and solving them simultaneously using an equation 
solver such as EES with the appropriate z; value gives 





(6) 


Case (a): The bottle is full and thus z,; = 3+1 = 4 ft: 
V = 5.185 ft/s, h, =3.58 ft, V = 0.00346 ft'/s, Re= 14,370, f= 0.02811, and At= 2.45 


Case (b): The bottle is almost empty and thus z, = 3 ft: 
V, =4.436 ft/s, hy, = 2.69 ft, V = 0.00296 ft/s, Re= 12,290, f= 0.02926, and At = 2.8 s 
Note that the flow is turbulent for both cases since Re > 4000. 


Discussion The filling time of the glass increases as the water level in the bottle drops, as expected. 
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$1308 


Solution In the previous problem, the effect of the hose diameter on the time required to fill a glass when the bottle is 
full is to be investigated by varying the pipe diameter from 0.2 to 2 in. in increments of 0.2 in. 












































Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 

rho=62.3 10 

mu=2.36/3600 

nu=mu/rho 

g=32.2 

z1=4 S 

Volume=0.00835 

D=Din/12 a 

Ac=pi*D^2/4 

L=6 = 

KL=2.8 £ 

eps=0 E 4 

rf=eps/D 

V=Vdot/Ac 

"Reynolds number" 2 

Re=V*D/nu 

1/sqrt(f)=-2*log1 0(rf/3.7+2.51/(Re*sart(f))) 

HL=(f*L/D+KL)*(V%2/(2*g)) 0 

z1=V^2/(2*g)+HL 0 

Time=Volume/Vdot 

D, in Time, s hı, ft Re 

0.2 9.66 3.76 6273 
0.4 1.75 3.54 17309 
0.6 0.68 3.40 29627 
0.8 0.36 3.30 42401 
1.0 0.22 3.24 55366 
1.2 0.15 3.20 68418 
1.4 0.11 3.16 81513 
1.6 0.08 3.13 94628 
1.8 0.06 3.11 107752 
2.0 0.05 3.10 120880 




















Discussion The required time decreases considerably as the tube diameter increases. This is because the irreversible 
frictional head loss (major loss) in the tube decreases greatly as tube diameter increases. In addition, the minor loss is 
proportional to y’. Thus, as tube diameter increases, V decreases, and even the minor losses decrease. 
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8-131E 
Solution The drinking water needs of an office are met by siphoning water through a plastic hose inserted into a large 
water bottle. The time it takes to fill a glass when the bottle is first opened is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The entrance effects are negligible, and thus the flow is fully 
developed and the friction factor is constant for the entire pipe. 3 The on/off switch is fully open during filing. 4 The water 
level in the bottle remains constant during filling. 5 The flow is turbulent (to be verified). 6 The effect of the kinetic energy 
correction factor is negligible, a= 1. 


Properties The density and dynamic viscosity of water at 70°F are p = 62.30 lbm/ft? and u = 2.360 lbm/ft-h = 
6.556x10™ Ibm/ft-s. The plastic pipes are considered to be smooth, and thus their roughness is £= 0. The total minor loss 
coefficient is given to be 2.8 during filling. 


Analysis We take point | to be at the free surface of water in the bottle, and point 2 at the exit of the hose, which is 
also taken to be the reference level (z2 = 0). Noting that the fluid at both points is open to the atmosphere (and thus P; = P3 
= Pm) and that the fluid velocity at the free surface is very low (V, = 0), the energy equation for a control volume between 
these two points (in terms of heads) simplifies to 
2 2 2 
et ee ansi Bs gs ih +h, > aena ae, 
2g 2g 2g 


pump, u ~ turbine, e 

















PE 
L V2? ( 12 ft ) v? 
where œ = l and h; =| f —+ ) K > h,= +2.8 1 
k (45 2 :) 2g = Í 035712 2(32.2 ft/s”) a 
since the diameter of the piping system is constant. Then the energy equation becomes 
Vy 
z, = (1) ——*—_ +h (2) 12 ft 
i 232.2 ft/s?) * 
The average velocity in the pipe and the Reynolds number are > <235 a 
V V V ft?/s => a 
2 =— 3 = 2 (3) 
A, D414 m(0.35/12 ft)“ /4 © 
1 ft 
V,D 62.3 Ibm/ft? )V, (0.35/12 ft 
jes ge mas n o w 
4 1.307 x107 Ibm/ft -s D 
The friction factor can be determined from the Colebrook equation, 
l e/D, 251 l 2.51 a 
— =-2.0 a A i > = zoos : | (5) 


Vf 3.7 "Re |f 


Finally, the filling time of the glass is 


Votass — 0.00835 ft? 
At = SA = ees (6) 
V V ft/s 
These are 6 equations in the 6 unknowns of V, V , h1, Re, f, and At, and solving them simultaneously using an equation 
solver such as EES with the appropriate z; value gives 


vf Re Jf 


Case (a): The bottle is full and thus z; = 3+1 = 4 ft: 
V> =3.99 ft/s, hy, = 3.75 ft, V =0.002667 ft/s, Re=11,060, f= 0.03007, and At=3.15 


Case (b): The bottle is almost empty and thus z, = 3 ft: 
V2 =3.40 ft/s, hy, = 2.82 ft, V = 0.002272 ft/s, Re = 9426, f=0.03137, and At = 3.7 S 
Note that the flow is turbulent for both cases since Re > 4000. 


Discussion The filling times in Prob. 8-129E were 2.4 s and 2.8 s, respectively. Therefore, doubling the tube length 
increases the filling time by 0.7 s when the bottle is full, and by 0.9 s when it is empty. 
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8-132 
Solution A water pipe has an abrupt expansion from diameter D; to D>. It is to be shown that the loss coefficient is 


K, =(1-D? / D3)”, and K, and P) are to be calculated. 


Assumptions 1 The flow is steady and incompressible. 2 The pressure is uniform at the cross-section where expansion 
occurs, and is equal to the upstream pressure P,. 3 The flow section is horizontal (or the elevation difference across the 
expansion section is negligible). 4 The flow is turbulent, and the effects of kinetic energy and momentum-flux correction 
factors are negligible, B ~ 1 anda ~ 1. 


Properties We take the density of water to be p= 1000 kg/m’. 


Analysis We designate the cross-section where expansion occurs by x. We choose cross-section | in the smaller 
diameter pipe shortly before x, and section 2 in the larger diameter pipe shortly after x. We take the region occupied by the 
fluid between cross-sections 1 and 2 as the control volume, with an inlet at | and exit at 2. The velocity, pressure, and 
cross-sectional area are V;, P,, and A, at cross-section 1, and V2, P2, and A, at cross-section 2. We assume the pressure 
along the cross-section x to be P, so that P, = Pı. Then the continuity, momentum, and energy equations applied to the 
control volume become 











A 
(1) Continuity: m =m, > PVA =p 4 > V, re (1) 
2 
(2) Momentum: X F=} pňV-9 pùV > PA +P(A, -4)-P,A, =U -V,) 
out in 
But PA, + P(A, — 41) = PA, = PAg 
ti(V> —V,) = PAV (Vo —V,) = Pd Ap Ap -V, |= pA, Aa V? 
Ay A, Ay Ay 
A, (A P-P A, (A 
Therefore, P, A, —P)A, = pA, afaa > 4- -AA aihe (2) 
A A P A 4 
P y? P. y? P-P, vê-v? 
(3) Energy: ++ a, +2, tM aig = +a, + +2, + Meeting e +h, => h; =+ (3) 
PZ 2g 2g ' 2g 
V2 
Substituting Eqs. (1) and (2) and A; = K; = into Eq. (3) gives 
g 
K, v2 A, á J ear Ape see 24, (4 i} E 
2g A,\A, E 2g A 4 2 
Simplifying and substituting A = 1D°/4 gives the desired relation and its value, 
2 2 2 2 
A D? 14 D? i 3 
Kali-i (i-z ) -[1-20) (i-em =0.1914 
A, aD; 14 D? (0.20 m) 
vè 10 ms)? © |® 
Also, h; =K, —= (4 = 0.9756m 
2g 2(9.81 m/s”) 
10m/s ——» 20 cm ——» 
A, D2. (015m)? S em 
Vp = VY, =, = = (10 m/s) = 5.625 m/s 
A, D3 (0.20 m) 
Solving for P, from Eq. (3) and substituting, 
P, = P, + {V1 -V27)/2-gh;} 
2 2 m? 
= (120 kPa) kgm y OAA —G.625 m/s) Sa OIT) = =145kPa 
2 1000 kg - m/s 


Note that the pressure increases by 25 kPa after the expansion due to the conversion of dynamic pressure to static pressure 
when the velocity is decreased. Also, K; = | (actually, K; = œ) when D, >> D; (discharging into a reservoir). 


Discussion At a discharge into a large reservoir, all the kinetic energy is wasted as heat. 
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8-133 
Solution A swimming pool is initially filled with water. A pipe with a well-rounded entrance at the bottom drains the 
pool to the atmosphere. The initial rate of discharge from the pool and the time required to empty the pool completely are to 
be determined. 


Assumptions 1 The flow is uniform and incompressible. 2 The draining pipe is horizontal. 3 The entrance effects are 
negligible, and thus the flow is fully developed. 4 The friction factor remains constant (in reality, it changes since the flow 
velocity and thus the Reynolds number changes during flow). 5 The effect of the kinetic energy correction factor is 
negligible, a= 1. 


Properties The density and dynamic viscosity of water at 20°C are p = 998 kg/m’ and yz = 1.002x10° kg/m-s. The 
friction factor of the pipe is given to be 0.022. Plastic pipes are considered to be smooth, and their surface roughness is ¢ = 
0. 


Analysis We take point | at the free surface of the pool, and point 2 and the reference level at the exit of the pipe (z2 
= 0), and take the positive direction of z to be upwards. Noting that the fluid at both points is open to the atmosphere (and 
thus P; = P2 = Pam) and that the fluid velocity at the free surface is very low (V, = 0), the energy equation for a control 
volume between these two points (in terms of heads) simplifies to 


P v? P. V? Ve 
a 421 +A pump. =— +a, 7+ z3 + hurbine,e +h > 2) =) +h, 
2g P8 2g 2g 
where 
LY” 
hy = fi 
D 2g 


since the minor losses are negligible. Substituting and solving for V2 gives 


v2 L\V? 7 
asas ias E) > V, = a 
2g D/} 2g æ, + fLID 


Noting that œ = 1 and initially zı = 2 m, the initial velocity and flow 
rate are determined to be 


2 2(9.81 m/s? )(2 
Vee | es E I E als 
V4 (L/D \1+0.022(25 m)/(0.03 m) 


V 


initial 








=V, A, = V3; (4D? /4) = (1.425 m/s)[z(0.03 m)? /4] =1.01x107° m?/s =1.01 L/s 
The average discharge velocity at any given time, in general, can be expressed as 


2gz 
V, = 7 
1+ fL/D 

where z is the water height relative to the center of the orifice at that time. 


We denote the diameter of the pipe by D, and the diameter of the pool by D,. The flow rate of water from the pool 
can be obtained by multiplying the discharge velocity by the pipe cross-sectional area, 


pair- 2gz 
oe 2 A V+ (L/D 


Then the amount of water that flows through the pipe during a differential time interval dt is 
2 
, 2 
Veve E a (1) 
4 Ņ\1+JLID 
which, from conservation of mass, must be equal to the decrease in the volume of water in the pool, 


aD? 
dV = A, tang (—dz) = — de (2) 
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where dz is the change in the water level in the pool during dt. (Note that dz is a negative quantity since the positive 
direction of z is upwards. Therefore, we used —dz to get a positive quantity for the amount of water discharged). Setting 
Eqs. (1) and (2) equal to each other and rearranging, 


2 2 2 2 
D D a 
zD 2gz di- 72 ts PRID E 1+ fLID | P 
4 Ņ1+/LID 4 D? 2gz D? 2g 


The last relation can be integrated easily since the variables are separated. Letting t; be the discharge time and integrating it 
from t = 0 when z = z, to t= ty when z = 0 (completely drained pool) gives 


110 
ty Do [1+ fLID p? a D2 fi+fL/D\z?| 2D fl+fL/D 2 
J dt = -—> | z= “dz > t; =- = Zz; 
t=0 D? 2g Zz=2; D? 2g 7 D? 2g 


21 











Simplifying and substituting the values given, the draining time is determined to be 


2 2 
oe [2z,0+ LID) Com PEI OOPS MNO OS THI _ 312.0008 =86.7h 
= Dp g (0.03 m) 9.81 m/s 


Checking: For plastic pipes, the surface roughness and thus the roughness factor is zero. The Reynolds number at the 
beginning of draining process is 








_ PVaD _ (998 kg/m°)(1.425 m/s)(0.03 m) 
u 1.002 x107? kg/m- s 


which is greater than 4000. The friction factor can be determined from the Moody chart, but to avoid the reading error, we 
determine it from the Colebrook equation using an equation solver (or an iterative scheme), 


1 eID.» 251 1 2.51 
—=-2.01 —— = ~2.0 log| 0+ —~~ 
Vf od 3.7 Rede | Be df od ee 


It gives f= 0.022. Therefore, the given value of 0.022 is accurate. 


Re = 42,580 











Discussion It can be shown by setting L = 0 that the draining time without the pipe is only about 18 h. Therefore, the 
pipe in this case increases the draining time by about a factor of 5. 
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8-134 g 


Chapter 8 Flow in Pipes 


Solution In the previous problem, the effect of the discharge pipe diameter on the time required to empty the pool 
completely is to be investigated by varying the pipe diameter from 1 cm to 10 cm in increments of 1 cm. 


Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 


rho=998 

mu=0.001002 

g=9.81 

Dtank= 10 

Ac=pi*D^2/4 

L=25 

f=0.022 

z1=2 
V=(2*g*z1/(1+f*L/D))*0.5 
Vdot=V*Ac 


Time=(Dtank/D)*2*(2*z1*(14fL/D)/g)*0.5/3600 




















D,m Time, h Vinitia, M/S Re 
0.01 1327.4 0.84 8337 
0.02 236.7 1.17 23374 
0.03 86.7 1.42 42569 
0.04 42.6 1.63 64982 
0.05 24.6 1.81 90055 
0.06 15.7 1.96 117406 
0.07 10.8 2.10 146750 
0.08 7.8 2.23 177866 
0.09 5.8 2.35 210572 
0.10 4.5 2.46 244721 



























































Discussion The required drain time decreases quite rapidly as pipe diameter is increased. 


0 L L L L 
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 
D,m 
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8-135 


Solution A swimming pool is initially filled with water. A pipe with a sharp-edged entrance at the bottom drains the 
pool to the atmosphere. The initial rate of discharge from the pool and the time required to empty the pool completely are to 
be determined. 


Assumptions 1 The flow is uniform and incompressible. 2 The draining pipe is horizontal. 3 The flow is turbulent so that 
the tabulated value of the loss coefficient can be used. 4 The friction factor remains constant (in reality, it changes since the 
flow velocity and thus the Reynolds number changes during flow). 5 The effect of the kinetic energy correction factor is 
negligible, a= 1. 


Properties The density and dynamic viscosity of water at 20°C are p = 998 kg/m’ and z= 1.002x10° kg/m-s. The loss 
coefficient for the sharp-edged entrance is K; = 0.5. Plastic pipes are considered to be smooth, and their surface roughness 
is €=0. 
Analysis We take point | at the free surface of the pool, and point 2 and the reference level at the exit of the pipe (zz 
= 0), and take the positive direction of z to be upwards. Noting that the fluid at both points is open to the atmosphere (and 
thus P; = P = Pam) and that the fluid velocity at the free surface is very low (V, = 0), the energy equation for a control 
volume between these two points (in terms of heads) simplifies to 

P P P. v? v? 

| > = +a, —+z, +h th, > z =@,——+h; 
2g 2g 


turbine, e 


where œ = 1 and 
L y? L V? 
h; = hy total z hinain T lg minor = (r= t > K; e = Gj pD K; j£ 


since the diameter of the piping system is constant. Substituting and solving for Vz gives 


V? L V? 2 
Z= mG +K, ) > V, = EEA 
2g D 2g 1+JLID+K, 


Noting that initially z; = 2 m, the initial velocity and flow rate are determined to be 


2 2(9.81 m/s* )(2 
Vos 821 = (2.8 1ms C m) = 1.407 m/s 
1 YVI+ fL/D+K,  ¥1+0.022(25 m)X0.03 m) +0.5 


V, 


initial 











=V,4, =V>,;(aD* / 4) = (1.407 m/s)[7(0.03 m)* /4] = 9.94x10~ m*/s = 0.994 L/s 
The average discharge velocity at any given time, in general, can be expressed as 


2gz 
V, = 
1+ fL/D+K, 


where z is the water height relative to the center of the orifice at that time. 


We denote the diameter of the pipe by D, and the diameter of the pool by D,. The flow rate of water from the pool 
can be obtained by multiplying the discharge velocity by the pipe cross-sectional area, 
2 
Vara | 2 
4 1+ fL/D+K, k— 0m — 


Then the amount of water that flows through the pipe during a 
differential time interval dt is 
2 
Wir eue 


— dt (1) 
4 V1+/fL/D+K, 


which, from conservation of mass, must be equal to the decrease in the 
volume of water in the pool, 





nmD2 
dV = Ao tang (az) = -7 4 (2) 
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where dz is the change in the water level in the pool during dt. (Note that dz is a negative quantity since the positive 
direction of z is upwards. Therefore, we used —dz to get a positive quantity for the amount of water discharged). Setting 
Eqs. (1) and (2) equal to each other and rearranging, 


D? 2 aD? D2 [1+ fL/D+K DÈ /1+fL/D+K, 2 
a pS d=- 0 dz > dt =- ee set. IEDR. 2dz The last relation 
4 V1+/L/D+K, 4 D 2gz D 2g 


can be integrated easily since the variables are separated. Letting tybe the discharge time and integrating it from ¢ = 0 when 
z =Z; to t = tpwhen z = 0 (completely drained pool) gives 








0 


1 
t D2 {1+ fL/D+K, f° D? [i+ fL/D+K, |z2 2D? iW fj DAK 2 
Í ' dt=- ZA =a zd > t; =- 2 f Ble = f z z? Simplifying 
t=0 DŽ 2g z=2; D2 2g + D2 2g 
Zi 


and substituting the values given, the draining time is determined to be 








= 316,000 s = 87.8 h This is a 


_ Dé [2z,0+fL/D+K,) (0m? [peli oie eNOS m0sI 
ERTA = e se ee al = eta te 


D? g (0.03 m)? 9.81 m/s” 

change of (87.8-86.7)/86.7 = 0.013 or 1.3%. Therefore, the minor loss in this case is truly minor. 

Checking: For plastic pipes, the surface roughness and thus the roughness factor is zero. The Reynolds number at the 

beginning of draining process is 

_ PV2D _ (998 kg/m* (1.407 m/s)(0.03 m) 
u 1.002x107° kg/m -s 


which is greater than 4000. The friction factor can be determined from the Moody chart, but to avoid the reading error, we 
determine it from the Colebrook equation using an equation solver (or an iterative scheme), 


1 eID 251 1 2.51 
— =-201 e a e 
TF od 37 Re Jf | "OF od “2030/7 | 


It gives f= 0.022. Therefore, the given value of 0.022 is accurate. 





Re = 42,030 








Discussion It can be shown by setting L = 0 that the draining time without the pipe is only about 24 h. Therefore, the 
pipe in this case increases the draining time more than 3 folds. 
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Chapter 8 Flow in Pipes 


8-136 

Solution A system that concsists of two interconnected cylindrical tanks is used to determine the discharge 
coefficient of a short 5-mm diameter orifice. For given initial fluid heights and discharge time, the discharge coefficient of 
the orifice is to be determined. 


Assumptions 1 The fluid is incompressible. 2 The entire systems, 
including the connecting flow section, is horizontal. 3 The discharge 
coefficient remains constant (in reality, it may change since the flow 
velocity and thus the Reynolds number changes during flow). 4 Losses 
other than the ones associated with flow through the orifice are negligible. 5 
The effect of the kinetic energy correction factor is negligible, @= 1. 


Analysis We take point 1 at the free surface of water in Tank 1, and 
point 0 at the exit of the orifice. We take the centerline of the orifice as the 
reference level (zı = A; and zp = 0). Noting that the fluid at point lis open to 
the atmosphere (and thus P; = Pam and Po = Pam + pghz) and that the fluid 
velocity at the free surface is very low (V, = 0), the Bernoulli equation 








between these two points gives Orifice 
P vè P Vo Px Pam + pgh Vo 
ttg o H y h = - > Vo = 2g(h,-hy) =y2gh 
pg 2g pg 2g PS PS 2g 


where h = h, —/hy 1s the vertical distance between the water levels in the two tanks at any time t. Note that hı, ho, h, and Vo 
are all variable (1, decreases while h, and A increase during discharge. 


Noting that the fluid is a liquid (p = constant) and keeping the conservation of mass in mind and the definition of 
the discharge coefficient Cy, the flow rate through the orifice can be expressed as 














, dh dh A 
V =C,V,4, =-A, — = A, > dh, =-— dh, 
dt dt A, 
Also, =h=h-h, ——> dh=dh-dh, ——> dh,=dh,+dh (Note that dh <0, dh; <0, and dhy>0) 
Combining the two equations above, dh, = h 
1+ 4/4 
; dh 
Then, V=C,V,A,=-4 =" —» Gae 
dt 1+A,/A, dt 
44A 
which can be rearranged as dt = — f ah 
A +A C44 42g Vh 
t h 
AA 1 dh 
Integrating f ga A f 
3 4t C14, [2g ; vh 
44A 
Performing the integration f= iy - Jh ] 





A, + A, CyA,y2g 


Wh -vh) 
4 (Ay 1 Ay + Ag I ADEE 


Fluid flow stops when the liquid levels in the two tanks become equal (and thus A = 0). Substituign the given values, the 
discharge coefficient is determined to be 


2 2 2 2 
Ay By. 1B D 
De | at 8 -(2=) +($Se") = 0.002014 , 
A, A, D, D; 30 cm 12 cm 
£ 2V0.5m 
(0.002014)(170 s)v 29.81 m/s? 


Discussion We could add the minor losses at the pipe inlet and outlet without much extra effort. 


Solving for Cy 





Ca = 0.933 
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Chapter 8 Flow in Pipes 
8-137 
Solution A highly viscous liquid discharges from a large container through a small diameter tube in laminar flow. A 
relation is to be obtained for the variation of fluid depth in the tank with time. 






Discharge 


r tube 


Assumptions 1 The fluid is incompressible. 2 The discharge tube is horizontal, and the flow is laminar. 3 Entrance effects 
and the velocity heads are negligible. 


Analysis We take point 1 at the free surface of water in the tank, and point 2 at the exit of the pipe. We take the 
centerline of the pipe as the reference level (zı = h and z2 = 0). Noting that the fluid at both points 1 and 2 are open to the 
atmosphere (and thus P, = P2 = Pam ) and that the fluid velocity at the free surface is very low (V1 = 0) and the velocity 
heads are negligible, the energy equation for a control volume between these two points gives 





P 2 P. 2 P P 
l pa tz =— TAE + Z5 +h; > MM th=—“™ih, > h =h (1) 
pg 2g pg 2g pg 


where A is the liquid height in the tank at any time t. The total head loss through the pipe consists of major losses in the pipe 
since the minor losses are negligible. Also, the entrance effects are negligible and thus the friction factor for the entire tube 
is constant at the fully developed value. Noting that f = Re/64 for fully developed laminar flow in a circular pipe of 
diameter d, the head loss can be expressed as 

LV? 64LV? 64 LV? 64LV 














h, = 2 

= Tag Red 2g Vdivd2g d? 2g (2) 

The average velocity can be expressed in terms of the flow rate as V = < = ae Substituting into (2), 
64L 1f V 64L 4V _ 128LV 
LT 2 y2 z 4 (3) 
d* 2g\nd°/4 d^ 2grd gad 
Combining Eqs. (1) and (3): h= — (4) 
& 


Noting that the liquid height / in the tank decreases during flow, the flow rate can also be expressed in terms of the rate of 
change of liquid height in the tank as 
; dh _ zD? dh 
V =-—-A ank — =- —— — 5 
e y 4 dt a 


128vL nD? dh __ 32vLD? dh 











Substituting Eq. (5) into (4): A=- Sato a = F. (6) 
To separate variables, it can be rearranged as dt = -ID A 
Integrating from ź = 0 (at which A = H) to t = t (at which = h) gives 

t= SMAD int /h) 











which is the desired relation for the variation of fluid depth A in the tank with time ¢. 


Discussion If the entrance effects and the outlet kinetic energy were included in the analysis, the time would be slower. 





8-110 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 8 Flow in Pipes 
8-138 
Solution Using the setup described in the previous problem, the viscosity of an oil is to be determined for a given set 
of data. 






Discharge 


S tube 


Assumptions 1 The oil is incompressible. 2 The discharge tube is horizontal, and the flow is laminar. 3 Entrance effects 
and the inlet and the exit velocity heads are negligible. 


Analysis The variation of fluid depth / in the tank with time ¢ was determined in the previous problem to be 
2vLD? 
j= -i In(H/h) 
gd 


Solving for v and substituting the given values, the kinematic viscosity of the oil is determined to be 


gd‘ n- (9.81 m/s? )(0.006 m)* 


v= (2842s) = 4.15x10 7 mĉ/s 
32LD?” In(H/h)  32(0.65 m)(0.63 m)” In(0.4/0.36) 





Discussion Note that the entrance effects are not considered, and the velocity heads are disregarded. Also, the value of 
the viscosity strongly depends on temperature, and thus the oil temperature should be maintained constant during the test. 


Design and Essay Problems 


8-139 to 8-142 
Solution Students’ essays and designs should be unique and will differ from each other. 





Qo 


8-111 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 


teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 9 Differential Analysis of Fluid Flow 


Solutions Manual for 
Fluid Mechanics: Fundamentals and Applications 


by Cengel & Cimbala 





CHAPTER 9 
DIFFERENTIAL ANALYSIS OF FLUID FLOW 





PROPRIETARY AND CONFIDENTIAL 


This Manual is the proprietary property of The McGraw-Hill Companies, Inc. 
(“McGraw-Hill”) and protected by copyright and other state and federal laws. By 
opening and using this Manual the user agrees to the following restrictions, and if the 
recipient does not agree to these restrictions, the Manual should be promptly returned 
unopened to McGraw-Hill: This Manual is being provided only to authorized 
professors and instructors for use in preparing for the classes using the affiliated 
textbook. No other use or distribution of this Manual is permitted. This Manual 
may not be sold and may not be distributed to or used by any student or other 
third party. No part of this Manual may be reproduced, displayed or distributed 
in any form or by any means, electronic or otherwise, without the prior written 
permission of McGraw-Hill. 


9-1 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 9 Differential Analysis of Fluid Flow 


General and Mathematical Problems 


9-1C 
Solution We are to explain the fundamental differences between a flow domain and a control volume. 
Analysis A control volume is used in an integral, control volume solution. It is a volume over which all mass flow 


rates, forces, etc. are specified over the entire control surface of the control volume. In a control volume analysis we do not 
know or care about details inside the control volume. Rather, we solve for gross features of the flow such as net force acting 
on a body. A flow domain, on the other hand, is also a volume, but is used in a differential analysis. Differential 
equations of motion are solved everywhere inside the flow domain, and we are interested in all the details inside the flow 
domain. 


Discussion Note that we also need to specify what is happening at the boundaries of a flow domain — these are called 
boundary conditions. 





9-2C 
Solution We are to explain what we mean by coupled differential equations. 
Analysis A set of coupled differential equations simply means that the equations are dependent on each other and 


must be solved together rather than separately. For example, the equations of motion for fluid flow involve velocity 
variables in both the conservation of mass equation and the momentum equation. To solve for these variables, we must 
solve the coupled set of differential equations together. 


Discussion In some very simple fluid flow problems, the equations become uncoupled, and are easier to solve. 





9-3C 
Solution We are to discuss the number of unknowns and the equations needed to solve for those unknowns for a 
three-dimensional, unsteady, incompressible flow field. 


Analysis There are four unknowns (velocity components u, v, w, and pressure P) and thus we need to solve four 
equations: 


— one from conservation of mass which is a scalar equation 
— three from Newton’s second law which is a vector equation 


Discussion These equations are also coupled in general. 





9-4C 
Solution We are to discuss the number of unknowns and the equations needed to solve for those unknowns for a 
three-dimensional, unsteady, compressible flow field with significant variations in both temperature and density. 


Analysis There are six unknowns (velocity components u, v, w, p, T, and P) and thus we need to solve six 
equations: 


— one from conservation of mass which is a scalar equation 

— three from Newton’s second law which is a vector equation 

— one from the energy equation which is a scalar equation 

— one from an equation of state (e.g. ideal gas law) which is a scalar equation 


Discussion These equations are also coupled in general. 
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Chapter 9 Differential Analysis of Fluid Flow 


9-5C 
Solution We are to express the divergence theorem in words. 
Analysis For vector G, the volume integral of the divergence of G over volume V is equal to the surface 


integral of the normal component of G taken over the surface A that encloses the volume. 


Discussion The divergence theorem is also called Gauss’s theorem. 





Sadie We are to transform a position from Cartesian to cylindrical coordinates. 
Analysis We use the coordinate transformations provided in this chapter, 

r=je+y? =/(4m)y+(3my =5m (1) 
and 


X 


0 = tan} = tan” (22) =36.87° =0.6435 radians (2) 


Coordinate z remains unchanged. Thus, 


Position in cylindrical coordinates: x = (r, 6,z) = (5 m, 0.6435 radians, - 4m) (3) 


Discussion Notice that the units of 8 are radians since angles are dimensionless. 





9-7 
Solution We are to calculate a truncated Taylor series expansion for a given function and compare our result with the 
exact value. 


Analysis The algebra here is simple since d(e’)/dx = e*. The Taylor series expansion is 
i l 
Taylor series expansion: f(x, +dx) =e” +e”dx+ n dx? + oo det... (1) 
x 


We plug x9 = 0 and dx = -0.1 into Eq. 1, 
Truncated Taylor series expansion: 


f0.) x1+1x(-0.1)+ z 1x(0.1? tox 1x (0.1)? = 0.9048333... ® 


We compare Eq. 2 with the exact value, 
Exact value: f (0.1) =e! = 0.904837418... (3) 


Comparing Eqs. 2 and 3 we see that our approximation is good to four or five significant digits. 


Discussion The smaller the value of dx, the better the approximation. You can easily convince yourself of this by trying 
dx = 0.01 instead. 





9-3 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 9 Differential Analysis of Fluid Flow 


9-8 
Solution We are to calculate the divergence of a given vector. 
Analysis The divergence of G is the dot product of the del operator V = <i + <j j+ Zi with G , which gives 
x y z 
. A Z A ð a ð = ð 7 = 1 27 TE 
Divergence of G: V-G=| —i+—Jj+—k |-| 2xzi -=x j+z2k |=2z7+0-2z=0 
ôx oy Oz 2 


It turns out that for this special case, the divergence of G is zero. 


Discussion If G were a velocity vector, this would mean that the flow field is incompressible. 





9-9 
Solution We are to perform both integrals of the divergence theorem for a given vector and volume, and verify that 
they are equal. 


Analysis We do the volume integral first: 


Volume integral: [,V-Gav = I a e SE zdydx = lege 4z- 2y + y \dzdydx (1) 


The term in parentheses in Eq. | reduces to (4z — y), and we integrate this over z first, 
=>- > T x=l f y=1 2 z=l _ 
fY ' GaV ~ Jon I [2z p yzl dydx 7 i L 2 y )dydx 


Then we integrate over y and then over x, 


3 79=! 
Volume integral: [Vv .GdV = E f2» -2 dx= [sa = z (2) 
x= o x 


Next we calculate the surface integral of the divergence theorem. There are six faces of the cube, and unit vector n points 
outward from each face. So, we split the area integral into six parts and sum them. E.g., the right-most face has n = (1,0,0), 


so G-n =4xzon this face. The bottom face has ñA = (0,-1,0), so Gi = y on this face. The surface integral is then 








$, -ndA = Wie [i(4s2)aedy] +| (7 fE —4xz) jad| ff “LG y° Jad | E 
7 ee ee 
Surface integral: eee ee Top face (3) 
fe a (5° Jara] A al (yz) dar) fe cleat al —yz) Jaya | p 
Bottom face Front face Back face 


The three integrals on the far right of Eq. 3 are obviously zero. The other three integrals can be obtained carefully, 
1 1 1 i| y? = 
= -_ f= 27= sehr pl r= a y 
$ G -ndA = ie [2z L dy + fal xf dz + R 7 | dx = Le )dy +f 1)dz + E (3 Jas (4) 
y=0 
The last three integrals of Eq. 4 are trivial. The final result is 


Surface integral: $ G -ndA=2-1 + = : (5) 


Since Eq. 2 and Eq. 5 are equal, the divergence theorem works for this case. 


Discussion The integration is simple in this example since each face is flat and normal to an axis. In the general case in 
which the surface is curved, integration is much more difficult, but the divergence theorem always works. 
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Chapter 9 Differential Analysis of Fluid Flow 


9-10 
Solution We are to expand a dot product in Cartesian coordinates and verify it. 
. : : : = 0 rs ô 3 ô T A 7 = T 
Analysis In Cartesian coordinates the del operator is V = a + j Fu and we let G=G,i +G,j+G,k . The 
x y z 


left hand side of the equation is thus 














we) a ô ô 
Left hand side: x A s 5 (1) 
G, 
=G, gg OCs +G, of + f—+G. aE, gee 
" Ox Ox ” dy oy * OZ oz 
The right hand side of the equation is 
G-Vf+fV-G 
= = = - a = 0G 
Right hand side: =(G,i +G,j+G,k): F: KO a +f Pea 2 Pace 
i : : ox y` &z ox ð & (2) 
0G, 
aleo eg lir pg pO 
“Ox "Oy “& Ox oy oz 


Equations 1 and 2 are the same, and the given equation is verified. 


Discussion The product rule given in this problem was used in this chapter in the derivation of the alternative form of 
the continuity equation. 
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Chapter 9 Differential Analysis of Fluid Flow 


9-11 

Solution We are to expand the given equation in Cartesian coordinates and verify it. 

Analysis In Cartesian coordinates the del operator is V -2r Sj J +k and we let F = Fi EE, j +F, k and 
x y z 


G= Gi + G,j + G.k . The left hand side of the equation is thus 


3 ô ô FG, FG, F.G, 
¥-(F6)=| 2 Z 2 FG, FG, FG, 














Ox Oy &z FG, F, G, FG. 
0 ð 0 + 
—(F.G, )+—|F,G,)+—(£.G, ) |i 
[ro esie 4, 
0 ð 0 
dlra, (Re) 2(re,) | | 
0 ð ð > 
F, —|F, —(F. k 
| 2 tae cs Jah 0.) 
We use the product rule on each term in Eq. | and rearrange to get 
Left hand side: 
z pe F s 
v-(Fā) =la, [= She a Dip agi 
ôx oy &z ôx y Oz) 
F 3 
|o(% a - hale, a +F, a +F “6,3 (2) 
“Lax ð & ox Gy &) ? 
F > 
ae a 7 Bhs e +F, g +F, Sa, 
“| ax Oy & ôx Oy. *&j* 
OF a a 
We recognize that Ole +— ee and poe ae eF kg, 2 then becomes 
ôx oy z “Ox “Oy *& 
Left hand side: 
V-(FG)-[6,(¥-F)+(F-V)G, |i +[G,(V-F)+(F-V)a, |i a 
+/G.(¥-F)+(F-V)G. |k 


After rearrangement, Eq. 3 becomes 


Left hand side: 
V.(FG)=(G7+6,7+6.4k)(V-F)+(F-V\(GI+G,j+Gk) © 


Finally, recognizing vector G twice in Eq. 4, we see that the left hand side of the given equation is identical to the right 
hand side, and the given equation is verified. 


Discussion It may seem surprising, but FG # GF . 
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Chapter 9 Differential Analysis of Fluid Flow 


9-12 
Solution We are to prove the equation. 
Analysis We let F = pV and G=V. Using Eq. | of the previous problem, we have 


¥.(pW)=V0-(pV)+(pV-¥)¥ ay 


However, since the density is not operated on in the second term of Eq. 1, it can be brought outside of the parenthesis, even 
though it is not a constant in general. Equation | can thus be written as 





V-(pW)=VV-(pV)+ p(V-V)V (2) 











Discussion Equation 2 was used in this chapter in the derivation of the alternative form of Cauchy’s equation. 

















-1 
Saian We are to transform cylindrical velocity components to Cartesian velocity components. 
Analysis We apply trigonometry, recognizing that the angle between u and u, is @ and the angle between v and ugis 
also 6, 
x component of velocity: u =u, cos —u, sin 0 (1) 
Similarly, 
y component of velocity: v =u, sin 0 +u, cos 0 (2) 











The transformation of the z component is trivial, 











z component of velocity: w=u, (3) 





Discussion These transformations come in handy. 




















9-14 

Solution We are to transform Cartesian velocity components to cylindrical velocity components. 

Analysis We apply trigonometry, recognizing that the angle between u and u, is @ and the angle between v and ugis 
also 6, 

u, component of velocity: u, =ucos0 + vsin (1) 

Similarly, 

ug component of velocity: u, =—usind+vcosé (2) 











The transformation of the z component is trivial, 





z component of velocity: u, =W (3) 











Discussion You can also obtain Eqs. 1 and 2 by solving Eqs. 1 and 2 of the previous problem simultaneously. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-15 
Solution We are to transform a given set of Cartesian coordinates and velocity components into cylindrical 
coordinates and velocity components. 


Analysis First we apply the coordinate transformations given in this chapter, 


r= x? +y? =,/(0.50 m) +(0.20 m)’ =0.5385m (D) 


6 = tan» = tan 9-29 ™ | _ 91 80° = 0.3805 radians (2) 
x 0.50 m 





Next we apply the results of the previous problem, 


PE E E E E TE T E) 
s 0.5385 m s 0.5385 m s 


PEE N S T T E T E T ay 
S 


a x 
s 0.5385 m s 0.5385 m 











Note that we have used the fact that x = rcos@ and y = rsin@ for convenience in Eqs. 3 and 4. Our final results are 
summarized to three significant digits: 





Results: r =0.539 m, 0 = 0.381 radians, u, = 7.48, Uy = -9.03 (5) 
s s 











We verify our result by calculating the square of the speed in both coordinate systems. In Cartesian coordinates, 


2 2 2 
v? =u sy =(1032) +( 5.6 =) =137.5=— (6) 
S S S 





In cylindrical coordinates, 


2 


2 2 
vè =u? su =(7484 2) e 9.025 m) =1375% Gi 
S S s“ 





Discussion Such checks of our algebra are always wise. 





9-16 
Solution We are to transform a given set of Cartesian velocity components into cylindrical velocity components, and 
identify the flow. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y or r-0 plane. 

















Analysis We recognize that r* = x° + y’. We also know that y = rsin@ and x = rcos@. Using the results of Problem 9- 
14, the cylindrical velocity components are 
i Crsin@cos@ Crsin@cosé 
u, component of velocity: u, =ucosé+vsind = ee — Smo osa =0 (1) 
r r 
Crsin?ð Crceos’0 -C 
ug component of velocity:: u; = —usinð +vcosh = -— ~- = — (2) 
7 r r 











where we have also used the fact that cos?@+ sin’@= 1. We recognize the velocity components of Eqs. | and 2 as those of a 
line vortex. 


Discussion The negative sign in Eq. 2 indicates that this vortex is in the clockwise direction. 
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Chapter 9 Differential Analysis of Fluid Flow 


9-17 
Solution We are to transform a given set of cylindrical velocity components into Cartesian velocity components. 
Analysis We apply the coordinate transformations given in this chapter, along with the results of Problem 9-13, 
; ; mx PF y 
x component of velocity: u=u,cos@—u, sin@ =——-—-——— (1) 


We recognize that r° = x? + y? . Thus, Eq. 1 becomes 


x component of velocity: u= aoa -= Ty) (2) 


Similarly, 





: : my TT x 
y component of velocity: v =u, sin 0 +u, cos = ——~+—— 
2arr arr 


(3) 











Again recognizing that r° = x° + y? , Eq. 3 becomes 





y component of velocity: v (my +T x) (4) 








J 2n(x?+y?) 





We verify our result by calculating the square of the speed in both coordinate systems. In Cartesian coordinates, 
V? =u +v’ = l (mx? - 2mxT +r? *)+ 
= > 2 y y 


4n(e+y) 5 (my? +2myTx+T°x?) 5) 


4r’? (x + y’) 


Two of the terms in Eq. 5 cancel, and we combine the others. After simplification, 





2 1 2 
Magnitude of velocity squared: WV? =w +v =—__—__(m’ +I” 
& of q An? (x? i: 7?) ( ) (6) 











We calculate V? from the components given in cylindrical coordinates as well, 





m % r’ _m +I? 
4n’r? 4r’r 4r’r’ 





(7) 


Magnitude of velocity squared: V? =u; +u = 











Finally, since r° = x° + y’ , Eqs. 6 and 7 are the same, and the results are verified. 


Discussion Such checks of our algebra are always wise. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-18E 
Solution We are to transform a given set of Cartesian coordinates and velocity components into cylindrical 
coordinates and velocity components. 


Analysis First we apply the coordinate transformations given in this chapter, 


x=rcos@ = 6.20 inx cos(30.0°)( ) =0.4474ft (1) 





in 


and 


1 ft 
y= sin = 6.20 inxsin( 30.0") 2 )-0.2583 ft D 
in 





Next we apply the results of Problem 9-13, 
Ua cna coy cos(30.0°)- 3,821 sin (30.0°) = 07235 8) 
s s s 


and 
v =u, sind +u, cos0 = 1.37 Ë xsin (30.0° )+3.82Ē x cos (30.0° )= 393 4 
S S S 


Our final results are summarized to three significant digits: 


Results: x = 0.447 ft, y =0.258 ft, u = 9.724 ft, v= 3.99 ft (5) 
S S 


We verify our result by calculating the square of the speed in both coordinate systems. In Cartesian coordinates, 
2 2 
6 ft ft ft? 
V? =u +v’ = [07235 = +{39934) = 16.47 (6) 
s s s 
In cylindrical coordinates, 


2 2 2 
V? =u? +u =(137Ë) (3828) =16471Ë (7) 
S S S 


Discussion Such checks of our algebra are always wise. 
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Chapter 9 Differential Analysis of Fluid Flow 


Continuity Equation 


9-19C 
Solution We are to discuss the material derivative of density for the case of compressible and incompressible flow. 
Analysis If the flow field is compressible, we expect that as a fluid particle (a material element) moves around in the 


flow, its density changes. Thus the material derivative of density (the rate of change of density following a fluid particle) is 
non-zero for compressible flow. However, if the flow field is incompressible, the density remains constant. As a fluid 
particle moves around in the flow, the material derivative of density must be zero for incompressible flow (no change in 
density following the fluid particle). 


Discussion The material derivative of any property is the rate of change of that property following a fluid particle. 





9-20C 
Solution We are to explain why the derivation of the continuity via the divergence theorem is so much less involved 
than the derivation of the same equation by summation of mass flow rates through each face of an infinitesimal control 


volume. 


Analysis In the derivation using the divergence theorem, we begin with the control volume form of conservation of 
mass, and simply apply the divergence theorem. The control volume form was already derived in Chap. 5, so we begin the 
derivation in this chapter with an established conservation of mass equation. On the other hand, the alternative 
derivation is from “scratch” and therefore requires much more algebra. 


Discussion The bottom line is that the divergence theorem enables us to quickly convert the control volume form of the 
conservation law into the differential form. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-21 
Solution For given velocity component u and density p, we are to predict velocity component v, plot an approximate 
shape of the duct, and predict its height at section (2). 


Assumptions 1 The flow is steady and two-dimensional in the x-y plane, but compressible. 2 Friction on the walls is 
ignored. 3 Axial velocity u and density p vary linearly with x. 4 The x axis is a line of top-bottom symmetry. 





Properties The fluid is standard air. The speed of sound is about 340 m/s, so the flow is subsonic, but compressible. 
Analysis (a) We write expressions for u and p, forcing them to be linear in x, 
au, (100-300) = wm 
u=u,+C,x C, ==— = S = -100 (1) 
Ax 2.0 m s 


kg 
(1.2-0.85) = 
P-P ? k 2 
p=ptCx CsA 05 2) 





where C, and C, are constants. We use the compressible form of the steady continuity equation, placing the unknown term 
v on the left hand side, and plugging in Eqs. 1 and 2, 


alev) ô( pu) a(( o, +C,x) (u +C,x)) 
oy Ox Ox 








After some algebra, 





=-(p,C,+%C,)-2C,C,x (3) 


We integrate Eq. 3 with respect to y, 
pv=-(p,C, +u,C,)y-2C,C,xy+ f(x) (4) 


Since this is a partial integration, we add an arbitrary function of x instead 

of simply a constant of integration. We now apply boundary conditions. 

Since the flow is symmetric about the x axis (y = 0), v must equal zero at y = 

0 for any x. This is possible only if f(x) is identically zero. Applying f(x) = 2 
0, dividing by pto solve for v, and plugging in Eq. 2, Eq. 4 becomes 




















-(p,C,+%C,)y-2C,C,xy -(p,C, +u,C, ) y-2C,C, xy a Si er phn lente 
P pı +C,x y 
(b) For known values of u and v, we can plot streamlines between x = 0 and 
x = 2.0 m using the technique described in Chap. 4. Several streamlines are 
shown in Fig. 1. The streamline starting at x = 0, y = 0.8 m is the top wall of oipo er oe 
the duct. 
(c) At section (2), the top streamline crosses y = 1.70 m at x = 2.0 m. Thus, 0 


the predicted height of the duct at section (2) is 1.70 m. 1 


Discussion You can verify that the combination of Eqs. 1, 2, and 5 * 


satisfies the steady compressible continuity equation. However, this alone Symmetry line 
does not guarantee that the density and velocity components will actually 

follow these equations if this diverging duct were to be built. The actual FIGURE 1 

flow depends on the pressure rise between sections (1) and (2) — only one Streamlines for a diverging duct. 
unique pressure rise can yield the desired flow deceleration. Temperature 

may also change considerably in this kind of compressible flow field. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-22 
Solution We are to repeat Example 9-1, but without using continuity. 


Assumptions 1 Density varies with time, but not space; in other words, the density is uniform throughout the cylinder at 
any given time, but changes with time. 2 No mass escapes from the cylinder during the compression. 


Analysis The mass inside the cylinder is constant, but the volume decreases linearly as the piston moves up. At t = 0 
when L = Lgotom the initial volume of the cylinder is V(O) = LgottomA, where A is the cross-sectional area of the cylinder. At t 
= 0 the density is 9 = (0) = m/V(0), and thus 


Mass in the cylinder: m= p(0)V (0) = p (0) Lronom A (1) 


Mass m (Eq. 1) is a constant since no mass escapes during the compression. At some later time t, L= Lgotom — Vpt and the 


ottom 


volume is thus 
Cylinder volume at time t: V= (ee -V,t)A (2) 


The density at time f is 


O)L A 
Density at time t: p= mz P(O) Leonom (3) 


V - (Lisio —V,t) A 


where we have plugged in Eq. | for m and Eq. 2 for V. Equation 3 reduces to 








Ls tte 
= (0) ottom 4 
n j ottom -Vt ( ) 
or, using the nondimensional variables of Example 9-1, 
1 1 
Nondimensional result: i ee or p*= 
PO) 4_ Vot 1-t*) (5 
Liura 











which is identical to Eq. 5 of Example 9-1. 


Discussion We see by this exercise that the continuity equation is indeed an equation of conservation of mass. 





9-23 

Solution We are to expand the continuity equation in Cartesian coordinates. 

Analysis We expand the second term by taking the dot product of the del operator V= [si 2 +k with 
x y z 


pV = (pu)i +(pv)j+(pw)k , giving 
Compressible continuity equation in Cartesian coordinates: 


ap aleu) (ev) elw) | D 
ôt Ox oy Oz 














We can further expand Eq. | by using the product rule on the spatial derivatives, resulting in 7 terms, 





Further expansion: R +p a +u ae +p > +v R +p ow +w n 0 (2) 
Ot Ox Ox Oy oy Oz Oz 














Discussion We can do a similar thing in cylindrical coordinates, but the algebra is somewhat more complicated. 
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Chapter 9 Differential Analysis of Fluid Flow 


9-24 
Solution We are to write the given equation as a word equation and discuss it. 
Analysis Here is a word equation: “The time rate of change of volume of a fluid particle per unit volume is equal 


to the divergence of the velocity field.” As a fluid particle moves around in a compressible flow, it can distort, rotate, and 
get larger or smaller. Thus the volume of the fluid element can change with time; this is represented by the left hand side of 
the equation. The right hand side is identically zero for an incompressible flow, but it is not zero for a compressible flow. 
Thus we can think of the volumetric strain rate as a measure of compressibility of a fluid flow. 


Discussion Volumetric strain rate is a kinematic property as discussed in Chap. 4. Nevertheless, it is shown here to be 
related to the continuity equation (conservation of mass). 





9-25 
Solution We are to verify that a given flow field satisfies the continuity equation, and we are to discuss conservation 
of mass at the origin. 


Analysis The 2-D cylindrical velocity components (uuo) for this flow field are 
ee ; m Tr 
Cylindrical velocity components: u, = — uy =—— (1) 
2nr 2nr 


where m and T are constants We plug Eq. | into the incompressible continuity equation in cylindrical coordinates, 


Incompressible continuity: 


al 7 of 3 
1ê(ru,) 1 (4) , (u.) _ 6 or 1 7 ii Tr lA o (2) 
r ôr r 00 Oz r/ ôr r / 00 Oz 
0 0 0 


The first term is zero because it is the derivative of a constant. The second term is zero because r is not a function of @. The 
third term is zero since this is a 2-D flow with u, = 0. Thus, we verify that the incompressible continuity equation is 
satisfied for the given velocity field. 

At the origin, both u, and ug go to infinity. Conservation of mass is not affected by ua but the fact that u, is non- 
zero at the origin violates conservation of mass. We think of the flow along the z axis as a line sink toward which mass 
approaches from all directions in the plane and then disappears (like a black hole in two dimensions). Mass is not conserved 
at the origin. 














Discussion Singularities such as this are unphysical of course, but are nevertheless useful as approximations of real 
flows, as long as we stay away from the singularity itself. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-26 
Solution We are to verify that a given velocity field satisfies continuity. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis The velocity field of Problem 9-16 is 


Cy -Cx 
Pe z 0) 








Cartesian velocity components: u=- 
x+y 


We check continuity, staying in Cartesian coordinates, 


ôu av Z 
— + + =0 
Ox, oy z 


43 [é 
24 2)> 3 i 93 
= C(x? +°) 2 yCx( 2° + y?) oe penean 





So we see that the incompressible continuity equation is indeed satisfied. 


Discussion The fact that the flow field satisfies continuity does not guarantee that a corresponding pressure field exists 
that can satisfy the steady conservation of momentum equation. In this case, however, it does. 





9-27 
Solution We are to verify that a given velocity field is incompressible. 


Assumptions 1 The flow is two-dimensional, implying no z component of velocity and no variation of u or v with z. 


Analysis The components of velocity in the x and y directions respectively are 
u =1.3+2.8x v=1.5-2.8y 
To check if the flow is incompressible, we see if the incompressible continuity equation is satisfied: 


Be Oe y o Dersi 
Ox, oy z 


a) 
2.8 -2.8  Osince 2-D 


So we see that the incompressible continuity equation is indeed satisfied. Hence the flow field is incompressible. 


Discussion The fact that the flow field satisfies continuity does not guarantee that a corresponding pressure field exists 
that can satisfy the steady conservation of momentum equation. 





9-15 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 9 Differential Analysis of Fluid Flow 
9-28 
Solution We are to find the most general form of the radial velocity component of a purely radial flow that does not 
violate conservation of mass. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y or r-@ plane. 


Analysis We use cylindrical coordinates for convenience. We solve for u, using the incompressible continuity 


equation, 
Lorn), 1206 w =0 or alu) =0 
r ôr 00 OZ Or (1) 
— a 


0 for radial flow —_0 for 2-D flow 





We integrate Eq. | with respect to r, adding a function of the other variable @ rather than simply a constant of integration 
since this is a partial integration, 








Result: ru, = £f(0) or u, = 2) 











Discussion Any function of @in Eq. 2 will satisfy the continuity equation. 





9-29 


Solution We are to determine a relationship between constants a, b, c, and d that ensures incompressibility. 
Assumptions 1 The flow is steady. 2 The flow is incompressible (under certain restraints to be determined). 


Analysis We plug the given velocity components into the incompressible continuity equation, 


Condition for incompressibility: ae + a + 2 =0 ay’ +3cy? =0 
ôx Oy z 
k= — 


ay” 2 0 
3cy~ 


Thus to guarantee incompressibility, constants a and c must satisfy the following relationship: 











Condition for incompressibility: a=-3c (1) 





Discussion If Eq. 1 were not satisfied, the given velocity field might still represent a valid flow field, but density would 
have to vary with location in the flow field — in other words the flow would be compressible. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-30 


Solution We are to find the y component of velocity, v, using a given expression for u. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane, 
implying that w = 0 and neither u nor v depend on z. 


Analysis Since the flow is steady and incompressible, we apply the incompressible continuity in Cartesian 
coordinates to the flow field, giving 
Condition for incompressibility: a = a x á =-a 
oy Ox, fox oy 


a 0 


Next we integrate with respect to y. Note that since the integration is a partial integration, we must add some arbitrary 
function of x instead of simply a constant of integration. 











Solution: v=—ay+ f (x) 





If the flow were three-dimensional, we would add a function of x and z instead. 


Discussion To satisfy the incompressible continuity equation, any function of x will work since there are no derivatives 
of v with respect to x in the continuity equation. Not all functions of x are necessarily physically possible, however, since 
the flow must also satisfy the steady conservation of momentum equation. 





9-31 
Solution We are to find the most general form of the tangential velocity component of a purely circular flow that 
does not violate conservation of mass. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y or 7-9 plane. 








Analysis We use cylindrical coordinates for convenience. We solve for ug using the incompressible continuity 
equation, 
1 O(n 1 O(u Olu Olu 
“+ (Ho) (4 =0 or (o) o 1 
ôr r 00 oz 00 (1) 
— — 
0 for circular flow 0 for 2-D flow 


We integrate Eq. | with respect to @ adding a function of the other variable r rather than simply a constant of integration 
since this is a partial integration, 





Result: Uy = f(r) (2) 











Discussion Any function of r in Eq. 2 will satisfy the continuity equation. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-32 


Solution We are to find the y component of velocity, v, using a given expression for u. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane, 
implying that w = 0 and neither u nor v depend on z. 


Analysis We plug the velocity components into the steady incompressible continuity equation, 

ð ôu ð ðv 

Oy Ox z oy 
wT 


a 0 








Condition for incompressibility: 


Next we integrate with respect to y. Note that since the integration is a partial integration, we must add some arbitrary 
function of x instead of simply a constant of integration. 





Solution: v=-ayt+ f (x) 











If the flow were three-dimensional, we would add a function of x and z instead. 


Discussion To satisfy the incompressible continuity equation, any function of x will work since there are no derivatives 
of v with respect to x in the continuity equation. Not all functions of x are necessarily physically possible, however, since 
the flow may not be able to satisfy the steady conservation of momentum equation. 





9-33 


Solution We are to find the y component of velocity, v, using a given expression for u. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane, 
implying that w = 0 and neither u nor v depend on z. 











Analysis We plug the velocity components into the steady incompressible continuity equation, 
Condition for incompressibility: one X a 2ax + by 
oy Ox, z oy 


2ax—by 0 


Next we integrate with respect to y. Note that since the integration is a partial integration, we must add some arbitrary 
function of x instead of simply a constant of integration. 











b 2 
Solution: v = —2axy + P f (x) 





If the flow were three-dimensional, we would add a function of x and z instead. 


Discussion To satisfy the incompressible continuity equation, any function of x will work since there are no derivatives 
of v with respect to x in the continuity equation. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-34 
Solution For a given axial velocity component in an axisymmetric flow field, we are to generate the radial velocity 
component. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is axisymmetric implying that ug = 0 and 
there is no variation in the @ direction. 


Analysis We use the incompressible continuity equation in cylindrical coordinates, simplified as follows for 
axisymmetric flow, 








Incompressible axisymmetric continuity equation: as 


We rearrange Eq. 1, 


d( ru, ) ô (u, ) U exit = Uz entrance 











s (2) 
or Oz L 
We integrate Eq. 2 with respect to r, 
r? uU, it =u . 
ri. = e e y (3) 
a: L f(z) 


Notice that since we performed a partial integration with respect to r, we add a function of the other variable z rather than 
simply a constant of integration. We divide all terms in Eq. 3 by r and recognize that the term with f(z) will go to infinity at 
the centerline of the nozzle (r = 0) unless f(z) = 0. We write our final expression for u,, 





r U exit ~ YU, entrance (4) 


2 L 


Radial velocity component: u,=— 











Discussion You should plug the given equation and Eq. 4 into Eq. | to verify that the result is correct. (It is.) 





9-35 


Solution We are to find the z component of velocity using given expressions for u and v. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 





Analysis We apply the steady incompressible continuity equation to the given flow field, 
Condition for incompressibility: ew = eo ey = —a -by + bz’ 
oz ox Oy Oz 
aiby G 
ý —bz 


Next we integrate with respect to z. Note that since the integration is a partial integration, we must add some arbitrary 
function of x and y instead of simply a constant of integration. 





b 3 
Solution: w = —az—byz+ a f (x, y) 











Discussion To satisfy the incompressible continuity equation, any function of x and y will work since there are no 
derivatives of w with respect to x or y in the continuity equation. 
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Chapter 9 Differential Analysis of Fluid Flow 


Stream Function 


9-36C 
Solution We are to discuss the significance of curves of constant stream function, and why the stream function is 
useful. 
Analysis Curves of constant stream function represent streamlines of a flow. A stream function is useful because by 


drawing curves of constant y, we can visualize the instantaneous velocity field. In addition, the change in the value of y 
from one streamline to another is equal to the volume flow rate per unit width between the two streamlines. 


Discussion Streamlines are an instantaneous flow description, as discussed in Chap. 4. 





9-37C 
Solution We are to discuss the restrictions on the stream function that cause it to exactly satisfy 2-D incompressible 
continuity, and why they are necessary. 


Analysis Stream function y must be a smooth function of x and y (or r and @). These restrictions are necessary so 


that the second derivatives of y with respect to both variables are equal regardless of the order of differentiation. In other 
2 2 


Oy oy 


words, if = 
Ox0y Oy0x 








, then the 2-D incompressible continuity equation is satisfied exactly by the definition of y. 


Discussion If the stream function were not smooth, there would be sudden discontinuities in the velocity field as well — 
a physical impossibility that would violate conservation of mass. 





9-38C 

Solution We are to discuss the significance of the difference in value of stream function from one streamline to 
another. 

Analysis The difference in the value of y from one streamline to another is equal to the volume flow rate per 


unit width between the two streamlines. 


Discussion This fact about the stream function can be used to calculate the volume flow rate in certain applications. 





9-39 


Solution For a given stream function we are to generate expressions for the velocity components. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 














Analysis We differentiate y to find the velocity components in cylindrical coordinates, 
1 2 
Radial velocity component: Uy = 1 =Vcos@| 1- = 
r 00 r 
; ; oy ; a 
Tangential velocity component: Uy = =—-Vsin@| 1+— 
r r 











Discussion The radial velocity component is zero at the cylinder surface (r = a), but the tangential velocity component 
is not. In other words, this approximation does not satisfy the no-slip boundary condition along the cylinder surface. See 
Chap. 10 for a more detailed discussion about such approximations. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-40 
Solution We are to generate an expression for the stream function along a vertical line in a given flow field, and we 
are to determine w at the top wall. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 4 The 
flow is fully developed. 


Analysis We start by picking one of the two definitions of the stream function (it doesn’t matter which part we 
choose — the solution will be identical). 


oy V 
oy ge a) 


Next we integrate Eq. 1 with respect to y, noting that this is a partial integration and we must add an arbitrary function of 
the other variable, x, rather than a simple constant of integration. 


Vig 
ney + g(x) (2) 


Now we choose the other part of the definition of y, differentiate Eq. 2, and rearrange as follows: 
jse See) A) 


where g’(x) denotes dg/dx since g is a function of only one variable, x. We now have two expressions for velocity 
component v, the given equation and Eq. 3. We equate these and integrate with respect to x, we find g(x), 


v=0=-g'(x) g'(x)=0 g(x)=C (4) 
Note that here we have added an arbitrary constant of integration C since g is a function of x only. Finally, plugging Eq. 4 


into Eq. 2 yields the final expression for y, 


Stream function: y= x y +C (5) 
h 


We find constant C by employing the boundary condition on y. Here, y= 0 along y = 0 (the bottom wall). Thus C 
is equal to zero by Eq. 5, and 














V 
Stream function: y = — y (6) 
2h 
Along the top wall, y = h, and thus 
V Vi 
Stream function along top wall: Vio a = > (7) 
h 


Discussion The stream function of Eq. 6 is valid not only along the vertical dashed line of the figure provided in the 
problem statement, but everywhere in the flow since the flow is fully developed and there is nothing special about any 
particular x location. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-41 
Solution We are to generate an expression for the volume flow rate per unit width for Couette flow. We are to 
compare results from two methods of calculation. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 4 The 
flow is fully developed. 


Analysis We integrate the x component of velocity times cross-sectional area to obtain volume flow rate, 





: a 2 y=h 
V= fuaa = |Z yway= Ywl -#w ay 
J »=0 h 2 |, 2 


where W is the width of the channel into the page. On a per unit width basis, we divide Eq. 1 by W to get 





Vv _Vh 


WwW 2 2) 


Volume flow rate per unit width: 











The volume flow rate per unit width between any two streamlines y and y is equal to yw — yı. We take the 
streamlines representing the top wall and the bottom wall of the channel. Using the result from the previous problem, 





Vi Vh 
Volume flow rate per unit width: Ww = Miop —Vrottom = 3 -0= z (3) 











Equations 2 and 3 agree, as they must. 


Discussion The integration of Eq. 1 can be performed at any x location in the channel since the flow is fully developed. 





9-42E 
Solution We are to plot several streamlines using evenly spaced values of y and discuss the spacing between the 
streamlines. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The 
flow is two-dimensional in the x-y plane. 4 The flow is fully developed. 


Analysis The stream function is obtained from the result of 
Problem 9-40, 


i V 
Stream function: y= í 


“3, (1) 


We solve Eq. 1 for y as a function of w so that we can plot streamlines, 


Equation for streamlines: y= zy 2) 


We have taken only the positive root in Eq. 2 for obvious reasons. Along 
the top wall, y = h, and thus 


ft" (3) 


10.01 0.100 ft 
= : = 0.500 
S 


Vh 
2 2 








Wop = 


The streamlines themselves are straight, flat horizontal lines as seen by Eq. 1. We divide yo.» by 10 to generate 
evenly spaced stream functions. We plot 11 streamlines in the figure (counting the streamlines on both walls) by 
plugging these values of yw into Eq. 2. The streamlines are not evenly spaced. This is because the volume flow 
rate per unit width between two streamlines y and y, is equal to yw — yı. The flow speeds near the top of the 
channel are higher than those near the bottom of the channel, so we expect the streamlines to be closer near the top. 


Discussion The extent of the x axis in the figure is arbitrary since the flow is fully developed. You can immediately see 
from a streamline plot like Fig. 1 where flow speeds are high and low (relatively speaking). 
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Chapter 9 Differential Analysis of Fluid Flow 
9-43 


Solution We are to generate an expression for the stream function along a vertical line in a given flow field. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 4 The 
flow is fully developed. 


Analysis We start by picking one of the two definitions of the stream function (it doesn’t matter which part we 
choose — the solution will be identical). 


Next we integrate Eq. 1 with respect to y, noting that this is a partial integration and we must add an arbitrary function of 
the other variable, x, rather than a simple constant of integration. 


1 dP y? y? 
= —— |} —-h— ]+ 2 
2u =(2 2 a(x) (2) 


Now we choose the other part of the definition of y, differentiate Eq. 2, and rearrange as follows: 
oy i 
pam ae 


where g'(x) denotes dg/dx since g is a function of only one variable, x. We now have two expressions for velocity 
component v, the given equation and Eq. 3. We equate these and integrate with respect to x to find g(x), 


v=0=-g'(x)  g'()=0 ge) A 


Note that here we have added an arbitrary constant of integration C since g is a function of x only. Finally, plugging Eq. 4 
into Eq. 2 yields the final expression for y, 
; 1 dP(y y’ 
Stream function: = ——| —-h—]+C 5 
fe ” 2u zí 3 2 ©) 


We find constant C by employing the boundary condition on y. Here, w= 0 along y = 0 (the bottom wall). Thus C 
is equal to zero by Eq. 5, and 

















1 dP{y° > 
Stream function: y= zee —h z) (6) 
Along the top wall, y = h, and thus 
1 dP 
Stream function along top wall: Vip =-— 3 (7) 
12u dx 











Discussion The stream function of Eq. 6 is valid not only along the vertical dashed line of the figure provided in the 
problem statement, but everywhere in the flow since the flow is fully developed and there is nothing special about any 
particular x location. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-44 
Solution We are to generate an expression for the volume flow rate per unit width for fully developed channel flow. 
We are to compare results from two methods of calculation. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 4 The 
flow is fully developed. 











Analysis We integrate the x component of velocity times cross-sectional area to obtain volume flow rate, 
y=h 
; sh l dP; , 1 dP{ y° d i 
V= [uda =|’ —“—(y? -hy)Way =| —5H -1> Ww 
ʻi »=0 2u dx 2u dx\ 3 2 
y=0 
, i (1) 
1 dP| h 1 dP RW 
2udx\ 6 12u dx 
where W is the width of the channel into the page. On a per unit width basis, we divide Eq. 1 by W to get 
V 1 dP 
Volume flow rate per unit width: —=-— >h (2) 
W 12u dx 











The volume flow rate per unit width between any two streamlines y and yı is equal to y — yı. We take the 
streamlines representing the top wall and the bottom wall of the channel. Using the result from the previous problem, 


Volume flow rate per unit width: 





1 dP, 9__ 1 as) @) 


12u dx 12u dx 





V 
w = Wop = W bottom = 











Equations 2 and 3 agree, as they must. 


Discussion The integration of Eq. 1 can be performed at any x location in the channel since the flow is fully developed. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-45 
Solution We are to plot several streamlines using evenly spaced values of y and discuss the spacing between the 
streamlines. 
W= Wop = 0.002874 
Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The 
flow is two-dimensional in the x-y plane. 4 The flow is fully developed. 


Properties The viscosity of water at T = 20°C is 1.002 x 10° 
kg/(m-s). 


Analysis The stream function is obtained from the result of Problem 
9-43, 
: 1 dP{y y? 
Stream function: =——| —-h— 1 
fe ” 2u dx í 3 2 (1) 


We need to solve Eq. 1 (a cubic equation) for y as a function of y so that 


y= 0.0002874 








we can plot streamlines. First we re-write Eq. | in standard cubic form, 
h 
Standard cubic form: y? al eee =0 (2) 0 0.2 04 06 0.8 1 
2 dP / dx x (mm) 
We can either look up the solution for cubic equations or use Newton’s FIGURE 1 
iteration method to obtain y for a given value of y. In general there are Streamlines for 2-D channel flow with 
three roots — we choose the positive real root with O < y < h, which is the evenly spaced values of stream function. 
only one that has physical meaning for this problem. Along the top wall, y Values of yare in units of m7/s. 


= h, and Eq. | yields 
Stream function along top wall: 
1 dP i= 1 
12u dx 12(1.002x10° kg/m-s) 











YViop 


2 


(20,000 N/m*)(0.00120 m)’ (= m) 
S 


=2.874x10° m7/s 


The streamlines themselves are straight, flat horizontal lines as seen by Eq. 1. We divide y,, by 10 to generate 
evenly spaced stream functions. We plot 11 streamlines in Fig. 1 (counting the streamlines on both walls) by 
plugging these values of winto Eq. 2 and solving for y. 

The streamlines are not evenly spaced. This is because the volume flow rate per unit width between two 
streamlines y2 and yı is equal to y — y. The flow speeds in the middle of the channel are higher than those near 
the top or bottom of the channel, so we expect the streamlines to be closer near the middle. 


Discussion The extent of the x axis in Fig. | is arbitrary since the flow is fully developed. You can immediately see 
from a streamline plot like Fig. 1 where flow speeds are high and low (relatively speaking). 
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Chapter 9 Differential Analysis of Fluid Flow 
9-46 
Solution We are to calculate the volume flow rate and average speed of air being sucked through a sampling probe. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional. 


Analysis For 2-D incompressible flow the difference in the value of the stream function between two streamlines is 
equal to the volume flow rate per unit width between the two streamlines. Thus, 


2 
Volume flow rate through the sampling probe: V = (v, -W, )x W= (0.150- 0.105) =x 0.052 m = 0.00234 m?/s (1) 
s 


The average speed of air in the probe is obtained by dividing volume flow rate by cross-sectional area, 


“i V 0.00234 m°/s 
“E hW (0.0045 m)(0.052 m) 





Average speed through the sampling probe: = 10.0 m/s (2) 


Discussion Notice that the streamlines inside the probe are more closely packed than are those outside the probe 
because the flow speed is higher inside the probe. 





Dividing streamlines 
9-47 
Solution We are to sketch streamlines for the case of a sampling 
probe with too little suction, and we are to name this type of sampling and 
label the lower and upper dividing streamlines. 


Sampling probe 


Analysis If the suction were too weak, the volume flow rate through 
the probe would be too low and the average air speed through the probe 
would be lower than that of the air stream. The dividing streamlines 
would diverge outward rather than inward as sketched in Fig. 1. We 
would call this type of sampling subisokinetic sampling. 





Vireestream yY = yi y- Vavg 


Discussion We have drawn the streamlines inside the probe further 
; ; : fo FIGURE 1 
apart than those in the air stream because the flow speed is lower inside 


Streamlines for subisokinetic sampling. 
the probe. ee 
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Solution We are to calculate the speed of the air stream of Fig. P9-46. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional. 


Analysis In the air stream far upstream of the probe, 
me V 
Volume flow rate per unit width: w = VY, ER VY, 7 Vern u =V; Yı = Vai (y, E Yı ) () 


By definition of streamlines, the volume flow rate between the two dividing streamlines must be the same as that through 
the probe itself. We know the volume flow rate through the probe from the results of Problem 9-46. The value of the stream 
function on the lower and upper dividing streamlines are the same as those of Problem 9-46, namely yj = 0.105 m’/s and y, 
= 0.150 m’/s respectively. We also know y, — y; from the information given here. Thus, Eq. | yields 


2 
m 


(0.150—0.105) 
Yai _ S -776™® (2) 
S 


Vices 
freestream (y, = yı ) 0.0058 m 


Freestream speed: 


Discussion We verify by these calculations that the sampling is superisokinetic (average speed through the probe is 
higher than that of the upstream air stream). 
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Chapter 9 Differential Analysis of Fluid Flow 
9-49 
Solution For a given velocity field we are to generate an expression for y, and we are to calculate the volume flow 
rate per unit width between two streamlines. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis We start by picking one of the two definitions of the stream function (it doesn’t matter which part we 
choose — the solution will be identical). 


ey. 


7 =u=V (1) 


Next we integrate Eq. 1 with respect to y, noting that this is a partial integration and we must add an arbitrary function of 
the other variable, x, rather than a simple constant of integration. 


y =Vy+g(x) (2) 


Now we choose the other part of the definition of y, differentiate Eq. 2, and rearrange as follows: 
veo =x) -G) 


where g’(x) denotes dg/dx since g is a function of only one variable, x. We now have two expressions for velocity 
component v, the given equation and Eq. 3. We equate these and integrate with respect to x to find g(x), 


v=0=-e(x) — g’(x)=0 g) A 


Note that here we have added an arbitrary constant of integration C since g is a function of x only. Finally, plugging Eq. 4 
into Eq. 2 yields the final expression for y, 





Stream function: yw=Vy+C (5) 











Constant C is arbitrary; it is common to set it to zero, although it can be set to any desired value. Here, y= 0 along 
the streamline at y = 0, forcing C to equal zero by Eq. 5. For the streamline at y = 0.5 m, 


2 
Value of wn: Y= [sa 2) (0.5 m)= 445-6) 
s s 


The volume flow rate per unit width between streamlines y» and w is equal to y2- Y, 


2 


445™ (7) 
S 








Volume flow rate per unit width: ~ =Y, -Y = (4.45 0) = 


We verify our result by calculating the volume flow rate per unit width from first principles. Namely, volume flow rate is 
equal to speed times cross-sectional area, 


Volume flow rate per unit width: 


V m mê? (8) 
ae - yo) = 8.9—x(0.5-0) m = 4.45—— 


Discussion If constant C were some value besides zero, we would still get the same result for the volume flow rate 
since C would cancel out in the subtraction. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-50E 
Solution For a given velocity field we are to generate an expression for y and plot several streamlines for given 
values of constants a and b. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane, 
implying that w = 0 and neither uw nor v depend on z. 








Analysis We plug the given equation into the steady incompressible continuity equation, 
Condition for incompressibility: aa oy "a —2ax + by 
yy  &x, fz dy 
2ar-by EJ 


Next we integrate with respect to y. Note that since the integration is a partial integration, we must add some arbitrary 
function of x instead of simply a constant of integration. 


y component of velocity: v =—2axy + > +f (x) 


If the flow were three-dimensional, we would add a function of x and z instead. We are told that v = 0 for all values of x 
when y = 0. This is only possible if f(x) = 0. Thus, 


b 2 
y component of velocity: v =—2axy + = (1) 


To obtain the stream function, we start by picking one of the two 
parts of the definition of the stream function, 


ð 2 
Y uza- bxy 

oy 
Next we integrate the above equation with respect to y, noting that this is 3 
a partial integration and we must add an arbitrary function of the other 
variable, x, rather than a simple constant of integration. 


2 y 
y =ar y- + g(1) (2) (ft) 2 


Now we choose the other part of the definition of y, differentiate Eq. 2, 
and rearrange as follows: 


2 


Oy _ by 





v =-—— =—2axy +—— g'(x 3 
ae yr eg (x) (3) 
where g'(x) denotes dg/dx since g is a function of only one variable, x. 0 
We now have two expressions for velocity component v, Eq. 1 and Eq. 3. 0 1 3 
We equate these and integrate with respect to x to find g(x), x (ft) 
' FIGURE 1 
g'(x)=0  g(x)=C (4) 


Streamlines for a given velocity field; the 
value of constant wis indicated for each 


Note that here we have added an arbitrary constant of integration C since TEN $ 5 
streamline in units of ft’/s. 


g is a function of x only. But C must be zero in order for y to be zero for 
any value of x when y = 0. Finally, Eq. 2 yields the final expression for y, 





2 


b 
Solution: y =ax y- 2 (5) 














To plot the streamlines, we note that Eq. 5 represents a family of curves, one unique curve for each value of the 
stream function y. We solve Eq. 5 for y as a function of x. A bit of algebra (the quadratic rule) yields 


9-28 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 9 Differential Analysis of Fluid Flow 


ax’ +,Ja’x* —2wbx (6) 


Equation for streamlines: y= 7 
X 


For the given values of constants a and b, we plot Eq. 6 for several values of yin Fig. 1; these curves of constant y are 
streamlines of the flow. Note that both the positive and negative roots of Eq. 6 are required to plot each streamline. The 
direction of the flow is found by calculating u and v at some point in the flow field. We pick x = 2 ft, y = 2 ft, where u = 
—1.2 ft/s and v = —2.1 ft/s. This indicates flow to the lower left near this location. We fill in the rest of the arrows in Fig. 1 to 
be consistent. We see that the flow enters from the upper right, and splits into two parts — one to the lower right and one to 
the upper left. 


Discussion It is always a good idea to check your algebra. In this example, you should differentiate Eq. 5 to verify that 
the velocity components of the given equation are obtained. 
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Solution For a given velocity field we are to generate an expression for y. 
Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis We start by picking one of the two definitions of the stream function (it doesn’t matter which part we 
choose — the solution will be identical). 


OU peace (1) 


oy 


Next we integrate Eq. 1 with respect to y, noting that this is a partial integration and we must add an arbitrary function of 
the other variable, x, rather than a simple constant of integration. 


y= yV cosa + g(x) (2) 


Now we choose the other part of the definition of y, differentiate Eq. 2, and rearrange as follows: 
fees Sage) 632) 


where g'(x) denotes dg/dx since g is a function of only one variable, x. We now have two expressions for velocity 
component v, the given equation and Eq. 3. We equate these and integrate with respect to x to find g(x), 


v=Vsina =-g'(x) g'(x)=-Vsina g(x)=-xVsina+C (4) 


Note that here we have added an arbitrary constant of integration C since g is a function of x only. Finally, plugging Eq. 4 
into Eq. 2 yields the final expression for y, 





Stream function: vy =V(ycosa—xsina)+C} (5) 











Constant C is arbitrary; it is common to set it to zero, although it can be set to any desired value. 


Discussion You can verify by differentiating ythat Eq. 5 yields the correct values of u and v. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-52 


Solution For a given stream function, we are to calculate the velocity components and verify incompressibility. 


Assumptions 1 The flow is steady. 2 The flow is incompressible (this assumption is to be verified). 3 The flow is two- 
dimensional in the x-y plane, implying that w = 0 and neither u nor v depend on z. 





Analysis (a) We use the definition of y to obtain expressions for u and v. 
ð ð 
Velocity components: u= =bx+ 2cy v=- = Dax by| (1) 
oy Ox 











(b) We check if the incompressible continuity equation in the x-y plane is satisfied by the velocity components of Eq. 1, 


Incompressible continuity: a = X =0 b-b=0 (2) 
x Oy z 
Tg 


We conclude that the flow is indeed incompressible. 


Discussion Since yis a smooth function of x and y, it automatically satisfies the continuity equation by its definition. 
Equation 2 confirms this. If it did not, we would go back and look for an algebra mistake somewhere. 
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Solution We are to plot several streamlines for a given velocity $ 
field. 
Analysis We re-write the stream function equation of the previous 3 
problem with all the terms on one side, 
cy’ +bxy +ax’ -y =0 (1) 2 
For any constant value of y (along a streamline), Eq. | is in a form that 
enables us to use the quadratic rule to solve for y as a function of x, 1 
-bx+ |b’ *—4e(ax? -y) (2) y 
Equation for a streamline: = 0 
tone , X (m) 
We plot the streamlines in Fig. 1. For each value of y there are two curves 
— one for the positive root and one for the negative root of Eq. 2. There is is 
symmetry about a diagonal line through the origin. The streamlines appear 
to be hyperbolae. We determine the flow direction by plugging in a couple 
values of x and y and calculating the velocity components; e.g., at x = 1 m 4 
and y = 3 m, u = 2.7 m/s and v = 4.9 m/s. The flow at this point is in the 
upper right direction. Similarly, at x = 1 m and y = -2 m, u = -3.3 m/s and 
v = -1.6 m/s. The flow at this point is in the lower left direction. 3 
Discussion This flow may not represent any particular physical flow å 
field, but it produces an interesting flow pattern. i a i 4 i 5 
x (m) 
FIGURE 1 


Streamlines for a given velocity field. 
Values of yare in units of m/s. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-54 


Solution For a given stream function, we are to calculate the velocity components and verify incompressibility. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane, 
implying that w = 0 and neither u nor v depend on z. 





Analysis (a) We use the definition of y to obtain expressions for u and v. 
ð ð 
Velocity components: u=- —2by + dx v= a =—2ax—c—dy| (1) 
x 











(b) We check if the incompressible continuity equation in the x-y plane is satisfied by the velocity components of Eq. 1, 


Incompressible continuity: cam ny. X =0 d-d=0 2 
& oy, fz (2) 
-d 0 


We conclude that the flow is indeed incompressible. 


Discussion Since yis a smooth function of x and y, it automatically satisfies the continuity equation by its definition. 
Eq. 2 confirms this. If it did not, we would go back and look for an algebra mistake somewhere. 
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Solution We are to make up a stream function y(x,y), calculate the velocity components and verify incompressibility. 
Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis Every student should have a different stream function. He or she then takes the derivatives with respect to y 
and x to find u and v. The student should then plug his/her velocity components into the incompressible continuity equation. 
Continuity will be satisfied regardless of y(x,y), provided that y(x,y) is a smooth function of x and y. 


Discussion As long as yis a smooth function of x and y, it automatically satisfies the continuity equation by its 
definition. 





9-56 
Solution We are to calculate the percentage of flow going through one branch of a branching duct. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis For 2-D incompressible flow the difference in the value of the stream function between two streamlines is 
equal to the volume flow rate per unit width between the two streamlines. Thus, 


V 2 2 
Main branch: z) = Yopa Vowa =(4.15-2.03)=—=2.2 > Œ 
, s s 
Similary, in the upper branch, 
V 2 2 
Upper branch: 2 = Y upper wall Woranch wall — (4. 15 > 2.80) — = 1.35 2 (2) 
s 
upper 


On a percentage basis, the percentage of volume flow through the upper branch is calculated as 


X m? 
y W 135 
upper _ upper S = 0.637 = 63.7% (3) 


Vrain r) 2.12 m 
S 





Discussion No dimensions are given, so it is not possible to calculate velocities. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-57 
Solution We are to calculate duct height h for a given average velocity through a duct and values of stream function 
along the duct walls. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis The volume flow rate through the main branch of the duct is equal to the average velocity times the cross- 
sectional area of the duct, 


Volume flow rate: V=V „Wh (1) 


avg 


We solve for h in Eq. 1, using the results of Problem 9-56, 


Duct height: h= ma a x 2.19 { 0 =) = 18.6 cm 
m S m 
main 11.4— 
S 








(2) 


An alternative way to solve for height h is to assume uniform flow in the main branch, for which y= Vaygy. We 
take the difference between yat the top of the duct and w at the bottom of the duct to find A, 





W upper wall Yiower wall = Vig Jiüpper wall Vie Dower wall = Vig (Vapper wall Jiower wall ) = Vivelt 
Thus, 
m? 
2 (4.15 -2.03)— 
Duct height) h = renen  Vowerwat _ s (2 m) =18.6cm (3) 
V, m m 
avg ia 
S 


You can see that we get the same result as that of Eq. 2. 


Discussion The result is correct even if the velocity profile through the duct is not uniform, since we have used the 
average velocity in our calculations. 
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Solution We are to verify that the given y satisfies the continuity equation, and we are to discuss any restrictions. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is axisymmetric (wis a function of r and z 
only). 


Analysis We plug the given velocity components into the axisymmetric continuity equation, 


(av) (Lew 
1 O(ru,) (u) _1 Oz $ r ôr { fy EY) 


r Or Oz r or OZ 7 r\ rôz Ozor 


Thus we see that continuity is satisfied by the given stream function. The only restriction on wis that y must be a 
smooth function of r and z. 


Discussion For a smooth function of two variables, the order of differentiation does not matter. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-59 
Solution We are to determine the value of the stream function along the positive y axis and the negative x axis for the 
case of a line source at the origin. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y or r-@ plane. 


Analysis For 2-D incompressible flow the difference in the value of the stream function between two streamlines is 
equal to the volume flow rate per unit width between the two streamlines. Let us take the arc of the circle of radius r 
between the positive x axis and the positive y axis of the figure provided with the problem statement. The volume flow rate 
per unit width through this arc is one-fourth of V/L, the total volume flow rate per unit width, since the arc spans exactly 
one-fourth of the circumference of the circle. 


lV 
Y positive y axis E Y positive x axis = 4L a) 


Since y= 0 along the positive x axis, we conclude that 





m7 


Y positive y axis 4 L (2) 


yalong positive y axis: 





Similarly, the volume flow rate through the top half of the circle is half of the total volume flow rate and we conclude that 





1V 


V negative y axis = 2L (3) 


yalong negative x axis: 











Discussion Some CFD codes use was a variable, and we thus need to specify the value of y along boundaries of the 
computational domain. Simple calculations such as this are useful in these situations. 
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Solution We are to determine the value of the stream function along the positive y axis and the negative x axis for the 
case of a line sink at the origin. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y or r-@ plane. 


Analysis Everything is the same as in Problem 9-59 except that the flow direction is reversed everywhere. The 
volume flow rate per unit width through the arc of radius r between the positive x axis and the positive y axis of Fig. P9-59 


is now negative one-fourth of V/L since the flow is now mathematically negative. 


1V 
Y positive y axis = Y positive x axis = 4L (1) 


Since y= 0 along the positive x axis, we conclude that 





1V 


Y positive yaxis — 4 L (2) 


yalong positive y axis: 











Similarly, the volume flow rate through the top half of the circle is half of the total volume flow rate and is negative. We 
conclude that 





yalong negative x axis: W negative xis =T TT (3) 











Discussion We need to be careful of the sign of y. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-61 


Solution We are to generate an expression for the stream function that describes a given velocity field. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is axisymmetric (y is a function of r and z 
only). 


Analysis The r and z velocity components from Problem 9-34 are 
. e r uz, i TU, ri uz, i 7H, 
Velocity field: u, = s 7 E A =U mne H a aaie L mme (1) 


To generate the stream function we use the definition of yfor steady, incompressible, axisymmetric flow, 


1 1 
Axisymmetric stream function: u, = a u, = 1êy (2) 
r oO © ror 
We choose one of the definitions of Eq. 2 to integrate. We pick the second one, 
U, exit U, enn 
= ru_dr = r u, Sri + Z,exit z,entrance z dr 
4 J Í J l T L ) 
Integration: (3) 


2 
r 


U, Uu 
z,exit z,entrance 
= fa + L c)» f2) 


We added a function of z instead of a constant of integration since this is a partial integration. Now we take the z derivative 
of Eq. 3 and use the other half of Eq. 2, 


1 oy ru, exit = U; entrance 1 ’ 
Ce z z) (4 
fo 8 z FC ) 4) 








Differentiation: 


r 


We equate Eq. 4 to the known value of u, from Eq. 1, 


Comparison: 


F U exit “Uz entrance L r Uz exit — Uz entra 
u, Z,exit z,entrance fz) =e „exit „entrance or f2 = 0 
2 L r 2 L 


(5) 








Since fis a function of z only, integration of Eq. 5 yields f(z) = constant. The final result is thus 





2 
r 


UaU, 
Stream function: y= oo + 3 z] +constant| (6) 











Discussion The constant of integration can be any value since velocity components are determined by taking 
derivatives of the stream function. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-62E [Also solved using EES on enclosed DVD| 
Solution We are to calculate the axial speed at the entrance and exit of the nozzle, and we are to plot several 
streamlines for a given axisymmetric flow field. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is axisymmetric (wis a function of r and z 
only). 


Analysis (a) Since u, is not a function of radius, the axial velocity profile across a cross section of the nozzle is 
uniform. (This is consistent with the assumption that frictional effects along the nozzle walls are neglected.) Thus, at any 
cross section the axial speed is equal to the volume flow rate divided by cross-sectional area, 


Entrance axial speed: 


gal 

è 4 x 2.0 —— 3 : 2 x (1) 

big ae (2 = (=) -3.268 1t 
7 AD isnie z (0.50 in) gal ft 60 S S 





Similarly, 


Exit axial speed: u, = 4V -41.69 (2) 
s 





Z,exit a 
exit 


(b) We use the stream function developed in Problem 9-61. Setting the 
constant to zero for simplicity, we have 


. r H a =H 
Stream function: y= fm + Moot a (3) 


We solve Eq. 3 for r as a function of z and plot several streamlines in Fig. 
1, 








Streamlines: 





u, exit u, entrance (4) 
U z entrance + — = a 
At the nozzle entrance (z = 0), the wall is at r = Dentrance/2 = 0.25 inches. -0.25 
Eq. 3 yields yy, = 0.0007073 ft’/s for the streamline that passes through 0 0.5 1 15 2 


this point. This streamline thus represents the shape of the nozzle wall, 
and we have designed the nozzle shape. 


FIGURE 1 
Streamlines for flow through an 
axisymmetric garden hose nozzle. Note that 


Discussion You can verify that the diameter between the outermost : oe ; 
the vertical axis is highly magnified. 


streamlines varies from Dentrance tO Dexit- 
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Chapter 9 Differential Analysis of Fluid Flow 
9-63 
Solution We are to discuss the sign of the stream function in a separation bubble, and determine where y is a 
minimum. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis For 2-D incompressible flow the difference in the value of 
the stream function between two streamlines is equal to the volume flow 
rate per unit width between the two streamlines. For example, Wapper — Wo 
is positive and represents the volume flow rate per unit width between the 
wall and the uppermost streamline, The flow between these two 
streamlines is to the right. Likewise, the difference between w along the 
dividing streamline and y= y along a streamline in the upper part of the 
separation bubble must also be positive as sketched in Fig. 1. The arc- 
shaped dividing streamline divides fluid within the separation bubble 
from fluid outside of the separation bubble. The stream function along FIGURE 1 





Minimum y 


this dividing streamline must be zero since it intersects the wall where w Close-up of streamlines near the separation 
= 0. The only way we can have flow to the right in the upper part of the bubble. The minimum value of the stream 
separation bubble is if y is negative (Fig. 1). We conclude that for this function occurs in the middle of the 
problem, all streamlines within the separation bubble have negative separation bubble. 


values of stream function. The minimum value of yw occurs in the 
center of the separation bubble as sketched in Fig. 1. 


Discussion We cannot conclude that yis always negative within a separation bubble, since we can add any arbitrary 
constant to all the y values, and it will not change the flow. 





9-64 
Solution We are to discuss how someone can interpret the relative speed of a flow based solely on contours of 
constant stream function. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 


Analysis For 2-D incompressible flow the difference in the value of the stream function between two streamlines is 
equal to the volume flow rate per unit width between the two streamlines. Thus, if the streamlines are very close together, 
the speed of the fluid between them is large relative to locations where the same two streamlines are far apart. Professor 
Flows noticed a region in which the streamlines were very close together, implying high relative speed in that region 
of the flow. 


Discussion If the values of y on the contour plot are labeled, we can actually infer the fluid speed by measuring the 
distance between streamlines. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-65 


Solution For the given set of streamlines, we are to discuss how we can tell the relative speed of the fluid. 
Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is axisymmetric. 


Analysis As with 2-D flow, when streamlines that are initially equally spaced spread away from each other, 
it indicates that the flow speed has decreased in that region. Likewise, if the streamlines come closer together, the 
flow speed has increased in that region. From the figure provided in the problem statement, we infer that the flow 
far upstream of the plate is straight and uniform, since the streamlines are parallel. The fluid decelerates as it 
approaches the front face of the cylinder, especially near the stagnation point, as indicated by the wide gap between 
streamlines. The flow accelerates rapidly to very high speeds around the corner of the cylinder as indicated by the 
tightly spaced streamlines there. The flow is seen to separate on top of the cylinder. Since the streamlines are very 
sparse in this region, we infer that the fluid moves relatively slowly inside the separation bubble. 


Discussion Such analyses in axisymmetric flow fields are more difficult than those in 2-D planar flow fields because 
streamlines of equally spaced stream function are not spaced equally apart in a uniform axisymmetric flow field. This is due 
to the fact that the cross-sectional area between streamlines increases with radius (a factor of 2ar is introduced). 
Nevertheless, we can still tell where the flow speeds up and slows down in this example. 





9-66E 
Solution We are to interpret a streamline plot by determining the 
direction of flow and by estimating the speed of the flow at a point. 


Assumptions 1 The flow is steady. 2 The flow is incompressible 3 The 
flow is two-dimensional. 


Analysis (a) We must tilt our heads nearly upside down to see an h 
increase in stream function y in the mathematically positive manner. In 
other words, since yw increases in the downward direction, the flow is to 
the lower left, following our left side rule. Arrows are drawn in Fig. 1. 
FIGURE 1 


(b) For 2-D incompressible flow the difference in the value of the stream Strearalines withdirectioi shown. 


function between two streamlines is equal to the volume flow rate per unit 
width between the two streamlines. We approximate the flow as uniform between the two labeled streamlines in the figure 
provided in the problem statement. The speed at point P is thus 
V 1v 1 
V, *— = —— = 


Wh hW a 2.0 in 





2 n 
(0.45-0.32) Ë (2™\-o78 = Gi) 
S S 


(c) Nowhere did we use any property of the fluid, so changing to water does not change our result. For either air or water 
(or any incompressible fluid), Vp = 0.78 ft/s. 


Discussion Streamlines and stream functions are kinematic properties, as discussed in Chap. 4. That is why fluid 
density, viscosity, etc. are irrelevant here. 





9-67 
Solution We are to find the primary dimensions and primary units of the compressible stream function. 
Analysis From the given definition, we see that y, is the product of a density, a velocity, and a length, 








: : ; mass length m 
Primary dimensions of Wp: fw} = engi x S length p = T 











The primary units of y, are kg/(m-s) (SI) and lbm/(ft s) (English). 


Discussion Ironically, although the stream function is often applied to potential flows where viscosity is not a 
parameter, y, has the same units as yu. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-68 


Solution We are to generate an expression for the compressible stream function for a given flow field. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis We start by picking one of the two definitions of the compressible stream function (it doesn’t matter which 
part we choose — the solution will be identical). 


oy, 
oy 





= Pu = (2, + C,x)(u, + C,x) = pu, + (2c, +uC, )xt+ CE (1) 
Next we integrate Eq. 1 with respect to y, noting that this is a partial integration and we must add an arbitrary function of 
the other variable, x, rather than a simple constant of integration. 
Y, = puyt(ac, +u,C, )xy+C,C,x’y + g(x) (2) 
Now we choose the other part of the definition of y, differentiate Eq. 2, and rearrange as follows: 


ð 
-pv = x = (2,C, +u,C, ) y+2C,C,xy + g'(x) (3) 





where g’(x) denotes dg/dx since g is a function of only one variable, x. We now have two expressions for —pv, Eq. 3 and the 
value computed from the known density and velocity, i.e. 


—pv=(p,C,+u4,C,)y-2C,C,xy (4) 


u~p 
We equate Eqs. 3 and 4 and integrate with respect to x to find g(x), 
s'(x)=0 (x)= 65) 


Note that here we have added an arbitrary constant of integration C since g is a function of x only. Plugging Eq. 5 into Eq. 2 
yields 


V, = pumy+( oC, +u,C, )xy+C,C,xy+C (6) 


We determine constant C by setting yw, = 0 at y = 0 in Eq. 6, yielding C = 0. Thus the final expression for 
the compressible stream function is 











Compressible stream function: Wp = pily + (oC, +u4,C, Jo + C,C, xy (7) 





Discussion You can verify by differentiating y, that Eq. 7 yields the correct values of u and v. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-69 


Solution We are to generate an expression for the compressible stream function for a given flow field. 
Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Analysis We start by picking one of the two definitions of the compressible stream function (it doesn’t matter which 
part we choose — the solution will be identical). 


oy, 
oy 





= pu =(p, +C,x)(u +C,x)= pu +(2C, +u,C, )x+C C} (1) 


pu 


Next we integrate Eq. 1 with respect to y, noting that this is a partial integration and we must add an arbitrary function of 
the other variable, x, rather than a simple constant of integration. 


Y, = puy+(acC, +u,C, )xy+C,C,x°y + g(x) (2) 


Now we choose the other part of the definition of y, differentiate Eq. 2, 
and rearrange as follows: 





ô 
-pv = x =(9,C, +u,C,) y+2C,C,xy + g’(x) (3) 


where g’(x) denotes dg/dx since g is a function of only one variable, x. 
We now have two expressions for —pv, Eq. 3 and the value computed 
from the known density and velocity, i.e. 


-pv =(p,C, +u,C,)y-2C,C,xy (4) 








We equate Eqs. 3 and 4 and integrate with respect to x to find g(x), 


g'(x)=0  g(x)=C (5) : 
Symmetry line, y, = 0 
Note that here we have added an arbitrary constant of integration C since 
g is a function of x only. Plugging Eq. 5 into Eq. 2 yields FIGURE 1 
Streamlines for a diverging duct. 
W, = pumy +(PC, +uC,) y +C,C,x°y+C (6) Bme 


We determine constant C by setting y, = 0 at y = 0 in Eq. 6, yielding C = 0. Thus the final expression for 
the compressible stream function is 








Compressible stream function: VY, = Py + (2c, +u,C, )xy + CUsy (7) 








We solve Eq. 7 for y as a function of x and y, so that we can plot streamlines, 


Yo 


Equation for plotting streamlines: y= 
Pu, + (2c, + uC, )x+ C,C, x? 





(8) 


We plot Eq. 8 in Fig. 1 for several values of w, using the values of constants u1, p1, Cu, and C, given in Problem 9-21. The 
agreement with the streamlines of Problem 9-21 is excellent. 

The streamline starting at x = 0, y = 0.8 m is the top wall of the duct. Therefore the value of y, at the top wall of 
the diverging duct is found be setting at x = 0 and y = 0.8 m, 


k k 
Wat the top wall: W, io = P, Y = [oss *£ | 300%) (0.8 m) = 2048 (9) 
m’ s m:s 


Discussion You can verify by differentiating y, that Eq. 9 yields the correct values of u and v. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-70 
Solution We are to interpret a streamline plot by determining the direction of flow and by estimating the speed of the 
flow at a point. 


Assumptions 1 The flow is steady. 2 The flow is incompressible 3 The flow is two-dimensional. 


Analysis (a) We can tell the direction of the flow by whether y, increases or decreases in the vertical direction (left 
side rule). We see that at points A and B the flow is to the right. Furthermore, since the streamlines near point B are 
somewhat further apart than those near point A (by a factor of about 1.6), the speed at point A is a factor of about 1.6 
greater than that at point B. Arrows are drawn in Fig. 1. 


FIGURE 1 
Relative velocity vectors at points A and B, 
added to the streamline plot. 




















— 1.60 1.61 


In terms of lift, it is obvious that the flow speeds near the upper surface of the hydrofoil are greater than those near the 
lower surface. From the Bernoulli equation we know that low speeds lead to (relatively) higher pressures; thus the pressure 
on the lower half of the hydrofoil is greater than that on the upper half, leading to lift. 


(b) For 2-D incompressible flow the difference in the value of the stream function between two streamlines is equal to the 
volume flow rate per unit width between the two streamlines. We approximate the flow as uniform between the two 
streamlines that enclose point A in Fig. P9-70. By measurement with a ruler, we find that the distance 6 between 
streamlines 1.65 and 1.66 is about 0.034c, or about (0.034)(9.0 mm) = 0.306 mm. The speed at point A is thus 


V ı¥V ı 
A Saas sae Vea 
1 ý = 


1.66—1.65)—— = 32.7— = 33. 
S S 


aerate s 


We give our answer to only two significant digits here because of the difficulty of measuring the distance between the two 


streamlines. 


Discussion Students’ answers may vary somewhat depending on how accurately they measure the distance between 
streamlines. Values between 30 and 40 m/s are reasonable. 
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Chapter 9 Differential Analysis of Fluid Flow 


9-71 
Solution 
flow at a point. 


Assumptions 
Properties The density of air at T= 20°C is 1.18 kg/m’. 
Analysis (a) We can tell the direction of the flow by whether y, 


increases or decreases in the vertical direction (left side rule). We see that 
at point A, the flow is to the left, while at point B the flow is to the right. 
Furthermore, since the streamlines near point B are much closer together 
than those near point A (by a factor of about five), the speed at point B is 
a factor of about five greater than that at point A. Arrows are drawn in 
Fig. 1. 


(b) For 2-D incompressible flow the difference in the value of the 
compressible stream function between two streamlines is equal to the 
mass flow rate per unit width between the two streamlines. We 
approximate the flow as uniform between the two streamlines that 
enclose point B in Fig. P9-71. By measurement with a ruler, we find that 
the distance 6 between streamlines 5 and 6 is about //10, or about 0.10 
m. The speed at point B is thus 


m l m 1 1 


V x —— =—— =— (y -v ) = — 
PEO POW pa (118% )(010 m) Ba 


We are to interpret a streamline plot by determining the direction of flow and by estimating the speed of the 


1 The flow is steady (time-averaged). 2 The flow is incompressible 3 The flow is two-dimensional. 








FIGURE 1 
Relative velocity vectors at points A and B, 
added to the streamline plot. 


We are only accurate to one digit here because of the difficulty of measuring the distance between the two streamlines. We 


give our final result as Vg = 8 or 9 m/s. 


Discussion 
streamlines. 


Students’ answers may vary considerably depending on how accurately they measure the distance between 
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Chapter 9 Differential Analysis of Fluid Flow 


Linear Momentum Equations, Boundary Conditions, and Applications 


9-72C 
Solution We are to discuss each term, and write the equation as a word equation. 
Analysis Term I is the net body force acting on the control volume. Term II is the net surface force acting on 


the control volume. Term ITI is the net rate of change of linear momentum within the control volume. Term IV is the 
net rate of outflow of linear momentum through the control surface. In words, the equation can be expressed as: “The 
total force acting on the control volume is the sum of body forces and surface forces, and is equal to the rate at 
which momentum changes within the control volume plus the rate at which momentum flows out of the control 
volume.” 


Discussion The dimensions of each term in the equation are those of momentum per time. Each term has primary 
dimensions of {mLt~*}. 





9-73C 
Solution We are to discuss velocity boundary conditions in a stationary and a moving frame of reference for the case 
of an airplane flying through the air. 


Analysis (a) From the stationary frame of reference, V=V 


airplane 


on all surfaces of the airplane, (no-slip boundary 
condition). Far from the airplane the air is still (V =0). 


(b) From the reference frame moving with the airplane, V = 0 on all surfaces, (no-slip boundary condition). Far from the 


airplane the air is moving towards the airplane at a speed that is opposite the airplane’s speed (V =— Vii ). 


Discussion The no-slip condition requires that the fluid velocity equal the airplane velocity everywhere on the airplane 
surface, regardless of the geometry of the airplane, and regardless of the frame of reference. 





9-74C 
Solution We are to describe the constitutive equations and name the equation to which they are applied. 
Analysis The constitutive equations are relationships between the components of the stress tensor and the 


primary unknowns of the problem, namely pressure and velocity. The constitutive equations enable us to write the 
components of the stress tensor in Cauchy’s equation in terms of the velocity field and the pressure field. 


Discussion Cauchy’s equation by itself is useless without the constitutive equations, because we would have too many 
unknowns for the number of available equations. 





9-75C 
Solution We are to define mechanical pressure and discuss its application. 
Analysis Mechanical pressure is the mean normal stress acting inwardly on a fluid element. For an 


incompressible fluid, the density is constant and therefore we have no equation of state available for calculation of the 
thermodynamic pressure. In fact, thermodynamic pressure cannot even be defined for an incompressible fluid. Fluid 
elements and surfaces still “feel” a pressure, however, and this pressure is the so-called mechanical pressure. 


Discussion When dealing with incompressible fluid flows, pressure variable P is always interpreted as the mechanical 
pressure Pm. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-76C 
Solution We are to discuss the difference between Newtonian fluids and non-Newtonian fluids, and we are to give 
examples of each. 


Analysis The main distinction between a Newtonian fluid and a non-Newtonian fluid is that for flow of a Newtonian 
fluid, shear stress is linearly proportional to shear strain rate, whereas for flow of a non-Newtonian fluid, the 
relationship between shear stress and shear strain rate is nonlinear. 

There are many examples of Newtonian fluids. Most pure, common liquids like water, oil, gasoline, alcohol, etc. 
are Newtonian. Most gases also behave like Newtonian fluids. Non-newtonian fluids include paint, pastes and creams, 
polymer solutions, cake batter, slurries and colloidal suspensions like quicksand, blood, etc. 


Discussion The Navier-Stokes equations apply only to Newtonian fluids. For non-Newtonian fluids, you would need to 
insert nonlinear constitutive equations into Cauchy’s equations in order to obtain a useful differential equation for 
conservation of linear momentum. 





9-77C 

Solution We are to define or describe each type of fluid. 

Analysis 

(a) A viscoelastic fluid is a fluid that returns (either fully or partially) to its original shape after the applied stress is 
released. 


(b) A pseudoplastic fluid is a shear thinning fluid — the more the fluid is sheared, the less viscous it becomes. 

(c) A dilatant fluid is a shear thickening fluid — the more the fluid is sheared, the more viscous it becomes. 

(d) A Bingham plastic fluid is an extreme type of pseudoplastic fluid that requires a finite stress called the yield 
stress in order for the fluid to flow at all. 


Discussion All of the above are examples of non-Newtonian fluids. 





9-78 


Solution We are to generate and discuss velocity and pressure boundary conditions for the given flow problem. 


Assumptions 1 The flow is steady in the mean. 2 Surface tension effects are negligibly small. 


Analysis On all tank walls, V = 0 since the tank walls are stationary (no-slip boundary condition). Mathematically, 
we write U, = Ug = u, = Q at r = Rian (the tank side walls) and at z = 0 (the bottom wall of the tank). On the blade surfaces, 
the fluid velocity must equal that of the blades (also the no-slip condition). At any radial location r the velocity of the blade 
surface is Vade = roe, . In other words ug = rq at the blade surfaces. Since the blades do not move at all in the radial or 
vertical directions, u, = u, = 0 along the blade surfaces. Finally, at the free surface P = Pt, since the free surface is 
exposed to atmospheric air. In addition, the vertical component of velocity u, must equal zero at the free surface. We 
note that the other two velocity components (u, and ug) may be non-zero at the free surface, but the shear stress in the 
horizontal plane of the free surface must be zero (negligible shear due to the air). Mathematically, du,/dz = ðu d&z = 0 at 
the free surface. 


Discussion The no-slip condition requires that ug = r@ everywhere on the blade surface, regardless of the geometry of 
the blades. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-79 
Solution We are to generate and discuss velocity and pressure boundary conditions for the stirrer flow problem from 
a rotating frame of reference. 


Assumptions 1 The flow is steady in the mean. 2 Surface tension effects are negligibly small. 


Analysis On all tank walls, V 


ank = O from a stationary frame of reference since the tank walls are stationary (no-slip 
boundary condition). From the rotating frame of reference however, the tank walls are rotating in the opposite direction of 
æ. Mathematically, we write u, = u, = 0 and ug = —Riankæ at r = Rian, (the tank side walls). At the bottom wall of the tank 
we write u, =u, = 0 and ug= —r@at z = 0. On the blade surfaces, the fluid velocity must equal that of the blades (also the 
no-slip condition). Since the blades are stationary in this rotating frame of reference, u, = u, = Ug= 0 at the blade surfaces. 
Finally, at the free surface P = Pam since the free surface is exposed to atmospheric air. In addition, the vertical 
component of velocity u, must equal zero at the free surface. We note that the other two velocity components (u, and ug) 
may be non-zero at the free surface, but the shear stress in the horizontal plane of the free surface must be zero (negligible 


shear due to the air). Mathematically, Ou,/dz = ðu d&z = 0 at the free surface. 


Discussion In this problem the free surface boundary conditions are independent of frame of reference. 





9-80 


Solution We are to generate and discuss velocity and pressure boundary conditions for the given flow problem. 


Assumptions 1 The flow is steady. 2 Surface tension effects are negligibly small. 


Analysis We must satisfy the no-slip boundary condition on all tank walls, Viaud = V. 


tank * 


iquid Mathematically, we write u, 
=u, = 0 and ug= R@atr = R (the tank side walls). We also write u, = u, = 0 and ug=rq@at z = 0 (the bottom wall of the 
tank). We do not specify the pressure along the tank walls. At the free surface P = P.tm since the free surface is exposed to 
atmospheric air. In addition, the vertical and radial components of velocity u, and uw, must equal zero at the free surface, 
but the angular velocity component ug is set to ug = ræ at the free surface. We also know that the shear stress at free 
surface must be zero (negligible shear due to the air). This boundary condition is not needed however since we already 
know the velocity field. In fact, the velocity field is known right from the start since we are told that the liquid is in solid 


body rotation: u, = u, = 0 and ug= ræ everywhere. 


Discussion This is a degenerate case of the Navier-Stokes equation since the fluid is in solid body rotation. 
Nevertheless, it is useful to think about the required boundary conditions. 





9-81 
Solution We are to compare Eqs. | and 2 to see if they are the same or not. 
Analysis We use the product rule to differentiate Eq. 1, 





Se ale clr Oy 1 ou, _ {1 du, E o : 
ee ° YP + Or rô A r\060 °) ar 3) 


Thus we see that Eq. 1 and Eq. 2 are equivalent. 


Discussion The viscous stress tensor is defined identically in the other texts; the terms are simply grouped together in a 
different fashion. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-82 
Solution We are to estimate the volume flow rate of oil between two plates, and we are to calculate the Reynolds 
number. 


Assumptions 1 The flow is steady. 2 The oil is incompressible. 3 Since the gap is so small compared to the plate 
dimensions, we assume 2-D flow in the x-y plane. 4 We ignore entrance effects and end effects and assume that the flow 
can be approximated as fully developed channel flow everywhere in the gap. 


Properties The viscosity and density of unused engine oil at T = 60°C are 72.5 x 10° kg/(m-s) and 864 kg/m* 
respectively. 


Analysis The velocity field for fully developed channel flow is 
1 dP; , 
Velocity components, 2-D channel flow: u= E —h y) v=0 (1) 
2u dx 


We integrate the x component of velocity times cross-sectional area to obtain volume flow rate (see also Problem 9-44), 


(y? * — hy)Wdy = ee hw (2) 


=|" =h aA =| 
12u dx 


Volume flow rate: V = [udA 
f J y=0 Qu dx 
The pressure gradient is approximated as 


out in 


d L 1.5m 








dP _ P„-P, (0-1) atm/ 101 N/m? 
=) — 2 J- 67,530 N/m? (3) 
atm 


We plug Eq. 3 into Eq. 2 and solve for the volume flow rate, 


y- -— [7530X )(0.0025 m} (0.75 m( $2 =) 
m: s°N 


Volume flow rate: 1o(72.5 x10” z) (4) 
m:s 


=9.0966x10* m°/s = 9.10107 m?/s 
The average velocity of the oil through the channel is 


j 4 3 
Average velocity: a E T ean. 8) 
hW (0.0025 m)x(0.75 m) 





Finally, the characteristic Reynolds number is 


pvh (864 kg/m’ )(0.48515 m/s)(0.0025 m) 


(6) 
72.5x10° kg/m:s 


Re= 





The flow is definitely laminar. 


Discussion We give our final results to three significant digits. 
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Solution For a given velocity field, we are to calculate the pressure field. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 4 
Gravity does not act in either the x or the y direction. 


Analysis The flow field must satisfy the steady, two-dimensional, incompressible continuity and momentum 
equations. We check each equation separately; let’s consider continuity first: 
oe ðu ov Oo 
Continuity: —+—+ =0 
ox Oy z 
~“ a 
a -a 0(2-D) 


Continuity is satisfied. Now we look at the x component of the Navier-Stokes equation: 


x momentum: 


ô ôu On A 1) 
p +u— s tM ot ets 
t al s L> x" y z 
0 Glady) (ax+b)a ae TD. (2-D) 0 T oD 
Equation 1 reduces to 
x momentum: a =p (-a°x = ab) (2) 
Ox 


The x momentum equation is satisfied provided we can generate a pressure field that satisfies Eq. 2. In similar fashion 
we examine the y momentum equation, 


ð Ov Ov ĝ oP Ov æ o? 
y momentum: p +u—+ v +w == + QE; +H +A H+ 
t OX, oy OZ Oy L> x py z 


a Cc - 
O (steady) (ax+b)2cx (-ay+ex?)(-a) 0D 0 0 2D) 





ri 


The y momentum equation reduces to 


y momentum: T =p (-acx? —2bcx— a’y) +2cu (3) 


The y momentum equation is satisfied provided we can generate a pressure field that satisfies Eq. 3. 

In the two-dimensional flow under discussion here, the pressure field P(x,y) must be a smooth function of x and y. 
Mathematically, this requires that the order of differentiation (x then y versus y then x) should not matter. We check 
whether this is so by differentiating Eqs. 3 and 2 respectively: 








Cross-differentiation: 


°P P °P P 
e = a ee =0 a mace = = p(-2acx — 2bc) (4) 
Oyox oy Ox Oxdy x| Oy 
Since the cross-derivative terms in Eq. 4 do not match, P is not a smooth function of x and y. Thus, we are unable to 
calculate a steady, incompressible, two-dimensional pressure field with the given velocity field. We cannot proceed 
any further. 


Discussion This problem shows that if a velocity field satisfies the continuity equation (conservation of mass), this does 
not necessarily guarantee that the velocity field is physically possible. In the present case, for instance, we are unable to 
find a pressure field that can satisfy the steady form of the Navier-Stokes equation. 
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Solution For a given velocity field, we are to calculate the pressure field. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 4 
Gravity does not act in either the x or the y direction. 


Analysis The flow field must satisfy the steady, two-dimensional, incompressible continuity and momentum 
equations. We check each equation separately; let’s consider continuity first: 
oe ðu ov ð 
Continuity: —+—+ =0 
ox Oy z 
=“ a 
=2ax  2ax 02D) 


Continuity is satisfied. Now we look at the x component of the Navier-Stokes equation: 


x momentum: 








P 2 2 2 
P oy + E +v oy = 2 + pe + uU E 7 + e 7 a) 
ft Ê, lE, ôx Ka Ox y z 
0 “nS C 
0 (steady) (- ax” ae 2ax) (2axy)(0) 0 TOD) D) -2a m 0 (2-D) 


equation | reduces to 
P 
x momentum: a = -2 pa°x -2 ua (2) 


Ox 


The x momentum equation is satisfied provided we can generate a pressure field that satisfies Eq. 2. In similar fashion 
we examine the y momentum equation, 


X ôv ôv oe |__ OP A A 
y momentum: p + u + v +w, = tu 
t Ox oy OZ v L> 


0 (steady) (-ax? \(2ay) (2axy)(2ax) 0 (2-D) 00D) (2-D) 








The y momentum equation reduces to 


y momentum: s =-2pa°x y (3) 


The y momentum equation is satisfied provided we can generate a pressure field that satisfies Eq. 3. 

In the two-dimensional flow under discussion here, the pressure field P(x,y) must be a smooth function of x and y. 
Mathematically, this requires that the order of differentiation (x then y versus y then x) should not matter. We check 
whether this is so by differentiating Eqs. 3 and 2 respectively: 








Cross-differentiation: 


oP fP OP 6{eéP 3 

=0 =—| — |=-2pa° x" (4) 
ayax oy ‘Ox Oxdy x| Oy 
Since the cross-derivative terms in Eq. 4 do not match, P is not a smooth function of x and y. Thus, we are unable to 
calculate a steady, incompressible, two-dimensional pressure field with the given velocity field. We cannot proceed 
any further. 


Discussion This problem shows that even if a velocity field satisfies the continuity equation (conservation of mass), and 
even if we can plot streamlines for the flow field, this does not necessarily guarantee that the velocity field is physically 
possible. In the present case, for instance, we are unable to find a pressure field that can satisfy the steady Navier-Stokes 
equation. 
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Solution For a given velocity field, we are to calculate the pressure field. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the 7-0 plane. 4 
Gravity does not act in either the r or the @ direction. 


Analysis The flow must satisfy the steady, two-dimensional, incompressible continuity and momentum equations. 
We check each equation separately, starting with continuity, 


O(ry, ð 0 
Continuity: 1 aed, 1 Ws a Sh -0 
r : r ; 


Continuity is satisfied. Now we look at the 8 component of the Navier-Stokes equation, 


ou OU, Uy OUZ UU, u% 
p +u, + + +u, 
Ot ôr r 0 r Oz 
=(0) P 











0 (steady) Cf K 0 (2-D) 
A>) 0) 
1 OP 1 ô 10 2 a 
=~ + pein) | St) Mh Se 
roð ror\ ôr ro r ð r 0 z 
: K 0 0 02D) 
The @momentum equation reduces to 
O momentum: a =0 (2) 
00 


The @ momentum equation is satisfied provided we can generate a pressure field that satisfies Eq. 2. As a side note, we 
might have expected Eq. 2 without even working through the algebra, since in this problem the velocity field is independent 
of angle & we expect that pressure does not depend on O either. In similar fashion the r momentum equation is 


õu up Ou. 
-2+ u, 
0 r OZ 
eN —— 
K K“ 
PA za 


ow ou, 

p +u, — + 
t or 

YY 

-=C 


Yo 
r 
—— eS 
0 (steady) C| ( ) 0 (2-D) 
r? 


r r 





r momentum: 


oP Loy oe) we. 1 oe" 2 ous  o 
=—-— + r r Ẹ r = i r 
or Le # r 2 or r r 60 Pr £6 z’ 
E Ua SS co. 
ie £ 0 0 0 2-D) 
which reduces to 
OP —-K°+C° 


—= 3 
or pP r 6) 
The r momentum equation is satisfied provided we can generate a pressure field that satisfies Eq. 3. 
The pressure field P(r,@) must be a smooth function of r and @ Mathematically, this requires that the order of 


differentiation (r then @ versus @then r) should not matter. We therefore check whether this is so by differentiating Eqs. 2 
and 3 respectively: 
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2 2 
Cross-differentiation: OE 28 (=) =0 ce ean (2) =0 (4) 








aro or 00 deer 00\ or 


Equation 4 shows that indeed, P is a smooth function of r and @. Thus, we should be able to calculate the pressure field. 
To calculate P(r,@™, we start with either Eq. 2 or Eq. 3 and integrate. We pick Eq. 2, which we can partially 
integrate (with respect to @) to obtain an expression for P(r,0), 


Pressure field from @-momentum: P(r,0) =0+g (r) (5) 


Note that we added an arbitrary function of the other variable r rather than a constant of integration since this is a partial 
integration. We then take the partial derivative of Eq. 5 with respect to r to obtain 

ôP, K? +C? 

—=8'(r)=p—— | 6) 

P = 8'(r)= p< 
where we have equated our result to Eq. 3 for consistency. We can now integrate Eq. 6 to obtain the function g(r): 


1 K°?+C 
g(r)= SGP ag G (7) 
where C; is an arbitrary constant of integration. Finally, we plug Eq. 7 into Eq. 5 to obtain our final expression for P(x,y). 
The result is 





1 K? 2 
Answer: P(r.8)=-sp~—4+¢ (8) 


r 











Thus the pressure field for this flow decreases like 1/r* as we approach the origin. (The origin itself is a singularity point.) 
This flow field is a simplistic model of a tornado or hurricane, and the low pressure at the center is the “eye of the storm”. 
We note that this flow field is irrotational, and thus Bernoulli’s equation can be used instead to calculate the pressure. If we 
call the pressure P., far away from the origin (r > 0), where the local velocity approaches zero, Bernoulli’s equation shows 
that at any distance r from the origin, 
2 2 
Bernoulli equation: P+ Ti =P? P=P,- 5p (9) 
r 

Equation 9 agrees with our solution (Eq. 8) from the full Navier-Stokes equation if we set constant C, equal to Po. A region 
of rotational flow near the origin would avoid the singularity there, and would yield a more physically realistic model of a 
real tornado. 


Discussion For practice, try to obtain Eq. 8 by starting with Eq. 3 rather than Eq. 2; you should get the same answer. 
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Solution For a given velocity field, we are to calculate the pressure field. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 4 
Gravity does not act in either the x or the y plane. 


Analysis The flow field must satisfy the steady, two-dimensional, incompressible continuity and momentum 
equations. We check each equation separately; let’s consider continuity first: 
oe ðu ov oO 
Continuity: —+—+ =0 
ox Oy z 
~“ æ a 
2 -a  0(2-D) 


Continuity is satisfied. Now we look at the x component of the Navier-Stokes equation: 








oP 2 2; 2 
x momentum: p % vue vf «yh =-< + pe +H Pa 42 e (1) 
X y Z X =~ X y z 
O (steady) (ax+b)a (Capra)o 0 (2D) 3 == ToD 


The x momentum equation reduces to 


oP 
xX momentum: — = p(-a°x- ab) (2) 

Ox 

The x momentum equation is satisfied provided we can generate a smooth pressure field that satisfies Eq. 2. In 


similar fashion (we don’t show the details), the y momentum equation reduces to 


oP 2 
y momentum: —= p(-a yr ac) (3) 
ey 
The y momentum equation is satisfied provided we can generate a smooth pressure field that satisfies Eq. 3. The pressure 
field P(x,y) must be a smooth function of x and y. Mathematically, this requires that the order of differentiation (x then y 


verses y then x) should not matter. We therefore check whether this is so by differentiating Eqs. 3 and 2 respectively: 


2 2 
Cross-differentiation: oe = Eee =0 oe = 22) =0 (4) 
Oxdy Ox\ dy Oyox Oy\ Ox 








Equation 4 shows that indeed, P is a smooth function of x and y. Thus, we should be able to calculate the pressure field. To 
calculate P(x,y), we start with either Eq. 2 or Eq. 3 and integrate. We pick Eq. 2, which we can partially integrate (with 
respect to x) to obtain an expression for P(x,y), 


22 


Pressure field from x-momentum: P(x, y) = d- = 





-abx |+ e(o) (5) 


Note that we added an arbitrary function of the other variable y rather than a constant of integration since this is a partial 
integration. We then take the partial derivative of Eq. 5 with respect to y to obtain 
OP, 
— = g'(y)= p(-a’y+ac) (6) 
ey 
where we have equated our result to Eq. 3 for consistency. We can now integrate Eq. 6 to obtain the function g(y): 


2.2 


eo) -2 tas|+c (7) 





where C is an arbitrary constant of integration. Finally, we plug Eq. 7 into Eq. 5 to obtain our final expression for P(x,y). 
The result is 
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Solution: P(x, y) = -25-A abx + es] +C (8) 








Discussion For practice, you should differentiate Eq. 8 with respect to both x and y, and compare to Eqs. 2 and 3. (This 
also serves as a check of our algebra.) In addition, try to obtain Eq. 8 by starting with Eq. 3 rather than Eq. 2; you should 
get the same answer. Pressure is found to within some arbitrary constant C since the absolute magnitude of pressure is 
irrelevant; only pressure gradients are important. 
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Solution For a given geometry and set of boundary conditions, we are to calculate the velocity field, and plot the 
nondimensionalized velocity profile. 


Assumptions We number and list the assumptions for clarity: 

The walls are infinite in the y-z plane (y is into the page). 

The flow is steady, i.e. time derivatives of any quantity are zero. 

The flow is parallel (the x component of velocity, u, is zero everywhere). 

The fluid is incompressible and Newtonian, and the flow is laminar. 

Pressure P = constant everywhere. In other words, there is no applied pressure gradient pushing the flow; the flow 
establishes itself due to a balance between gravitational forces and viscous forces. 

The velocity field is purely two-dimensional, which implies that v = 0 and all y derivatives are zero. 


nk WN = 


SN 


Gravity acts in the negative z direction. We can express this mathematically as g = -gk , Or 8x = 8y = 0 and g, = 
-g. 

Analysis We obtain the velocity and pressure fields by following the step-by-step procedure for differential fluid 
flow solutions. 


Step 1 Set up the problem and the geometry. See problem statement. 

Step2 List assumptions and boundary conditions. We have already listed seven assumptions. The boundary conditions 
come from the no-slip condition at the walls (1) at x = —h/2, u = v = w = 0. (2) Atx=hA/2,u=v=w=0. 

Step 3 Write out and simplify the differential equations. We start with the continuity equation in Cartesian coordinates, 


Continuity: x + Zz +o or =o 0) 
x ly z z 


Assumption 3 Assumption 6 


Equation 1 tells us that w is not a function of z. In other words, it doesn’t matter where we place our origin — the flow is 
the same at any z location. In other words the flow is fully developed. Since w is not a function of time (Assumption 2), 
z (Eq. 1), or y (Assumption 6), we conclude that w is at most a function of x, 


Result of continuity: w= w(x) only (2) 


We now simplify each component of the Navier-Stokes equation as far as possible. Since u = v = 0 everywhere 
and gravity does not act in the x or y directions, the x and y momentum equations are satisfied exactly (in fact all terms 
are zero in both equations). The z momentum equation reduces to 


Z momentum: 


z+ ue ie WE + wit O. + 
A t Ox oy Oz oz ees 


Assumption 2 Assumption 3 Assumption 6 Continuity Assumption 5 (3) 


ow æ 8 d’w pg 

+u| — + z +t- or z= 

Ox y z dx u 
i we 


continuity 








Assumption 6 


We have changed from a partial derivative (0/Ox) to a total derivative (d/dx) in Eq. 3 as a direct result of Eq. 2, 
reducing the PDE to an ODE. 

Step 4 Solve the differential equations. Continuity and x and y momentum have already been “solved”. Equation 3 (z 
momentum) is integrated twice to get 


Integration of z momentum: w= P8 24 Cx+C, (4) 


2u 
Step 5 We apply boundary conditions (1) and (2) from Step 2 above to obtain constants C, and C3, 
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Boundary condition (1): 9 =28 72 C, L C, 0 
8u 2 

and -0.02 

Boundary condition (2): 0= 28 424 C, h +C, -0.04 
8u 2 

-0.06 


We solve the above two equations simultaneously to obtain 


ions for C; and C, we 
expressions for C; and C, wae 
P SPR _ PS 2 
Constants of integration: C,=0 C, = ——h 
8u -0.1 
Finally, Eq. 4 becomes -0.12 
h 2 
Final result for velocity field: w=2E] 2 -(#) (5) -0.14 
2u 2 05 -0.3 -01 01 03 05 
x* 
Since —h/2 < x < h/2 everywhere, w is negative everywhere as 
expected (flow is downward). FIGURE 1 
Step 6 Verify the results. You can plug in the velocity field to verify The velocity profile for liquid falling 
that all the differential equations and boundary conditions are between two vertical walls. 


satisfied. 


We nondimensionalize Eq. 5 by inspection: we let x* = x/h and w* = wu/(pgh’). Eq. 5 becomes 





Nondimensionalized velocity profile: we = {Cory = 2) (6) 











We plot the nondimensional velocity field in Fig. 1. The velocity profile is parabolic. 


Discussion Equation 4 for the z component of velocity is identical to that of Example 9-17. In fact, the present problem 
is identical to Example 9-17 except for the boundary conditions and the location of the origin. Comparing the two results, 
we see that the maximum nondimensional velocity for the case with two walls is one-fourth than that for the case with only 
one wall. This is not unexpected — the additional wall leads to more viscous forces that retard the flow. 
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Solution We are to calculate and compare the volume flow rate per unit width of fluid falling between two vertical 
walls and fluid falling along one vertical wall. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The walls are infinitely wide and very long so that all 
of the parallel flow, fully developed approximations of the previous problem hold. 











Analysis We calculate the volume flow rate per unit width by integration of the velocity: 
Volume flow rate per unit depth, two vertical walls: 
j ‘ 2 3 2 Tea 3 3 3 3 z 3 
val wade =f" BEN ep ED i 8 ee See E a a e a DO 8) 
L. 45M2 -12| 2u 2 2u| 3 4 | 4, 2HL24 8 24 8 12u 











The result is negative since we have defined positive volume flow rate upward, since z is upward, but the flow is 
downward. For the case with only one vertical wall and a free surface, we calculate the vertical component of velocity to be 


w= ee (x -= 2h) (see Example 9-17). Thus, we calculate V/L for the case of one vertical wall to be 
4 


Volume flow rate per unit depth, one vertical wall with a free surface: 


j 3 z= 3 3 
= fds (| SEE (x—20) Jar 28] E-n ak w 040]- pgh (2) 
L 2u 2u| 3 o 24| 3 3u 

















Comparing the two cases we see that V/L for the case of one vertical wall and a free surface is four times greater than 
the case of two vertical walls with no free surface. The physical explanation is that with two walls, the fluid is held back by 
more viscous stresses, leading to a parabolic velocity profile. For the single-wall case the free surface has no shear stress 
and thus the fluid flows more freely. 


Discussion The two flows being compared here are identical except for the boundary conditions. This illustrates the 
importance of setting proper boundary conditions. 
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Solution For a given geometry and set of boundary conditions, we are to calculate the velocity and pressure fields, 
and plot the nondimensional velocity profile. 


Assumptions We number and list the assumptions for clarity: 
1 The wallis infinite in the s-y plane (y is out of the page for a right-handed coordinate system). 


2 The flow is steady, i.e. < (anything) =0. 


3 The flow is parallel and fully developed (we assume the normal component of velocity, u,, is zero, and we assume 
that the streamwise component of velocity u, is independent of streamwise coordinate s). 

4 The fluid is incompressible and Newtonian, and the flow is laminar. 

5 Pressure P = constant = Pm at the free surface. In other words, there is no applied pressure gradient pushing the 
flow; the flow establishes itself due to a balance between gravitational forces and viscous forces along the wall. 
Atmospheric pressure is constant everywhere since we are neglecting the change of air pressure with elevation. 


6 The velocity field is purely two-dimensional, which implies that v = 0 and 2 (any velocity component) = 0. 
y 


7 Gravity acts in the negative z direction. We can express this mathematically as g =— gk . In the s-n plane, g, = 


gsing and g, = -gcos &. 


Analysis We obtain the velocity and pressure fields by following the step-by-step procedure for differential fluid 
flow solutions. 


Step 1 Set up the problem and the geometry. See Problem statement. 

Step2 List assumptions and boundary conditions. We have already listed seven assumptions. The boundary conditions 
are (1) No slip at the wall: at n = 0, u, = v = u, = 0. (2) At the free surface (n = h) there is no shear, which in this 
coordinate system at the vertical free surface means Ou,/On = 0. (3) P = Pam at n = h. 

Step 3 Write out and simplify the differential equations. We start with the continuity equation in modified Cartesian 
coordinates, (s,y,n) and (us,V,Un), 


Continuity: £. x + x =0 or o (1) 
s Ny n s 


Assumption6 Assumption 3 


Equation 1 tells us that u, is not a function of s. In other words, it doesn’t matter where we place our origin — the flow 
is the same at any s location. This does not tell us anything new; we have already assumed that the flow is fully 
developed (Assumption 3). Furthermore, since u, is not a function of time (Assumption 2) or y (Assumption 6), we 
conclude that u, is at most a function of n, 


Result of continuity: u, =U, (n) only (2) 


We now simplify each component of the Navier-Stokes equation as far as possible. Since v = 0 everywhere and 
gravity does not act in the y direction, the y momentum equation is satisfied exactly (in fact all terms are zero). Since u, 
= 0 everywhere, the only non-zero terms in the n momentum equation are the pressure term and the gravity term. The n 
momentum equation reduces to 


n momentum: 


D oP 2 oP 
t =——+ tu W or —=-pgcosa (3 
f Bn) 2E H Va, a, PE (3) 
oe. —Pg cosa Assumption 3 
Assumption 3 
We integrate Eq. 3 to solve for the pressure, 
Pressure: P=-pgncosa+ f (s) (4) 


where we have added a function of s rather than a simple constant of integration. But from boundary condition (3), at n 


= h, P = Pam. Thus Eq. 4 yields f (s) = Pm + pghcosa . In other words, f(s) is really not a function of s at all. 


atm 


Equation 4 then becomes 
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Final expression for pressure: P=P.,,+ Pg (h- n) cosa@| (5) 


atm 











The s momentum equation reduces to 


ON ra yA rA |= of + 
r At Os oy ” én Os a 
m eY— ee i 





pgsing 





Assumption 2 Continuity Assumption 6 Assumption 3 Eq. 5 
(6) 
2 2 2 í i 
ov oy u, sf 
s y 2 ôn dn u 
| oo 
continuity — Assumption 6 


We have changed from a partial derivative (0/dn) to a total derivative (d/dn) in Eq. 6 as a direct result of Eq. 2, 
reducing the PDE to an ODE. 


Step 4 Solve the differential equations. Continuity and n and y momentum have already been “solved”. Equation 6 (s 
momentum) is integrated twice to get 


u, = PEMA q +Cn+C, (7) 


2u 


Step 5 We apply boundary conditions (1) and (2) from Step 2 above to 
obtain constants C, and C3, 


Boundary condition (1): u,=0+0+C, at n=0 C, =0 
and 


Boundary condition (2): 

















w) a PEN eG g pie 
dn n=h H 
Finally, Eq. 4 becomes 
Final result for velocity field: |u, = PEL p(2h — n) (8) 
u 
Since n < h in the film, u, is positive everywhere as expected (flow is FIGURE 1 . . ; 
downward). The velocity profile for an oil film falling 


Step 6 Verify the results. You can plug in the velocity field to verify that down an inclined wall, a = 60°. 
all the differential equations and boundary conditions are satisfied. 


When a= 90° sina = | and Eq. 8 is equivalent to Eq. 5 of Example 9-17. (The signs are opposite since s is down while z is 
up.) Also, Eq. 5 above reduces to P = Pam everywhere when a = 90° since cosa = 0; this also agrees with the results of 
Example 9-17. We nondimensionalize Eq. 8 by inspection: we let n* = n/h and u,* = u,td/(pgh’). Eq. 8 becomes 





x 
Nondimensional velocity profile: u*#= (2-n*)sina} (9) 


s 











We plot the nondimensional velocity field in Fig. 1 for the case in which a= 60°. 


Discussion The profile shape is identical to that of Example 9-17, but is scaled by the factor sina. This problem could 
also have been solved in standard Cartesian coordinates (x,y,z), but the algebra would be more involved. 
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Solution We are to calculate the volume flow rate per unit width of oil falling down a vertical wall. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The wall is infinitely wide and very long so that all of 
the parallel flow, fully developed approximations of Problem 9-89 hold. 








Analysis We calculate the volume flow rate per unit width by integration of the velocity: 
V h h i i 

Volume flow rate per unit depth: =| udn= Í a n(2h n) dia ee (1) 
L 0° 0 2u 3u 











For an oil film of thickness 5.0 mm with p = 888 kg/m? and u = 0.80 kg/(m-s), we calculate ¥+/ L using Eq. 1, 


A i cc ee il |) a 


Result: = = 
L 3u 3(0.80 kg/m-s) 


Discussion Since viscosity is in the denominator of Eq. 1, a low viscosity liquid (like water) would yield a larger 
volume flow rate; this agrees with our intuition. Likewise, a larger density liquid and/or a thicker film would yield a larger 
volume flow rate, again agreeing with our intuition. Finally, if œ = 0° there is no flow. 





9-91 
Solution We are to expand two terms into three terms, and then compress the three terms into one term. 
Analysis We use the product rule to differentiate the expression, 











1 ð| Ou,\ Ug Oty lôu o 
= + 
Hf zf, e) 7 a| ôr rêr r 


The second part of this question involves some trial and error, using the product rule in reverse. After some effort we get 


Ou, 10u, Uy a(10 
+——#-—* |= yw) —| —— 
e| ôr rêr r A or Brite) (1) 


You can apply the product rule to verify Eq. 1. 























Discussion The grouping of these terms into one term as in Eq. 1 turns out to be useful for some analytical solutions of 
the Navier-Stokes equation. 
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Solution For a given geometry and set of boundary conditions, we are to calculate the velocity field. 


Assumptions We number and list the assumptions for clarity: 

1 The cylinders are infinite in the z direction (z is out of the page in the figure of the problem statement for a right- 
handed coordinate system). The velocity field is purely two-dimensional, which implies that w = 0 and derivatives 
of any velocity component with respect to z are zero. 

The flow is steady, meaning that all time derivatives are zero. 

The flow is circular, meaning that the radial velocity component u, is zero. 

The flow is rotationally symmetric, meaning that nothing is a function of 8. 

The fluid is incompressible and Newtonian, and the flow is laminar. 

Gravitational effects are ignored. (Note that gravity may act in the z direction, leading to an additional hydrostatic 
pressure distribution in the z direction. This would not affect the present analysis.) 


An kWh 


Analysis We obtain the velocity and pressure fields by following the step-by-step procedure for differential fluid 
flow solutions. 


Step 1 Set up the problem and the geometry. See the problem statement. 

Step 2 List assumptions and boundary conditions. We have already listed five assumptions. The boundary conditions are 
(1) No slip at the inner wall: at r= R;, ug = @;R;. (2) No slip at the outer wall: at r = Ro, ug = Q. 

Step 3 Write out and simplify the differential equations. We start with the continuity equation in cylindrical coordinates, 
(7,0,z) and (u,,UUz), 


ee 1 0( Ke 10 ð 
Continuity: pea oe x =0 or 0=0 (1) 
CH CO pan a) 


Assumption 3 Assumption 4 Assumption | 


Thus continuity is satisfied exactly by our assumptions. 

We now simplify each component of the Navier-Stokes equation as far as possible. Since w = 0 everywhere and 
gravity is ignored, the z momentum equation is satisfied exactly (in fact all terms are zero). Since u, = 0 everywhere, 
the only non-zero terms in the r momentum equation are the pressure term and the “extra” term that involves ug The r 
momentum equation reduces to 
OP Uy dP us 


— — or —=p—" (2 
a ie 2) 


r momentum: 


We have changed the partial derivatives to total derivatives since P is a function only of r. Equation 2 could be used to 
solve for P(r) once we find us. 
The @momentum equation is written out, using the result of the previous problem, 


0 momentum: 


p ou, Ji OMe , 4 OU, a u y Ti G 
Ot Or 00 r Oz 
m a oe) a CS 


Assumption 2 Assumption3 Assumption4 Assumption3 Assumption 1 


16 6(10 10m, 206 oy 

== 2 } + u| —| -— +— =LA 
TE tH z: ap Me ) POO P60 Ke 
co. Cys Cs a 


= Assumption 6 = 
Assumption 4 Assumption 4 Assumption 3. Assumption 6 


Again we change from partial derivatives (0/dr) to a total derivatives (d/dr), reducing the PDE to an ODE. The 0 
momentum equation reduces to 


d(ld 
Reduced 0 tum: la =0 
educe momentum dr rdi (ru, ) (3) 


Step 4 Solve the differential equations. Continuity and z momentum have already been “solved”. Equation 3 (0 
momentum) is integrated once, 
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Integration of 0 momentum: ——(ru, ) =C, 


r dr 


After multiplying by r we integrate again. After division by r we get 


re. -C 
ug: te Oe (4) 


Step 5 We apply boundary conditions (1) and (2) from Step 2 above to obtain constants C; and C), 


R C R? 











Boundary condition (2): ĝ=0 2g or C,=-C,— 
ry (2) T R A is 

and 
R, R, Re 
Boundary condition (1): Ro, =C,—+ Gq =Q =C 
2 R 2 2R. 


Which can be solved for C4. The two constants of integration are thus 


-2R a, R?’ R? 0, 
ITR? -R 2T RIR? 


o i 


Constants of integration: 


Finally, Eq. 4 becomes (after a bit of algebra) 





. ioe R’o, (R? 
Final result for velocity field: Uy = ar o__y (5) 
-R r 














Step 6 Verify the results. You can plug in the velocity field to verify that all the differential equations and boundary 
conditions are satisfied. 


Discussion There are valid alternative forms of Eq. 5. We could integrate Eq. 2 to solve for the pressure since we now 
know ug from Eq. 5. The algebra is laborious, but not difficult. 
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Solution We are to simplify the velocity field for two limiting cases of Problem 9-92 and discuss. 


Assumptions The same assumptions of Problem 9-92 apply here. 


Analysis (a) First we re-write the velocity profile from Problem 9-92, 


Exact velocity profile: 


= Ra, K ~ | = Re, (R, -r)(R, + r) (1) 
( 


R?-R?\ r R,-R,)(R,+R,) r 





Ug 


Note that Eq. 1 is still exact. When the gap is very small, (R, — R) << R., and R, ~ R;. Thus we replace R, + R; in the 
denominator of Eq. 1 by 2R;. Similarly, r ~ R; and we replace R, + r in the numerator of Eq. 1 by 2R;. Likewise we replace r 
in the denominator of Eq. 1 by R;. As suggested we define y = R, — r, h = gap thickness = R, — R;, and V = speed of the 
“upper plate” = R;@; (Fig. 1). Plugging all of these approximations and 

















definitions into Eq. | we get Rotating inner cylinder 
Approximate velocity for small gap: Liquid i V 
R’, y:2R, yo,R, V y (2) Z 
na = = a 

° h2R.\ R, h h Stationary outer cylinder 
We verify that Eq. 2 is linear in the small gap and is the same velocity FIGURE 1 
profile as we generated for 2-D Couette flow between two infinite flat A magnified view near the bottom for the 
plates. case in which the gap between the two 


(b) As the outer cylinder radius approaches infinity, R; << R,, and R; can cylinders! 1s very small; 


be ignored when added to or subtracted from R,. Similarly, r << Ro, and r 
can be ignored when added to or subtracted from R,. Equation 1 becomes 


Approximate velocity for infinite Ro: Ug S [R \(R 
r r 


We recognize Eq. 3 as of the form ug = constant/r which is the velocity field for a line vortex. 





(3) 











Discussion Imagine a long, thin cylinder spinning in a vat of liquid. After a long time, the flow field given by Eq. 3 
would emerge — basically a line vortex for all radii greater than R;. 
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Solution For a given geometry and set of boundary conditions, we are to calculate the velocity field. 
Assumptions The assumptions are identical to those of Problem 9-92. 


Analysis We obtain the velocity and pressure fields by following the step-by-step procedure for differential fluid 
flow solutions. Everything is identical to Problem 9-92 except for the boundary condition at the outer cylinder wall. We re- 
write boundary condition (2): at r = R,, ug = @,R,. We will not repeat all the algebra associated with the equations of 
motion. The tangential velocity component is still 

Ç 


: 
E m=0 242 (1) 


Now we apply boundary conditions (1) and (2) to obtain constants C; and C3, 





R, 
Boundary condition (1): za + Zc, = Ro, (2) 
soe R 1 
Boundary condition (2): 5 C, + a =R,0, (3) 


o 


We solve Eqs. 2 and 3 simultaneously for C, and C3. The result is 


2 Ro, = R70; R ? R? 0, -øo 
Constants of integration: C= Ss C= RR o-a] (4) 


Finally, Eq. 4 becomes (after a bit of algebra) 





. . 7 1 È 2 R; RF (a, -@,) 
Final result for velocity field: Uy = RoR? (R, @, -R o, ) r+———— || (5) 


o i 











We set Q, = 0 in Eq. 5 to verify that it simplifies to the result of Problem 9-92, 








Reo, (R; 
Simplified velocity field: Uy = pita Oo r| (6) 
-R?\ r 











Discussion There are valid alternative forms of Eq. 5. 





9-95 


Solution We are to discuss a simplified version of the velocity field of the previous problem. 


Assumptions The assumptions are identical to those of the previous problem. 


Analysis We set R; = @; = 0 in Eq. 5 of the previous problem. The tangential velocity component simplifies to 
T f 1 2 
Simplified ug: Ug = ros o,r] =@r (1) 


We recognize Eq. 1 as the velocity field for solid body rotation. To set up this velocity field in a physical experiment, we 
would place a cylindrical container of liquid on a rotating table. After a long time, the entire tank, including the liquid, 
would be in solid body rotation. 


Discussion If you imagine flow between the inner and outer cylinders, and then imagine that the inner cylinder stops 
spinning and shrinks to infinitesimal radius, you can convince yourself that solid body rotation would result. 
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Solution For flow in a pipe annulus we are to calculate the velocity field. 


Assumptions We number and list the assumptions for clarity: 
The pipe is infinitely long in the x direction. 


The flow is steady, i.e. < (anything) =0. 
t 


This is a parallel flow (the r component of velocity, u,, is zero). 

The fluid is incompressible and Newtonian, and the flow is laminar. 

A constant pressure gradient is applied in the x direction such that pressure changes linearly with respect to x 
according to the given expression. 

The velocity field is axisymmetric with no swirl, implying that ug= 0 and 


nk WwW N = 


Nn 


£ (anything) =0. 


7 We ignore the effects of gravity. 


Analysis We obtain the velocity field by following the step-by-step procedure for differential fluid flow solutions. 


Step 1 Lay out the problem and the geometry. See the problem statement. 
Step 2 List assumptions and boundary conditions. We have already listed seven assumptions. The boundary conditions 


come from imposing the no slip condition at both pipe walls: (1) at r=R;, V=0. (2) atr=R,, V=0. 
Step 3 Write out and simplify the differential equations. We start with the continuity equation in cylindrical coordinates, 


ô ô 
Continuity: as + Tee 4 ou =0 or ĉu =0 
ôr 00 Ox Ox (1) 
aa AM 


Assumption 3 Assumption 6 


Equation 1 tells us that u is not a function of x. In other words, it doesn’t matter where we place our origin — the flow is 
the same at any x location. This can also be inferred directly from Assumption 1, which tells us that there is nothing 
special about any x location since the pipe is infinite in length — the flow is fully developed. Furthermore, since u is not 
a function of time (Assumption 2) or (Assumption 6), we conclude that u is at most a function of r, 


Result of continuity: u=u (r) only (2) 


Next we simplify the x momentum equation as far as possible: 


ô Be g 
p +u + LL +u 
í ar £00 ox 
ee Co ees eo. 


Assumption2 — Assumption3 = Assumption 6 — Continuity 


(3 
oP 10f õu 1 gú 2? 
=—-— + < +u =>] rlt -A t > 
Ox S rõr\ Or 00 x 


Assumption 7 


x momentum: 


) 


Assumption 6 Continuity 


or 


ld{ du 1 OP 
Result of x momentum: S| pe | Se (4) 
rdr\ dr Lt Ox 
Note that we have replaced the partial derivative operators for the u derivatives with total derivative operators because 


of Eq. 2. Every term in the r momentum equation is zero except the pressure gradient term, forcing that lone term to 
also be zero, 


oP 
—=0 5 
ôr ©) 


r momentum: 
In other words, P is not a function of r. Since P is also not a function of time (Assumption 2) or 6 (Assumption 6), P 
can be at most a function of x, 
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Result of r momentum: Ps P(x) only (6) 


Therefore we can replace the partial derivative operator for the pressure gradient in Eq. 4 by the total derivative 
operator since P varies only with x. Finally, all terms of the @component of the Navier-Stokes equation go to zero. 
Step 4 Solve the differential equations. Continuity and r momentum have already been “solved”, resulting in Eqs. 2 and 6 


respectively. The @ momentum equation has vanished, and thus we are left with Eq. 4 (x momentum). After 
multiplying both sides by r, we integrate once to obtain 


du 7 r? dP 


Integration of x momentum: r—=——+4+C, 
dr 2u dx 


(7) 


where C; is a constant of integration. Note that the pressure gradient dP/dx is a constant here. After dividing both sides 
of Eq. 7 by r, we can integrate a second time to get 


2 
IP 
Second integration of x momentum: u= ge +C lnr+C, (8) 
4u dx 


where C; is a second constant of integration. 
Step 5 Apply boundary conditions from Step 2 above to obtain constants C; and C3: 


R? dP 

Boundary condition (1): 0= ARAE +C, Ink, +C, 
4u dx 
R? dP 

Boundary condition (2): 0= Sae +C, lnR, +C, 
4u dx 


We solve the above two equations simultaneously to find C, and C3, 











(R? -R ) ap (R? nR, -R° nR, ) qp 

Constants: C = R C, = R 
4uln —— a 4uln — oe 

R, R, 


i i 


After some algebra and rearrangement, Eq. 7 becomes 





R? n- R’ In% 

‘ ` ° 1 dP 2 R, i 

Final result for axial velocity: u= ro+ (9) 
4u dx 6 


In 





i 











Step 6 Verify the results. You can plug in the velocity field to verify that all the differential equations and boundary 
conditions are satisfied. 


Discussion There are other valid forms of Eq. 9. For example, after some rearrangement, Eq. 9 can be written as 























1 dP 2 R?-R? 
Alternative form: u= r-R’ 2 —In E (10) 
4u dx inv n 
n 
R, 
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Solution We are to generate the velocity field for a given flow setup. 


Assumptions All assumptions are the same as those of the previous problem except for the fifth one, which we modify 
here: 5 Pressure P is constant everywhere. 


Analysis Most of the algebra is identical to that of the previous problem except that the pressure gradient is zero, 
making this problem easier. Also, the first boundary condition changes: at r = R; u = V. The x momentum equation reduces 
to 


Result of x momentum: : S(t) =0 (1) 
r 


rdr 
After integration, division by r, and a second integration, Eq. 1 yields 
x component of velocity: u=C,Inr+C, (2) 


We apply boundary conditions: 


Boundary condition (1): V=C,InR, +C, 
and 
Boundary condition (2): 0=C,InR,+C, 


We solve the above two equations simultaneously to yield the constants, 


-V VinR 
C = n o 














Constants of integration: C = R 7 R 3) 
In—* In—* 
R; i 
and thus Eq. 2 becomes 
R 
V In — 
Result for u: u= (In R, -1n r) = L (4) 
In— In— 
R, 








i i 





Discussion In this and other parallel flow problems, the nonlinear terms in the Navier-Stokes equation drop out, 
simplifying the problem and enabling an exact analytical solution to be found. 
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9-98 
Solution We are to generate the velocity field for a given flow setup. 


Assumptions All assumptions are the same as those of the previous problem. 


Analysis The algebra is identical to that of the previous problem except that the boundary conditions are swapped: at 
r = R; u = 0 and at r = R,, u = V. The x momentum equation reduces to 
1 
Result of x momentum: ee jae =0 (1) 
rdr\ dr 


After integration, division by r, and a second integration, Eq. | yields 
x component of velocity: u=C,Inr+C, (2) 


We apply boundary conditions: 




















Boundary condition (1): V=C Ink, +C, 
and 
Boundary condition (2): 0=C,InR,+C, 
We solve the above two equations simultaneously to yield the constants, 
- Vink, 
Constants of integration: C= ee C, = nA 
R, R 6) 
In In 
and thus Eq. 2 becomes 
R, 
V V In — 
Result for u: “u=— y (In R, -1n r) = = (4) 
In— In— 
o R, 











Discussion Since the boundary conditions of the present problem are the same as those of the previous problem except 
that R, and R; are swapped, it turns out that the result is also identical except that the two radii are swapped. 
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Solution For modified Couette flow with two immiscible fluids we are to list the boundary conditions and then solve 
for both the velocity and pressure fields. Finally we are to plot the velocity profile across the channel. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 


Properties The density and viscosity of water at T= 80°C are 971.8 kg/m? and 0.355 x 10° kg/(m:s) respectively. The 
density and viscosity of unused engine oil at T = 80°C are 852 kg/m? and 32.0 x 10° kg/(m-s) respectively. 





Analysis (a) The velocity boundary conditions come from the no-slip condition at the walls: 
Boundary condition (1): At z=0,u,=0 (1) 
and 
Boundary condition (2): At z=h, + hy, m = V (2) 
At the interface we know that both the velocities and the shear stresses must match, 
Boundary condition (3): At z= hy, uy = U2 (3) 
and 
Boundary condition (4): Atz=h, 4, = 4, = (4) 


The first pressure boundary condition comes from the known pressure on the bottom, 
Boundary condition (5): Atz =0, P = Po (5) 


The second pressure boundary condition comes from the fact that the pressure cannot have a discontinuity at the interface 
since we are ignoring surface tension, 


Boundary condition (6): Atz = h, Pi = P3 (6) 


(b) We solve for the velocity field using the step-by-step procedure outlined in this chapter. However, we leave out the 
details because the algebra is identical to that of simple Couette flow — the only difference is in the boundary conditions. 
For parallel, fully developed flow in the x direction, u is the only non-zero velocity component and it is a function of z only. 
The x momentum equations in the two fluids reduce to 
2 2 
x momentum: ae =0 oe =0 (7) 
dz? dz? 








We integrate both parts of Eq. 7 twice, introducing four constants of integration, 
Expressions for u: uy =C\z+C, u,=C,z+C, (8) 


We apply the first four boundary conditions to find these constants, 


Boundary conditions (1) and (2): C, =0 V=C, (h, +h,)+C, 
and 
Boundary conditions (3) and (4): Ch, =C,h,+C, 44C, = 4C, 


After some algebra, we solve simultaneously for all the constants, 








V V -— 
eT Gs abe c, -v2 ah) D 
Hah + ph, Hah, + ph, Hah, + ph, 
And the velocity components of Eq. 8 become 
MoV 


(10) 








u, =——————-z 
Hh, + wh, 





and 
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y h, — uh V 
Se vy [ Maa | llah) h) (11) 
Lhoh + uh, Lh, + wh, Hah, + ph, 











You should plug in the boundary conditions to verify that Eqs. 10 and 11 are correct. 


(c) We analyze the z momentum equation to find the pressure. Since w = 
0 everywhere, the only non-zero terms are the pressure and gravity terms. 
Thus we have 


dP. dP, 
z momentum: —> =E ~ epe: (12) 
dz dz 


We integrate Eqs. 12 to obtain 
Pressure: P=-p,gzt+C, Pi =—p,gz+C, (13) 


After applying boundary conditions (5) and (6) we obtain the final 
expressions for the two pressures, 




















P =P,- p,8z | and |P, = P, +( p, + P,) gh, — p,8z (14) 











Again you can verify that the boundary conditions are satisfied by Eq. 


14. FIGURE 1 
(d) For the given fluid properties we plot the velocity profile in Fig. 1. The velocity profile for Couette flow with 
Since the oil is so much more viscous than the water, the oil velocity is two immiscible liquids. 


nearly constant (small slope) while the water velocity varies rapidly 
(large slope). At the interface the viscosity times the slope must match, so this should not be surprising. 


Discussion Both velocity profiles are linear. The pressure is simply hydrostatic since P is a function of z only. The oil 
must be on top since it is less dense than water. 
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Solution We are to calculate u(r) for flow inside an inclined round pipe. 


Assumptions We number and list the assumptions for clarity: 

The pipe is infinitely long in the x direction. 

The flow is steady, i.e. any time derivative is zero. 

This is a parallel flow (the r component of velocity, u,, is zero). 

The fluid is incompressible and Newtonian, and the flow is laminar. 

The pressure is constant everywhere except for hydrostatic pressure. 

The velocity field is axisymmetric with no swirl, implying that ug= 0 and 
all derivatives with respect to @are zero. 


— ee 


Analysis To obtain the velocity and pressure fields, we follow the step-by-step procedure outlined above. 


Step 1 Lay out the problem and the geometry. See the problem statement. 

Step 2 List assumptions and boundary conditions. We have already listed six assumptions. The first boundary condition 
comes from imposing the no slip condition at the pipe wall: (1) at r=R, V =0. The second boundary condition comes 
from the fact that the centerline of the pipe is an axis of symmetry: (2) at r = 0, du/dr = 0. 

Step 3 Write out and simplify the differential equations. We start with the continuity equation in cylindrical coordinates, a 
modified version of Eq. 9-62a, 


Olr ô 
Continuity: 1 os 4 1 g , ou =0 or Ou =0 
or 00) =x ox () 


Assumption 3 Assumption 6 


Equation | tells us that u is not a function of x. In other words, it doesn’t matter where we place our origin — the flow is 
the same at any x location. This can also be inferred directly from Assumption 1, which tells us that there is nothing 
special about any x location since the pipe is infinite in length — the flow is fully developed. Furthermore, since u is not 
a function of time (Assumption 2) or (Assumption 6), we conclude that u is at most a function of r, 


Result of continuity: u=u (r) only (2) 


We now simplify the x momentum equation as far as possible: 


x momentum: 


é ae g 
p +u + 2 +u 
í ar #00 Jox 
So ee LA, 


Assumption 2 — Assumption3 Assumption Continuity 


-- F + os,4 12(,04), ee, 2 
x 28x # rõr\ ôr 30’ x? 
a ~ a 


pgsina 
Assumption 5 Assumption 6 Continuity 


or 


Result of x momentum: 


ld( d -= i 
al £- pegsinad (3) 


r— 

rdr\ dr u 
As in previous examples the material acceleration (entire left hand side of the x momentum equation) is zero, implying 
that fluid particles are not accelerating at all in this flow field, and linearizing the Navier-Stokes equation. Also notice 
that we have replaced the partial derivative operators for the u derivatives with total derivative operators because of Eq. 
2: 

You can show in similar fashion that every term in the r momentum equation and in the 6 momentum equation 

goes to zero. 

Step 4 Solve the differential equations. Continuity, r momentum, and 6 momentum have already been solved, and thus 
we are left with Eq. 3 (x momentum). After multiplying both sides by r, integrating, dividing by r, and integrating 
again, 
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Axial velocity component: u= a +CInr+C, (4) 


where C, and C; are constants of integration. 
Step 5 Apply boundary conditions from Step 2 above to obtain constants C, and C2. We apply boundary condition (2) 
first: 
Boundary condition (2): ui =0+ G =0 
dr 0 
Since C,/0 is undefined (00), the only way for du/dr to equal zero at r = 0 is for C; to equal 0. An alternative way to 
think of this boundary condition is to say that u must remain finite at the centerline of the pipe. Again this is possible 


only if constant C; is equal to 0. 


C, =0 
Now we apply the first boundary condition, 
Boundary condition (1): 
poe PSO cox 20: Be CSE 
4u 4u 


Finally, Eq. 4 becomes 





u= pe ee) 


7 © 


Final result for axial velocity: 











The axial velocity profile is thus in the shape of a paraboloid, just as in Example 9-18. 
Step 6 Verify the results. You can plug in the velocity field to verify that all the differential equations and boundary 
conditions are satisfied. 


The volume flow rate through the pipe is found by integrating Eq. 5 through the whole cross-sectional area of the pipe, 


Volume flow rate: 


V= 7 f“ uar 


0=0 





(6) 


_ 2npgsina 
4u 





(ue - r?)rdr = TE pg sina 








Since volume flow rate is also equal to the average axial velocity times cross-sectional area, we can easily determine the 
average axial velocity, V: 





4 
. ——pegsina 
V 8u PE R? 


Average axial velocity: V= x = aes ae = gus sina 
T H 


(7) 











Discussion There is no such thing as an “inviscid” fluid. For example, if 42 were zero in this problem, the axial velocity, 
volume flow rate, and average velocity would all go to infinity since 4 appears in the denominator of Eqs. 5 through 7. 
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Chapter 9 Differential Analysis of Fluid Flow 


Review Problems 


9-101C 
Solution We are to discuss the connection(s) between the incompressible flow approximation and the constant 
temperature approximation. 


Analysis For an incompressible flow, the density is assumed to be constant. In addition, the incompressible flow 
approximation usually implies that all fluid properties (viscosity, thermal conductivity, etc.) are constant as well. These 
assumptions go hand in hand because a flow with constant density implies a flow with little or no temperature changes and 
no buoyancy effects. Since viscosity is a strong function of temperature but generally a weak function of pressure, the 
fluid’s viscosity is approximately constant whenever temperature is constant. When dealing with incompressible fluid 
flows, pressure variable P is interpreted as the mechanical pressure P, and we don’t need an equation of state. In effect, the 
equation of state is replaced by the assumption of constant density and constant temperature. 


Discussion Mechanical pressure P,,, is determined by the flow field, not by thermodynamics. 





9-102C 
Solution We are to name each equation, and then discuss its restrictions and its physical meaning. 
Analysis (a) This is the continuity equation. The form given here is valid for any fluid. It describes conservation of 


mass in a fluid flow. 


(b) This is Cauchy’s equation. The form given here is valid for any fluid. It describes conservation of linear momentum in 
a fluid flow. 


(c) This is the Navier-Stokes equation. The form given here is valid for a specific type of fluid, namely an incompressible 
Newtonian fluid. The equation describes conservation of linear momentum in a fluid flow. 


Discussion It is important that you be able to recognize these notable equations of fluid mechanics. 





9-103C 
Solution We are to list the six steps used to solve fluid flow problem with the continuity and Navier-Stokes 
equations, for the case in which the fluid is incompressible and has constant properties. 


Analysis The steps are listed below: 


Step 1 Lay out the problem and the geometry. Identify all relevant dimensions and parameters. 

Step 2 List all appropriate assumptions, approximations, simplifications, and boundary conditions. 

Step3 Write out and simplify the differential equations (continuity and the required components of Navier- 
Stokes) as much as possible. 

Step 4 Solve (integrate) the differential equations. This leads to one or more constants of integration. 

Step 5 Apply boundary conditions to obtain values for the constants of integration. 

Step 6 Verify the results by checking that the flow field meets all the specifications and boundary conditions. 


Discussion These steps are not always followed in the same order. For example, in CFD applications the boundary 
conditions are applied before the equations are integrated. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-104C 

Solution 

(a) True: The unknowns for an incompressible flow problem with constant fluid properties are pressure and the three 
components of velocity. Density and viscosity are constants and are therefore not unknowns. 

(b) False: The unknowns for a compressible flow problem are pressure, the three components of velocity, and the density. 
However, density is a thermodynamic function of pressure and temperature. Hence, temperature appears as an 
additional unknown, as does some kind of equation of state. In summary, there are actually at least 6 unknowns (P, u, 
v, w, p, and T). We therefore need 6 equations (continuity, 3 components of Navier-Stokes, equation of state, and 
energy). In addition, fluid properties such as viscosity may change as well, and we need either more equations or some 
kind of look-up table for these properties. 

(c) False: Cauchy’s equation contains additional unknowns — the components of the stress tensor, which must be written 
in terms of the velocity and pressure fields through some kind of constitutive equation. 

(d) True: For an incompressible flow problem involving a Newtonian fluid, there are only 4 unknowns (P, u, v, and w). 
We therefore need only 4 equations (continuity and 3 components of Navier-Stokes). 





9-105C 
Solution We are to discuss the relationship between volumetric strain rate and the continuity equation. 
Analysis Volumetric strain rate is defined as the rate of increase of volume of a fluid element per unit volume. In a 


compressible flow field, the volume of a fluid particle may increase or decrease as it moves along in the flow, but its mass 
must remain constant. (This is a fundamental statement of conservation of mass of a system, since the fluid particle can be 
thought of as an infinitesimal system.) Mathematically it turns out that volumetric strain rate is the sum of the three 
normal strain rates, and is identically zero for incompressible flow (density cannot change, and hence volume cannot 
change). The continuity equation is based on the same fundamental principle of mass conservation. It is a differential form 
of the equation of conservation of mass. Its incompressible form also shows that the sum of the three normal strain rates 
must be zero. On the other hand, if the density is not constant, the sum of the three normal strain rates is not zero, but is still 
equal to the volumetric strain rate, which is also non-zero. 


Discussion Volumetric strain rate is derived and discussed in Chap. 4 as a kinematic property. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-106 
Solution For a given geometry and set of boundary conditions, we are to calculate the velocity and pressure fields, 
and plot the velocity profile. 


Assumptions The assumptions are identical to those of Example 9-17. 
We do not list them here. 


Free surface 


Analysis We obtain the velocity and pressure fields by following 
the step-by-step procedure for differential fluid flow solutions. Everything 
is identical to Example 9-17 except for the boundary condition at the wall. 
Boundary condition (1), the no-slip condition, becomes: at x = 0, u = v = 
0. w = V. Steps | through 4 are otherwise identical, and the result is 


Result of integration of z momentum: w= PE 24 C.x+C, (1) 


u 
We continue, beginning with Step 5: 


Step 5 We apply boundary conditions (1) and (2) from Step 2 to obtain 
constants C, and C3, 





Boundary condition (1): w=0+0+C,=V C,=V 
and 
Boundary condition (2): w) =E h4 C =0 C = eee FIGURE 1 
dx jn H H Velocity profiles for an oil film falling down 


a moving vertical wall. For all three 


Finally, Eq. 1 becomes Reynolds numbers, Fr = 0.5. 











Result: w pE x Ps hx+V = BE (a 2h)+V (2) 
2u u 2u 











Since x < h in the film, the first term in Eq. 2 is negative, but the second term is positive. Depending on the relative 
magnitude of the terms, part or all of the vertical velocity may be positive. The pressure field is still P = Pam 
everywhere. 

Step 6 Verify the results. You can plug in the velocity field to verify that all the differential equations and boundary 
conditions are satisfied. 


We nondimensionalize Eq. 2 by inspection: we let x* = x/h and w* = wy/(pgh’). Eq. 2 becomes 


* 
Nondimensional velocity profile: we = ZC £ -2) + 


Vu 
pgh 





(3) 


We verify by inspection that when V = 0, Eq. 3 reduces to the velocity profile of Example 9-17. After some algebra we see 
that Eq. 3 can be re-written as 


x 2 
Final nondimensional velocity profile: we = a ä -2) + Z (4) 
e 
where Froude number Fr = V /,/gh and Reynolds number Re = pVh/u. We plot the nondimensional velocity field in Fig. 1 


for Fr = 0.5 and Re = 0.5, 1.0, and 5.0. 


Discussion Notice that the velocity profile has zero slope at the free surface regardless of the values of Fr and Re. For 
large enough V, the net mass flow rate is upward rather than downward. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-107 
Solution We are to calculate the volume flow rate per unit width of oil falling down a moving vertical wall, and then 
calculate the wall speed such that the net volume flow rate of oil is zero. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The wall is infinitely wide and very long so that all of 
the parallel flow, fully developed approximations of the previous problem hold. 
Analysis We calculate the volume flow rate per unit width by integration of the velocity: 


Volume flow rate per unit depth: 


P 3 
Ko fiwdr= fi 2E (x-2) fa =|vn-28"_| ®© 
L ~ Oo) Qu 3u 








The volume flow rate is zero when the two terms in Eq. 1 cancel, 





psh ply -28 


Zero volume flow rate: X =0 when Vh ==°— or (2) 
L 3 3u 











For an oil film of thickness 5.0 mm with p= 888 kg/m’ and = 0.80 kg/(m-s), we calculate V using Eq. 2, 





2 (888 kg/m*)(9.81 m/s” )(0.005 m)” 
Result for V: V= pgh A gm )( S \( m) 


=0.091m/s (3) 
3u 3(0.80 kg/m-s) 


Discussion For any V greater than the value calculated in Eq. 3, the net oil flow is up, while for V less than this value, 
the net oil flow is down. Since viscosity is in the denominator of Eq. 2, a low viscosity liquid (like water) would require a 
very large vertical velocity in order to achieve a net upward flow of the liquid. 





9-108 
Solution We are to define a y that satisfies the continuity equation, and increases in the positive z direction when the 
flow is from right to left in the x-z plane. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-z plane. 














Analysis We propose the following stream function, 
ð 0 
Stream function: u= s w= oK (1) 
Oz Ox 
We verify that the continuity equation is satisfied by Eq. 1, 
i : es , ôu Ow 
Steady, incompressible, 2-D continuity equation: — +— =0 
a ee. (2) 
S @y oy 








Oxdz 0z0x 


The only restriction is that y must be a smooth function of x and z. We check if we picked the proper signs by examining 
freestream flow from right to left in the x-z plane: 


Freestream flow: u=—U w=0 y=Uz+C (3) 


where U is a positive constant and C is an arbitrary constant. Thus we verify that as z increases, y increases, and the flow is 
from right to left as desired. 


Discussion If we had defined y with the opposite signs of Eq. 1, the flow would be from left to right as y increases. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-109 


Solution We are to determine a relationship between constants a, b, c, d, and e that ensures incompressibility, and we 
are to determine the primary dimensions of each constant. 


Assumptions 1 The flow is steady. 2 The flow is incompressible (under certain restraints to be determined). 


Analysis We plug the velocity components into the incompressible continuity equation, 


Condition for incompressibility: 
ðu v Ow 


—+—+ — =0 az’ +cxz+3dz°+2exz=0 (1) 
ôx Oy Oz 

“=T n o 

az“ erd 3dz^ +2exz 


To guarantee incompressibility, the above equation must be satisfied everywhere. We equate similar terms to obtain the 
following relationships: 











Conditions for incompressibility: a= -3d c=-2e (2) 





The units are found by observing that each component of the velocity field must be dimensionally homogeneous — 
each term must have dimensions of velocity. We examine each term: 


oon} of ofa 
b-t] 
on = fone 
{te} =[arn} ={E} 
{ex} = {ext} ={=} 


Discussion If Eq. 2 were not satisfied, the given velocity field might still represent a valid flow field, but density would 
have to vary with location in the flow field — in other words the flow would be compressible. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-110 
Solution We are to simplify the incompressible Navier-Stokes equation for the case of rigid body motion with 
arbitrary acceleration. 


Analysis We begin with the vector form of the incompressible Navier-Stokes equation, 
, DY =p, s, o2 
Incompressible Navier-Stokes equation: Pr =-VP+p8+4V V (1) 
t 


In rigid body motion, V is not zero, but since the liquid moves as a solid body there is no relative motion between fluid 
particles. Thus the viscous term in Eq. | disappears. (Fluid particles do not rub against each other or shear against each 


other in any way, so the viscous term must vanish.) The material acceleration term DV / Dt is the acceleration following a 


fluid particle; hence it is identical to the imposed acceleration a. Finally, g =- gk . Thus Eq. 1 reduces to 











Equation for rigid body acceleration: VP+ pek =-pda (2) 





Discussion You can verify that Eq. 2 agrees with the rigid body acceleration equation of Chap. 3. 





9-111 
Solution We are to simplify the incompressible Navier-Stokes equation for the case of hydrostatics. 
Analysis We begin with the vector form of the incompressible Navier-Stokes equation, 
f i l DV =p, s, o2 
Incompressible Navier-Stokes equation: Pr =-VP+pg+uvvV (1) 
t 


In hydrostatics, V = 0 everywhere (no flow). Thus the first and last terms in Eq. 1 disappear. In addition, g = — gk . Thus 
Eq. 1 reduces to 





Hydrostatics equation: VP=- pgk (2) 











Discussion We verify from Eq. 2 that pressure does not change horizontally, but increases downward. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-112 


Solution We are to specify boundary conditions in terms of stream function. 
Assumptions 1 The flow is steady. 2 The flow is incompressible 3 The flow is two-dimensional. 


Analysis (a) For 2-D incompressible flow the difference in the value of the stream function between two streamlines 
is equal to the volume flow rate per unit width between the two streamlines. Since the entire flow is confined between the 
lower and upper channel walls, we know that stream function y must be constant along the upper wall. We calculate yon 
the upper channel wall as follows: 





Veoivii ) a 
1 HW H, Ww H, V upper Yiower 
from which 
Wapper: Wapper =Viower +H V =0+(0.12 m)(18.5 m/s)=2.22m7/s (2) 


(b) Since the inlet flow is uniform, y must increase linearly from YWower tO Wapper along the left edge of the computational 
domain. In equation form, 





(Wapper m Wiwer) 222 m’/s 
y= 
H ° Om 





=|(18.5 m/s)y| (3) 








Wett: Wer E Woower + 





We notice that Eq. 3 could have been obtained directly from u = V; = Owdy. 


(c) We have some options for the right edge of the computational domain. If that boundary is far enough away that it does 
not adversely affect the flow near the sudden contraction, we might specify a uniform velocity distribution along the right 
edge, similar to Eq. 3 above, but with a higher velocity determined by conservation of mass, 

H ; 
Average outlet speed: V, =V —= (18.5 m/s) 22m = 48.26 m/s 
H 0.046 m 


2 


In other words, we would specify 


Yin! Vie = (48.26 m/s) y (4) 














Eq. 4 is not a very good boundary condition because we know that viscous effects will surely slow down the flow near the 
walls — the velocity profile at the outlet will not be uniform. 

A much better boundary condition (if the code permits it) is to specify that y not change with x along the right 
edge of the domain. Mathematically, we would specify 


0 Y ight 


ox H 6) 


Yhight: 
You can see from the definition of y that Eq. 5 is identical to forcing velocity component v to be zero at the outlet. In 
other words, we specify that the flow at the outlet is parallel. 

A third option would be to locate the right edge very far downstream so that the flow there is fully developed 


channel flow, for which we can specify the stream function as a function of y along the edge. y can be obtained from 
Problem 9-43. 


Discussion CFD and boundary conditions are discussed in detail in Chap. 15. 
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Chapter 9 Differential Analysis of Fluid Flow 


9-113 
Solution For each equation we are to tell whether it is linear or nonlinear and explain. 
Analysis (a) The incompressible continuity equation is 

The incompressible continuity equation: V-V=0 (1) 


This equation is linear. There are no nonlinear terms. 


(b) The compressible continuity equation is 


The compressible continuity equation: 2 +v- (pV) =0 (2) 
t 


This equation is nonlinear. The second term has a product of two variables, p and V -— this is what makes the equation 
nonlinear. 


(c) The incompressible Navier-Stokes equation is 


DV - a z 
The incompressible Navier-Stokes equation: p% =-VP + pg +uV’°V (3) 
t 


This equation is nonlinear. The material acceleration term on the left can be written as 


DV av a ee 
The i ssible Navier-Stok tion: ==. — Von 
Ne incompresst e INAVIer.: OKeSs equa ton Dt ar ( ) (4) 


Unsteady or local part Advective (or convective) part 


The advective part of Eq. 4 contains products of variable V and derivatives of variable V — this is what makes the 
equation nonlinear. 


Discussion Density is treated as a constant in Eq. 3, and does not affect the nonlinearity of the equation. For 
compressible flow however, variable density causes the nonlinearity. 





9-114 
Solution We are to sketch some streamlines for boundary layer flow. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis We can offer only quantitative sketches of the streamlines. Since there is no flow reversal, we can be sure 
that Sx) is not a streamline. In fact, streamlines must cross Xx). Furthermore, at any given y location above the plate the 
fluid speed decreases as the boundary layer grows downstream. Hence, the streamlines must diverge. The bottom line is 
that the streamlines veer slightly upward away from the wall to compensate for the loss of speed in the boundary layer. 
Streamlines are sketched in Fig. 1. 


FIGURE 1 

Streamlines above and within a flat 
plate boundary layer; since streamlines 
cross the curve (x), &x) cannot itself 
be a streamline of the flow. 
Furthermore, streamlines within the 
boundary layer veer up because of 
decreasing speeds within the boundary Boundary layer 
layer. 


V Streamlines 





Discussion As the boundary layer grows in thickness, more and more streamlines end up inside the boundary layer. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-115E 
Solution For a given axial velocity component in an axisymmetric flow field, we are to validate the incompressible 
approximation, generate the radial velocity component, generate an expression for the stream function, and then plot some 
streamlines and design the shape of the contraction. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is axisymmetric implying that ug = 0 and 
there is no variation in the @ direction. 





Properties At room temperature and pressure, the speed of sound in air is about 1130 ft/s. 
Analysis (a) The maximum speed occurs in the test section, where the Mach number is 
i 1208 
Mach number: Ma =—* = =0.106 (1) 
© 1130— 
s 


Since Ma is much less than 0.3, the incompressible flow approximation is reasonable. 


(b) Between z = 0 and z = L, the axial velocity component is given by 
Axial velocity component: u =u gt (2) 


We use the incompressible continuity equation in cylindrical coordinates, simplified as follows for axisymmetric flow, 


1a(ru) A(t.) _, 
r Or OZ 


Incompressible axisymmetric continuity equation: 
After rearranging, 


=-r Zz =-r Za z; (3) 





ru, =- 4 F(z) 4) 


Notice that since we performed a partial integration with respect to r, we add a function of the other variable z rather than 
simply a constant of integration. We divide all terms in Eq. 4 by r and recognize that the term with f(z) will go to infinity at 
the centerline of the contraction (r = 0) unless f(z) = 0. Our final expression for u, is thus 





Radial velocity component: u, =-— > (5) 











(c) The algebra for generating the stream function is identical to that of Problem 9-61 except for a change in notation. The 
result is thus 
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Chapter 9 Differential Analysis of Fluid Flow 





Stream function: 





r? uz Tuzo 
y= 3 u, 9 + ———Z |+ constant (6) 








The constant can be anything. We set it to zero for simplicity. 


(d) First we calculate the axial speed at the entrance to the contraction. 
By conservation of mass, 








D 2 D 2 
U oÁ =U, Á, Of ko A =u; = a 
from which 
D? 1.5 
u, =u, —5 -1208x ) 108" 
© D s (5.0 ft) s 


We solve Eq. 6 for r as a function of z and plot several streamlines in 
Fig. 1, 


Streamlines: 


(7) 





At the entrance of the contraction (z = 0), the wall is at r = Do/2 = 
2.5 ft. Eq. 6 yields Wan = 33.75 ft*/s for the streamline that passes 
through this point. This streamline thus represents the shape of the 
nozzle wall, and we have designed the nozzle shape. 


Discussion Since the boundary layers along the walls of the 
contraction are very small, the assumption about negligible friction 
effects is reasonable. This contraction shape should deliver the desired 
axial flow speed quite nicely. 


- 
(ft) 





0 05 1 ILS 2 25° 3 
z (ft) 
FIGURE 1 
Streamlines for flow through an 
axisymmetric wind tunnel contraction. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-116 
Solution We are to determine the primary dimensions of y, nondimensionalize Eq. 1, and then plot several 
nondimensional streamlines for this flow field. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y or r-@ plane. 


Analysis 
(a) There are several ways to calculate the primary dimensions of y. First, from Eq. 1 we see that 


J 34-1 2 
Dimensions of stream function: fy} = {=| - {+ | _ [£] (2) 

















We could also use the definition of y. Since velocities are obtained by 4 
spatial derivatives of y, yw must have an additional length dimension in 
the numerator compared to the dimensions of velocity. This reasoning 
also yields { y} = {L’/t}. 


(b) The nondimensional form of the stream function is straightforward. y* 
Eq. 1 becomes 


; : : sin 20 
Nondimensional stream function: —y* =—arctan ———_— 








1 
cos 20 + = @) 
r* 

0 

(c) We solve Eq. 3 for r*, 
-2 -1 0 1 2 
Equation for nondimensional streamlines: y* =-27 x y*=0 
tan (-y *) (4) FIGURE 1 


rest 





Nondimensional streamlines for flow into a 
vacuum cleaner attachment; y~% is 
incremented uniformly from 27 (negative x 
axis) to 0 (positive x axis). 








sin 20 — cos 20 tan (-y *) 





We pick the positive root to avoid negative radii. We plot several 
streamlines in the desired range in Fig. 1. The range of y* is 0 on the 
positive x axis to —zron the positive y axis to -27 on the negative x axis. 


Discussion The point (x = 0, y = b) is a singularity point with infinite velocity. 





9-117 
Solution We are to write Poisson’s equation in standard form and discuss its similarities and differences compared to 
Laplace’s equation. 


Analysis Poisson’s equation in standard form is 











Poisson’s equation: Vd =5 (1) 





where ¢ is a dependent variable that is a function of space, V? is the Laplacian operator, and s is the right hand side of the 
equation, which may be a function of space, but cannot be a function of ¢ itself. Poisson’s equation is similar to Laplace’ s 
equation in that the left hand sides are identical. The difference is that Poisson’s equation has a non-zero right hand side 
whereas the right hand side of Laplace’s equation is zero. Note: Poisson’s equation reduces to Laplace’s equation if s = 0. 


Discussion We discuss Poisson’s equation briefly in this chapter in relation to pressure correction algorithms used by 
CFD codes. 
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Chapter 9 Differential Analysis of Fluid Flow 
9-118 
Solution We are to analyze this problem three ways: with the control volume technique, with the differential 
technique, and with dimensional analysis, and we are to compare the results. 


Assumptions 1 The flow is steady. 2 The flow is axisymmetric, incompressible, Newtonian, laminar, parallel, and fully 
developed (u = u(r) only). 


Analysis (a) We use the head form of the energy equation from point | to point 2. Since there are no pumps, turbines, 
or minor losses the energy equation reduces to 
2 2 
P, V, 
$= 4 4 = — $a, 2-44, ¢h, (1) 
P8 28 ps 28 


B 





Energy equation: 


The pressure terms cancel since P; = P2 = Pam. The velocity terms cancel since the flow is fully developed. Upon 
substitution of the major head loss equation we have 


LV’ 


D 2g i 


Reduced energy equation: AZ=%4-Z=h =f 
But for fully developed laminar pipe flow we know from Chap. 6 that the Darcy friction factor f = 64/Re. Thus Eq. 2 
becomes 


64 LV? 64u LV’?  32uLV 
ReD2g pVDD2g_ pD’g 


7 





from which we can solve for average velocity V through the pipe, 





D? 
y -28 Az 


V from control volume analysis: 
32uL 


(3) 











(b) An exact analysis of this flow was performed in Problem 9-100. We refer to the solution of that problem and do not 
show the details here. The average velocity through the pipe was found to be 


2 


V = pi sin & 
8u 


But R = D/2, and from the figure provided in the problem statement we see that sing = Az/L. Thus, our result is 





D? 
y -28 Az 


V from differential analysis: 
fi iff y 32L 


(4) 











The agreement with the result of Part (a) is exact. 


(c) Finally we perform a dimensional analysis. We leave out the details, providing only a summary here; this is a good 
review of the material of Chap. 7. There are 7 parameters in the problem: V as a function of p, g, D, Az, 4, and L. There are 
three primary dimensions represented in the problem, namely m, L, and t. Thus we expect 7-3 = 4 IIs. We choose three 
repeating variables, p, g, and D. The IIs are 


DJgD 
te ees ae a, 


L 

gD ? u4 D D 

The first IT is a Froude number and the second II is a Reynolds number. The dimensionless relationship is 
V pDJgD Az L 
—— = f| n Z L 
{gD u D D 


To put the IIs of Eq. 5 into the form of Eq. 4 we do the following: 


Dimensionless parameters: 





(5) 


Result of dimensional analysis: 
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Chapter 9 Differential Analysis of Fluid Flow 














I D.JgD Az D D’A 
Relationship between ITs: I, = = V__PPN8P Az , wa ese (6) 
3211, i Sta DL 32uL 





Thus we see that dimensional analysis is indeed consistent with the exact solution. Of course, we could not know the 
relationship of Eq. 6 by dimensional reasoning alone. 


Discussion The agreement between Parts (a), (b), and (c) is satisfying and emphasizes three different approaches to the 
same engineering problem. 





9-119 
Solution We are to analyze this problem two ways: with the exact (differential) technique, and with dimensional 
analysis, and we are to compare the results. 


Assumptions 1 The flow is steady. 2 The flow is incompressible, Newtonian, laminar, parallel, and fully developed (u = 
u(y) only, where x is in the direction of motion and y is normal to the direction of motion). 3 We ignore aerodynamic drag 
on the block. 


Analysis (a) We draw a free-body diagram of the block in Fig. 1 and sum all the 
forces acting on it. There are only two forces in the x direction: the x component of 
weight Wsina and the force 7A due to viscous shear at the bottom surface of the block. 
Since the block slides at constant speed, these two forces must balance. 


HVA 
h 


Force balance: Wsina=tA= 


(a) 


where we have used the exact analytical expression for the shear stress for Couette 
flow, namely r= sdu/dy) = uV/h. Solving for h, 














i LVA FIGURE 1 
Exact solution for h: “Wsna (2) Free-body diagram of the 
= block 





(b) We perform a dimensional analysis leaving out many of the details. There are 6 parameters in the problem: h as a 
function of V, A, W, œ, and u. There are three primary dimensions represented in the problem, namely m, L, and t. Thus we 
expect 6-3 = 3 IIs. We choose three repeating variables, V, A, and W. The IIs are 


UA 


























h 
Dimensionless parameters: Tl, =—= II, = Il, =a 
P 1 Ja g wW 3 
The dimensionless relationship is 
h UA 

Result of dimensional analysis: —-=f 5a 3 

of Y TA w ) (3) 
To put the IIs of Eq. 3 into the form of Eq. 2 we do the following: 

II h A VA 
Relationship between ITs: = 2 > = WA > |h= = (4) 
sin IT, JA Wsina W sing 











Thus we see that dimensional analysis is indeed consistent with the exact solution. Of course, we could not know the 
relationship of Eq. 4 by dimensional reasoning alone. 


Discussion The agreement between Parts (a) and (b) is satisfying and emphasizes two different approaches to the same 
engineering problem. 





rQ 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


General and Introductory Problems, Modified Pressure, Fluid Statics 


10-1C 
Solution We are to discuss the difference between an “exact” solution and an approximate solution of the Navier- 
Stokes equation. 


Analysis In an “exact” solution, we begin with the full Navier-Stokes equation. As we solve the problem, some 
terms may drop out due to the specified geometry or other simplifying assumptions in the problem. In an approximate 
solution, we eliminate some terms in the Navier-Stokes equation right from the start. In other words, we begin with a 
reduced or simplified approximate form of the equation. 


Discussion The approximations are based on the class of flow problem and/or the region in which such approximations 
are appropriate (e.g. irrotational, boundary layer, etc.). 





10-2C 

Solution We are to label regions in a flow field where certain approximations are likely to be appropriate. 
Assumptions 1 The flow is incompressible. 2 The flow is steady in the Static pae E : 

mean (we ignore the unsteady flow field close to the rotating blades). Pe SN Static 
Analysis A boundary layer grows along the floor, both upstream ' ee an a 
and downstream of the fan. The flow upstream of the fan is largely K Full Navier- 
irrotational except very close to the floor. The air is nearly static far `N = —> Stokes 


upstream and far above the fan. Downstream of the fan, the flow is most 
likely swirling and turbulent, and none of the approximations are expected 
to be appropriate there. In other words, the full Navier-Stokes equation 
must be solved in that region. We sketch all these regions in Fig. 1. FIGURE 1 

Regions of appropriate approximations for 


; the flow produced by a box fan sitting on the 
Discussion The regions sketched in Fig. 1 are not well defined, nor floor of a large room. 


are they necessarily to scale. 





Boundary layer 





10-3C 
Solution We are to discuss the role of nondimensionalization of the Navier-Stokes equations. 
Analysis When we properly nondimensionalize the Navier-Stokes equation, all the terms are re-written in the 


form of some nondimensional parameter times a quantity of order unity. Thus, we can simply compare the orders of 
magnitude of the nondimensional parameters to see which terms (if any) can be ignored because they are very small 
compared to other terms. For example, if the Strouhal number is much smaller than the Euler number, we can ignore the 
term that contains the Strouhal number, but must retain the term that contains the Euler number. 


Discussion This method works only if the characteristic scales of the problem (length, speed, frequency, etc.) are 
chosen properly. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-4C 
Solution We are to discuss the most significant danger that arises with an approximate solution, and we are to come 
up with an example. 


Analysis The danger of an approximate solution of the Navier-Stokes equation is this: If the approximation is not 
appropriate to begin with, our solution will be incorrect — even if we perform all the mathematics correctly. There are 
many examples. For instance, we may assume that a boundary layer exists in a region of flow. However, if the Reynolds 
number is not large enough, the boundary layer is too thick and the boundary layer approximations break down. Another 
example is that we may assume a fluid statics region, when in reality there are swirling eddies in that region. The unsteady 
motion of the eddies makes the problem unsteady and dynamic — the approximation of fluid statics would be inappropriate. 


Discussion When you make an approximation and solve the problem, it is best to go back and verify that the 
approximation is appropriate. 





10-5C 
Solution We are to discuss the criteria used to determine whether an approximation of the Navier-Stokes equation is 
appropriate or not 


Analysis We determine if an approximation is appropriate by comparing the orders of magnitude of the various 
terms in the equations of motion. If the neglected terms are negligibly small compared to other terms, then the 
approximation is appropriate. If not, then it is not appropriate to neglect those terms. 


Discussion It is important that the proper scales be used for the nondimensionalization of the equation. Otherwise, the 
order of magnitude analysis may be incorrect. 





10-6C 
Solution We are to discuss the physical significance of the four nondimensional parameters in the 
nondimensionalized incompressible Navier-Stokes equation. 


Analysis The four parameters are discussed individually below: 


= Strouhal number: St is the ratio of some characteristic flow time to some period of oscillation. If St << 1, the 
oscillation period is very large compared to the characteristic flow time, and the problem is quasi-steady; the 
unsteady term in the Navier-Stokes equation may be ignored. If St >> 1, the oscillation period is very short 
compared to the characteristic flow time, and the unsteadiness dominates the problem; the unsteady term must 
remain. 

= Euler number: Eu is the ratio of a characteristic pressure difference to a characteristic pressure due to fluid 
inertia. If Eu << 1, pressure gradients are very small compared to inertial pressure, and the pressure term can be 
neglected in the Navier-Stokes equation. If Eu >> 1, the pressure term is very large compared to the inertial term, 
and must remain in the equation. 

= Froude number: Fr is the ratio of inertial forces to gravitational forces. Note that Fr appears in the denominator 
of the nondimensionalized Navier-Stokes equation. If Fr << 1, gravitational forces are very large compared to 
inertial forces, and the gravity term must remain in the Navier-Stokes equation. If Fr >> 1, gravitational forces are 
negligible compared to inertial forces, and the gravity term in the Navier-Stokes equation can be ignored. 

= Reynolds number: Re is the ratio of inertial forces to viscous forces. Note that Re appears in the denominator of 
the nondimensionalized Navier-Stokes equation. If Re << 1, viscous forces are very large compared to inertial 
forces, and the viscous term must remain. (In fact, it may dominate the other terms, as in creeping flow). If Re >> 
1, viscous forces are negligible compared to inertial forces, and the viscous term in the Navier-Stokes equation can 
be ignored. Note that this applies only to regions outside of boundary layers, because the characteristic length scale 
for a boundary layer is generally much smaller than that for the overall flow. 


Discussion You must keep in mind that the approximations discussed here are appropriate only in certain regions of the 
flow field. In other regions of the same flow field, different approximations may apply. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-7C 
Solution Weare to discuss the criterion for using modified pressure. 
Analysis Modified pressure can be used only when there are no free surface effects in the problem. 


Discussion Modified pressure is simply a combination of thermodynamic pressure and hydrostatic pressure. It turns out 
that if there are no free surface effects, the hydrostatic pressure component is independent of the flow pressure component, 


and these two can be separated. 





10-8C 
Solution We are to discuss which nondimensional parameter is eliminated by use of the modified pressure. 
Analysis Modified pressure effectively combines the effects of actual pressure and gravity. In the 


nondimensionalized Navier-Stokes equation in terms of modified pressure, the Froude number disappears. The reason 
Froude number is eliminated is because the gravity term is eliminated from the equation. 


Discussion Keep in mind that we can employ modified pressure only for flows without free surface effects. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-9 
Solution We are to plug the given scales for this flow problem into the nondimensionalized Navier-Stokes equation 
to show that only two terms remain in the region consisting of most of the tank. 


Assumptions 1 The flow is incompressible. 2 d << D. 3 D is of the same order of magnitude as H. 


Analysis The characteristic frequency is taken as the inverse of the characteristic time, f = 1/tgain. The Strouhal 
number is thus 





Strouhal number: St =— = ~1 (1) 
V t V 


drain 
St is of order of magnitude 1 since the order of magnitude of tarain is H/V. The Euler number is 
_h-P. _pgH Va D* 

V V V d* 





Euler number: Eu (2) 
where we have used the order of magnitude estimate that V,., ~ ./gH . We have also used conservation of mass, namely 


Vier” = ViankD. Similarly, the Froude number is 


Froude number: Pras ei See (3) 


Finally, the Reynolds number is 


V D 2 
neal VD NaP o È y 
4 4 HU Va D? 


Reynolds number: 


We plug Eqs. 1 through 4 into the nondimensionalized incompressible Navier-Stokes equation and compare orders of 
magnitude of each term, 


Nondimensionalized incompressible Navier-Stokes equation: 


sJ Č + (V*.9*)V += -[Eu] 7 pr gr lees 
[st]—, 2 (5) 
= x E 

d? D? d 


ai ~Reja r 

da 

Clearly, the first two terms (the unsteady and inertial terms) in Eq. 5 are negligible compared to the second two terms (the 

pressure and gravity terms) since D >> d. The last term (the viscous term) is a little trickier. We know that if the flow 

remains laminar, the order of magnitude of Reje is at most 10°. Thus, in order for the viscous term to be of the same order 

of magnitude as the inertial term, d’/D’ must be of order of magnitude 10°. Thus, provided that these criteria are met, the 

only two remaining terms in the Navier-Stokes equation are the pressure and gravity terms. The final dimensional form of 
the equation is the same as that of fluid statics, 


Incompressible Navier-Stokes equation for fluid statics: VP = ps (6) 


The criteria for Carrie’s approximation to be appropriate depends on the desired precision. For 1% error, D must be 
at least 10 times greater than d to ignore the unsteady term and the inertial term. The viscous term, however, depends on the 
value of Reje. To be safe, Carrie should assume the highest possible value of Reje, for which we know from the above order 
of magnitude estimates that D must be at least 10°” times greater than d. 


Discussion We cannot use the modified pressure in this problem since there is a free surface. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-10 
Solution We are to sketch the profile of modified pressure and 
shade in the region representing hydrostatic pressure. 


Assumptions 1 The flow is incompressible. 2 The flow is fully 
developed. 3 Gravity acts vertically downward. 4 There are no free 
surface effects in this flow field. 


Analysis By definition, modified pressure P’ = P + pgz. So we add 
hydrostatic pressure component pgz to the given profile for P to obtain 
the profile for P’. Recall from Example 9-16, that for the case in which 
gravity does not act in the x-z plane, the pressure would be constant along 
any slice x = x,. Thus we infer that here (with gravity), the linear increase 
in P as we move down vertically in the channel is due to hydrostatic 
pressure. Therefore, when we add pgz to P to obtain the modified 
pressure, it turns out that P’ is constant at this horizontal location. 


We show two solutions in Fig. 1: (a) datum plane z = 0 located 
at the bottom wall, and (b) datum plane z = 0 located at the top wall. The 
shaded region in Fig. 1b represents the hydrostatic pressure component. 
P' is constant along the slice x = x, for either case, and the datum plane 
can be drawn at any arbitrary elevation. 


Discussion It should be apparent why it is advantageous to use 
modified pressure; namely, the gravity term is eliminated from the 
Navier-Stokes equation, and P’ is in general simpler than P. 





FIGURE 1 

Actual pressure P (black arrows) and 
modified pressure P’ (gray arrows) for fully 
developed planar Poiseuille flow. (a) Datum 
plane at bottom wall and (b) datum plane at 
top wall. The hydrostatic pressure 
component pgz is the shaded area in (b). 





10-11 
Solution 


Assumptions 1 The flow is incompressible. 2 The flow is fully 
developed. 3 Gravity acts vertically downward. 4 There are no free 
surface effects in this flow field. 


Analysis For fully developed planar Poiseuille flow between two 
parallel plates, we know that pressure P decreases linearly with x, the 
distance down the channel. Modified pressure is defined as P' = P + pgz. 
However, since the flow is horizontal, elevation z does not change as we 
move axially down the channel. Thus we conclude that modified 
pressure P’ decreases linearly with x. We sketch both P and P' in Fig. 1 
at two axial locations, x = x, and x = x). The shaded region in Fig. 1 
represents the hydrostatic pressure component pgz. Since channel height 
is constant, the hydrostatic component does not change with x. P’ is 


We are to discuss how modified pressure varies with downstream distance in planar Poiseuille flow. 





FIGURE 1 

Actual pressure P (black arrows) and 
modified pressure P' (gray arrows) at two 
axial locations for fully developed planar 
Poiseuille flow. 


constant along any vertical slice, but its magnitude decreases linearly with x as sketched. 


Discussion 
terms of actual pressure. 


The pressure gradient dP'/dx in terms of modified pressure is the same as the pressure gradient &ÆP/& in 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-12 
Solution We are to generate an “exact” solution of the Navier-Stokes equation for fully developed Couette flow, 
using modified pressure. We are to compare to the solution of Chap. 9 that does not use modified pressure. 


Assumptions We number and list the assumptions for clarity: 

The plates are infinite in x and z (z is out of the page in the figure associated with this problem). 

The flow is steady. 

This is a parallel flow (we assume the y component of velocity, v, is zero). 

The fluid is incompressible and Newtonian, and the flow is laminar. 

Pressure P = constant with respect to x. In other words, there is no applied pressure gradient pushing the flow in 
the x direction; the flow establishes itself due to viscous stresses caused by the moving upper wall. In terms of 
modified pressure, P’ is also constant with respect to x. 

6 The velocity field is purely two-dimensional, which implies that w = 0 and 


nk WN = 


ð i 
zey velocity component) =0. 
z 
7 Gravity acts in the negative z direction. 


Analysis To obtain the velocity and pressure fields, we follow the step-by-step procedure outlined in Chap. 9. 


Step 1 Setup the problem and the geometry. See the figure associated with this problem. 

Step 2 List assumptions and boundary conditions. We have already listed seven assumptions. The boundary conditions 
come from imposing the no slip condition: (1) At the bottom plate (y = 0), u = v = w = 0. (2) At the top plate (y = h), u 
= V, v = 0, and w =Q. (3) At z = 0, P = Po, and thus P’ = P + pgz = Po. 

Step 3 Write out and simplify the differential equations. We start with the continuity equation in Cartesian coordinates, 


Ou 
Continuity: —=0 
ontinuity a ie or Ox (1) 


Assumption 3 Assumption 6 


Equation | tells us that u is not a function of x. In other words, it doesn’t matter where we place our origin — the flow is 
the same at any x location. I.e., the flow is fully developed. Furthermore, since u is not a function of time (Assumption 
2) or z (Assumption 6), we conclude that u is at most a function of y, 


Result of continuity: u=u ( y) only (2) 


We now simplify the x momentum equation as far as possible: 


Jz gda) g o 


‘Assumption 2 Conttnuity Asano 3 Assumption 6 eae Gen 5 Continuity Assumption 6 











All other terms in Eq. 3 have disappeared except for a lone viscous term, which must then itself equal zero. Notice that 
we have changed from a partial derivative (0/Oy) to a total derivative (d/dy) in Eq. 3 as a direct result of Eq. 2. We do 
not show the details here, but you can show in similar fashion that every term except the pressure term in the y 
momentum equation goes to zero, forcing that lone term to also be zero, 








i OP' 0 j 
momentum: = 
y : (4) 
The same thing happens to the z momentum equation; the result is 
yp’ 
Z momentum: a (5) 
Oz 


In other words, P’ is not a function of y or z. Since P’ is also not a function of time (Assumption 2) or x (Assumption 
5), P’ is a constant, 


Result of y and z momentum: P'= constant=C, (6) 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
Step 4 Solve the differential equations. Continuity, y momentum, and z momentum have already been “solved”, resulting 
in Eqs. 2 and 6. Equation 3 (x momentum) is integrated twice to get 


Integration of x momentum: u=Cy+C, (7) 


where C; and C; are constants of integration. 
Step 5 We apply boundary condition (3), P' = Po at z = 0. Eq. 6 yields C3 = Po, and 











Final solution for pressure field: P'=P. > P=P-pgz| ©) 





We next apply boundary conditions (1) and (2) to obtain constants C, and C3. 


Boundary condition (1): u=C,(0)+C, =0 or Cc, =0 
and 

ae V 

Boundary condition (2): u=C(h)+0=V or C = T 


Finally, Eq. 7 becomes 





Final result for velocity field: u= Ve (10) 











The velocity field reveals a simple linear velocity profile from u = 0 at the bottom plate to u = V at the top plate. 
Step 6 Verify the results. You can plug in the velocity and pressure fields to verify that all the differential equations and 
boundary conditions are satisfied. 


We verify that the results are identical to those of Example 9-15. Thus, we get the same result using modified 
pressure throughout the calculation as we do using the regular (thermodynamic) pressure throughout the calculation. 


Discussion Since there are no free surfaces in this problem, the gravity term in the Navier-Stokes equation is absorbed 
into the modified pressure, and the pressure and gravity terms are combined into one term. This is possible since flow 
pressure and hydrostatic pressure are uncoupled. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-13 
Solution We are to write all three components of the Navier-Stokes equation in terms of modified pressure, and show 
that they are equivalent to the equations with regular pressure. We are also to discuss the advantage of using modified 
pressure. 



































Analysis In terms of modified pressure, the Navier-Stokes equation is written in Cartesian components as 
xX component: pP ~ +u o +v o +w Ui +4V°u (1) 
E a ox oy az) a 
and 
Ov õa Ov ov OP' Š 
y component: +u—+v—+w = +4V°v (2) 
ôt ox oy OZ oy 
and 
z component: p W y Maa W yy aa +4V°w (3) 
= ot ê ð oz oz 
The definition of modified pressure is 
Modified pressure: P' = P+ pgz (4) 
When Eq. 4 is plugged into Eqs. 1 and 2, the gravity term disappears since z is independent of x and y. The result is 
Ou Ou Ou Ou oP 3 
0 ent: —t+u—+v—+w— |=-—+ Vou 5 
E E e| ôt ôx = Oy Oz ) ox . ©) 
and 
Ov = Ov Ov Ov oP 5 
onent: +u v—+w =— +uV°v 6 
E of Oot Ox ôy z) oy n (6) 











However, when Eq. 4 is plugged into Eq. 3, the result is 








z component: pet LN? w (7) 


+u—+t 
Ot Ox oy Oz Oz 





[= ôw ôw w) oP 
p v +w == 








Equations 5 through 7 are the appropriate components of the Navier-Stokes equation in terms of regular pressure, so long as 
gravity acts downward (in the —z direction). 
The advantage of using modified pressure is that the gravity term disappears from the Navier-Stokes equation. 


Discussion Modified pressure can be used only when there are no free surfaces. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-14 
Solution We are to sketch the profile of actual pressure and shade in the region representing hydrostatic pressure. 


Assumptions 1 The flow is incompressible. 2 Gravity acts vertically Pr 
downward. 3 There are no free surface effects in this flow field. 

Analysis By definition, modified pressure P’ = P + pgz. Thus, to ‘| P 
obtain actual pressure P, we subtract the hydrostatic component pgz from 

the given profile of P'. Using the given value of P at the mid-way point as Í 

a guide, we sketch the actual pressure in Fig. 1 such that the difference ZT x 

between P’ and P increases linearly. In other words, we subtract the 

hydrostatic pressure component pgz from the modified pressure P’ to FIGURE 1 

obtain the profile for actual pressure P. Actual pressure P (black arrows) and 
modified pressure P’ (gray arrows) for the 


Discussion We assume that there are no free surface effects in the . 
given pressure field. 


problem; otherwise modified pressure should not be used. The datum 
plane is set in the problem statement, but any arbitrary elevation could be 
used instead. If the datum plane were set at the top of the domain, P’ would be less than P everywhere because of the 
negative values of z in the transformation from P to P’. 





10-15 

Solution We are to solve the Navier-Stokes equation in terms of modified pressure for the case of steady, fully 
developed, laminar flow in a round pipe. We are to obtain expressions for the pressure and velocity fields, and compare the 
actual pressure at the top of the pipe to that at the bottom of the pipe. 


Assumptions We make the same assumptions as in Example 9-18, except we use modified pressure P’ in place of actual 
pressure P. 


Analysis The Navier-Stokes equation with gravity, written in terms of modified pressure P’, is identical to the 
Navier-Stokes equation with no gravity, written in terms of actual pressure P. In other words, all of the algebra of Example 
9-18 remains the same, except we use modified pressure P’ in place of actual pressure P. The velocity field does not 
change, and the result is 

















. i , ee ee 
Axial velocity field: u= aa -R ) (1) 
The modified pressure field is 
*. , , , dP' 
Modified pressure field: P=Pp (x) = P'+ d dx (2) 
IX 


where P’ is the modified pressure at location x = x). In Example 9-18, the actual pressure varies only with x. In fact it 
decreases linearly with x (note that the pressure gradient is negative for flow from left to right). Here, Eq. 2 shows that 
modified pressure behaves in the same way, namely P’ varies only with x, and in fact decreases linearly with x. 

We simply subtract the hydrostatic pressure component pgz from modified pressure P’ (Eq. 2) to obtain the final 
expression for actual pressure P, 











i , dP’ 
Actual pressure field: P=P-pgz > P=FPt ae dx—pgz| (3) 
x 





Since the pipe is horizontal, the bottom of the pipe is lower than the top of the pipe. Thus, Ztop is greater than Zpottom; 
and therefore by Eq. 3 Prop is less than Pyotom. This agrees with our experience that pressure increases downward. 


Discussion Since there are no free surfaces in this flow, the gravity term does not directly influence the velocity field, 
and a hydrostatic component is added to the pressure field. You can see the advantage of using modified pressure. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


Creeping Flow 


10-16C 
Solution We are to name each term in the Navier-Stokes equation, and then discuss which terms remain when the 
creeping flow approximation is made. 


Analysis The terms in the equation are identified as follows: 


= I Unsteady term 
= II Inertial term 
= JJ] Pressure term 
= IV Gravity term 
= YV Viscous term 


When the creeping flow approximation is made, only terms III (pressure) and V (viscous) remain. The other three terms 
are very small compared to these two and can be ignored. The significance is that all unsteady and inertial effects (terms I 
and IT) have disappeared, as has gravity. We are left with a flow in which pressure forces and viscous forces must balance. 
Another significant result is that density has disappeared from the creeping flow equation, as discussed in the text. 


Discussion There are other acceptable one-word descriptions of some of the terms in the equation. For example, the 
inertial term can also be called the convective term, the advective term, or the acceleration term. 





10-17 
Solution We are to estimate the maximum speed of honey through a hole such that the Reynolds number remains 
below 0.1, at two different temperatures. 


Analysis The density of honey is equal to its specific gravity times the density of water, 


Density of honey: Phoney = SG, 


hei ete = 1.42(998.0 kg/m’ ) =1420 kg/m? (1) 
We convert the viscosity of honey from poise to standard SI units, 


Viscosity of honey at 20°: 


f k 1 
Llhoney = 190 poise — 8 — =19.0 kg (2) 
cm-s-poise J| 1000 g m m-s 





Finally, we plug Eqs. 1| and 2 into the definition of Reynolds number, and set Re = 0.1 to solve for the maximum speed to 
ensure creeping flow, 


Maximum speed for creeping flow at 20°: 
Re vaxHhoney _ __ (0-1) (19.0 kg/m-s) 


=0.33m/s ©) 
Prony (1420 kg/m*)(0.0040 m) 





max 


At the higher temperature of 40°C, the calculations yield Vinax = 0.035 m/s. Thus, it is much easier to achieve creeping flow 
with honey at lower temperatures since the viscosity of honey increases rapidly as the temperature drops. 


Discussion We used Re < 0.1 as the maximum Reynolds number for creeping flow, but experiments reveal that in 
many flows, the creeping flow approximation is acceptable at Reynolds numbers as high as nearly 1.0. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-18 
Solution For each case we are to calculate the Reynolds number and determine if the creeping flow approximation is 
appropriate. 


Assumptions 1 The values given are characteristic scales of the motion. 


Properties For water at T= 20°C, p = 998.0 kg/m? and y= 1.002 x 10° kg/m-s. For unused engine oil at T= 140°C, p 
= 816.8 kg/m? and w= 6.558 x 10° kg/m-s. For air at T= 30°C, p = 1.164 kg/m? and w= 1.872 x 10° kg/m-s. 


Analysis (a) The Reynolds number of the microorganism is 
998.0 kg/m’ )(5.0x10° m)(0.2 mm/s 
Reed ae) k M (m -996x10 
u 1.002 x10~ kg/m-s 1000 mm 


Since Re << 1, the creeping flow approximation is certainly appropriate. 
(b) The Reynolds number of the oil in the gap is 


816.8 kg/m? )(0.0012 20.0 m/ 
re = PPV _| ay 5 i al m )-299 
u 6.558x10~ kg/m-s 1000 mm 





Since Re > 1, the creeping flow approximation is not appropriate. 


(c) The Reynolds number of the fog droplet is 


1.164 kg/m? }(10x 10° 3.0 mm/ 
pbv g/m \( x m)( mr 4 m J= r870” 


Re 5 
u 1.872x10” kg/m-s 1000 mm 





Since Re << 1, the creeping flow approximation is certainly appropriate. 


Discussion At room temperature, the oil viscosity increases by a factor of more than a hundred, and the Reynolds 
number of the bearing of Part (b) would be of order 10°, which is in the creeping flow range. 





10-12 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-19 
Solution We are to estimate the speed and Reynolds number from a multiple-image photograph. 


Assumptions 1 The characteristic speed is taken as the average over 10 images. 
Properties For water at T= 20°C, p = 998.0 kg/m? and w= 1.002 x 10° kg/m:s. 


Analysis By measurement with a ruler, we estimate the sperm’s diameter as 2.4 um, and it moves about 7.7 um in 10 
frames. This represents a time of 


10 frames 


= ————— = 0.050 s 
200 frames/s 


Time for 10 frames: 


Thus the sperm’s speed is 








Approximate speed: V= 


Foi! WO) si k 
T 0.050 s\ 10° um 


and its Reynolds number is 


re PDV (998.0 kg/m? \)(2.4x10% m)(1.5x10* m/s) 
ME : 


Ee =3.59x10~ = 3.6x10" 
u : x g/m:s 





Reynolds number: 


Since Re << 1, the creeping flow approximation is certainly appropriate. 


Note: Students’ answers may differ widely since the measurements from the photograph are not very accurate. We report 
the final answer to only two significant digits because of the inherent error in measuring distances from the photograph. 


Discussion If you use the cell’s length rather than its diameter as the characteristic length scale, Re increases by a factor 
of about two, but the flow is still well within the creeping flow regime. 





10-20 
Solution We are to compare the number of body lengths per second of a swimming human and a swimming sperm. 
Analysis We let BLPS denote “body lengths per second”. For the human swimmer, 
10 . 5 
Human: BLPS man = aa (=) = 0.93 body length/s 
1.8 m/body length \ 60 s 


For the sperm, we use the speed calculated in Problem 10-19. The total body length of the sperm (head and tail) is about 40 
im, as measured from the figure. 





Sperm: BLPS. 


sperm 40 um/body length 


1.5x107 m/s 10° um 
m 


) = 3.8 body length/s 


So, on an equal basis of comparison, the sperm swims faster than the human! This result is perhaps surprising since the 
human benefits from inertia, while the sperm feels no inertial effects. However, we must keep in mind that the sperm’s 
body is designed to swim, while the human body is designed for multiple uses — it is not optimized for swimming. 


Note: Students’ answers may differ widely since the measurements from the photograph are not very accurate. 


Discussion Perhaps a more fair comparison would be between a fish and a sperm. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-21 
Solution We are to calculate how fast air must move vertically to keep a water drop suspended in the air. 


Assumptions 1 The drop is spherical. 2 The creeping flow approximation is appropriate. 


Properties For air at T = 25°C, p = 1.184 kg/m? and u= 1.849 x 10° kg/m-s. The density of the water at T = 25°C is 
997.0 kg/m’. 


Analysis Since the drop is sitting still, its downward force must exactly balance its upward force when the vertical air 
speed V is “just right”. The downward force is the weight of the particle: 
D? 


Downward force on the particle: Fimi =T = Pratictee® (1) 


The upward force is the aerodynamic drag force acting on the particle plus the buoyancy force on the particle. The 
aerodynamic drag force is obtained from the creeping flow drag on a sphere, 


3 


Upward force on the particle: Fp =374UVD +7 2 Pairg (2) 


We equate Eqs. 1 and 2, i.e., Fdown = Fup» 


D? 
Balance: T F { Pree = Pair ) §& = 3zuVD 


and solve for the required air speed V, 


2 30x10 m) 
V= ae — Pri) 8 = l : a 


18 j [ (998.0-1.184) kg/m* ](9.81 m/s*) = 0.0264 m/s 


18(1.849x10° kg/m-s 
Finally, we must verify that the Reynolds number is small enough that the creeping flow approximation is appropriate. 


re — 2aVD (1.184 kg/m° \(0.0264 m/s)(30x10* m) 
= - 


— = 0.0507 
u 1.849x10° kg/m-s 





Check of Reynolds number: 


Since Re << 1, The creeping flow approximation is appropriate. 


Discussion Notice that although air density does appear in the calculation of V, it is very small compared to the density 
of water. (If we ignore pir in that calculation, we get V = 0.0265 m/s, an error of less than 0.4%. However, (,i, is required in 
the calculation of Reynolds number — to verify that the creeping flow approximation is appropriate. 





10-22 
Solution We are to discuss why density is not a factor in aerodynamic drag on a particle in creeping flow. 
Analysis It turns out that fluid density drops out of the creeping flow equations, since the terms that contain p in 


the Navier-Stokes equation are negligibly small compared to the pressure and viscous terms (which do not contain 
p). Another way to think about this is: In creeping flow, there is no fluid inertia, and since inertia is associated with fluid 
mass (density), density cannot contribute to the aerodynamic drag on a particle moving in creeping flow. In creeping flow, 
there is a balance between pressure forces and viscous forces, neither of which depend on fluid density. 


Discussion Density does have an indirect influence on creeping flow drag. Namely, p is needed in the Reynolds 
number calculation, and Re determines whether the flow is in the creeping flow regime or not. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-23 
Solution We are to generate a characteristic pressure scale for flow through a slipper-pad bearing. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is two-dimensional in the x-y plane. 3 The creeping 
flow approximation is appropriate. 





Analysis The x component of the creeping flow momentum equation is 
oP oP Ou Ou oe 
xX momentum: —ruVu > zul -tt 
Ox Ox Ox” oy z 
2-D 


We plug in the characteristic scales to get 


oP Ou Ou 


Orders of magnitude: — ® U— + Ue 
Oe. (1) 

a Vv V 

L P 72 


The first term on the right of Eq. 1 is clearly much smaller than the second term on the right since fp << L. Equating the 
orders of magnitude of the two remaining terms, 








AP V VL 
nui oa- QQ) 


Characteristic pressure scale: La 
L hy hy 











Discussion The characteristic pressure scale differs from that in the text because there are two length scales in this 
problem rather than just one. 





10-15 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-24 
Solution We are to find a characteristic velocity scale for v, compare the inertial terms of the x momentum equation 
to the pressure and viscous terms, and discuss how the creeping flow equations can still be used even if Re is not small. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is two-dimensional in the x-y plane. 3 Gravity forces 
are negligible. 














Analysis (a) We use the continuity equation to obtain the characteristic velocity scale for v, 
Vi 
Continuity: ôu & o ylyp r 
ox Oy L (1) 
Tow 
a = 


T 


(b) We analyze the orders of magnitude of each term in the steady, 2-D, incompressible x momentum equation without 
gravity, 








omeni ôu y ôu oP 4 Ou i Ou 
x momentum: pu py = u u 
Ox oy Ox ax? ôy? (2) 
pv Vh V pV? 2 a WV 
b 2, Do OY CF hg 


where we have also used the result of Problem 10-23. The first viscous term of Eq. 2 is clearly much smaller than the 
second viscous term since họ << L. We multiply the order of magnitude of all the remaining terms by L/(pV’) to compare 
terms, 





2 
Comparison of orders of magnitude: pu m + d =— oF +4 a 
Ox oy Ox oy (3) 
1 Í PE u L 





WVhoho Wh h, 


We recognize the Reynolds number based on gap height, Re = oVhoọ/u. Since the pressure and viscous terms contain the 
product of 1/Re, which is large for creeping flow, and L/ho, which is also large, it is clear that the inertial terms (left side 
of Eq. 3) are negligibly small compared to the pressure and viscous terms. 


(c) Since the pressure and viscous terms contain the product of 1/Re and L/ho, when ho << L, the creeping flow equations 
can still be appropriate even if Reynolds number is not less than one. For example, if L/ho ~ 10,000 and Re ~ 10, the 
pressure and viscous terms are still three orders of magnitude larger than the inertial terms. 


Discussion In the limit as L/hy > ©, the inertial terms disappear regardless of the Reynolds number. This limiting case 
is the Couette flow problem of Chap. 9. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-25 
Solution We are to analyze the y momentum equation by order of magnitude analysis, and we are to comment about 
the pressure gradient OP/0y. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is two-dimensional in the x-y plane. 3 Gravity forces 
are negligible. 


Analysis We analyze the orders of magnitude of each term in the steady, 2-D, incompressible y momentum equation 
without gravity, 








2 2 
omeni r ov mE ov oP efi Ov x Ov 
y momentum: u — v— = - aa Haz 
Ox oy oy Ox oy (1) 
a Te =T vn O w ao 
pv vo 1 _pV hy Vh 1 pV7hy AVL p A Vh 1 aV 
LL È aaa 3 LP È PLR? ih 
L Eh Ê hy L h° Lh 


The first viscous term of Eq. 1 is clearly much smaller than the second viscous term, since ho << L. We multiply the order 
of magnitude of all the remaining terms by L’/(pV7ho) to compare terms, 
) P 2 
Comparison of orders of magnitude: pu aa + a =— E +u A 
Ox oy oy oy (2) 
SS “2 n 
l u (Ly ( L ) 
+) PVIp \ ho 


We recognize the Reynolds number based on gap height, Re = pVho/u. Since the pressure and viscous terms contain the 
product of 1/Re, which is large for creeping flow, and L/ho, which is also large, it is clear that the inertial terms (left side of 
Eq. 2) are negligibly small compared to the pressure and viscous terms. This is expected, of course, for creeping flow. Now 
we compare the pressure and viscous terms. Both contain 1/Re, but the pressure term has and additional factor of (L/ho)’, 
which is very large. Thus the pressure term is the only remaining term in Eq. 2. How can this be? Since there are no terms 
that can balance the pressure term, the pressure term itself must be very small. In other words, the y momentum equation 
reduces to 








Final form of y momentum: —_* (3) 











In other words, pressure is a function of x, but a very weak, negligible function of y. 


Discussion The result here is very similar to that for boundary layers, where we also find that OP/Oy ~ O through the 
boundary layer. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-26 
Solution We are to list boundary conditions and solve the x momentum equation for u. Then we are to 
nondimensionalize our result. 


Assumptions 1 The flow is steady and incompressible. 2 Gravity forces are negligible. 3 The flow is two-dimensional in 
the x-y plane. 4 P is not a function of y. 

















Analysis (a) From the figure associated with this problem, we write two boundary conditions on u, 
Boundary condition (1): u=V at y=0 forallx (1) 

and 

Boundary condition (2): u=0 at y=h forallx (2) 











We note that h is not a constant, but rather a function of x. 


(b) We write the creeping flow x momentum equation, and integrate once with respect to y, noting that P is not a function of 
y. This is a partial integration. 


Ou 1 dP 5 õu l dP 
ôy? dx dy pdx 





Integration of x momentum: 


y+ f(x) 


We integrate again to obtain 


1 dP 
Second integration: u =—— y + x)+ f(x 
g Pr flx) Ala) 6) 


We apply boundary conditions to find the two unknown functions of x. From Eq. 1, 
Result of boundary condition (1): Íz (x) =V 


and from Eq. 2, 


Result of boundary condition (2): Íi (x) = 


From these, the final expression for u is obtained, 





h° dP 
Final expression for u, dimensional: |u (x, y) Vi ie2 ges (4) 
hj 2u dxh\h 











We recognize two distinct components of the velocity profile in Eq. 4, namely a Couette flow component and a Poiseuille 
flow component. Thus, the axial velocity is a superposition of Couette flow due to the moving bottom wall and Poiseuille 
flow due to the pressure gradient. 


(c) We nondimensionalize Eq. 4 by applying the nondimensional variables given in the problem statement. After some 
algebra, 








ae dP* 
Nondimensional expression for u: u* = (1 y *) + I 
x 


y*(y*-1)| 6) 











Discussion Although we have a final expression for u, it is in terms of the pressure gradient dP/dx, which is not known. 
Pressure boundary conditions and further algebra are required to solve for the pressure field. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-27 
Solution We are to generate an expression for axial velocity for a slipper-pad bearing with arbitrary gap shape. 


Assumptions 1 The flow is steady and incompressible. 2 Gravity forces are negligible. 3 The flow is two-dimensional in 
the x-y plane. 4 P is not a function of y. 


Analysis In the solution of Problem 10-26, we never used the fact that h(x) was linear. In fact, our solution is in terms 
of h(x), the specific form of which was never specified. Thus, the solution of Problem 10-26 is still appropriate, and no 
further work needs to be done here. The result is 





. . y k dP yf y 
E. bit h(x): u(x, y)=V|1-=|+—— >| >-1 1 
xpression for u for arbitrary h(x) ( y) ( z) mhln (1) 











Discussion As gap height h(x) changes, so does the pressure distribution. 





10-28 
Solution We are to prove the given equation for the slipper-pad bearing. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is two-dimensional in the x-y plane. 





Analysis We solve the 2-D continuity equation for v by integration, 
Continuity: 
ôu _ ôv n ôv ^ Ou r Ôu (1) 
=0 > dy=- d > v(h)-v(0)= d 
w oy ha? ha? (a) (0) “do aye 


But the no-slip condition tells us that v = 0 at both the bottom (y = 0) and top (y = h) plates. Thus Eq. | reduces to 
Result of continuity: {ay =0 (2) 


The 1-D Leibnitz theorem is discussed in Chap. 4 and is repeated here: 


1-D Leibnitz theorem: 
da 


d pex 
a G G(x,y) )dy = [Zaa (x,b)-— G(x, a) (3) 


dx vax) Ix 


In our case (comparing Eqs. 2 and 3), a = 0, b = h(x), and G = u. Thus, 


h h ÕU dh 
£ f'udy = ata" h) (4) 


But u(h) = 0 for all values of x (no-slip condition). Finally then, we combine Eqs. 2 and 4 to yield the desired result, 











i d ph 
Final result: alk udy =0 





Discussion This result could also be obtained by control volume conservation of mass. Now we finally have the means 
of calculating the pressure distribution in the slipper-pad bearing. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-29 
Solution We are to prove the given equation for flow through a 2-D slipper-pad bearing. 


Assumptions 1 The flow is steady and incompressible. 2 Gravity forces are negligible. 3 The flow is two-dimensional in 
the x-y plane. 4 P is not a function of y. 


Analysis We substitute the expression for u from Problem 10-26 into the equation of Problem 10-28, 
£ f"udy=0 > a yit Alla 
dx °° dx”? h) 2u dx h\h 

The integral in Eq. 1 is easily evaluated since both h and dP/dx are functions of x only. After some algebra, 


d h k dP 
= yt @P =0 (2) 
dx| 2 12u dx 


Finally, we take the x derivative, recognizing that h and dP/dx are functions of x, 





d P h 
Steady, 2-D Reynolds equation for lubrication: > h’ OP 6uV a (3) 
dx dx dx 











Discussion For a given geometry (h as a known function of x), we can integrate Eq. 3 to obtain the pressure distribution 
along the slipper-pad bearing. 





10-30 
Solution We are to find the pressure distribution for flow through a 2-D slipper-pad bearing with linearly decreasing 
gap height and atmospheric pressure at both ends of the slipper-pad. 


Assumptions 1 The flow is steady and incompressible. 2 Gravity forces are negligible. 3 The flow is two-dimensional in 
the x-y plane. 4 P is not a function of y. 


Analysis We integrate the Reynolds equation of Problem 10-29, and rearrange: 
dP dP 

First integration: h? a =6uVh+C, > a =6uVh°+Ch° (1) 
X X 


where C; is a constant of integration. Next we substitute the given equation for h, 


£ =6uV(h+ax) +C (hta) (2) 
X 


Equation 2 is in the desired form, i.e., dP/dx as a function of x. We integrate Eq. 2, 


6uV 
a 





Second integration: P=- 


-1 C 2 
(h +ax) -zz +ax) +C, (3) 
where C is a second constant of integration. We plug in the two boundary conditions on P to find constants C, and C2, 
namely P = Pa at x =0 and P = Pa, at x = L. After some algebra, the results are 
12uVh,h, 


Constants: C =-= and C,=P.,, ip OY (4) 
hy +h, a(hy+h,) 


with which we generate our final expression for P from Eq. 3. After some algebra, 





(5) 


hy, —h, + ax 
Pressure distribution: P=P,,+ a ot | 


(h +h, )(hy +ax) 











Discussion There are other equivalent ways to write the expression for P, but Eq. 5 is about as compact as we can get. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-31E [Also solved using EES on enclosed DVD] 
Solution We are to calculate @, we are to calculate Peage at a given x location, and we are to plot nondimensional gage 
pressure as a function of nondimensional axial distance for the case of a 
slipper-pad bearing with linearly decreasing gap height. Finally, we are to 
estimate the total force that this slipper-pad bearing can support. 

1.0 

Assumptions 1 The flow is steady and incompressible. 2 Gravity forces 
are negligible in the oil flow. 3 The flow is two-dimensional in the x-y 


plane. 4 P is not a function of y. ue 





Properties Unused engine oil at T = 40°C: p = 876.0 kg/m’, u = P* 0.6 
0.2177 kg/m<-s. 
. i ee 0.4 

Analysis (a) The convergence is calculated by its definition (see 
Problem 10-30), and its tangent is also calculated, j 

-h, (0.0005 0.001) inch 

a= hmh ( - ) = -0.0005 
L 1.0 inch 0.0 





> tana = -0.0005 





Note that we must set æ to radians when taking the tangent. FIGURE 1 . : : 
Nondimensional gage pressure in a slipper- 
(b) At x = 0.5 inches (0.0127 m), we calculate Poage = P — Patm using the pad bearing as a function of nondimensional 
result of Problem 10-30; the gage pressure at the mid-way point is axial distance along the slipper-pad. 
Fas = P = Fim = 6uVx h n ad T 
(h +h, (m +x) 
2 2 2.54—1.27)x10* m |- 0.0005(0.0127 m 
= 6(o2177 |[.0882 )(0.0127 nl = i = ) | ( ) - 
m:s s kgm} N J [(2.54+1.27)x10° m |[2.54x10° m-0.0005 (0.0127 m) | 


=2.32x10" Pa = 3370 psig = 229 atm 


The gage pressure in the middle of the slipper-pad is more than 200 atmospheres. This is quite large, and illustrates how a 
small slipper-pad bearing can support a large amount of force. 


(c) We repeat the calculations of Part (b) for values of x between 0 and L. We nondimensionalize both x and Pasage Using x* 
= x/L and P* = (P — Pam)ho / HVL. A plot of P* versus x* is shown in Fig. 1. The gage pressure is constrained to be zero at 
both ends of the pad, but reaches a peak near the middle, but more towards the end. For these conditions the maximum 
value of P* is 1.0. 


(d) To calculate the total weight that the slipper-pad bearing can support, we integrate pressure over the surface area of the 
plate. We used the trapezoidal rule to integrate numerically in a spreadsheet. The result is 


Total vertical force (load): Figs = [_, Pagcbdlx = 62,600 N = 14,100 Ibf 


o ` gage 


You can also obtain a reasonable estimate by simply taking the average pressure in the gap times the area — this yields Figag 
= 62,000 N = 13,900 Ibf. 


Discussion This slipper-pad bearing can hold an enormous amount of weight (7 tons!) due to the extremely high 
pressures encountered in the oil passage. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-32 
Solution We are to discuss what happens to the load when the oil temperature increases. 
Analysis Oil viscosity appears only once in the equation for gap pressure. Thus, pressure and load increase linearly as 


oil viscosity increases. However, as the oil heats up, its viscosity goes down rapidly. For example, at T = 40°C, u = 0.2177 
kg/m-s, but at T= 80°C, xu drops to 0.03232 kg/m-s. This is more than a factor of six decrease in viscosity for only a 20°C 
increase in temperature. So, the load would decrease rapidly as oil temperature rises. 


Discussion This problem illustrates why engineers need to look at extreme operating conditions when designing 
products — just in case. 





10-33 
Solution We are to see if the Reynolds number is low enough that the flow can be approximated as creeping flow. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the x-y plane. 
Properties Unused engine oil at T= 40°C: p = 876.0 kg/m’, w= 0.2177 kg/m:s. 


Analysis We base Re on the largest gap height, ho, 


Reynolds number: 
ph,v _ (876.0 kg/m’ )(2.54x10~ m)(3.048 m/s) 
u 0.2177 kg/m-s 


Re 0.312 





We see that the Reynolds number is less than one, but we cannot say that Re << 1. So, the flow is not really in the creeping 
flow regime. However, the creeping flow approximation is generally reasonable up to Reynolds numbers near one. Also, as 
discussed in Problem 10-24, the creeping flow approximation is still reasonable in this case since L/hy is so large. 


Discussion The error introduced by making the creeping flow approximation is probably less than the error associated 
with measurement of gap height. 





10-34 ga 
Solution We are to calculate how much the gap compresses when the load on the bearing is doubled. 
Analysis There are several ways to approach this problem: You can try to integrate the pressure distribution 


analytically to calculate the total load, or you can integrate numerically on a spreadsheet or math program. This is an 
“inverse” problem in that we can calculate the load for a given value of ho, but we cannot do the reverse calculation directly 
— we must do it implicitly. One way to do this is graphically — plot load as a function of ho, and pick off the value of ho 
where the load has doubled. Another way is by trial and error, or by a convergence technique like Newton’s method. It 
turns out that the load is doubled when /) = 0.0008535 inches (2.168 x 10° m). This represents a decrease in initial 
gap height of about 14.7%. 


Discussion The relationship between gap height and load is clearly nonlinear. When the load doubles, the gap height 
decreases by less than 15%. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-35 
Solution We are to estimate the speed at which a human being swimming in water would be in the creeping flow 
regime. 


Properties For water at T= 20°C, p = 998.0 kg/m? and w= 1.002 x 10° kg/m:s. 





Analysis The characteristic length scale of a human body is of order 1 m. To be in the creeping flow regime, the 
Reynolds number of the body should be below 1. Thus, 
1.002 x10° kg/m-s)(1 
pee g y He _| Cer 
u pL (998 kg/m°)(1 m) 


So, we would have to move at about one-millionth of a meter per second, or less. This speed is so slow that it is not 
measurable. Natural currents in the water, even in a “stagnant” pool of water, would be much greater than this. Hence, we 
could never experience creeping flow in water. 


Discussion If we were to use a Reynolds number of 0.1 instead of 1, the result would be even slower. 





Inviscid Flow 


10-36C 
Solution We are to discuss the approximation associated with the Euler equation. 
Analysis The Euler equation is simply the Navier-Stokes equation with the viscous term neglected; it is therefore an 


inviscid approximation of the Navier-Stokes equation. The Euler equation is appropriate in high Reynolds number 
regions of the flow where net viscous forces are negligible, far away from walls and wakes. 


Discussion The Euler equation is not appropriate very close to solid walls, since frictional forces are always present 
there. Note that the same Euler equation is appropriate in an irrotational region of flow as well. 





10-37C 
Solution We are to discuss the main difference between the steady, incompressible Bernoulli equation when applied 
to irrotational regions of flow vs. rotational but inviscid regions of flow. 


Analysis The Bernoulli equation itself is identical in these two cases, but the “constant” for the case of rotational but 
inviscid regions of flow is constant only along streamlines of the flow, not everywhere. For irrotational regions of flow, 
the same Bernoulli constant holds everywhere. 


Discussion A simple example is that of solid body rotation, which is rotational but inviscid. In this flow, as discussed in 
the text, the Bernoulli “constant” changes from one streamline to another. 





10-23 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-38 
Solution We are to show that the given vector identity is satisfied in Cartesian coordinates. 
Analysis We expand each term in the vector identity carefully. The first term is 
(V-v)V = a a i+ Gg jt ge ne k (1) 
ox oy 0z ôx oy OZ Ox oy OZ 


The second term is 








={ Y? 1|(du> ôv? ôw’) (ôu? ôv? dw \-= [dw Ov dw’ )- 
V = + + i+ + + j+ + + k 
2 2| & Ox Ox Oy ôy oy ôz z  &z 


-[ V? ðu Ov ôw \- ðu Ov ôw )\- ðu Ov ôw \> 
V| — |=| u—+v—+w— |i +| u—+v—+w— |j+| u—+v—+w— |k (2) 


which reduces to 


The third term is 


Vx(VxV)= v a -„(2-2) i+|w w —u ye j+ (2%), we k (3) 
ôx Oy ôz Ox Oy O Ox Oy ôz ôx Oy @z 
When we substitute Eqs. 1 through 3 into the given equation, we see that all the terms disappear, and the equation is 
satisfied. We show this for the x direction only (all terms with unit vector 7 ): 


Ou ð out Ou ð ôw 9 ð 9 Ow 
u +v +w, =u +v +w =V +v +w, — WwW (4) 
Ox Oy oz Ox 0. 2 oy Oz 
The algebra is similar for the j and k terms, and the vector identity is shown to be true for Cartesian coordinates. 


Discussion Since we have a vector identity, it must be true regardless of our choice of coordinate system. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-39 
Solution We are to use an alternative method to show that the Euler equation given in the problem statement reduces 
to the Bernoulli equation for regions of inviscid flow. 


Analysis We take the dot product of both sides of the equation with V . The Euler equation dotted with velocity 
becomes 
-(P V’? S fs Sos 
[eee 7 =(Vae)v (1) 
p 2 


The cross product on the right side of Eq. 1 is a vector that is perpendicular to V . However, the dot product of two 
perpendicular vectors is zero by definition of the dot product. Thus, the 
right hand side of Eq. | is identically zero, 





Streamline 
_{ P 2 4 
[2+ vec} v=o (2) 
p 2 
P Vv? 
Now we use the same argument on the left hand side of Eq. 2, but in p 


reverse. Namely, there are three ways for the dot product of the two 
vectors in Eq. 2 to be identically zero: (a) the first vector is zero, 


Option (a) ee 0 3 P 
ion (a): —+— = = 
p oe © ao Ehe] 
> P 2 
(b) the second vector is zero, | E 
= YJ 
Option (b): V=0 (4) > 
x, i 
or (c) the two vectors are everywhere perpendicular to each other, FIGURE 1 
- f 4 _ [P V? , 
Option (c): y Pr vY, gz|LV (5) Along a streamline, V| — + — + gz | isa 
p 2 p 2 
t h dicular to th 
Option (a) represents the restricted case in which the quantity in a eee a A 
parentheses in Eq. 3 is constant everywhere. Option (b) is the trivial case streamline; hence —+— + gz is constant 
in which there is no flow (fluid statics). Option (c) is the most general p 2 


option, and we work with Eq. 5. Since V is everywhere parallel to along the streamline. 


2 


streamlines of the flow, a2 - 
p 





+ «| must therefore be everywhere 


perpendicular to streamlines (Fig. 1). Finally, we argue that the gradient of a scalar is a vector that points perpendicular to 


ee . P Vv? 
an imaginary surface on which the scalar is constant. Thus, we argue that the scalar — + i gz must be constant along a 
p 


streamline. Our final result is the steady incompressible Bernoulli equation for inviscid regions of flow, 





P Vv? . 
—+ a + gz = constant along streamlines (6) 
p 











Discussion Since we have a vector identity, it must be true regardless of our choice of coordinate system. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-40 
Solution We are to expand the Euler equation into Cartesian coordinates. 
Analysis We begin with the vector form of the Euler equation, 
Euler equation: (Za) = -VP + ps (1) 
t 


The x component of Eq. 1 is 








x component: + p8,| (2) 





+ + 
Ot Ox oy Oz 





The y component of Eq. 1 is 








y component: 


v yy” 2P, 6) 
e a w a ae 








The z component of Eq. 1 is 








z component: u v w 
p ôt Ox oy Oz 


Ow ôw Ow Ow oP 
p + + + =— +pg.| (4) 











Discussion The expansion of the Euler equation into components is identical to that of the Navier-Stokes equation, 
except that the viscous terms are gone. 





10-41 
Solution We are to expand the Euler equation into cylindrical coordinates. 
Analysis We begin with the vector form of the Euler equation, 
Euler equation: fz + (v . 2 =-VP+ pgs (i) 
t 


We must be careful to include the “extra” terms in the convective acceleration. The r component of Eq. | is 





ou, Ou, ug Ôu, Uy. ou, 
r component: P +u + +u 








: =-—+ pg, 
a "ar +00 r 2) a et) 





The y component of Eq. 1 is 





0 component: 





+p8o| (3) 








(2 Ou, 1% Ou, to Ou, ) __1øP 


+u, +u, 
ôt "ər r 00 r 8z r 00 





The z component of Eq. 1 is 








z component: +u +u 
oz 


5 i + 7 
a or roo o pg.) (4) 








(2 õu, _ Uo Ôu, w) Z 





Discussion The expansion of the Euler equation into components is identical to that of the Navier-Stokes equation, 
except that the viscous terms are gone. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-42 
Solution We are to calculate the pressure field and the shape of the free surface for solid body rotation of water in a 
container. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is rotationally symmetric, meaning that all derivatives 
with respect to @are zero. 3 Gravity acts in the negative z direction. 


Properties For water at T= 20°C, p = 998.0 kg/m? and w= 1.002 x 10° kg/m:s. 


Analysis We reduce the components of the Euler equation in cylindrical coordinates (Problem 10-41) as far as 
possible, noting that u, =u, = 0 and ug= ar. The @component disappears. The r component reduces to 
Us OP oP 


r component of Euler equation: pP > =por (1) 
r Or or 








and the z component reduces to 


P 
z component of Euler equation: 0= -2 -p8 > 2 =-pg (2) 
Z Z 


We find P(r,z) by cross integration. First we integrate Eq. 1 with respect to r, 


222 
por 





P= + f(z) (3) 


Note that we add a function of z instead of a constant of integration since this is a partial integration. We take the z 
derivative of Eq. 3, equate to Eq. 2, and integrate, 
oP ; 
z I (z)=-¢g > f@=-pget+C, (4) 
Plugging Eq. 4 into Eq. 3 yields our expression for P(r,z), 


2.2 


P= r -pgz +C, (5) 





Now we apply the boundary condition at the origin to find the value of constant C4, 


Boundary condition: Atr=0andz=0, P=Pm =C >» C=P 


atm atm 





Finally, Eq. 5 becomes 





22. 
or 
Pressure field: p= 





= P&Z + Fa (6) 











At the free surface, we know that P = Pm, and Eq. 6 yields the equation for the shape of the free surface, 





2 2 
Free surface shape: Zsurface T a (7) 
& 











Discussion Since we know the velocity field from the start, the Euler equation is not needed for obtaining the velocity 
field. Instead, it is used only to calculate the pressure field. Similarly, the continuity equation is identically satisfied and is 
not needed here. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-43 
Solution We are to calculate the pressure field and the shape of the free surface for solid body rotation of engine oil 
in a container. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is rotationally symmetric, meaning that all derivatives 
with respect to @are zero. 3 Gravity acts in the negative z direction. 


Analysis In Problem 10-42, water density appears only as a constant in the pressure equation. Thus, nothing is 
different here except the value of density, and the results are identical to those of Problem 10-42. 


Discussion In solid body rotation, the density of the fluid does not affect the shape of the free surface. For oil (less 
dense than water), pressure increases with depth at a slower rate compared to water. 





10-44 
Solution We are to calculate the Bernoulli constant for solid body rotation of water in a container. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is rotationally symmetric, meaning that all derivatives 
with respect to Oare zero. 3 Gravity acts in the negative z direction. 


Analysis From Problem 10-42, we have the pressure field, 


ee por 
2 


Pressure field: = P82 + Pim (1) 


The Bernoulli equation for steady, incompressible, inviscid regions of flow is 


2 
—-+ L, 8z = C, = constant along streamlines (2) 
p 


The velocity field is u,=u,=0 and ug= ar, y= or, and Eq. 2 becomes 

















C, =—+ + gz (3) 
Substitution of Eq. | into Eq. 3 yields the final expression for C,, 
2.2 P 2.2 P > 
Bernoulli “constant”: C, ae gz ++ i +gz >|C, === + 0r (4) 
2 p 2 P 











Discussion Streamlines in this flow field are circles about the z axis (lines of constant r). The Bernoulli “constant” C, is 
constant along any given streamline, but changes from streamline to streamline. This is typical of rotating flow fields. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-45 
Solution For a given volume flow rate, we are to generate an expression for u, assuming inviscid flow, and then 
discuss the velocity profile shape for a real (viscous) flow. 


Assumptions 1 The flow remains radial at all times (no ug component). 2 The flow is steady, two-dimensional, and 
incompressible. 


Analysis If the flow were inviscid, we could not enforce the no-slip condition at the walls of the duct. At any r 
location, the volume flow rate must be the same, 


Volume flow rate at any r location: V =u,rbAd (1) 


where A@ is the angle over which the contraction is bound (see Fig. 1). 
Thus, 











V 
= 2 
es rbA@ ©) 
At radius r = R, Eq. 2 becomes 
. , V 
Radial velocity at r = R: u, (R) = TORE (3) 
FIGURE 1 
Upon substitution of Eq. 3 into Eq. 2, we get Possible shape of the velocity profile for a 
R real (viscous) flow. 
Radial velocity at any r location: u, =—u, (R) (4) 
r 











In other words, the radial velocity component increases as the reciprocal of r as r approaches zero (the origin). 

In a real flow (with viscous effects), we would expect that the velocity near the center of the duct is somewhat 
larger, while that near the walls is somewhat smaller. Right at the walls, of course, the velocity is zero by the no-slip 
condition. In Fig. 1 is a sketch of what the velocity profile might look like in a real flow. 


Discussion In either case, the radial velocity is infinite at the origin. This is actually a portion of a line sink, as 
discussed in this chapter. 





10-46 
Solution We are to show that the region of flow given by this velocity field is inviscid. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis We consider the viscous terms of the x and y momentum equations: 
a a a 
xX momentum viscous terms: u s+ a> +a |=0 (1) 
x y Z 
0 0 0 (2-D) 
; ô? a a 
y momentum viscous terms: Ll zt- t-45 |=0 (2) 
x y z 
0 y oD) 


Since the viscous terms are identically zero in both components of the Navier-Stokes equation, this region of flow can 
indeed be considered inviscid. 


Discussion With the viscous terms removed, the Navier-Stokes equation is reduced to the Euler equation. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


Irrotational (Potential) Flow 


10-47C 
Solution We are to discuss the flow property that determines whether a region of flow is rotational or irrotational. 
Analysis The vorticity determines whether a region of flow is rotational or irrotational. Specifically, if the vorticity is 


zero (or negligibly small), the flow is approximated as irrotational, but if the vorticity is not negligibly small, the flow is 
rotational. 


Discussion Another acceptable answer is the rate of rotation vector or the angular velocity vector of a fluid particle. 








10-48 
Solution We are to show that the vorticity components are zero in an irrotational region of flow. 
Analysis The first component of vorticity becomes 
as l ðu, ôu, 1 8? 1 8? 
r-component of vorticity vector: S < o= 2 Lz 


rod oz rd@&z r dod 
which is valid as long as gis a smooth function of @and z. Similarly, the second component of vorticity becomes 


Oi Os eo OE 
Oz ôr Ozor Oréaz 








0 


@-component of vorticity vector: Cy = 


which is valid as long as gis a smooth function of r and z. Finally, the third component of vorticity becomes 


sty > mr. 18 | 
°? +00 rérd0 rôðr 





z-component of vorticity vector: C, 


which is valid as long as ¢is a smooth function of r and z. Thus all three components of vorticity are zero. 


Discussion By mathematical identity, the velocity potential function is definable only when the vorticity vector is zero; 
therefore the results are not surprising. Note that in a three-dimensional flow, ¢ must be a smooth function of r, @ and z. 





10-49 
Solution We are to verify that the Laplace equation holds in an irrotational flow field in cylindrical coordinates. 
Analysis We plug in the components of velocity from Problem 10-48 into the left hand side of the Laplace equation 
in cylindrical coordinates, 
Laplace equation in cylindrical coordinates: V’ = LO la E p (1) 
d 1 a ror’ " Pr aos * & 
But since r is not a function of 0, we simplify Eq. 1 to 
1 ô 1 Ou, ôu 
V?¢=——(ru, )+-—24+— 2 
$ ar r) rôl @ @) 


We recognize the terms on the right side of Eq. 2 as those of the incompressible form of the continuity equation in 
cylindrical coordinates; Eq. 2 is thus equal to zero, and the Laplace equation holds, 








V'¢=0 (3) 








Discussion The Laplace equation is valid for any incompressible irrotational region of flow, regardless of whether the 
flow is two- or three-dimensional. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-50 
Solution We are to identify regions in the flow field that are irrotational, and regions that are rotational. 


Assumptions 1 The air in the room would be calm if not for the presence of the hair dryer. 


Analysis Flow in the air far away from the hair dryer and its jet is certainly irrotational. As the air approaches 
the inlet, it is irrotational except very close to the surface of the hair dryer. Flow in the jet is rotational, but flow 
outside of the jet can be approximated as irrotational. 


Discussion Flow near solid walls is nearly always rotational because of the viscous rotational boundary layer that grows 
there. There are sharp velocity gradients in a jet, so the vorticity cannot be zero in that region, and the flow must be 
rotational in the jet as well. 





10-51 
Solution We are to compare the Bernoulli equation and its restrictions for inviscid, rotational regions of flow and 
viscous, irrotational regions of flow. 


Assumptions 1 The flow is incompressible and steady. 





Analysis The Bernoulli equation is the same in both cases, namely 
; ; : i P Vv? 
Steady incompressible Bernoulli equation: —+ a gz=C)| (1) 
pP 











However, in an inviscid, rotational region of flow, Eq. 1 is applicable only along a streamline. The Bernoulli “constant” C 
is constant along any particular streamline, but may change from streamline to streamline. In a viscous, irrotational region 
of flow, however, the Bernoulli constant is constant everywhere, even across streamlines. Thus, the inviscid, rotational 
region of flow has more restrictions on the use of the Bernoulli equation. 


Discussion In either case, the viscous terms in the Navier-Stokes equation disappear, but for different reasons. 





10-52 
Solution For a given set of streamlines, we are to sketch the 
corresponding set of equipotential curves and explain how we obtain 
them. 






Streamlines 


Assumptions 1 The flow is steady and incompressible. 2 The flow is = “¥ 
two-dimensional in the plane of the figure associated with this problem. 
3 The flow in the region shown in the figure is irrotational. 


Analysis Some possible equipotential lines are sketched in 
Fig. 1. We draw these based on the fact that the streamlines and 
equipotential curves must intersect at 90° angles. To find the “correct” 
shape, it helps to sketch a few extra streamlines in between the given 
ones to guide in construction of the equipotential curves. These 





“interpolated” streamlines are shown in Fig. 1 as thin, dotted blue lines. Equipotential lines? 
Discussion The exact shape of the equipotential curves is not FIGURE 1 
known, and individuals may sketch curves of other shapes that are Possible equipotential curves (dashed black 
equally valid. The important thing to emphasize is that the curves of lines) and intermediate streamlines (dotted 
constant ¢ are everywhere perpendicular to the streamlines. blue lines). 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-53 
Solution We are to discuss the role of the momentum equation in an irrotational region of flow. 


Assumptions 1 The flow is steady and incompressible. 2 The region of interest in the flow field is irrotational. 


Analysis Although it is true that the momentum equation is not required in order to solve for the velocity field, it is 
required in order to solve for the pressure field. In particular, the Navier-Stokes equation reduces to the Bernoulli 
equation in an irrotational region of flow. 


Discussion Mathematically, it turns out that in an irrotational flow field the continuity equation is uncoupled from the 
momentum equation, meaning that we can solve continuity for ¢ by itself, without need of the momentum equation. 
However, the momentum equation cannot be solved by itself. 





10-54 
Solution For a given velocity field, we are to assess whether the flow field is irrotational. If so, we are to generate an 
expression for the velocity potential function. 


Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is two-dimensional in the x-y plane. 


Analysis For the flow to be irrotational, the vorticity must be zero. Since the flow is planar in the x-y plane, the only 
non-zero component of vorticity is in the z direction, 


z-component of vorticity: ¢.=~-7 =9-0=0 = (1) 


Since the vorticity is zero, this flow field can be considered irrotational, and we should be able to generate a velocity 
potential function that describes the flow. In two dimensions we have 


Velocity components in terms of potential function: u= v v= 2 (2) 
x yY 
We pick one of these (the first one) and integrate to obtain an expression for ¢, 
; . i ôg x 
Velocity potential function: a =u=axtb g=a a +f (y) (3) 
x 


Note that we have added a function of y rather than a constant of integration since we have performed a partial integration 
with respect to x. Using Eq. 2, we differentiate Eq. 3 with respect to y and equate the result to the v component of velocity, 


oe 


Dy f'(y)=v=-ay+c (4) 


Equation 4 is integrated with respect to y to find function f(y), 


2 


f(y)=-a 7 +oy+G (5) 


This time, a constant of integration (C) is added since this is a total integration. Finally, we plug Eq. 5 into Eq. 3 to obtain 
our final expression for the velocity potential function, 
(t->) 


Result, velocity potential function: g=a Ty +bx+cy+C, (6) 














Discussion You should plug Eq. 6 into Eq. 2 to verify that it is correct. 





10-32 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
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Solution We are to discuss similarities and differences between two approximations: inviscid regions of flow and 
irrotational regions of flow. 


Assumptions 1 The flow is incompressible and steady. 


Analysis The two approximations are similar in that in both cases, the viscous terms in the Navier-Stokes equation 
drop out, leaving the Euler equation. Also, in both cases the Bernoulli equation results form integration of the Euler 
equation. However, these two approximations differ significantly from each other. When making the inviscid flow 
approximation, we assume that the viscous terms are negligibly small. A good example, as discussed in this chapter, is 
solid body rotation. In this case, although the fluid itself is viscous, all effects of viscosity are gone, and the flow field can 
be considered “inviscid” (although it is rotational). On the other hand, the irrotational approximation is made when the 
vorticity (a measure of rotationality of fluid particles) is negligibly small. In this case, viscosity still acts on fluid 
particles — it shears them and distorts them, yet the net rate of rotation of fluid particles is zero. In other words, in an 
irrotational region of flow, the net viscous force on a fluid particle is zero, but viscous stresses on the fluid particle are 
certainly not zero. Examples of irrotational, but viscous flows include any irrotational flow field with curved streamlines, 
such as a line vortex, a doublet, irrotational flow over a circular cylinder, etc. Freestream flow is both inviscid and 
irrotational since fluid particles do not shear or distort or rotate, and viscosity does not enter into the picture. 


Discussion In either case, the viscous terms in the Navier-Stokes equation disappear, but for different reasons. In the 
inviscid flow approximation, the viscous terms disappear because we neglect viscosity. In the irrotational flow 
approximation, the viscous terms disappear because they cancel each other out due to the fact that the vorticity (hence the 
rate of rotation) of fluid particles is negligibly small. 





10-56 
Solution We are to calculate the velocity components from a given potential function, verify that the velocity field is 
irrotational, and generate an expression for y. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is two-dimensional in the x-y plane. 3 The flow is 
irrotational in the region in which Eq. | applies. 





Analysis (a) The velocity components are found by taking the x and y partial derivatives of ¢, 
Velocity components: u sY ined re ipa (1) 
ox oy 











(b) We plug in u and v from Eq. | into the z component of vorticity to get 


a jei (2) 
“Ox Oy 





z-component of vorticity: 


Since ¢, = 0, and the only component of vorticity in a 2-D flow in the x-y plane is in the z direction, the vorticity is zero, 
and the flow is irrotational in the region of interest. 


(c) The stream function is found by integration of the velocity components. We begin by integrating the x component, 
Oy/oy = u, and then taking the x derivative to compare with the known value of v, 


y=l0xy+2y+f(x) > v=-—=-l0y-f'(x)=-10y-4 (3) 


From which we see that f'(x) = 4. Integrating with respect to x, 


f (x) = 4x + constant (4) 


The constant is arbitrary since velocity components are always derivatives of y. Thus, 





Stream function: y =10xy +2y+4x+ constant (5) 











Discussion You can verify that the partial derivatives of Eq. 5 yield the same velocity components as those of Eq. 1. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
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Solution We are to show that the stream function for a planar irrotational region of flow satisfies the Laplace 
equation in cylindrical coordinates. 


Assumptions 1 This region of flow is planar in the r-@ plane. 2 The flow is incompressible. 3 This region of flow is 
irrotational. 


Analysis We defined stream function yas 


low Oy 
=, ee ee 1 
” rôð ° ðr a 


Planar flow stream function in cylindrical coordinates: u 


We also know that for irrotational flow the vorticity must be zero. Since the only non-zero component of vorticity is in the z 
direction, 


z-component of vorticity: 6,= Pa a) { 2 ( r w) g É x) =0 (2) 








r or 00 r\ Or or 0 \r 0 


Since r is not a function of 0, it can come outside the derivative operator in the last term. Also, the negative sign in both 
terms can be disposed of. Thus, 





; DORSE! ei 10( ôy) 18y 
Result of irrotationality condition: ——| r— |+— =0 
f ? r 2 or ) r’ 00° (3) 


Since Eq. 3 is the Laplace equation for 2-D planar flow in the r-@ plane, we have shown that the stream function indeed 
satisfies the Laplace equation. 


Discussion Since the Laplace equation for stream function is satisfied in Cartesian coordinates for the case of 2-D 
planar flow in the x-y plane, it must also be satisfied for the same flow in cylindrical coordinates. All we have done is use a 
different coordinate system to describe the same flow. 





10-58 
Solution We are to write the Laplace equation in two dimensions (r and @) in spherical polar coordinates. 


Assumptions 1 The flow is independent of angle ¢ (about the x axis). 2 The flow is irrotational. 


Analysis We look up the Laplace equation in spherical polar coordinates in any vector analysis book. Ignoring 
derivatives with respect to ø, we get 











1 1 ‘ 
Laplace equation, axisymmetric flow, (1,0): 5 - G w) +—— z (sno A =0 
r° Or r) r sin 








Discussion Even though ¢ satisfies the Laplace equation in an irrotational region of flow, y does not for the present 
case of axisymmetric flow. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-59 
Solution We are to prove that the given stream function exactly satisfies the continuity equation for the case of 
axisymmetric flow in spherical polar coordinates. 


Assumptions 1 The flow is axisymmetric, implying that there is no variation rotationally around the axis of symmetry. 2 
The flow is incompressible. 


Analysis We plug the stream function into the continuity equation, and perform the algebra, 


1 0 1 oO 1 6/10 
í - c), i ( K)o (1) 
rôr\ sin 00 sin ðO \r ôr 


since ĝis not a function of r and vice-versa, Eq. 1 can be rearranged as 





2: 2, 2 2 
1 Ow 1 OW o v oy 


+— =0 (2) 
rsin rð rsin@ 0dor ôrð0 or 











Equation 2 is identically satisfied as long as yis a smooth function of r and 8. 


Discussion If y were not smooth, the order of differentiation (r then @ versus @ then r) would be important and Eq. 2 
would not necessarily be zero. In the definition of stream function, it is somewhat arbitrary whether we put the negative 
sign on u, or ug and you may find the opposite sign convention in other textbooks. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-60 
Solution We are to generate expressions for velocity potential function and stream function for the case of a uniform 
stream of magnitude V inclined at angle a. 


Assumptions 1 The flow is planar, incompressible, and irrotational. 2 The flow is uniform everywhere in the flow field, 
with magnitude V and inclination angle a. 


Analysis For planar flow in Cartesian coordinates, we write 
pO OY cas E a (1) 
ox Oy oy Ox 


By integrating the first of these with respect to x, and then differentiating the result with respect to y, we generate an 
expression for the velocity potential function for a uniform stream, 


¢=Vxcosa+ f(y) ya Pa s'(y)=Vsing (2) 


Integrating with respect to y, 
f(y)=Vysina+constant (3) 


The constant is arbitrary since velocity components are always derivatives of ø. We set the constant to zero, knowing that 
we can always add an arbitrary constant later on if desired. Thus, 





Velocity potential function: ¢=Vxcosa+Vysina (4) 











We do a similar analysis for the stream function, beginning again with Eq. 1. 


V 


= -g'(x)=Vsina (5) 


y =Vycosa + g(x) v= 
Integrating with respect to x, 
g (x) =—Vx sin @ + constant (6) 


The constant is arbitrary since velocity components are always derivatives of y. We set the constant to zero, knowing that 
we can always add an arbitrary constant later on if desired. Thus, 











Stream function: yw =Vycosa—Vxsinag (7) 





Discussion You should be able to obtain the same answers by starting with the opposite equations in Eq. 1 (i.e., 
integrate first with respect to y to obtain ø and with respect to x to obtain y). 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-61 
Solution We are to generate expressions for the stream function and the velocity potential function for a line source, 
beginning with the first equation above. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is irrotational in the region of interest. 3 The flow is 
two-dimensional in the x-y or r-@ plane. 


Analysis To find the stream function, we integrate the first equation with respect to @ and then differentiate with 
respect to the other variable r, 
dy VIL V/L oy 
= > = O+f(r) > = =f'(r)=-u,=0 (l 
00. 2x Ug OTK) po eee 2 





We integrate Eq. | to obtain 
f (r) = constant (2) 


We set the arbitrary constant of integration to zero since we can add back a constant as desired at any time without 
changing the flow. Thus, 





Viy 


Line source at the origin: y= 7 
mT 


(3) 











We perform a similar analysis for ¢ by beginning with the first equation: 


Eo 


ô VIL V/L 
— —- = 
00 


a oe g=- r+ (9) > f'(0)=ru=0 (9 





We integrate Eq. 4 to obtain 


f (0) = constant 


We set the arbitrary constant of integration to zero since we can add back a constant as desired at any time without 
changing the flow. Thus, 





_V/L 
2a 





Inr (5) 


Line source at the origin: d 











Discussion You can easily verify by differentiation that Eqs. 3 and 5 yield the correct velocity components. Also note 
that if V/L is negative, the flow field is that of a line sink rather than a line source. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-62 
Solution We are to generate expressions for the stream function and the velocity potential function for a line vortex. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is irrotational in the region of interest. 3 The flow is 
two-dimensional in the x-y or r-@ plane. 


Analysis To find the stream function we integrate the first equation with respect to 8, and then differentiate with 
respect to the other variable r, 





oy _ E OV _ erf Aa L 
g” > v=f(r) > : f'(r) =-u, ; (1) 


We integrate Eq. | to obtain 


T 
= ——Ìnr + constant 2 
Fls- (2) 


We set the arbitrary constant of integration to zero since we can add back a constant as desired at any time without 
changing the flow. Thus, 





Line vortex at the origin: y= so r (3) 
1 











We perform a similar analysis for ¢. Beginning with the first equation: 


or 00 





Fon- y 


> ¢=f(8) > = 


We integrate Eq. 4 to obtain 
f (9) = Lg + constant 
27 


We set the arbitrary constant of integration to zero since we can add back a constant as desired at any time without 
changing the flow. Thus, 





Tr 
Line vortex at the origin: ġ= oa (5) 
T 











Discussion You can easily verify by differentiation that Eqs. 3 and 5 yield the correct velocity components. Also note 
that ifT is positive, the vortex is counterclockwise, and if T is negative, the vortex is clockwise. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-63 
Solution For a given stream function, we are to calculate the velocity potential function 


Assumptions 1 The flow is steady and incompressible. 2 The flow is two-dimensional in the r-@ plane. 3 The flow is 
approximated as irrotational. 


Analysis There are two ways to approach this problem: (1) Calculate the velocity components from the stream 
function, and then integrate to obtain ¢ (2) Superpose a freestream and a doublet to generate ø directly. We show both 
methods here. 


Method (1): We calculate the velocity components everywhere in the flow field by differentiating the stream function, 


1 2 2 
Velocity components: u, = Ea =V,, cos 9] 1- a Uy = Ba =-V _sinĝ| 1+ ae (1) 
r 00 r or r 


Now we integrate to obtain the velocity potential function. We begin by integrating the expression for u, in Eq. 1, 





2 2 
1, = Sv, cosol-S| > g-vcoso[re + 6(0 (2) 
Or re r 
We differentiate Eq. 2 with respect to Oand divide by r to get 
2 ' 0 2 
gy Gn 1 fl ) _-y sina ioe (3) 
r 00 r r r 


Equation 3 reduces to f’(® = 0, or f(® = constant. The constant is arbitrary, and we set it to zero for convenience. Hence, 
Eq. 2 reduces to 





2 
Velocity potential, flow over a cylinder: =V, cos + £) (4) 
7 











Method (2): The velocity potential functions for a freestream and a doublet are superposed (added) to yield 


Superposition: g=V_rcos0+K cose (5) 
F 


To find the doublet strength (K), we set the radial velocity component u, to zero at the cylinder surface (r = a), 




















ð 0 0 
go See > 0=V, cos0 - K—— (6) 
Or r i a 
Equation 6 reduces to K =a’V.,. Hence, Eq. 5 becomes 
a 
Velocity potential, flow over a cylinder: g=V, cos + =) (7) 
F 
Discussion Both methods yield the same answer, as they must. 
10-64 
Solution We are to discuss D’Alembert’s paradox. 
Analysis D’Alembert’s paradox states that with the irrotational flow approximation, the aerodynamic drag force 


on any non-lifting body of any shape immersed in a uniform stream is zero. It is a paradox because we know from 
experience that bodies in a flow field have non-zero aerodynamic drag. 


Discussion Irrotational flow over a non-lifting immersed body has neither pressure drag nor viscous drag. In a real 
flow, both of these drag components are present. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


Boundary Layers 


10-65C 
Solution We are to explain why the boundary layer approximation bridges the gap between the Euler equation and 
the Navier-Stokes equation. 


Analysis The Euler equation neglects the viscous terms compared to the inertial terms. For external flow around a 
body, this is a reasonable approximation over the majority of the flow field, except very close to the body, where viscous 
effects dominate. The Navier-Stokes equation, on the other hand, includes both viscous and inertial terms, but is much more 
difficult to solve. The boundary layer equations bridge the gap between these two: we solve the simpler Euler equation 
away from walls, and then fit in a thin boundary layer to account for the no-slip condition at walls. 


Discussion Students’ discussions should be in their own words. 





10-66C 

Solution 

(a) False: If the Reynolds number at a given x location were to increase, all else being equal, viscous forces would 
decrease in magnitude relative to inertial forces, rendering the boundary layer thinner. 

(b) False: Actually, as V increases, so does Re, and the boundary layer thickness decreases with increasing Reynolds 
number. 

(c) True: Since u appears in the denominator of the Reynolds number, Re decreases as x increases, causing the boundary 
layer thickness to increase. 

(d) False: Since p appears in the numerator of the Reynolds number, Re increases as p increases, causing the boundary 
layer thickness to decrease. 





10-67C 
Solution We are to name three flows (other than flow along a wall) where the boundary layer approximation is 
appropriate, and we are to explain why. 


Analysis The boundary layer approximation is appropriate for the three basic types of shear layers: wakes, jets, and 
mixing layers. These flows have a predominant flow direction, and for high Reynolds numbers, the shear layer is very thin, 
causing the viscous terms to be much smaller than the inertial terms, just as in the case of a boundary layer along a wall. 


Discussion For the wake and the mixing layer, there is an irrotational outer flow in the streamwise direction, but for the 
jet, the flow outside the jet is nearly stagnant. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-68C 
Solution We are to sketch several streamlines and discuss whether the curve representing (x) is a streamline or not. 
Analysis Five streamlines are sketched in Fig. 1. In order to satisfy conservation of mass, the streamlines must 


cross the curve (x). Thus, (x) cannot itself be a streamline of the flow. 


FIGURE 1 V 
Several streamlines and the curve a 
representing das a function of x for a 
flat plate boundary layer. Since 
streamlines cross the curve (x), O(x) 
cannot itself be a streamline of the flow. 


Streamlines 










Boundary layer 


Discussion As the boundary layer grows in thickness, streamlines diverge slowly away from the wall (and become 
farther apart from each other) in order to conserve mass. However, the upward displacement of the streamlines is not as fast 
as the growth of (x). 





10-69C 
Solution Weare to define trip wire and explain its purpose. 
Analysis A trip wire is a rod or wire stretched normal to the streamwise direction along the wall. Its purpose is 


to create a large disturbance in the laminar boundary layer that causes the boundary layer to “trip” to turbulence much more 
quickly than it would otherwise. 


Discussion Dimples on a golf ball serve the same purpose. 





10-70 
Solution We are to calculate the location of transition and turbulence along a flat plate boundary layer. 


Assumptions 1 The flow is incompressible and steady in the mean. 2 Freestream disturbances are small. 3 The surface of 
the plate is very smooth. 


Properties The density and viscosity of air at T= 30°C are 1.164 kg/m’ and 1.872 x 10° kg/m<s respectively. 


Analysis Transition begins at the critical Reynolds number, which is approximately 100,000 for “clean” flow along a 
smooth flat plate. Thus, 


Beginning of transition: Re 


x,critical 


PVX critical = 100, 000 (1) 
u 


Solving for x yields 
100,000, 100,000(1.872x10" kg/m-s) 


Xeritical 7 TAAS 6.43 x 10° m 2 

“pv (1.164 kg/m’ )(25.0 m/s) H 
That is, transition begins at x = 6 or 7 cm. Fully turbulent flow in the boundary layer occurs at approximately 30 times 
Xcritical at REx transition % 3 X 10°. So, the boundary layer is expected to be fully turbulent by x = 2 m. 


Discussion Final results are given to only one significant digit, since the locations of transition and turbulence are only 
approximations. The actual locations are influenced by many things, such as noise, roughness, vibrations, freestream 
disturbances, etc. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-71E 
Solution We are to assess whether the boundary layer on the surface of a fin is laminar or turbulent or transitional. 


Assumptions 1 The flow is steady and incompressible. 2 The fin surface is smooth. 


Properties The density and viscosity of water at T= 40°F are 62.42 Ibm/ft* and 1.038 x 10° Ibm/ft-s, respectively. The 
kinematic viscosity is thus v= 1.663 x 10° ft’/s. 


Analysis Although the fin is not a flat plate, the flat plate boundary layer values are useful as a reasonable 
approximation to determine whether the boundary layer is laminar or turbulent. We calculate the Reynolds number at the 
trailing edge of the fin, using c as the approximate streamwise distance along the flat plate, 


6.0 mi/hr )(1.6 ft 
ee sk M i (Peel mE )=847x10' 
tO y 1,663x10 ft/s (mi J(3600s 


The critical Reynolds number for transition to turbulence is 1 x 10° for the case of a smooth flat plate with very clean, low- 
noise freestream conditions. Our Reynolds number is higher than this. The engineering value of critical Reynolds number 
for real engineering flows is Rexg = 5 x 10°. Since Re, is greater than Re,.,, but less than Rex transition (30 x 10°), the 
boundary layer is most likely transitional, but may be fully turbulent by the trailing edge of the fin. 


Discussion _In a real-life situation, the freestream flow is not very “clean” — there are eddies and other disturbances, the 
fin surface is not perfectly smooth, and the vehicle may be vibrating. Thus, transition and turbulence are likely to occur 
much earlier than predicted for a smooth flat plate, and the boundary layer may be fully turbulent (or nearly so) by the 
trailing edge of the fin. 





10-72 
Solution We are to assess whether the boundary layer on the surface of a sign is laminar or turbulent or transitional. 


Assumptions 1 The flow is steady and incompressible. 2 The sign surface is smooth. 


Properties The density and viscosity of air at T = 25°C are 1.184 kg/m? and 1.849 x 10° kg/m-s respectively. The 
kinematic viscosity is thus v= 1.562 x 10° m’/s. 


Analysis Since the air flow is parallel to the sign, this flow is that of a flat plate boundary layer. We calculate the 
Reynolds number at the downstream edge of the sign, using W as the streamwise distance along the flat plate, 


_ vw _ (5.0 m/s)(0.45 m) 


Re, -5 2 
v 1.562 x10” m^/s 


=1.44x10° (1) 


The critical Reynolds number for transition to turbulence is 1 x 10° for the case of a smooth flat plate with very clean, low- 
noise freestream conditions. Our Reynolds number is higher than this, but just barely so. The engineering value of critical 
Reynolds number for transition to a turbulent boundary layer in real engineering flows is Re, .. = 5 x 10°; our value of Re, 
is less than Rex; Since Re, is a bit greater than Rex critical, but less than Rex. (5 x 10°), and much less than Rex transition (30 X 
10°), the boundary layer is laminar for a while, and then becomes transitional by the trailing edge of the fin. 


Discussion — The flow over the sign is not very “clean” — there are eddies from the passing vehicles, and other 
atmospheric disturbances. In addition, the sign surface is not perfectly smooth, and most signs tend to oscillate somewhat in 
the wind. Thus, transition and turbulence are likely to occur much earlier than predicted for a smooth flat plate. The 
boundary layer on this sign is definitely transitional, but probably not turbulent, by the downstream edge of the sign. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-73E 
Solution We are to assess whether the boundary layer on the wall of a wind tunnel is laminar or turbulent or 
transitional. 


Assumptions 1 The flow is steady and incompressible. 2 The surface of the wind tunnel is smooth. 3 There are minimal 
disturbances in the freestream flow. 


Properties The density and viscosity of air at T = 80°F are 0.07350 Ibm/ft’ and 1.247 x 10° Ibm/ft-s respectively. The 
kinematic viscosity is thus v= 1.697 x 10* ft’/s. 


Analysis We calculate the Reynolds number at the downstream end of the wall, using L = 1.5 ft as the streamwise 
distance along the flat plate, 


_ VL _ (7.5 fi/s)(1.5 ft) 


Re. re 
* v 1.697x107 ft?/s 


= 6.6310" (1) 

The engineering value of critical Reynolds number for transition to a turbulent boundary layer in real engineering flows is 
Rexo = 5 x 10°; our value of Re, is much less than Rexe In fact, our Reynolds number is even lower than the critical 
Reynolds number for transition to turbulence (1 x 10°) for the case of a smooth flat plate with very clean, low-noise 
freestream conditions. Since the flow is clean and Re, is less than Re, critical, the boundary layer is definitely laminar. 


Discussion There is typically a contraction just upstream of the test section of a wind tunnel. Upstream of that are 
typically some screens and/or honeycombs to make the flow clean and uniform. Thus, the disturbances are likely to be quite 
small, and the boundary layer is most likely laminar. 





10-74 
Solution We are to generate an expression for the outer flow velocity at point 2 in the boundary layer. 


Assumptions 1 The flow is steady, incompressible, and laminar. 2 The boundary layer approximation is appropriate. 


Analysis The boundary layer approximation tells us that P is constant normal to the boundary layer, but not 
necessarily along the boundary layer. Therefore, at any streamwise location along the boundary layer, the pressure in the 
outer flow region just above the boundary layer is the same as that at the wall. In the outer flow region, the Bernoulli 
equation reduces to 
dU 1 dP dU 1 dP 
as = 


Outer flow: i Say re a ea aa 
j dx p dx dx pU dx (1) 


For small values of Ax, we can approximate U, ~ U, + (dU/dx)Ax, and P, = P, + (dP/dx)Ax. Substitution of these 
approximations into Eq. 1 yields 





P, -B P,-P 
U, ~U, ! Sete ae LAX > U, xU -= 
pU, dx pu, Ax pu, 





(2) 











Discussion It turns out that U, does not depend on Ax or yz, but only on P), Po, U;, and p. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-75 
Solution We are to estimate U>, and explain whether it is less than, equal to, or greater than U). 
Assumptions 1 The flow is steady, incompressible, and laminar. 2 The boundary layer approximation is appropriate. 


Properties The density and viscosity of air at T= 25°C are 1.184 kg/m’ and 1.849 x 10° kg/m-s respectively. 


Analysis The Bernoulli equation is valid in the outer flow region. Thus, we know that as P increases, U decreases, 
and vice-versa. In this case, P increases, and thus we expect U, to be less than U,. From the results of Problem 10-74, 





On P,-P m 2.44 N/m? ($ m 


10.3 J 
Ns’ 


i ) = 10.1 m/s 
pU, s (1.186 kg/m*)(10.3 m/s) 


Thus, the outer flow velocity indeed decreases by a small amount. 


Discussion The approximation is first order, and thus appropriate only if the distance between x, and x, is small. 





10-76 
Solution We are to list the five steps of the boundary layer procedure. 


Analysis We list the five steps below, with a description of each: 


Step 1 Solve for the outer flow, ignoring the boundary layer (assuming that the region of flow outside the boundary layer 
is approximately inviscid and/or irrotational). Transform coordinates as necessary to obtain U(x). 

Step 2 Assume a thin boundary layer — so thin in fact that it does not affect the outer flow solution of Step 1. 

Step 3 Solve the boundary layer equations. For this step we use the no-slip boundary condition at the wall, u =v =0 at y = 
0, the known outer flow condition at the edge of the boundary layer, u — U(x) as y > œ, and some known starting 
profile, u = Ustating(y) at X = Xstarting- 

Step 4 Calculate quantities of interest in the flow field. For example, once the boundary layer equations have been solved 
(Step 3), we can calculate Sx), shear stress along the wall, total skin friction drag, etc. 

Step 5 Verify that the boundary layer approximations are appropriate. In other words, verify that the boundary layer is 
indeed thin — otherwise the approximation is not justified. 


Discussion Students’ discussions should be in their own words. 





10-77 
Solution We are to list at least three “red flags” to look for when performing boundary layer calculations. 
Analysis We list four below. (Students are asked to list at least three.) 


- The boundary layer approximation breaks down if Reynolds number is not large enough. For example, d/L ~ 0.01 
(1%) for Rez = 10,000. 

- The assumption of zero pressure gradient in the y direction breaks down if wall curvature is of similar magnitude 
as 6. In such cases, centripetal acceleration effects due to streamline curvature cannot be ignored. Physically, the 
boundary layer is not “thin” enough for the approximation to be appropriate when ĝis not << R. 

- When Reynolds number is too high, the boundary layer does not remain laminar. The boundary layer 
approximation itself may still be appropriate, but the laminar boundary layer equations are not valid if the flow is 
transitional or fully turbulent. The laminar boundary layer on a smooth flat plate under clean flow conditions 
begins to transition towards turbulence at Re, ~ 1 x 10°. In practical engineering applications, walls may not be 
smooth and there may be vibrations, noise, and fluctuations in the freestream flow above the wall, all of which 
contribute to an even earlier start of the transition process. 

- If flow separation occurs, the boundary layer approximation is no longer appropriate in the separated flow region. 
The main reason for this is that a separated flow region contains reverse flow, and the parabolic nature of the 
boundary layer equations is lost. 


Discussion Students’ discussions should be in their own words. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-78 


pU? 


Re, 


Assumptions 1 The flow is steady and incompressible. 2 The Reynolds number is in the range where the Blasius solution 
is appropriate. 


Solution We are to prove that 7,, = 0.332 





for a flat plate boundary layer. 


Analysis Equation 4 of Example 10-10 gives the definition of similarity variable 77, which we re-write in terms of y 
as a function of 7, 


y as a function of 7: n=y [U > y=n Yx (1) 
Vx U 


From the chain rule and Eq. 1, we obtain an expression for d/dn, 


cae ai 
dn dydn dy\U 


d(u/U 
me) 2 3 ZZ =0.332 (3) 
dn a dy J o NU 


Derivative with respect to similarity variable 1: 


(2) 


We apply Eq. 2 above to Eq. 8 of Example 10-10, 





But by definition, 7, = | , and Eq. 3 yields 
y 


y=0 


d 3 2 
Shear stress at the wall: T,= u al =0.332pv, = = 0.332 pU* a = 0.332 i (4) 
dy) VU Vx Ux [Re, 


which is the desired expression for the shear stress at the wall in physical variables. 





Discussion The chain rule algebra is valid here since U and x are functions of x only — they are not functions of y. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-79E 
Solution We are to calculate 6, o*, and @at the end of the wind tunnel test section. 


Assumptions 1 The flow is steady and incompressible. 2 The surface of the wind tunnel is smooth. 3 The boundary layer 
remains laminar all the way to the end of the test section. 


Properties The density and viscosity of air at T= 80°F are 0.07350 lbm/ft’ and 1.247 x 10° lbm/ft-s respectively. 


Analysis In Problem 10-73E, we calculated the Reynolds number at the downstream end of the wall, Re, = 6.63 x 10° 
(keeping an extra digit for the calculations). All of the desired quantities are functions of Re,: 


_ 491x 4.91(1.5 ft) 











Boundary layer thickness: ô Re. = eat = 0.0286 ft = 0.34 in (1) 
and 
Displacement thickness: O*= nie = Te = 0.0100 ft ~ 0.12 in (2) 
Re, ¥6.63x10* 
and 
Momentum thickness: 0= ee z Se = 0.00387 ft ~ 0.046 in (3) 


Re, 6.63104 


Thus, ô= 0.34 inches, 6* = 0.12 inches, and 0 = 0.046 inches at the end of the wind tunnel test section. As expected, ô> 
OF > 0. 


Discussion All answers are given to two significant digits. 





10-80 
Solution We are to determine which orientation of a rectangular flat plate produces the higher drag. 


Assumptions 1 The flow is steady and incompressible. 2 The Reynolds number is high enough for a laminar boundary 
layer to form on the plate, but not high enough for the boundary layer to become turbulent. 


Analysis Reynolds number appears in the denominator of the equation for shear stress along the wall of a laminar 
boundary layer. Thus, wall shear stress decreases with increasing x, the distance down the plate. Hence, the average wall 
shear stress is higher for the case with the plate oriented with its short dimension aligned with the wind (case (b) of Fig. 
P10-80). Since the surface area of the plate is the same regardless of orientation, the plate with the higher average value of 
Tw has the higher overall drag. Case (b) has the higher drag. 


Discussion Another way to think about this problem is that since the boundary layer is thinner near the leading edge, 
the shear stress is higher there, and the front portion of the plate contributes to more of the total drag than does the rear 
portion of the plate. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-81 
Solution We are to define displacement thickness and discuss whether it is larger or smaller than boundary layer 
thickness. 


Assumptions 1 The flow is steady and incompressible. 2 The boundary layer growing on the flat plate is laminar. 


Analysis The two definitions of displacement thickness are: 


e Displacement thickness is the distance that a streamline just outside of the boundary layer is deflected away from 
the wall due to the effect of the boundary layer. 

e Displacement thickness is the imaginary increase in thickness of the wall, as seen by the outer flow, due to the 
effect of the growing boundary layer. 


For a laminar boundary layer, 6 is larger than 6*. 6 is defined by the overall thickness of the boundary layer, whereas 6* 
is an integrated thickness across the boundary layer that averages the mass deficit across the boundary layer. Therefore, it is 
not surprising that 6* is less than 6. 


Discussion The definitions given by students should be in their own words. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-82 
Solution The acceleration of air through the round test section of a wind tunnel is to be calculated. 


Assumptions 1 The flow is steady and incompressible. 2 The walls are 
smooth, and disturbances and vibrations are kept to a minimum. 3 The 


boundary layers is laminar. 


Properties The kinematic viscosity of air at 20°C is v= 1.516 x 10° 


m’/s. 
Analysis (a) As the boundary layer grows along the wall of the wind (a) (b) 
tunnel test section, air in the region of irrotational flow in the central 
portion of the test section accelerates in order to satisfy conservation of FIGURE 1 
mass. The Reynolds number at the end of the test section is Cross-sectional views of the test section of 
the wind tunnel: (a) beginning of test 
Re = Vx (2.0 m/s)(0.60 m) -~7.92x10* section, and (b) end of test section. 


“oy 1.516x10°m?/s 


The engineering value of critical Reynolds number for transition to a turbulent boundary layer in real engineering flows is 
Rex or = 5 x 10°; our value of Re, is less than Re,,.;. In fact, Re, is lower than the critical Reynolds number, Reycriticay ¥ 1 x 
10°, for a smooth flat plate with a clean free stream. Since the walls are smooth and the flow is clean, we may assume that 
the boundary layer on the wall remains laminar throughout the length of the test section. We estimate the displacement 
thickness at the end of the test section, 


_ 1.72x _ 1.72(0.60 m) 


Re, 7.92 x10* 


Two cross-sectional views of the test section are sketched in Fig. 1, one at the beginning and one at the end of the test 
section. The effective radius at the end of the test section is reduced by 6* as calculated by Eq. 1. We apply conservation of 
mass to calculate the air speed at the end of the test section, 


o* 





=3.67x10° m=3.67mm_ (1) 


mR? 
Vaaa = Viez i Vo HV. 2 E 
end* “end beginning Apeginning > end beginning x(R _ 5 *)? (2) 
We plug in the numerical values to obtain 
(0.20 m}? 
Result: Va = (2.0 m/s) = 2.08 m/s (3) 


-3 2 
(0.20 m-3.67x10° m) 
Thus the air speed increases by approximately 4% through the test section, due to the effect of displacement thickness. 


Discussion The same displacement thickness technique may be applied to turbulent boundary layers; however, a 
different equation for 6*(x) is required. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-83 
Solution The acceleration of air through the square test section of a wind tunnel is to be calculated and compared to 
that through a round wind tunnel test section. 


Assumptions 1 The flow is steady and incompressible. 2 The walls are 
smooth, and disturbances and vibrations are kept to a minimum. 3 The a-25* 
boundary layers is laminar. a-26* 


Properties The kinematic viscosity of air at 20°C is v= 1.516 x 10° om 
2 
m^/s. 


Analysis (a) As the boundary layer grows along the walls of the (a) (b) 
wind tunnel test section, air in the region of irrotational flow in the central 
portion of the test section accelerates in order to satisfy conservation of FIGURE 1 


mass. The Reynolds number at the end of the test section is Cross-sectional views of the test section of 
the wind tunnel: (a) beginning of test 


Vx _ (2.0 m/s)(0.60 m) section, and (b) end of test section. 


Re, =— => ——————— =7.92x10* 
i v 1.516x10°m*/s 


The engineering value of critical Reynolds number for transition to a turbulent boundary layer in real engineering flows is 
Rex «¢ = 5 x 10°; our value of Re, is less than Rexo. In fact, Re, is lower than the critical Reynolds number, Re, critical ~% 1 X 
10°, for a smooth flat plate with a clean free stream. Since the walls are smooth and the flow is clean, we may assume that 
the boundary layer on the wall remains laminar throughout the length of the test section. We estimate the displacement 
thickness at the end of the test section, 


1.72x  1.72(0.60 m 
gee aC aris m=3.67mm = (1) 


Re, V7.92x10* 


Two cross-sectional views of the test section are sketched in Fig. 1, one at the beginning and one at the end of the test 
section. The effective dimensions at the end of the test section are reduced by 26*. We apply conservation of mass to 
calculate the air speed at the end of the test section, 





o* 


2 
Vana A Z 


end 


=V, 


beginning 


A 


beginning 


= Vand = Veginning ( 


ay P 


We plug in the numerical values to obtain 


(0.40 m} 
[ 0.40 m-2(3.67x10° m)| 





Result: Vid = (2.0 m/s) z = 2.08 m/s (3) 


Thus the air speed increases by approximately 4% through the test section, due to the effect of displacement thickness. 

The result for the square test section is identical to that of the round test section. We might have expected the 
square test section to do better since its cross-sectional area is larger than that of the round test section. However, the square 
test section also has more wall surface area than does the round test section, and thus, the acceleration due to displacement 
thickness on the walls is the same in both cases. 


Discussion The same displacement thickness technique may be applied to turbulent boundary layers; however, a 
different equation for 6*(x) is required. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-84 
Solution The height of a boundary layer scoop in a wind tunnel test section is to be calculated. 


Assumptions 1 The flow is steady and incompressible. 2 The walls are smooth. 3 The boundary layers starts growing at x 
=0. 


Properties The kinematic viscosity of air at 20°C is v= 1.516 x 10° m’/s. 


Analysis (a) As the boundary layer grows along the wall of the wind tunnel test section, the Reynolds number 
increases. The Reynolds number at location x is 


Re; fs OE) e510! 
* y 1.516x10°m?/s 


Since Re, is greater than the transition Reynolds number, Re, transition ¥ 3 X 10°, we assume that the boundary layer is 
turbulent throughout the length of the test section. We estimate the boundary layer thickness at the location of the scoop, 


0.16(1.45 m 
Tait: «GaP OO OY a ig? hone cain (1) 


(Re,)'"  (6.22x10°) | 


or, 
0.38x 0.38(1.45 m) 


Table 10-4b: 5 es 24x0? m=24.1mmM (1) 
(Re,) © (6.22x10°) 


We design the scoop height to be greater than or equal to the boundary layer thickness at the location of the scoop. Thus, 
we set h x 6= 25. mm, or about an inch. 


Discussion The suction pressure of the scoop must be adjusted carefully so as not to suck too much or too little — 
otherwise it would disturb the flow. Since the early portion of the boundary layer is laminar, the actual boundary layer 
thickness will be somewhat lower than that calculated here. Thus, our calculation represents an upper limit. However, some 
of the large turbulent eddies in the boundary layer may actually exceed height ó, so our calculated h may actually not be 
sufficient to remove the complete boundary layer. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-85E 
Solution The acceleration of air through the round test section of a wind tunnel is to be calculated. 


Assumptions 1 The flow is steady and incompressible. 2 The walls are 
smooth, and disturbances and vibrations are kept to a minimum. 3 The 


boundary layers is laminar. 


Properties The kinematic viscosity of air at 70°F is v= 1.643 x 10“ 


ft/s. 

; (a) (b) 
Analysis (a) As the boundary layer grows along the wall of the 
wind tunnel test section, air in the region of irrotational flow in the central FIGURE 1 


portion of the test section accelerates in order to satisfy conservation of 
mass. The Reynolds number at the end of the test section is 


Vx (5.0 ft/s)(10.0 = 1ft 
Re en | es 
* v  1,643x10*ft?/s (12 in 


Cross-sectional views of the test section of 

the wind tunnel: (a) beginning of test 

) section, and (b) end of test section. 
=2.54x10* 


The engineering value of critical Reynolds number for transition to a turbulent boundary layer in real engineering flows is 
Rex cr = 5 x 10°; our value of Re, is less than Re,,.,. In fact, Re, is lower than the critical Reynolds number, Rey critical * 1 x 
10°, for a smooth flat plate with a clean free stream. Since the walls are smooth and the flow is clean, we may assume that 
the boundary layer on the wall remains laminar throughout the length of the test section. We estimate the displacement 
thickness at the end of the test section, 


1.72x _ 1.72(10.0 in) 


VRe, 2.5410" 


Two cross-sectional views of the test section are sketched in Fig. 1, one at the beginning and one at the end of the test 
section. The effective radius at the end of the test section is reduced by 6* as calculated by Eq. 1. We apply conservation of 
mass to calculate the air speed at the end of the test section, 


O*® 





= 0.108 in (1) 


mR? 


V A —— 
m(R-6*) 


end * “end 


> V 


end — Vpeginning 


= Veginning Apeginning 


(2) 


We plug in the numerical values to obtain 
(6.0 in)’ 


eet Fo OO Nin 0.108 in) 


= 5.18 ft/s (3) 


Thus the air speed increases by approximately 4% through the test section, due to the effect of displacement thickness. 
To eliminate this acceleration, the engineers can either diverge the test section walls, or add some suction 
along the sides to remove some air. 


Discussion The same displacement thickness technique may be applied to turbulent boundary layers; however, a 
different equation for 6*(x) is required. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-86E 
Solution We are to determine if a boundary layer is laminar, turbulent, or transitional, and then compare the laminar 
and turbulent boundary layer thicknesses. 


Properties The kinematic viscosity of air at 70°F is v= 1.643 x 10° ft’/s. 


Analysis First, we calculate the Reynolds number at the end of the plate, 


Re,, end of plate: Re, Vi SUNS actos 
“oy 1.643 x10™ ft"/s 
The engineering value of critical Reynolds number for transition to a turbulent boundary layer in real engineering flows is 
Re, «. = 5 x 10°; our value of Re, is greater than Re,,,, leading us to suspect that the boundary layer is turbulent. However, 
Re, is lower than the transition Reynolds number, Rey transition ¥ 3 x 10°, for a smooth flat plate with a clean free stream. 
Thus, we suspect that this boundary layer is laminar at the front of the plate, and then transitional farther 
downstream. If the plate is vibrating and/or the freestream is noisy, the boundary layer may possibly be fully turbulent by 
the end of the plate. 
If the boundary layer were to remain laminar to the end of the plate, its thickness would be 


4.91(10.6 ft 
Laminar: ô= T = ees) = 0.0520 ft = 0.625 in (1) 


Re,  1.00x10‘ 


If the boundary layer at the end of the plate were fully turbulent (and turbulent from the beginning of the plate), its 
thickness would be 


0.16x _ 0.16(10.6 ft) 


Turbulent, Table 10-4a: 6 » ———— = 7 
(Re,)  (1.00x10°) 


= 0.236 ft = 2.83 in (1) 


or, 
0.38x _ 0.38(10.6 ft) 


Turbulent, Table 10-4b: 6 ~ = = 
(Re,) > (1.00x10°) 


= 0.254 ft = 3.05 in (1) 


Thus, the turbulent boundary layer thickness is about 4.5 to 4.9 times thicker than the corresponding laminar boundary 
layer thickness at the same Reynolds number. We expect the actual boundary layer thickness to lie somewhere between 
these two extremes. 


Discussion The difference between the two turbulent boundary layer equations for 6 is about 7 or 8 percent. This is 
larger than we might hope, but keep in mind that at Re, = 1.00 x 10°, the boundary layer is not yet fully turbulent, and the 
equations for 6 are not accurate at such low Reynolds numbers. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-87 
Solution The apparent thickness of a flat plate is to be calculated. 


Assumptions 1 The flow is steady and incompressible. 2 The walls are smooth. 3 The boundary layers starts growing at x 
=0. 


Properties The kinematic viscosity of air at 20°C is v= 1.516 x 10° m’/s. 


Analysis (a) As the boundary layer grows along the plate, the Reynolds number increases. The Reynolds number at 
location x is 


5.0 m/s)(0.25 
Re,: Re, = aS ano =8.2454x10* 
v  1.516x10"m’/s 


The engineering value of critical Reynolds number for transition to a turbulent boundary layer in real engineering flows is 
Rey cr = 5 x 10°; our value of Re, is less than Re,,.;. In fact, Re, is lower than the critical Reynolds number, Rey critical ~ 1 x 
105, for a smooth flat plate with a clean free stream. Since Re, is lower than the critical Reynolds number, and since the 


walls are smooth and the flow is clean, we may assume that the boundary layer on the wall remains laminar, at least to 
location x. We estimate the displacement thickness at x = 25 cm, 


1.72x _ 1.72(0.25 m) 


Re, 8.2454x10* 


This “extra” thickness is seen by the outer flow. Since the plate is 0.75 cm thick, and since a similar boundary layer forms 
on the bottom as on the top, the total apparent thickness of the plate is 


O* 





=1.4975x10% m=0.14975 em (1) 


Apparent thickness: h = h+26* = 0.75 cm + 2(0.14975 cm) = 1.05 cm 


apparent 


Discussion We have kept 5 digits of precision in intermediate steps, but report our final answer to three significant 
digits. The Reynolds number is pretty close to critical. If the freestream air flow were noisy and/or the plate were rough or 
vibrating, we might expect the boundary layer to be transitional, and then the apparent thickness would be greater. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-88 [Also solved using EES on enclosed DVD| 
Solution We are to plot the mean boundary layer profile u(y) at the 
end of a flat plate using three different approximations. 








250 5 
Assumptions 1 The plate is smooth. 2 The boundary layer is turbulent | 
from the beginning of the plate. 3 The flow is steady in the mean. 4 The J 
plate is infinitesimally thin and is aligned parallel to the freestream. 200 7 
Properties The kinematic viscosity of air at 20°C is v= 1.516 x 10° ] 
ee 190p saaan 
: y 4 
Analysis First we calculate the Reynolds number at x = L, nae 00 }----- Loglaw\ f 
1 Spalding 
80.0 m/s )(17.5 m 1 
pee ce ES ee 4 
“oY 1.516x10°m*“/s Uae eg eee -- 
. J 1/7" power 
This value of Re, is well above the transitional Reynolds number for a 4 
flat plate boundary layer, so the assumption of turbulent flow from the 04 
beginning of the plate is reasonable. 
: ; 0 20 40 60 80 
Using the column (a) values of Table 10-4, we estimate the u (m/s) 
boundary layer thickness and the local skin friction coefficient at the end 
of the plate, FIGURE 1 
Comparison of turbulent flat plate boundary 
0.16x 0.027 = layer profile expressions in physical 
= ——_ = 0.204 m C; ® apy = 1-97 10 : (1) å = T 2 _ 
(Re, ) (Re, ) variables at Re, = 9.23 x 10°: one-seventh 


power approximation, log law, and 
We calculate the friction velocity by using the definition of C;,, Spalding’s law of the wall. 


u. =[c,,/p =U JC,,/2 =(80.0 m/s), [(1.97x107)/2 =2.51m/s © 


where U(x) = V = constant for a flat plate. It is trivial to generate a plot of the one-seventh-power law. We follow Example 
10-13 to plot the log law, namely, 


Ly (i) (3) 


Since we know that u varies from 0 at the wall to U at the boundary layer edge, we are also able to plot the log law velocity 
profile in physical variables. Finally, Spalding’s law of the wall is also written in terms of y as a function of u. We plot all 
three profiles on the same plot for comparison (Fig. 1). All three are close, and we cannot distinguish the log law from 
Spalding’s law on this scale. 


Discussion Neither the one-seventh-power law nor the log law are valid real close to the wall, but Spalding’s law is 
valid all the way to the wall. However, on the scale shown in Fig. 1, we cannot see the differences between the log law and 
the Spalding law very close to the wall. 





10-89 
Solution We are to discuss the difference between a favorable and an adverse pressure gradient. 
Analysis When the pressure decreases downstream, the boundary layer is said to experience to a favorable 


pressure gradient. When the pressure increases downstream, the boundary layer is subjected to an adverse pressure 
gradient. The term “favorable” is used because the boundary layer is unlikely to separate off the wall. On the other hand, 
“adverse” or “unfavorable” indicates that the boundary layer is more likely to separate off the wall. 


Discussion A favorable pressure gradient occurs typically at the front of a body, whereas an adverse pressure gradient 
occurs typically at the back portion of a body. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-90 
Solution We are to discuss the role of an inflection point in a boundary layer profile. 
Analysis As sketched in Fig. 10-124, the existence of an inflection point in the boundary layer profile indicates 


an adverse or unfavorable pressure gradient. The reason for this is due to the fact that the second derivative of the 
velocity profile u(y) at the wall is directly proportional to the pressure gradient (Eq. 10-86). In an adverse pressure gradient 
field, dP/dx is positive, and thus, Puldy’), -0 is also positive. However, since 6°u/dy’ must be negative as u approaches U(x) 
at the edge of the boundary layer, there has to be an inflection point (6°u/dy’ = 0) somewhere in the boundary layer. 


Discussion If the adverse pressure gradient is large enough, the boundary layer separates off the wall, leading to reverse 
flow near the wall. 





10-91 

Solution We are to compare laminar and turbulent boundary layer separation, and explain why golf balls have 
dimples. 

Analysis Turbulent boundary layers are more “full” than are laminar boundary layers. Because of this, a 


turbulent boundary layer is much less likely to separate compared to a laminar boundary layer under the same 
adverse pressure gradient. A smooth golf ball, for example, would maintain a laminar boundary layer on its surface, and 
the boundary layer would separate fairly easily, leading to large aerodynamic drag. Golf balls have dimples (a type of 
surface roughness) in order to create an early transition to a turbulent boundary layer. Flow still separates from the 
golf ball surface, but much farther downstream in the boundary layer, resulting in significantly reduced aerodynamic drag. 


Discussion Turbulent boundary layers have more skin friction drag than do laminar boundary layers, but this effect is 
less significant than the pressure drag caused by flow separation. Thus, a rough golf ball (at appropriate Reynolds numbers) 
ends up with less overall drag, compared to a smooth golf ball at the same conditions. 





10-92 
Solution We are to generate expressions for 6* and 8, and compare to Blasius. 
Analysis First, we set U(x) = V= constant for a flat plate. We integrate using the definition of 6*, 





2 7-8 
a _ u al y 
ô*=| |1-— |dy=| |1-=|dy= — 
l ( a) = 7 f E E 
We integrate only to y = 6, since beyond that, the integrand is identically zero. After substituting the limits of integration, 
we obtain 6* as a function of 6, 


5*=[6-6/2]|-[0-0]=6/2 > 6*=6/2 


Similarly, 








A 2 2 z p 
ou u yy y y y 
ja) Shea dy = 
re Ja i = |e = > 


y=0 
After substituting the limits of integration, we obtain ĝas a function of ô, 
0 =[8/2-6/3]-[0-0]=6/6 > 6=6/6 


The ratios are 6*/5= 1/2 = 0.500, and @d= 1/6 = 0.167, to three significant digits. We compare these approximate 
results to those obtained from the Blasius solution, i.e., 6*/6 = 1.72/4.91 = 0.350, and @d6= 0.664/4.91 = 0.135. Thus, our 
approximate velocity profile yields 5*/5 to about 43% error, and @6dto about 23% error. 


Discussion The linear approximation is not very accurate. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 





10-93 
Solution We are to generate an expression for 6/x, and compare to Blasius. 
Analysis By definition of local skin friction coefficient C;,, 
2r,, 2 du 2 U 2 
C= Sessa ee | = lu | =< 0) 
pu~ pU dy) œ PU ô |o PU 
For a flat plate, the Kármán integral equation reduces to 
dé 1\d6 
C, . =2— =2| — |— 2 
1 dx (5) dx @) 


where we have used the expression for ĝas a function of 6 from Problem 10-92. Substitution of Eq. 1 into Eq. 2 gives 


Oe SM 
dx = pU 


We separate variables and integrate, 


2 
Sdb acted > Č- p Ê h2 
pU 2 pU x pUx 


or, collecting terms, rounding to three digits, and setting pUx/u= Re,, 





5 3.46 


x Re, 


Compared to the Blasius result, &x = 4.91/4/Re, , our approximation based on the sine function velocity profile yields less 


than 30% error. 














Discussion The Kármán integral equation is useful for obtaining 


approximate relations, and is “forgiving” because of the integration. 
Even so, the linear approximation is not very good. Nevertheless, a 30% 
error is sometimes reasonable for “back of the envelope” calculations. 
The sine wave approximation does much better, as in the next problem. 





Sine wave 


10-94 g 


a 





Solution We are to compare the sine wave approximation to the 
Blasius velocity profile. 

0 02 04 06 08 1 
Analysis We plot both profiles in Fig. 1. There is not much u/U 
difference between the two, and thus, the sine wave profile is a very FIGURE 1 


ood approximation of the Blasius profile. , : F 
8 aia i Comparison of Blasius and sine wave 


Discussion The slope of the two profiles at the wall is velocity profiles. 


indistinguishable on the plot (Fig. 1); thus, the sine wave approximation 
should yield reasonable results for skin friction (shear stress) along the wall as well. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-95 
Solution We are to generate expressions for 6* and @, and compare to Blasius. 
Analysis First, we set U(x) = V = constant for a flat plate. We integrate using the definition of 6*, 





y=ő 
% u 6 [TY m y\2ô | 
O*= 1—-— |dy=]| |1-sin dy =| y+cos| —— |— 
il a ” (| c J Í p c 5] x I 
We integrate only to y = 6, since beyond that, the integrand is identically zero. After substituting the limits of integration, 
we obtain 6* as a function of 6, 





5* =[5+0] fo. 22 )-5-25 > 6* = 0.36346 
T T 


Similarly, 





(ise 


y=0 


where we obtained the integral for sin? from integration tables. After substituting the limits of integration, we obtain ĝas a 
function of 6, 


6 fo Ż o} l = [0 ol = 2,2 > 0 =0.1366ð 








T 


The ratios are &*/ô = 0.363, and A = 0.137, to three significant digits. We compare these approximate results to 
those obtained from the Blasius solution, i.e., d*/5 = 1.72/4.91 = 0.350, and O&/6 = 0.664/4.91 = 0.135. Thus, our 
approximate velocity profile yields 5*/6 to less than 4% error, and @6to about 1% error. 


Discussion Integration is “forgiving”, and reasonable results can be obtained from integration, even when the velocity 
profile shape is not exact. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 


10-96 
Solution We are to generate an expression for 6/x, and compare to Blasius. 
Analysis By definition of local skin friction coefficient C;,, 








2 2 d 2 2 
Chae fw = | lt a =, pcos 22) = = dzl- -i (1) 
~ pU% pU dy) o PU 2 J28 |, PUL28] puo 
For a flat plate, the Kármán integral equation reduces to 


dô 


dog 
C, . =2— = 2(0.1366 
dx ( r 2) 


fax 


where we have used the expression for ĝas a function of 6 from Problem 10-95. Substitution of Eq. 1 into Eq. 2 gives 


dé Chex un 


dx 2(0.1366) 0.2732 pU6 
We separate variables and integrate, 


oe oh Oo Fg a 
0.2732 pU 2 0.2732pU x 0.2732 pUx 


Collecting terms, rounding to three digits, and setting pUx/u= Re,, 





6 _ 4.80 
x Re, 


Compared to the Blasius result, d/x = 4.91/,/Re, , the approximation yields less than 3% error. 














Discussion The Karman integral equation is useful for approximations, and is “forgiving” because of the integration. 








10-97 
Solution We are to compare H for laminar vs. turbulent boundary layers, and discuss its significance. 
Analysis Shape factor H is defined as the ratio of displacement thickness to momentum thickness. Thus, 
O* 6*/x 
Shape factor: =— = 1 
P 0 Bix 0) 


For the laminar boundary layer on a flat plate, Eq. 1 becomes 


_5*/x _ 1.72/JRe, 


= =— NV _ = 2.59 
Olx  0.664/,)Re, 





Laminar: 


For the turbulent boundary layer, using both columns for comparison, Eq. 1 yields 


_5*/x _ 0.020/(Re,) 
Olx  0.016/(Re,) 


_ 5*/x _ 0.048/(Re,)" 


= 1.25 Table 10-4b: H = 2 
Olx  0.037/(Re, ) 


Table 10-4a: H =1.30 








Thus, the shape factor for a laminar boundary layer is about twice that of turbulent boundary layer. This implies that 
the smaller the value of H, the more full is the boundary layer. We may also infer that the smaller the value of H, the less 
likely is the boundary layer to separate. H depends on the shape of the velocity profile — hence its name, shape factor. 


Discussion In fact, at the separation point of a laminar boundary layer, H ~ 3.5. 
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10-98 
Solution We are to calculate H for an infinitesimally thin boundary layer. 
Analysis By definition, 
w u 
a) h 7 a) dy 
Shape factor: H =— = (1) 


0 o u u 
—|1-— ld 
e 
But for the limiting case under consideration, u/U = 1 through the entire boundary layer, yielding 6* = 0 and 0 = 0. To 
calculate the ratio in Eq. 1, we use |’ Hopital’s rule, where the variable u approaches U in the limit, 





d { 2) » 1 xo | 
ay |e ee - Ths rË 
0 
H =lim ce = lim hy "U a 
u—> © Uu u R= 
alates h [5-4 Ho u? 


In other words, H is always greater than unity for any real boundary layer. 


Discussion Since turbulent boundary layers are fuller than laminar boundary layers, it is no surprise that Hwurbulent 1S 
closer to unity than is Hiaminar- 





10-99 
Solution We are to integrate an expression for ô. 
Analysis We start with Eq. 5 of Example 10-14, 
-1/7 
E deo 
dx 14 v 


Integration with respect to x yields 


6/7 6/7 
5= (0130) 2 = a Soni a 
6 v U x v Ux 
or, collecting terms, rounding to two digits, and setting Ux/v = Rex, 


5 0.16 


x = (Re,)” 

















Discussion This approximate result is based on the 1/7" power law. 
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10-100 
Solution We are to generate an expression for d/x. 
Analysis For a flat plate, the Karman integral equation reduces to 
d 
C= poe 2(0.097) 22 
7 dx dx 


where we have used the given expression for ĝas a function of 6. Substitution of the given expression for C;, gives 


d8 C,, —_ 0.059(Re,) 6 soa) 
dx 2(0.097) 0.194 l v 


Integration with respect to x yields 


4/5 4/5 
6 =£(0304){ =) Es 2 -0380{ | 
4 v U x v Ux 





or, collecting terms, rounding to two digits, and setting Ux/v = Rex, 


6 0.38 


X ioe (Re) 














The result is identical to that of Table 10-4, column (b). 


Discussion The Kármán integral equation is useful for obtaining approximate relations like those of Table 10-4. 





Review Problems 


10-101C 

Solution 

(a) True: We do not have to make the 2-D approximation in order to define the velocity potential function — ø can be 
defined for any flow if the vorticity is zero. 

(b) False: The stream function is definable for any two-dimensional flow field, regardless of the value of vorticity. 

(c) True: The velocity potential function is valid only for irrotational flow regions where the vorticity is zero. 

(d) True: The stream function is defined from the continuity equation, and is valid only for two-dimensional flows. Note 
that some researchers have defined three-dimensional forms of the stream function, but these are beyond the scope of 
the present introductory text book. 
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10-102 


Solution We are to compute the viscous term for the given velocity field, and show that the flow is rotational. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 


Analysis We consider the viscous terms of the @ component of the Navier-Stokes equation, 


10( 6u,\ uy 1@u, 2 ôu, Ou, 
——| r—# |--2 4 —-— 4 - = 4 
FOr OF) © FOR r ôb oF 








Viscous terms: 


= uf = <=, 420° 20 +0 }=0 


r r 


The viscous terms are zero, implying that there are no net viscous forces acting on fluid elements. This does not 
necessarily mean that the flow is inviscid — it could also mean that the flow is irrotational, since the viscous terms disappear 
in both inviscid and irrotational flows. We obtain the z component of vorticity in cylindrical coordinates from Chap. 4, 


ð 2 
z component of vorticity. Ç, = L a) aa awe). =20 


ér ô) r| ör 


r 


Thus, since the vorticity is non-zero, this flow field is rotational. Finally, since the flow is not irrotational, the only other 
way that the net viscous force can be zero is if the flow is inviscid. We conclude, then, that this flow field is also inviscid. 


Discussion The vorticity is twice the angular velocity, as discussed in Chap. 4. 





10-103 
Solution We are to calculate the viscous stress tensor for a given velocity field. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 








Analysis The viscous stress tensor is given in Chap. 9 as 
Viscous stress tensor in cylindrical coordinates: 
gae a M le 
j Or P ôr\ r r 00 a oz ôr 
ee a 10 1a du, 10 
= E Ug 4, Ug _ 4, Ug u, (1) 
Talo, Ta To l= r—| — |+-— 2u| ———+— + 
Cae: ae ee Hf zf) La) “(2% | É n 
To To T 
ou, ôu, Ou, 1 Ou, ou, 
uU we — + ——— 2u— 
oz ôr oz =r OO Oz 


We plug in the velocity field from Problem 10-102 into Eq. 1, and we get 
T Tg Tz 0 0 0 


rr rz 


2) 


Ty =| To Ta T,|=|9 0 0 
T Ce T 000 


Thus, we conclude that there are no viscous stresses in this flow field (solid body rotation). Thus, this flow can be 


considered inviscid. 


Discussion Since the fluid moves as a solid body, no fluid particles move relative to any other fluid particles; hence we 
expect no viscous stresses. 
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Chapter 10 Approximate Solutions of the Navier-Stokes Equation 
10-104 


Solution We are to compute the viscous term for the velocity field and show that the flow is irrotational. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 


Analysis First, we write out and simplify the viscous terms of the @ component of the Navier-Stokes equation, 


10 6u,) u, 10u, 2 Ou, Ou, F T 
m e a | a oe = = +0 -0 +0 |=0 
í | ) r rô r ôb z PU Sar Une 














The viscous terms are zero, implying that there are no net viscous forces acting on fluid elements. This does not 
necessarily mean that the flow is inviscid — it could also mean that the flow is irrotational, since the viscous terms disappear 
in both inviscid and irrotational flows. 

We obtain the z component of vorticity in cylindrical coordinates from Chap. 4, 











0 
z component of vorticity: i= 1f (rH) au, | _ (0-0)=0 
“orl Or 00 r 


Thus, since the vorticity is zero, this flow field is irrotational. 


Discussion We cannot say for sure whether the flow is inviscid unless we calculate the viscous shear stresses, as in the 
following problem. 





10-105 
Solution Weare to calculate the viscous stress tensor for a given velocity field. 


Assumptions 1 The flow is steady. 2 The flow is two-dimensional in the r-@ plane. 





Analysis The viscous stress tensor in cylindrical coordinates is given in Chap. 9 as 
2 ou, r2 Ug Lou, Ou, , Ou, 
a ôr i ôr\ r r 00 a oz ôr 
Tyr To Tz 
nales ty z elar e e oy ten Tio yt a 
P| Oe ee ee ele) roo Hro r) ae roo ) 
Ty Tag 





Bit 5 it aay, 1 hy ue 
a oz ôr a oz ro aT 


We plug in the velocity field from Problem 10-104 into Eq. 1, and we get 








T 
0 uU—, 0 
Tir To T, An 
T 
Tj =| To To To, |=| Hz 0 0 (2) 
mr 
Tr To Ta 0 0 0 


Thus, we conclude that there are indeed some non-zero viscous stresses in this flow field. Hence, this flow is not inviscid, 
even though it is irrotational. 


Discussion The fluid particles move relative to each other, generating viscous shear stresses. However, the net viscous 
force on a fluid particle is zero since the flow is irrotational. 
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10-106 
Solution We are to calculate modified pressure P’ and sketch profiles of P’ at two vertical locations in the pipe. 
Assumptions 1 The flow is incompressible. 2 Gravity acts vertically downward. e.. _ 
3 There are no free surface effects in this flow field. P 
Z=% 
Analysis By definition, modified pressure P’ = P + pgz. So we add 
hydrostatic pressure component pgz to the given profile P = Pm to obtain the : 
profile for P’. At any z location in the pipe, E 
Modified pressure: P'=P+pgz > P'=Pm+tpgz 
P' 
We see that P' is uniform at any vertical location (P’ does not vary radially), but P' z=z ' 
varies with elevation z. At z = z4, 
Modified pressure at zy: P'= P m + P&Z (1) 
l zZ 
and at z= Z, f 
Modified pressure at zz: P, = P m + 282 (2) AB 
FIGURE 1 


Comparing Eqs. | and 2, the modified pressure is higher at location z since zz is 
higher in elevation than z,. In this problem there is no forced pressure gradient in 
terms of actual pressure. However, in terms of modified pressure, there is a linearly 
decreasing modified pressure along the axis of the pipe. In other words, there is a forced pressure gradient in terms of 
modified pressure. 


Modified pressure profiles at two 
vertical locations in the pipe. 


Discussion Since modified pressure eliminates the gravity term from the Navier-Stokes equation, we have replaced the 
effect of gravity by a gradient of modified pressure P’. 





10-107 
Solution We are to calculate the required pressure drop between two axial locations of a horizontal pipe that would 
yield the same volume flow rate as that of the vertical pipe of Problem 10-106. 

















Assumptions 1 The flow is incompressible. 2 Gravity acts vertically P; P' 
downward. 3 There are no free surface effects in this flow field. 

. Location 2 Location 1 
Analysis For the vertical case of Problem 10-106, we know that at s 7 
a Zi, q 
Modified pressure at zy: P'=P œ + p83 (1) C z ) 
and at z = z2, FIGURE 1 

Modifi i 

Modified pressure at zz: P! =P, + pez, (2) odified pressure profiles at two horizontal 


locations in the pipe. 
Since modified pressure effectively eliminates gravity from the problem, we expect that at the same volume flow rate, the 
difference in modified pressure from zz to z; does not change with changes in the orientation of the pipe. From Eqs. | and 2, 


Change in modified pressure from z to zr: Pi - P'= pg(z,-%) (3) 


The modified pressure profiles at two axial locations in the horizontal pipe are sketched in Fig. 1. We convert the modified 
pressures in Eq. 3 to actual pressures using the definition of modified pressure, P = P’ — pgz. We note however, that for the 
horizontal pipe, z does not change along the pipe. Thus we conclude that the required difference in actual pressure is 











Change in pressure from location 2 to location I: P,-P=peg (z = z) (4) 





where zz and z; are the elevations of the vertical pipe case. 


Discussion In order to achieve the same flow rate, the forced pressure gradient in the horizontal case must be the same 
as the hydrostatic pressure difference supplied by gravity in the vertical case. 
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Design and Essay Problem 


10-108 
Solution We are to discuss the velocity overshoot in Fig. 10-136. 


Analysis The velocity overshoot is a direct result of the displacement effect and the effect of inertia. At very low 
values of Re, (less than about 10'), where the displacement effect is most prominent, the velocity overshoot is almost non- 
existent. This can be explained by the lack of inertia at these low Reynolds numbers. Without inertia, there is no 
mechanism to accelerate the flow around the plate; rather, viscosity retards the flow everywhere in the vicinity of the plate, 
and the influence of the plate extends tens of plate lengths beyond the plate in all directions. At moderate values of 
Reynolds number (Re; between about 10' and 10*), the displacement effect is significant, and inertial terms are no longer 
negligible. Hence, fluid is able to accelerate around the plate and the velocity overshoot is significant. At very high values 
of Reynolds number (Re; > 10*), inertial terms dominate viscous terms, and the boundary layer is so thin that the 
displacement effect is almost negligible — the small displacement effect leads to very small velocity overshoot at high 
Reynolds numbers. 


Discussion We can imagine that the flat plate appears thicker from the point of view of the outer flow, and therefore, 
the flow must accelerate around this “fat” plate. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


Drag, Lift, and Drag Coefficients of Common Geometries 


11-1C 
Solution We are to explain when a flow is 2-D, 3-D, and axisymmetric. 
Analysis The flow over a body is said to be two-dimensional when the body is very long and of constant cross- 


section, and the flow is normal to the body (such as the wind blowing over a long pipe perpendicular to its axis). There is 
no significant flow along the axis of the body. The flow along a body that possesses symmetry along an axis in the flow 
direction is said to be axisymmetric (such as a bullet piercing through air). Flow over a body that cannot be modeled as 
two-dimensional or axisymmetric is three-dimensional. The flow over a car is three-dimensional. 


Discussion As you might expect, 3-D flows are much more difficult to analyze than 2-D or axisymmetric flows. 





11-2C 
Solution We are to discuss the difference between upstream and free-stream velocity. 
Analysis The velocity of the fluid relative to the immersed solid body sufficiently far away from a body is called 


the free-stream velocity, V. The upstream (or approach) velocity V is the velocity of the approaching fluid far ahead of 
the body. These two velocities are equal if the flow is uniform and the body is small relative to the scale of the free-stream 
flow. 


Discussion This is a subtle difference, and the two terms are often used interchangeably. 





11-3C 
Solution We are to discuss the difference between streamlined and blunt bodies. 
Analysis A body is said to be streamlined if a conscious effort is made to align its shape with the anticipated 


streamlines in the flow. Otherwise, a body tends to block the flow, and is said to be blunt. A tennis ball is a blunt body 
(unless the velocity is very low and we have “creeping flow”). 


Discussion In creeping flow, the streamlines align themselves with the shape of any body — this is a much different 
regime than our normal experiences with flows in air and water. A low-drag body shape in creeping flow looks much 
different than a low-drag shape in high Reynolds number flow. 





11-4C 
Solution We are to discuss applications in which a large drag is desired. 
Analysis Some applications in which a large drag is desirable: parachuting, sailing, and the transport of pollens. 


Discussion When sailing efficiently, however, the lift force on the sail is more important than the drag force in 
propelling the boat. 





11-5C 
Solution We are to define drag and discuss why we usually try to minimize it. 
Analysis The force a flowing fluid exerts on a body in the flow direction is called drag. Drag is caused by 


friction between the fluid and the solid surface, and the pressure difference between the front and back of the body. 
We try to minimize drag in order to reduce fuel consumption in vehicles, improve safety and durability of structures 
subjected to high winds, and to reduce noise and vibration. 


Discussion In some applications, such as parachuting, high drag rather than low drag is desired. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-6C 
Solution We are to define lift, and discuss its cause and the contribution of wall shear to lift. 
Analysis The force a flowing fluid exerts on a body in the normal direction to flow that tends to move the body 


in that direction is called lift. It is caused by the components of the pressure and wall shear forces in the direction 
normal to the flow. The wall shear contributes to lift (unless the body is very slim), but its contribution is usually small. 


Discussion Typically the nonsymmetrical shape of the body is what causes the lift force to be produced. 








11-7C 
Solution We are to explain how to calculate the drag coefficient, and discuss the appropriate area. 
Analysis When the drag force Fp, the upstream velocity V, and the fluid density p are measured during flow over a 
body, the drag coefficient is determined from 
F 
Cp= —2— 
1 oV*A 











where A is ordinarily the frontal area (the area projected on a plane normal to the direction of flow) of the body. 


Discussion In some cases, however, such as flat plates aligned with the flow or airplane wings, the planform area is 
used instead of the frontal area. Planform area is the area projected on a plane parallel to the direction of flow and normal to 
the lift force. 








11-8C 
Solution We are to explain how to calculate the lift coefficient, and discuss the appropriate area. 
Analysis When the lift force F;, the upstream velocity V, and the fluid density p are measured during flow over a 
body, the lift coefficient can be determined from 
F 
C: — —— 
1 oV*A 











where A is ordinarily the planform area, which is the area that would be seen by a person looking at the body from above 
in a direction normal to the body. 


Discussion In some cases, however, such as flat plates aligned with the flow or airplane wings, the planform area is 
used instead of the frontal area. Planform area is the area projected on a plane parallel to the direction of flow and normal to 
the lift force. 





11-9C 
Solution We are to define the frontal area of a body and discuss its applications. 
Analysis The frontal area of a body is the area seen by a person when looking from upstream (the area projected 


on a plane normal to the direction of flow of the body). The frontal area is appropriate to use in drag and lift calculations for 
blunt bodies such as cars, cylinders, and spheres. 


Discussion The drag force on a body is proportional to both the drag coefficient and the frontal area. Thus, one is able 
to reduce drag by reducing the drag coefficient or the frontal area (or both). 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-10C 
Solution We are to define the planform area of a body and discuss its applications. 
Analysis The planform area of a body is the area that would be seen by a person looking at the body from above 


in a direction normal to flow. The planform area is the area projected on a plane parallel to the direction of flow and 
normal to the lift force. The planform area is appropriate to use in drag and lift calculations for slender bodies such as flat 
plate and airfoils when the frontal area is very small. 


Discussion Consider for example an extremely thin flat plate aligned with the flow. The frontal area is nearly zero, and 
is therefore not appropriate to use for calculation of drag or lift coefficient. 





11-11C 
Solution We are to define and discuss terminal velocity. 
Analysis The maximum velocity a free falling body can attain is called the terminal velocity. It is determined by 


setting the weight of the body equal to the drag and buoyancy forces, W = Fp + Fg. 


Discussion When discussing the settling of small dust particles, terminal velocity is also called terminal settling speed 
or settling velocity. 





11-12C 
Solution We are to discuss the difference between skin friction drag and pressure drag, and which is more significant 
for slender bodies. 


Analysis The part of drag that is due directly to wall shear stress 1, is called the skin friction drag Fp, friction since 
it is caused by frictional effects, and the part that is due directly to pressure P and depends strongly on the shape of 
the body is called the pressure drag Fp, pressure. For slender bodies such as airfoils, the friction drag is usually more 
significant. 


Discussion For blunt bodies, on the other hand, pressure drag is usually more significant than skin friction drag. 





11-13C 
Solution We are to discuss the effect of surface roughness on drag coefficient. 
Analysis The friction drag coefficient is independent of surface roughness in laminar flow, but is a strong function 


of surface roughness in turbulent flow due to surface roughness elements protruding farther into the viscous sublayer. 


Discussion If the roughness is very large, however, the drag on bodies is increased even for laminar flow, due to 
pressure effects on the roughness elements. 





11-14C 
Solution We are to discuss how drag coefficient varies with Reynolds number. 
Analysis (a) In general, the drag coefficient decreases with Reynolds number at low and moderate Reynolds 


numbers. (b) The drag coefficient is nearly independent of Reynolds number at high Reynolds numbers (Re > 10’). 


Discussion When the drag coefficient is independent of Re at high values of Re, we call this Reynolds number 
independence. 





11-4 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 11 Flow Over Bodies: Drag and Lift 


11-15C 
Solution We are to discuss the effect of adding a fairing to a circular cylinder. 
Analysis As a result of attaching fairings to the front and back of a cylindrical body at high Reynolds numbers, (a) 


friction drag increases, (b) pressure drag decreases, and (c) total drag decreases. 


Discussion In creeping flow (very low Reynolds numbers), however, adding a fairing like this would actually increase 
the overall drag, since the surface area and therefore the skin friction drag would increase significantly. 





11-16C 
Solution We are to discuss the effect of streamlining, and its effect on friction drag and pressure drag. 
Analysis As a result of streamlining, (a) friction drag increases, (b) pressure drag decreases, and (c) total drag 


decreases at high Reynolds numbers (the general case), but increases at very low Reynolds numbers (creeping flow) since 
the friction drag dominates at low Reynolds numbers. 


Discussion Streamlining can significantly reduce the overall drag on a body at high Reynolds number. 





11-17C 
Solution We are to define and discuss flow separation. 
Analysis At sufficiently high velocities, the fluid stream detaches itself from the surface of the body. This is 


called separation. It is caused by a fluid flowing over a curved surface at a high velocity (or technically, by adverse 
pressure gradient). Separation increases the drag coefficient drastically. 


Discussion A boundary layer has a hard time resisting an adverse pressure gradient, and is likely to separate. A 
turbulent boundary layer is in general more resilient to flow separation than a laminar flow. 





11-18C 
Solution We are to define and discuss drafting. 
Analysis Drafting is when a moving body follows another moving body by staying close behind in order to 


reduce drag. It reduces the pressure drag and thus the drag coefficient for the drafted body by taking advantage of the 
low pressure wake region of the moving body in front. 


Discussion We often see drafting in automobile and bicycle racing. 





11-19C 
Solution We are to compare the fuel efficiency of two cars. 
Analysis The car that is contoured to resemble an ellipse has a smaller drag coefficient and thus smaller air 


resistance, and thus the elliptical car is more likely to be more fuel efficient than a car with sharp corners. 


Discussion However, sharp corners promote a fixed flow separation location, whereas rounded corners can lead to 
unsteadiness in the flow. For this reason, rounding is usually, but not always the best solution. 





11-20C 
Solution We are to compare the speed of two bicyclists. 
Analysis The bicyclist who leans down and brings his body closer to his knees goes faster since the frontal area 


and thus the drag force is less in that position. The drag coefficient also goes down somewhat, but this is a secondary effect. 


Discussion This is easily experienced when riding a bicycle down a long hill. 
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11-21 


Solution The drag force acting on a car is measured in a wind tunnel. The drag coefficient of the car at the test 
conditions is to be determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 The cross-section of the tunnel is large enough to simulate 
free flow over the car. 3 The bottom of the tunnel is also moving at the speed of air to approximate actual driving 
conditions or this effect is negligible. 4 Air is an ideal gas. 


Wind t l 
Properties The density of air at 1 atm and 25°C is p = — o aak 


1.164 kg/m’, 





Analysis The drag force acting on a body and the drag 
coefficient are given by 


2 
pv 2F 
Fy =CpA—— and Cp =—, 
2 pAV 





where A is the frontal area. Substituting and noting that 1 m/s = 3.6 km/h, the drag coefficient of the car is determined to be 


5 2x (350 N) 1kg- m/s? -ja 
(1.164 kg/m? )(1.40x1.65 m° )(90/ 3.6 m/s)? IN ` 





Cp 


Discussion Note that the drag coefficient depends on the design conditions, and its value will be different at different 
conditions. Therefore, the published drag coefficients of different vehicles can be compared meaningfully only if they are 
determined under identical conditions. This shows the importance of developing standard testing procedures in industry. 





11-22 

Solution A car is moving at a constant velocity. The upstream velocity to be used in fluid flow analysis is to be 
determined for the cases of calm air, wind blowing against the direction of motion of the car, and wind blowing in the same 
direction of motion of the car. 


Analysis In fluid flow analysis, the velocity used is the 
relative velocity between the fluid and the solid body. 
Therefore: 


(a) Calm air: V = Vear = 80 km/h 





(b) Wind blowing against the direction of motion: 
V = Voar + Vwina = 80 + 30 = 110 km/h 


(c) Wind blowing in the same direction of motion: 
V= Vear = Vwwina = 80 - 50 = 30 km/h 


Discussion Note that the wind and car velocities are added when they are in opposite directions, and subtracted when 
they are in the same direction. 





11-23 
Solution The resultant of the pressure and wall shear forces acting on a body is given. The drag and the lift forces 
acting on the body are to be determined. 

V 
Analysis The drag and lift forces are determined by decomposing 
the resultant force into its components in the flow direction and the Fr=700 N 
normal direction to flow, > 

— 35° 

Drag force: Fp = Fp cos 6 = (700 N) cos 35° = 573 N 
Lift force: F, = Fp sin 8 = (700 N) sin 35° = 402 N —> 


Discussion Note that the greater the angle between the resultant force and the flow direction, the greater the lift. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-24 
Solution The total drag force acting on a spherical body is measured, and the pressure drag acting on the body is 
calculated by integrating the pressure distribution. The friction drag coefficient is to be determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 The surface of the sphere is smooth. 3 The flow over the 
sphere is turbulent (to be verified). 


Properties The density and kinematic viscosity of air at 1 atm and 5°C are p = 1.269 kg/m’ and v= 1.382x10° m’/s. 
The drag coefficient of sphere in turbulent flow is Cp = 0.2, and its frontal area is A = nD?/4 (Table 11-2). 


Analysis The total drag force is the sum of the friction and pressure drag forces. Therefore, 
F pD friction = Fp B Fp pressure =5.2-4.9 =0.3 N 


2 2 


pV pV 
where Fp = CpA 2 and FD friction = C p friction A —— 


Wd <2 


Taking the ratio of the two relations above gives 


F 2-ci 
_ * D,friction Cs = 0.3 N (0.2) = 0.0115 
Fp 5.2 N 


Now we need to verify that the flow is turbulent. This is done by calculating the flow velocity 
from the drag force relation, and then the Reynolds number: 


2 
pv QF 25.2 N 1kg- m/s? 
Fp =CpA > V= |2 = A ) : gems | = 60.2 m/s 
2 PCpA  \(1.269kg/m?)(0.2)[7(0.12 m)*/4]| 1N 


_VD _ (60.2 m/s)(0.12 m) 
V 1.382x10° m?/s 





C D friction 





Re =5.23x10° 


which is greater than 2x10°. Therefore, the flow is turbulent as assumed. 


Discussion Note that knowing the flow regime is important in the solution of this problem since the total drag 
coefficient for a sphere is 0.5 in laminar flow and 0.2 in turbulent flow. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-25E 
Solution The frontal area of a car is reduced by redesigning. The amount of fuel and money saved per year as a result 
are to be determined. 


Assumptions 1 The car is driven 12,000 miles a year at an average speed of 55 
km/h. 2 The effect of reduction of the frontal area on the drag coefficient is 
negligible. 


Properties The densities of air and gasoline are given to be 0.075 Ibm/ft’ 
and 50 lbm/ft*, respectively. The heating value of gasoline is given to be 20,000 
Btu/lbm. The drag coefficient is Cp = 0.3 for a passenger car (Table 11-2). 





Analysis The drag force acting on a body is determined from 
2 
pV 





Fp =CpA 
where A is the frontal area of the body. The drag force acting on the car before redesigning is 
(0.075 Ibm/ft? )(55 mph)” (a ft/s )( 1lbf 





Fp =0.3(18 ft?) 
D 2 32.2 Ibm. ft/s? 


Noting that work is force times distance, the amount of work done to overcome this drag force and the required energy 
input for a distance of 12,000 miles are 


= 40.9 lbf 
1 mph ) 





280 ft 1Bt 
Warag = Fp L = (40.9 Ibf)(12,000 miles/yean $ 2 | X 


—__——__ | =3.33x10° Btu/year 
778.169 lbf -ft 


1 mile 


_ Warag _ 3.33x10° Btu/year 
Near 0.32 
Then the amount and costs of the fuel that supplies this much energy are 


E. 


in 





=1.041x10"” Btu/year 


Miel _ Em/HV _ (1.041x107 Btu/year) /(20,000 Btu/Ibm) 
Pia Pia 50 Ibm/ft? 





Amont of fuel = =10.41 ft?/year 


7.4804 gal 


Cost = (Amount of fuel)(Unit cost) = (10.41 re eany(S2.20/a0{ re 
t 


= $171.3/year 


That is, the car uses 10.41 ft’ = 77.9 gallons of gasoline at a cost of $171.3 per year to overcome the drag. 
The drag force and the work done to overcome it are directly proportional to the frontal area. Then the percent 
reduction in the fuel consumption due to reducing frontal area is equal to the percent reduction in the frontal area: 


Aa As, (I8=15 
A 18 
Amount reduction = (Reduction ratio)(Amount) 
=0.167(77.9 gal/year) = 13.0 gal/year 
Cost reduction = (Reduction ratio)(Cost) = 0.167($171.3/year) = $28.6/year 


Reduction ratio = = 0.167 





Therefore, reducing the frontal area reduces the fuel consumption due to drag by 16.7%. 


Discussion Note from this example that significant reductions in drag and fuel consumption can be achieved by 
reducing the frontal area of a vehicle. 
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11-26E 


Solution The previous problem is reconsidered. The effect of frontal area on the annual fuel consumption of the car 
as the frontal area varied from 10 to 30 ft’ in increments of 2 ft’ are to be investigated. 














Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 
CD=0.3 Pia 
rho=0.075 “lbm/ft3" F 
V=55*1.4667 "ft/s" 255 
Eff=0.32 
Price=2.20 "$/gal" 
efuel=20000 "Btu/lbm" 210 
rho_gas=50 "lbm/ft3" A 
L=12000*5280 "ft" D 
FD=CD*A* (rho*V^2)/2/32.2 "lbf" 8 165 


Wdrag=FD*L/778.169 "Btu" 

Ein=Wdrag/Eff 

m=Ein/efuel "Ibm" 120 
Vol=(m/rho_gas)*7.4804 "gal" 

Cost=Vol*Price 



































75. — . ; ; 
10 14 18 22 26 30 
A, ft? 
A, ft? Farag lbf Amount, gal | Cost, $ 
10 22.74 43.27 95.2 
12 27.28 51.93 114.2 
14 31.83 60.58 133.3 
16 36.38 69.24 152.3 
18 40.92 71.89 171.4 
20 45.47 86.55 190.4 
22 50.02 95.2 209.4 
24 54.57 103.9 228.5 
26 59.11 112.5 247.5 
28 63.66 121.2 266.6 
30 68.21 129.8 285.6 




















Discussion As you might expect, the cost goes up linearly with area, since drag force goes up linearly with area. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-27 [Also solved using EES on enclosed DVD] 


Solution A circular sign is subjected to high winds. The drag force acting on the sign and the bending moment at the 
bottom of its pole are to be determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 The drag force on the pole is negligible. 3 The flow is 
turbulent so that the tabulated value of the drag coefficient can be used. 


Properties The drag coefficient for a thin circular disk is Cp = 1.1 (Table 11- 
2). The density of air at 100 kPa and 10°C = 283 K is 


P 100 kPa 








p=—= =1.231kg/m3 150 km/h 
RT (0.287 kPa - m°/kg.K)(283 K) ee? 
Analysis The frontal area of a circular plate subjected to normal flow is A —— 
= nD’/4. Then the drag force acting on the sign is ad ] 
2 1.5 m 
Fega | 


= (1.1)[7(0.5 m)? /4] 


3 2 
See sn 
2 lkg-m/s 


Noting that the resultant force passes through the center of the stop sign, the 
bending moment at the bottom of the pole becomes 


M bottom = Fp XL = (231 N)(1.5+0.25) m= 404 Nm 


Discussion Note that the drag force is equivalent to the weight of over 23 kg of mass. Therefore, the pole must be 
strong enough to withstand the weight of 23 kg hanged at one of its end when it is held from the other end horizontally. 





11-28E 
Solution A rectangular billboard is subjected to high winds. The drag force acting on the billboard is to be 
determined. 


20 ft 


8 ft 
BILLBOARD 
Properties The drag coefficient for a thin rectangular plate for 


normal flow is Cp = 2.0 (Table 11-2). The density of air at 14.3 psia 
and 40°F = 500 R is 


Assumptions 1 The flow of air is steady and incompressible. 2 The 
drag force on the supporting poles are negligible. 3 The flow is 
turbulent so that the tabulated value of the drag coefficient can be used. 


Wa 


P 14.3 psia 


p= = 
RT (0.3704 psia - ft?/Ibm.R)(500 R) 
Analysis The drag force acting on the billboard is determined from 





= 0.0772 lbm/ft? 





0.0772 Ibm/ft* )(90x 1.4667 ft/s)” ( 1 lbf 


ca nl 
F, =C,A 7 =(2.0)(8x20 f?) 2 32.2 Ibm - ft/s” 


= 6684 lbf = 6680 Ibf 


Discussion Note that the drag force is equivalent to the weight of about 6680 lbm of mass. Therefore, the support bars 
must be strong enough to withstand the weight of 6680 Ibm hanged at one of their ends when they are held from the other 
end horizontally. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-29 
Solution An advertisement sign in the form of a rectangular block that has the same frontal area from all four sides is 
mounted on top of a taxicab. The increase in the annual fuel cost due to this sign is to be determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 The car is 
driven 60,000 km a year at an average speed of 50 km/h. 3 The overall 
efficiency of the engine is 28%. 4 The effect of the sign and the taxicab on 
the drag coefficient of each other is negligible (no interference), and the 
edge effects of the sign are negligible (a crude approximation). 5 The flow 
is turbulent so that the tabulated value of the drag coefficient can be used. 


Properties The densities of air and gasoline are given to be 1.25 kg/m? 
and 0.75 kg/L, respectively. The heating value of gasoline is given to be 
42,000 kJ/kg. The drag coefficient for a square rod for normal flow is Cp = 
2.2 (Table 11-1). 











Analysis Noting that 1 m/s = 3.6 km/h, the drag force acting on the sign is 
2 3 2 
1.25k, . 
Pegal agogo AON w aa > |=71.61N 
2 2 1kg-m/s 


Noting that work is force times distance, the amount of work done to overcome this drag force and the required energy input 
for a distance of 60,000 km are 


Warag = Fp L = (71.61 N)(60,000 km/year) = 4.30 x 10° kJ/year 





p Woe 4.30x10° kJ/year 


7 =1.54x10" kJ/year 
"ear 0.28 


Then the amount and cost of the fuel that supplies this much energy are 


Mysi _ Ein/HV _ (1.54x107 KJ/year) /(42,000 kJ/kg) 


P fuel P fuel 0.75 kg/L 
Cost = (Amount of fuel)(Unit cost) = (489 L/year)($0.50/L) = $245/year 





Amont of fuel = 


= 489 L/year 


That is, the taxicab will use 489 L of gasoline at a cost of $245 per year to overcome the drag generated by the 
advertisement sign. 


Discussion Note that the advertisement sign increases the fuel cost of the taxicab significantly. The taxicab operator 
may end up losing money by installing the sign if he/she is not aware of the major increase in the fuel cost, and negotiate 
accordingly. 





11-11 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 11 Flow Over Bodies: Drag and Lift 


11-30 

Solution The water needs of a recreational vehicle (RV) are to be met by installing a cylindrical tank on top of the 
vehicle. The additional power requirements of the RV at a specified speed for two orientations of the tank are to be 
determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 The effect of the 
tank and the RV on the drag coefficient of each other is negligible (no interference). 
3 The flow is turbulent so that the tabulated value of the drag coefficient can be used. 


Properties The drag coefficient for a cylinder corresponding to L/D = 2/0.5 = 4 
is Cp = 0.9 when the circular surfaces of the tank face the front and back, and Cp = 
0.8 when the circular surfaces of the tank face the sides of the RV (Table 11-2). The 
density of air at the specified conditions is 





P 87 kPa 








p=—= - = 1.028 kg/m? 
RT (0.287 kPa: m°/kg.K)(295 K) 
Analysis (a) The drag force acting on the tank when the circular surfaces face the front and back is 
2 3 2 2 
1.028 k km, 
Fp mga = (09)(a10.5 my? /4) BRI (| = =63.3 N 
2 2 3.6 km/h / | 1kg -m/s 


Noting that power is force times velocity, the amount of additional power needed to overcome this drag force is 


1kW 


Woe =F pV = (63.3 N)(95/3.6 m/s)) ——— 
ae ees onan 


)=1.67 kw 


(b) The drag force acting on the tank when the circular surfaces face the sides of the RV is 








2 3 2 2 
1.028 kg/ 95 km/h 1 1N 
Fy =CpA ee = 0.8)(0.5x2m2]! enka) ( Ms ~ |=286N 
2 2 3.6 km/h / | 1kg-m/s 
Then the additional power needed to overcome this drag force is 
. 1 kW 
Waras = FpV = (286 N)(95/3.6 mio ao) =7.55 kW 
7 1000 N- m/s 


Therefore, the additional power needed to overcome the drag caused by the tank is 1.67 kW and 7.55 W for the two 
orientations indicated. 


Discussion Note that the additional power requirement is the lowest when the tank is installed such that its circular 
surfaces face the front and back of the RV. This is because the frontal area of the tank is minimum in this orientation. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-31E 
Solution A person who normally drives at 55 mph now starts driving at 75 mph. The percentage increase in fuel 
consumption of the car is to be determined. 


Assumptions 1 The fuel consumption is approximately proportional to the drag force on a level road (as stated). 2 The 
drag coefficient remains the same. 


Analysis The drag force is proportional to the square of the velocity, and power is force times velocity. Therefore, 
2 


3 
Fp = Cpa and Waag = FpV = Cpa 


Then the ratio of the drag force at V = 75 mph to the drag 
force at V; = 55 mph becomes 
Fp V 75° 
D2? = = — = 1.86 , an increase of 86%. 
Fpi Vi 55 








Therefore, the power to overcome the drag force and thus fuel consumption per unit time nearly doubles as a result of 
increasing the velocity from 55 to 75 mph. 


Discussion This increase appears to be large. This is because all the engine power is assumed to be used entirely to 
overcome drag. Still, the simple analysis above shows the strong dependence of the fuel consumption on the cruising speed 
of a vehicle. A better measure of fuel consumption is the amount of fuel used per unit distance (rather than per unit time). 
A car cruising at 55 mph will travel a distance of 55 miles in 1 hour. But a car cruising at 75 mph will travel the same 
distance at 55/75 = 0.733 h or 73.3% of the time. Therefore, for a given distance, the increase in fuel consumption is 
1.86x0.733 = 1.36 — an increase of 36%. This is still large, especially with the high cost of gasoline these days. 





11-32 
Solution A plastic sphere is dropped into water. The terminal velocity of the sphere in water is to be determined. 


Assumptions 1 The fluid flow over the sphere is laminar (to be verified). 2 The drag coefficient remains constant. 


Properties The density of plastic sphere is 1150 kg/m*. The density and dynamic viscosity of water at 20°C are p = 
998 kg/m? and u= 1.002x10° kg/m-s, respectively. The drag coefficient for a sphere in laminar flow is Cp = 0.5. 


Analysis The terminal velocity of a free falling object is reached when the drag force equals the weight of the solid 
object less the buoyancy force applied by the fluid, 


y? 
Fp =W-F, where Fp =CpA E >» W=p,8V, and F =p;8V 





Here A = nD?/4 is the frontal area and V= 1D*/6 is the volume of the sphere. Substituting and simplifying, 


2 2 2 3 2 
PV aD? PV zD V p gD 
CpA——=p,8V- Voc =(P; > C =| —>-1 
D 2 Ps8 PrE D% 2 (Pp, —P7)8 6 Dg ps 6 











Solving for V and substituting, 


4sD( p,/p,-1 4(9.81 m/s” )(0.004 1150/998-1 
v= sD(p,/, i s*)(0.004 m)( teers FN 
3C, 3x0.5 | 


The Reynolds number is RAA 


kg/m? )(0.12 4x10° 
Re- pVD _ (998 kg/m” )(O oes x10” m) -503 Water 
u 1.002 x10 kg- m/s 


which is less than 2x10°. Therefore, the flow is laminar as assumed. 











Discussion This problem can be solved more accurately using a trial-and-error approach by using Cp data from Fig. 11- 
34 (the Cp value corresponding to Re = 503 is about 0.6. Repeating the calculations for this value gives 0.115 m/s for the 
terminal velocity. 
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11-33 
Solution A semi truck is exposed to winds from its side surface. The wind velocity that will tip the truck over to its 
side is to be determined. 


Assumptions 1 The flow of air in the wind is steady and incompressible. 2 The edge effects on the semi truck are 
negligible (a crude approximation), and the resultant drag force acts through the center of the side surface. 3 The flow is 
turbulent so that the tabulated value of the drag coefficient can be used. 4 The distance between the wheels on the same 
axle is also 2 m. 5 The semi truck is loaded uniformly so that its weight acts through its center. 


Properties The density of air is given to be p = 1.10 kg/m’. The drag coefficient for a body of rectangular cross-section 
corresponding to L/D = 2/2 = 1 is Cp = 2.2 when the wind is normal to the side surface (Table 11-2). 


Analysis When the truck is first tipped, the wheels on the wind-loaded side of the truck will be off the ground, and 
thus all the reaction forces from the ground will act on wheels on the other side. Taking the moment about an axis passing 
through these wheels and setting it equal to zero gives the required drag force to be 


1.8m 


YM vrecs =0 > Fyx(im)-Wx(Im)=0 > Fy =W 8m 





Substituting, the required drag force is determined to be yV 





5,000 kg 


0—0 


Toz m 


2m 





A 
Fp = mg = (5000 kg)(9.81 m/s? { = 49,050 N 73 
D <3 


ts] 


The wind velocity that will cause this drag force is determined to be 








V? i otemt 1N 


Fp =CpAL— > 49,050 N =(2.2)(2x8 m2) >| > V=503 m/s 
2 1kg -m/s 


which is equivalent to a wind velocity of V = 50.3x3.6 = 181 km/h. 


Discussion This is very high velocity, and it can be verified easily by calculating the Reynolds number that the flow is 
turbulent as assumed. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-34 
Solution A bicyclist is riding his bicycle downhill on a road with a specified slope without pedaling or breaking. The 
terminal velocity of the bicyclist is to be determined for the upright and racing positions. 


Assumptions 1 The rolling resistance and bearing friction are negligible. 2 The drag coefficient remains constant. 3 The 
buoyancy of air is negligible. 


Properties The density of air is given to be p = 1.25 kg/m’. The frontal area and the drag coefficient are given to be 
0.45 m’ and 1.1 in the upright position, and 0.4 m” and 0.9 on the racing position. 


Analysis The terminal velocity of a free falling object is reached when the drag force equals the component of the 


total weight (bicyclist + bicycle) in the flow direction, 
2 


. V ; 
Fp =Woota Sin 8 > CA = Moug sin 0 


2 a sin 0 
Solving for V gives y= |E SIN 
CpAp 


The terminal velocities for both positions are obtained by substituting the 
given values: 








2(9.81 m/s )(80 +15 kg)sin12° 


- =—— = 25.0 m/s = 90 km/h 
1.1(0.45 m?)(1.25 kg/m?) 


Upright position: V = | 





2(9.81 m/s”)(80 +15 kg)sin12° 


- ——— = 29.3 m/s = 106 km/h 
0.9(0.4 m?)(1.25 kg/m?) 


Racing position: V= | 


Discussion Note that the position of the bicyclist has a significant effect on the drag force, and thus the terminal 
velocity. So it is no surprise that the bicyclists maintain the racing position during a race. 





11-35 
Solution The pivot of a wind turbine with two hollow hemispherical cups is stuck as a result of some malfunction. 
For a given wind speed, the maximum torque applied on the pivot is to be determined. A 
Assumptions 1 The flow of air in the wind is steady and incompressible. 2 The air = 

: e 25 cm 
flow is turbulent so that the tabulated values of the drag coefficients can be used. EN 
Properties The density of air is given to be p = 1.25 kg/m’. The drag coefficient =3 iy 
for a hemispherical cup is 0.4 and 1.2 when the hemispherical and plain surfaces are EA 
exposed to wind flow, respectively. 7 
Analysis The maximum torque occurs when the cups are normal to the wind since the length of the moment arm is 


maximum in this case. Noting that the frontal area is tD7/4 for both cups, the drag force acting on each cup is determined to 
be 








2 3 2 
1.25 kg/m? )(15 m/ IN 
Comes Fasta naaa a an an ——,. |= 0.283 N 
2 2 1kg-m/s 
2 3 2 
1.25k 1 
Concave Fasa = een a — = 0.848 N 
2 1kg-m/s 


The moment arm for both forces is 12.5 cm since the distance between the centers of the two cups is given to be 25 cm. 
Taking the moment about the pivot, the net torque applied on the pivot is determined to be 


M nax = Fpo L- Fpi L = (F pp — F pL = (0.848 — 0.283 N)(0.125 m) = 0.0706 Nm 


Discussion Note that the torque varies between zero when both cups are aligned with the wind to the maximum value 
calculated above. 
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>) 


11-36 J 


Solution The previous problem is reconsidered. The effect of wind speed on the torque applied on the pivot as the 
wind speed varies from 0 to 50 m/s in increments of 5 m/s is to be investigated. 








Analysis The EES Equations window is 0.8 
printed below, along with the tabulated and plotted F 
results. 0.7 





CD1=0.40 "Curved bottom" 9:6 


CD2=1.2 "Plain frontal area" 0.5 















































"rho=density(Air, T=T, P=P)" "kg/m43" 5 L 
rho=1.25 "kg/m3" ~ 0.4 
D=0.08 "m" $ f 
L=0.25 "m" Dan 
A=pi*D^2/4 "m^2" ee 
FD1=CD1*A*(rho*V"2)/2 "N" | 
FD2=CD2*A*(rho*V^2)/2 "N" 0.1 
FD_net=FD2-FD1 d 
Torque=(FD2-FD1)*L/2 o i0 30 a a i 
V, m/s 
V, m/s Farag, nets N Torque, Nm 
0 0.00 0.000 
5 0.06 0.008 
10 0.25 0.031 
15 0.57 0.071 
20 1.01 0.126 
25 1.57 0.196 
30 2.26 0.283 
35 3.08 0.385 
40 4.02 0.503 
45 5.09 0.636 
50 6.28 0.785 

















Discussion Since drag force grows as velocity squared, the torque also grows as velocity squared. 
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11-37E 

Solution A spherical tank completely submerged in fresh water is being towed by a ship at a specified velocity. The 
required towing power is to be determined. 

Assumptions 1 The flow is turbulent so that the tabulated value of the drag coefficient can 

be used. 2 The drag of the towing bar is negligible. 


Properties The drag coefficient for a sphere is Cp = 0.2 in turbulent flow (it is 0.5 for 

laminar flow). We take the density of water to be 62.4 Ibm/ft’. 

Analysis The frontal area of a sphere is A = nD°/4. Then the drag force acting on Water 
the spherical tank is 

12 ft/s 








2 3 2 
F) =C, ae = (0.2) [a(S #214] (62.4 Ibm/ft” )(12 ft/s) ( 1lbf 


2 32.2 Ibm - ft/s” 
Since power is force times velocity, the power needed to overcome this drag force during towing is 
1kW 
737.56 lbf - ft/s 

Therefore, the additional power needed to tow the tank is 12.0 hp. 


= 548 lbf 


Wrowing = Warag =F pV = (548 Ibf)(12 wf ) =8.92kW =12.0hp 


Discussion Note that the towing power is proportional the cube of the velocity. Therefore, the towing power can be 
reduced to one-eight (which is 1.5 hp) by reducing the towing velocity by half to 6 ft/s. But the towing time will double this 
time for a given distance. 





11-38 

Solution The power delivered to the wheels of a car is used to overcome aerodynamic drag and rolling resistance. 
For a given power, the speed at which the rolling resistance is equal to the aerodynamic drag and the maximum speed of the 
car are to be determined. 


Assumptions 1 The air flow is steady and incompressible. 2 The bearing friction is negligible. 3 The drag and rolling 
resistance coefficients of the car are constant. 4 The car moves horizontally on a level road. 


Properties The density of air is given to be p = 1.20 kg/m’. The drag and rolling resistance coefficients are given to be 
Cp = 0.32 and Crrg = 0.04, respectively. 
Analysis (a) The rolling resistance of the car is DNS 
Frr = CrrW = 0.04(950 kg)(9.81 m/s” )) ———— |= 372.8N 
kg-m/s 


The velocity at which the rolling resistance equals the aerodynamic drag force is determined by setting these two forces 

equal to each other, 

(1.20 kg/m? )V * 
2 





pv? 5 IN 
Fp =CpA~— + 372.8 N= (0.32)(1.8 m°) > V =32.8 m/s (or 118 km/h) 


1kg m/s? 


(b) Power is force times speed, and thus the power needed to overcome drag and rolling resistance is the product of the sum 
of the drag force and the rolling resistance and the velocity of the car, 
Wiot = Warag +Wrr = (Fp + Fprr)V = boaa TN 


Substituting the known quantities, the maximum speed corresponding to a wheel power of 80 kW is determined to be 
(1.20 kg/m?) V? 1N 
whose solution is V = 55.56 m/s = 200 km/h. 


(0.32)(1.8 m2) +372.8V =80,000 w(t) or, 0.3456V ° +372.8V = 80,000 


Discussion A net power input of 80 kW is needed to overcome rolling resistance and aerodynamic drag at a velocity of 
200 km/h. About 75% of this power is used to overcome drag and the remaining 25% to overcome the rolling resistance. At 
much higher velocities, the fraction of drag becomes even higher as it is proportional to the cube of car velocity. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-39 n 

Solution The previous problem is reconsidered. The effect of car speed on the required power to overcome (a) rolling 
resistance, (b) the aerodynamic drag, and (c) their combined effect as the car speed varies from 0 to 150 km/h in increments 
of 15 km/h is to be investigated. 





45 
Analysis The EES Equations window is L 
printed below, along with the tabulated and 


plotted results. 





D 
O 































































= 
x 
o 
rho=1.20 "kg/m3" 5 Taai powe 
C_roll=0.04 a 30 
m=950 "kg" S | 7 
g=9.81 "m/s2" o 25 pa 
V=Vel/3.6 "m/s" © 20 
W=m*g S H 
F_roll=C_roll*W g 19 
A=1.8 "m2" = igl Rolling 4 
C_D=0.32 © | power | 
F_D=C_D*A*(rho*V42)/2 "N" a 5 
Power_RR=F_roll*V/1000 "W" 2 H 
Power _Drag=F_D*V/1000 "W" A 0 l : i i : 
Power_Total=Power_RR+Power_Drag 9 20 40 60 80 100 120 140 160 
V, km/h 
V, m/s Warag kW Wyottings kW Wootab kW 
0 0.00 0.00 0.00 
15 0.03 1.55 1.58 
30 0.20 3.11 3.31 
45 0.68 4.66 5.33 
60 1.60 6.21 7.81 
75 3.13 7.77 10.89 
90 5.40 9.32 14.72 
105 8.58 10.87 19.45 
120 12.80 12.43 25.23 
135 18.23 13.98 32.20 
150 25.00 15.53 40.53 




















Discussion Notice that the rolling power curve and drag power curve intersect at about 118 km/h (73.3 mph). So, near 
highway speeds, the overall power is split nearly 50% between rolling drag and aerodynamic drag. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-40 
Solution A submarine is treated as an ellipsoid at a specified length and diameter. The powers required for this 
submarine to cruise horizontally in seawater and to tow it in air are to be determined. 


Assumptions 1 The submarine can be treated as an ellipsoid. 2 The flow is turbulent. 3 The drag of the towing rope is 
negligible. 4 The motion of submarine is steady and horizontal. 


Properties The drag coefficient for an ellipsoid with L/D 
= 25/5 = 5 is Cp = 0.1 in turbulent flow (Table 11-2). The 
density of sea water is given to be 1025 kg/m*. The density of 
air is given to be 1.30 kg/m’. 














Analysis Noting that 1 m/s = 3.6 km/h, the velocity of the submarine is equivalent to V = 40/3.6 = 11.11 m/s. The 
frontal area of an ellipsoid is A = nD?/4. Then the drag force acting on the submarine becomes 
2 3 2 
nye PCA nae i e E LT LEN =124.2 kN 
2 2 1000 kg - m/s” 
2 3 2 
1.30k 11.11 
har F= A —<Ginen {oe LN ~ |=0.158 kN 
2 1000 kg - m/s 
Noting that power is force times velocity, the power needed to overcome this drag force is 
In water: Waaa = FpV = (124.2 KN)(11.11 m/s) KY |- 1380 kw 
j 1kN- m/s 
. . 1kW 
In air: Warag = FpV = (0.158 kN)(11.11 m/s) ——— | = 1.75 kW 
1 kN -m/s 


Therefore, the power required for this submarine to cruise horizontally in seawater is 1380 kW and the power required to 
tow this submarine in air at the same velocity is 1.75 kW. 


Discussion Note that the power required to move the submarine in water is about 800 times the power required to move 
it in air. This is due to the higher density of water compared to air (sea water is about 800 times denser than air). 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-41 
Solution A garbage can is found in the morning tipped over due to high winds the night before. The wind velocity 
during the night when the can was tipped over is to be determined. 


Assumptions 1 The flow of air in the wind is steady and incompressible. 2 The ground effect on the wind and the drag 
coefficient is negligible (a crude approximation) so that the resultant drag force acts through the center of the side surface. 3 
The garbage can is loaded uniformly so that its weight acts through its center. 


Properties The density of air is given to be p = 1.25 kg/m’, and the average 
density of the garbage inside the can is given to be 150 kg/m’. The drag 
coefficient of the garbage can is given to be 0.7. 


Analysis The volume of the garbage can and the weight of the garbage are 
V =[aD? /4]H =[7(0.80 m)* /4](1.2 m) = 0.6032 m? 


W =mg = pgV =(150 ke .81 870600209 1 





= 887.6 N 
g-m/s 


When the garbage can is first tipped, the edge on the wind-loaded side of the can will be off the ground, and thus all the 

reaction forces from the ground will act on the other side. Taking the moment about an axis passing through the contact 

point and setting it equal to zero gives the required drag force to be 

_ WD _ (887.6 N)(0.80 m) 
H 1.2m 


=591.7 N 





YM conact =0 > Fy x(H/2)-Wx(D/2)=0 > Fp 


Noting that the frontal area is DH, the wind velocity that will cause this drag force is determined to be 





P É 3 2 
F fe. yy 1.25 kg/m 1N 


T _ > V =37.5 m/s 
g-m/s 


which is equivalent to a wind velocity of V = 37.5x3.6 = 135 km/h. 


Discussion The analysis above shows that under the stated assumptions, the wind velocity at some moment exceeded 
135 km/h. But we cannot tell how high the wind velocity has been. Such analysis and predictions are commonly used in 
forensic engineering. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-42E 

Solution The drag coefficient of a sports car increases when the sunroof is open, and it requires more power to 
overcome aerodynamic drag. The additional power consumption of the car when the sunroof is opened is to be determined 
at two different velocities. 


Assumptions 1 The car moves steadily at a constant velocity on a straight path. 2 The effect of velocity on the drag 
coefficient is negligible. 


Properties The density of air is given to be 0.075 lbm/ft*. The drag 
coefficient of the car is given to be Cp = 0.32 when the sunroof is closed, and 
Cp = 0.41 when it is open. 





Analysis (a) Noting that | mph = 1.4667 ft/s and that power is force 
times velocity, the drag force acting on the car and the power needed to 
overcome it at 35 mph are: 





3 2 
Open sunroof Fas GIN (0.075 lbm/ft? )(35 x 1.4667 ft/s) ( 1lbf ) ee 
2 32.2 Ibm - ft/s 
W, = Fp V = (17.7 Ibf)(35x 1.4667 fus( a _) =1.23kW 
eet Se 737.56 1bf - ft/s) ` 


.075 lbm/ft? 1.4667 ft/s)” 
Closed sunroof. Fy) = 0.41(18 ft”) eee = 22.7 lbf 


2 32.2 Ibm - ft/s? 


1kW 


Wooo = FryoV = (22.7 Ibf)\(35 x 1.4667 ft/s) ———* 
drag? = Fpa¥ = ( X (aaa 


)- 1.58 kW 


Therefore, the additional power required for this car when the sunroof is open is 


Worta = Warag2 ~ Warag2 


=1.58-1.23 =0.350 kW (at35 mph) 


(b) We now repeat the calculations for 70 mph: 








3 2 
Open sunroof E E E (0.075 Ibm/ft° )(70 x 1.4667 ft/s) ( Llbf ) aTi 
2 32.2 Ibm - ft/s 
Wore) = Fp V = (70.7 Ibf)(70x 1.4667 nis | =9.82 kW 
dagh = pI i i 737.56 Ibf -ft/s) 
3 2 
tined. Foc oaan ers) ( ot 5 ) = 90.6 lbf 
2 32.2 Ibm - ft/s 
W269 = FyoV = (90.6 Ibf)(70x 1.4667 ris | =12.6 KW 
es i i 737.56 lbf - ft/s L 


Therefore, the additional power required for this car when the sunroof is open is 
Westra = Warag2 — Waraga =12.6—9.82 =2.78kW (at 70 mph) 


Discussion Note that the additional drag caused by open sunroof is 0.35 kW at 35 mph, and 2.78 kW at 70 mph, which 
is an increase of 8 folds when the velocity is doubled. This is expected since the power consumption to overcome drag is 
proportional to the cube of velocity. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


Flow over Flat Plates 


11-43C 
Solution We are to discuss the fluid property responsible for the development of a boundary layer. 
Analysis The fluid viscosity is responsible for the development of the velocity boundary layer. Velocity forces the 


boundary layer closer to the wall. Therefore, the higher the velocity (and thus Reynolds number), the lower the thickness of 
the boundary layer. 


Discussion All fluids have viscosity — a measure of frictional forces in a fluid. There is no such thing as an inviscid 
fluid, although there are regions, called inviscid flow regions, in which viscous effects are negligible. 





11-44C 
Solution We are to define and discuss the friction coefficient for flow over a flat plate. 
Analysis The friction coefficient represents the resistance to fluid flow over a flat plate. It is proportional to the 


drag force acting on the plate. The drag coefficient for a flat surface is equivalent to the mean friction coefficient. 


Discussion In flow over a flat plate aligned with the flow, there is no pressure (form) drag — only friction drag. 





11-45C 

Solution We are to discuss how the local skin friction coefficient changes with position along a flat plate in laminar 
flow. 

Analysis The local friction coefficient decreases with downstream distance in laminar flow over a flat plate. 


Discussion At the front of the plate, the boundary layer is very thin, and thus the shear stress at the wall is large. As the 
boundary layer grows downstream, however, the boundary layer grows in size, decreasing the wall shear stress. 





11-46C 
Solution We are to define and discuss the average skin friction coefficient over a flat plate. 
Analysis The average friction coefficient in flow over a flat plate is determined by integrating the local friction 


coefficient over the entire length of the plate, and then dividing it by the length of the plate. Or, it can be determined 
experimentally by measuring the drag force, and dividing it by the dynamic pressure. 


Discussion For the case of a flat plate aligned with the flow, there is no pressure drag, only skin friction drag. Thus, the 
average friction coefficient is the same as the drag coefficient. This is not true for other body shapes. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-47E 
Solution Light oil flows over a flat plate. The total drag force per unit width of the plate is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds number is Re,, = 5 x 10°. 3 The surface of 
the plate is smooth. 


Properties The density and kinematic viscosity of light oil at 75°F are p = 55.3 lbm/ft? and v= 7.751x10° ft’/s. 





Analysis Noting that L = 15 ft, the Reynolds number at the end of the plate is 
L 6 ft/s)(15 ft 
Re, = ae 2o =1.161x10* 
v 7.751x10~ ft“/s > 
a ve s Oil 
which is less than the critical Reynolds number. Thus we have laminar flow —_ 
over the entire plate, and the average friction coefficient is determined from —> 6 fis 
C; =1.328 Rez’ =1.328x(1.161x104)™™ = 0.01232 á 
—> 
Noting that the pressure drag is zero and thus Cp =C, for a flat plate, the L=15ft 
drag force acting on the top surface of the plate per unit width becomes 
2 
pv 8 Ibm/ft? )(6 ft/s)? 1lbf 
maga soliki j E -| =5.87 Ibf 
2 2 32.2 Ibm - ft/s 


The total drag force acting on the entire plate can be determined by multiplying the value obtained above by the width of 
the plate. 


Discussion The force per unit width corresponds to the weight of a mass of 5.87 lbm. Therefore, a person who applies 
an equal and opposite force to the plate to keep it from moving will feel like he or she is using as much force as is necessary 
to hold a 5.87 Ibm mass from dropping. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-48 
Solution Air flows over a plane surface at high elevation. The drag force acting on the top surface of the plate is to be 
determined for flow along the two sides of the plate. 


Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds number is Re, = 5x10°. 3 Air is an ideal 
gas. 4 The surface of the plate is smooth. 


Properties The dynamic viscosity is independent of pressure, and for air at 25°C it is = 1.849x10° kg/m-s. The air 
density at 25°C = 298 K and 83.4 kPa is 


P AkP Fs 
p= = i _ 0.9751 kgm? Air 
RT (0.287 kPa -m`™/kg : K)(298 K) 4 i 
—> S 
Analysis (a) If the air flows parallel to the 8 m side, the 25m 
Reynolds number becomes > i 
—> 


_ PVL _ (0.9751 kg/m? )(6 m/s)(8 m) 
u 1.849x10™ kg/m-s 


which is greater than the critical Reynolds number. Thus we have combined laminar and turbulent flow, and the friction 
coefficient is determined to be 


0074 1742. 004 1m 
f Re}5 Re, (2.531x106)"5 2531x108 





Re, = 2.531x 10° 


8m 





= 0.003189 


Noting that the pressure drag is zero and thus Cp =C; for a flat plate, the drag force acting 
on the top surface of the plate becomes 


pv? 
Fy = Cp A—— = 0.003189 (8% 2.5m") 





3 2 
(0.9751 kg/m*)(6 m/s) IN |_442N 
2 lkg-m/s* 


(b) If the air flows parallel to the 2.5 m side, the Reynolds number is 
_ PVL _ (0.9751 kg/m? )(6 m/s)(2.5 m) 
u 1.849x10™ kg/m-s 


which is greater than the critical Reynolds number. Thus we have combined laminar and turbulent flow, and the friction 
coefficient is determined to be 


0.074 1742. 00⁄4 1742 
f Re’ Re, (7.910x10°)"5 7.910 10° 


Then the drag force acting on the top surface of the plate becomes 


=7.910x10° 





Re, 


= 0.002691 





pV? > 
Fp =CpA—— =0.002691x(8x2.5 m”) 





(0.9751 kg/m*)(6 m/s)? IN 


7 |=0.94N 

2 lkg-m/s 

Discussion Note that the drag force is proportional to density, which is proportional to the pressure. Therefore, the 
altitude has a major influence on the drag force acting on a surface. Commercial airplanes take advantage of this 
phenomenon and cruise at high altitudes where the air density is much lower to save fuel. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-49 
Solution Wind is blowing parallel to the side wall of a house. The drag force acting on the wall is to be determined 
for two different wind velocities. 


Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds number is Re,, = 5x10°. 3 Air is an ideal 
gas. 4 The wall surface is smooth (the actual wall surface is usually very rough). 5 The wind blows parallel to the wall. 


Properties The density and kinematic viscosity of air at 1 atm and 5°C are p= 1.269 kg/m’ and v= 1.382x10° m’/s . 
Analysis The Reynolds number is 
vL [(55/3.6) m/s |(10 m) 


v 1.382x10” m’”/s 


which is greater than the critical Reynolds number. Thus we have combined 
laminar and turbulent flow, and the friction coefficient is 
0.074 1742 0.074 1742 
S = ae = = 0.002730 
Re/? Re, (1.105x10°) 1.10510 


Re =1.105x10’ 





L 








f 
Noting that the pressure drag is zero and thus Cp =C; for a flat plate, the drag force acting on the wall surface is 


2 


pV : - : z 
Fp =CpA = (1002790 seain 2) ee eS ms) eee 


=16.2N 
2 neta | 


(b) When the wind velocity is doubled to 110 km/h, the Reynolds number becomes 


_ vi _[(11073.6) m/s ](10 m) 


Ss =2.211x10" 
v 1.382x10” m*/s 


Re 





L 


which is greater than the critical Reynolds number. Thus we have combined laminar and turbulent flow, and the friction 
coefficient and the drag force become 


0.074 1742 00741742 0.002435 


f Rel’ Re,  (2.211x107)"5_ 2.211x107 








pv? > 
Fp =C A——=0.002435x (10x4 m°) 





3 2, 
(1.269 kg/m*)(110/3.6 m/s) IN > |=57.7N 
2 1kg m/s 


Treating flow over the side wall of a house as flow over a flat plate is not quite realistic. When flow hits a bluff body like a 
house, it separates at the sharp corner and a separation bubble exists over most of the side panels of the house. Therefore, 
flat plat boundary layer equations are not appropriate for this problem, and the entire house should considered in the 
solution instead. 


Discussion Note that the actual drag will probably be much higher since the wall surfaces are typically very rough. 
Also, we can solve this problem using the turbulent flow relation (instead of the combined laminar-turbulent flow relation) 
without much loss in accuracy. Finally, the drag force nearly quadruples when the velocity is doubled. This is expected 
since the drag force is proportional to the square of the velocity, and the effect of velocity on the friction coefficient is 
small. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-508 


Solution Air flows over a flat plate. The local friction coefficients at intervals of 1 ft is to be determined and plotted 
against the distance from the leading edge. 


Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds number is Re,, = 5x10°. 3 Air is an ideal 
gas. 4 The surface of the plate is smooth. 


Properties The density and kinematic viscosity of air at 1 atm and 70°F are p = 0.07489 Ibm/ft* and v = 0.5913 ft’/h = 
1.643x107 ft/s . 


Analysis For the first 1 ft interval, the Reynolds number is —_ | 
Air 
pea Ea WOUN ait 25 fu 
e, = — = = x S 
t v 1.643x10% ft?/s —> 
: k oe 5 Ş ==> 
which is less than the critical value of 5x10” . Therefore, the flow is 


laminar. The local friction coefficient is 


10 ft 
D66t N00 -Opni 


fx Re  (1.522x105)°5 


We repeat calculations for all 1-ft intervals. The EES Equations window is printed below, along with the tabulated and 
plotted results. 






















































































X, ft Re C; 

rho=0.07489 "Ibm/ft3" 1 1.522E+05 | 0.001702 
V=25 3 4.566E+05 | 0.000983 
“Local Re and C f 4 6.088E+05 0.004111 
Re=x*V/nu 7 5 7.610E+05 | 0.003932 
"f=0.664/Re^0.5" 6 9.132E+05 | 0.003791 
f=0.059/Re^0.2 7 1.065E+06 | 0.003676 
8 1.218E+06 | 0.003579 
9 1.370E+06 | 0.003496 
10 1.522E+06 | 0.003423 

0.0045 

0.004 

0.0035 

0.003 

w 0.0025 

0.002 

0.0015 

0.001 

0.0005 
1 2 3 4 5 6 7 8 9 10 


Discussion Note that the Reynolds number exceeds the critical value for x > 3 ft, and thus the flow is turbulent over 
most of the plate. For x > 3 ft, we used C, =0.074/Re /°-1742/Re , for friction coefficient. Note that C; decreases with 


Re in both laminar and turbulent flows. 
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11-51 
Solution Air flows on both sides of a continuous sheet of plastic. The drag force air exerts on the plastic sheet in the 
direction of flow is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds number is Re,, = 5x10°. 3 Air is an ideal 
gas. 4 Both surfaces of the plastic sheet are smooth. 5 The plastic sheet does not vibrate and thus it does not induce 
turbulence in air flow. 


Properties The density and kinematic viscosity of air at 1 atm and 60°C are p = 1.059 kg/m’ and v= 1.896x10~ m’/s . 
Analysis The length of the cooling section is 


L = Voneo: At = [(15/ 60) m/s](2 8) = 0.5m Air 
V,,=3 m/s 


The Reynolds number is 


_VL _ (3 m/s)(1.2 m) LOSS Z 


Re, =— = 1.899 x10" 
v  1.896x10” m^/s 


which is less than the critical Reynolds number. Thus the flow is 
laminar. The area on both sides of the sheet exposed to air flow is 


A =2wL =2(1.2 m)(0.5 m) =1.2 m° 


Plastic sheet 


Then the friction coefficient and the drag force become 
1.32 1.32 
gea A ao A rn 
Re; ° (1.899x10°)” 





(1.059 kg/m? )(3 m/s)? 
2 


Discussion Note that the Reynolds number remains under the critical value, and thus the flow remains laminar over the 
entire plate. In reality, the flow may be turbulent because of the motion of the plastic sheet. 


2 
Fp =C A£ = (0.003048)(1.2m?) =0.0174N 





11-52 
Solution A train is cruising at a specified velocity. The drag force acting on the top surface of a passenger car of the 
train is to be determined. 


Assumptions 1 The air flow is steady and incompressible. 2 The critical Reynolds number is Re,, = 5x10°. 3 Air is an 
ideal gas. 4 The top surface of the train is smooth (in reality it can be rough). 5 The air is calm (no significant winds). 


Properties The density and kinematic viscosity of air at 1 atm and 25°C are p = 1.184 kg/m? and v= 1.562x10” m?/s . 





Analysis The Reynolds number is 
ir, 25°C 
vL [(70/3.6) m/s |(8 m Air, 2 
Re, = „L ) 7 it ) 9.95010 
v 1.562x107° m*/s 
x : ae 70 km/h 
which is greater than the critical Reynolds number. Thus we have 
combined laminar and turbulent flow, and the friction coefficient is = © © 
determined to be 
_ 0.074 1742 | 0.074 1742 0.002774 





1 Rel Re, — (9.959x10°)"5 9.959x106 


Noting that the pressure drag is zero and thus Cp =C; for a flat plate, the drag force acting on the surface becomes 


2 
pV 7 
Fp = GaS 0.002774x (8x3.2 m°) 





1.184 kg/m? X(70/3.6 m/s)? { 1N 
(1.184 kg/m *)(70/ 3.6 mis) -\-45.9N 

2 1kg-m/s 
Discussion Note that we can solve this problem using the turbulent flow relation (instead of the combined laminar- 
turbulent flow relation) without much loss in accuracy since the Reynolds number is much greater than the critical value. 
Also, the actual drag force will probably be greater because of the surface roughness effects. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-53 
Solution The weight of a thin flat plate exposed to air flow on both sides is balanced by a counterweight. The mass of 
the counterweight that needs to be added in order to balance the plate is to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds number is Re,, = 5x10°. 3 Air is an ideal 
gas. 4 The surfaces of the plate are smooth. 


Properties The density and kinematic viscosity of air at | atm and 25°C are p= 1.184 kg/m? and v= 1.562x10° m’/s . 
Analysis The Reynolds number is 

_VL_ (10 m/s)(0.5 m) 
~ y 1,562x10° m/s 


which is less than the critical Reynolds number of 5x10° . Therefore the flow is 
laminar. The average friction coefficient, drag force and the corresponding mass are 


Air, 10 m/s 


LHH 
N 


Re = 3.201x10° 


L 












1.32 1.32 50 cm 
o_o 
Re; , (3.201x10° )~ 50 cm 
2 3 2 
1.184 kg/m? (1 
Fp = C, ALI = (0.002347)[(2x0.5x0.5) m2] 2S Kem ICO MS) _ 9 0695 kg- m/s? = 0.0695 N 


2 
The mass whose weight is 0.0695 N is 


Fp _ 0.0695 kg.m/s” 
g 9.81 m/s? 


Therefore, the mass of the counterweight must be 7.1 g to counteract the drag force acting on the plate. 


=0.0071kg =7.1g 


Discussion Note that the apparatus described in this problem provides a convenient mechanism to measure drag force 
and thus drag coefficient. 





11-54 
Solution Laminar flow of a fluid over a flat plate is considered. The change in the drag force is to be determined 
when the free-stream velocity of the fluid is doubled. 





Analysis For the laminar flow of a fluid over a flat plate the drag force is given by 
2 
E pV _ 1.328 
Fp =C;A where C; = Roos 
Therefore —> y 
2 
1.328 pV? == 
Foi =7 95 A —s 
Re 2 








Substituting Reynolds number relation, we get 


2 0.5 L 
Fp sg =0.664V 77,42 pe 
(= 2 LY 
L 


When the free-stream velocity of the fluid is doubled, the new value of the drag 

force on the plate becomes 

1.328 pV)’ 
os 4 

(= i 2 


U 





0.5 
3/2 4 V 
ps = 0.664(2V ) A os 
The ratio of drag forces corresponding to V and 2V is 


Fp, QV)? _ pap 
Fn ya s = 2.83 


Discussion Note that the drag force increases almost three times in laminar flow when the fluid velocity is doubled. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-55E 
Solution A refrigeration truck is traveling at a specified velocity. The drag force acting on the top and side surfaces 
of the truck and the power needed to overcome it are to be determined. 


Assumptions 1 The process is steady and incompressible. 2 The airflow over the entire outer surface is turbulent because 
of constant agitation. 3 Air is an ideal gas. 4 The top and side surfaces of the truck are smooth (in reality they can be 
rough). 5 The air is calm (no significant winds). 


Properties The density and kinematic viscosity of air at 1 atm and 80°F are p = 0.07350 lbm/ft’ and v= 0.6110 ft’/s = 
1.697x10~ ft’/s . 








Analysis The Reynolds number is 
L 65x 1.4667) ft/s |(20 ft 20 ft 
Re, = -L is K ) race? 
v 1.697 x10™ ft/s 
The air flow over the entire outer surface is assumed to be turbulent. Refrigeration 
friction coefficient becomes 8 ft 
0.074 0.074 - 0.002878 





f Re¥5 1.124x107)"/5 
The area of the top and side surfaces of the truck is 
A = Avop + 2Aside = 9X20+2x8x20 =500 ft” 


Noting that the pressure drag is zero and thus Cp =C; for a plane surface, the drag force acting on these surfaces becomes 








2 
Fy =C ,AL— = 0,002878x (500 ft”) ; 
2 2 32.2 Ibm. ft/s 


3 2 
2, (0.07350 Ibm/ft* )(65 x 1.4667 ft/s) í Lbf )-149 Ibf 


Noting that power is force times velocity, the power needed to overcome this drag force is 


1kW 


W, = F V = (14.9 Ibf)(65 x 1.4667 ft/s} ———— 
drag = FV = ( o l 


)=1.98 kw 


Discussion Note that the calculated drag force (and the power required to overcome it) is very small. This is not 
surprising since the drag force for blunt bodies is almost entirely due to pressure drag, and the friction drag is practically 
negligible compared to the pressure drag. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-568 


Solution The previous problem is reconsidered. The effect of truck speed on the total drag force acting on the top and 
side surfaces, and the power required to overcome as the truck speed varies from 0 to 100 mph in increments of 10 mph is 


to be investigated. 
7 





Analysis The EES Equations window is 
printed below, along with the tabulated and plotted 
results. 








rho=0.07350 "Ibm/ft3" 
nu=0.6110/3600 "ft2/s" 
V=Vel*1.4667 "ft/s" 
L=20 "ft" 

W=2*8+9 

A=L*W 

Re=L*V/nu 
Cf=0.074/Re*0.2 
g=32.2 "ft/s2" 
F=Cf*A*(rho*V42)/2/32.2 "If" 
Pdrag=F*V/737.56 "kW" 








Parag; kW 
































80 100 


0 20 40 




















60 
V, mph 
V, mph Re Farag, lof Parag, KW 

0 0 0.00 0.000 
10 1.728E+06 0.51 0.010 
20 3.457E+06 1.79 0.071 
30 5.185E+06 3.71 0.221 
40 6.913E+06 6.23 0.496 
50 8.642E+06 9.31 0.926 
60 1.037E+07 12.93 1.542 
70 1.209E+07 17.06 2.375 
80 1.382E+07 21.69 3.451 
90 1.555E+07 26.82 4.799 
100 1.728E+07 32.42 6.446 








Discussion The required power increases rapidly with velocity — in fact, as velocity cubed. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-57 
Solution Air is flowing over a long flat plate with a specified velocity. The distance from the leading edge of the 
plate where the flow becomes turbulent, and the thickness of the boundary layer at that location are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds number is Re,, = 5x10°. 3 Air is an ideal 
gas. 4 The surface of the plate is smooth. 


Properties The density and kinematic viscosity of air at 1 atm and 25°C are ae 
p= 1.184 kg/m’ and v= 1.562x10° m’/s . $ 
—> 
—> 





Analysis The critical Reynolds number is given to be Re,, = 5x10°. The 
distance from the leading edge of the plate where the flow becomes turbulent is 
the distance x, where the Reynolds number becomes equal to the critical 
Reynolds number, 
R 1.562x10° m7/s)(5x10° 
Ree ee ( ae 0.976m 
v V 8 m/s 

The thickness of the boundary layer at that location is obtained by substituting this value of x into the laminar boundary 
layer thickness relation, 


_ 4.91x 
Rel? 














491x _ 4.91(0.976 m) 
Rel? (5x105)? 


Discussion When the flow becomes turbulent, the boundary layer thickness starts to increase, and the value of its 
thickness can be determined from the boundary layer thickness relation for turbulent flow. 


ô, ô = 0.00678 m = 0.678 cm 





v,cr 





11-58 
Solution Water is flowing over a long flat plate with a specified velocity. The distance from the leading edge of the 
plate where the flow becomes turbulent, and the thickness of the boundary layer at that location are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The critical 
Reynolds number is Re,, = 5x10°. 3 The surface of the plate is smooth. 


WW 


Properties The density and dynamic viscosity of water at 1 atm 
and 25°C are p= 997 kg/m? and w= 0.891x10~ kg/m-s. 














Analysis The critical Reynolds number is given to be Reg, = 5x10°. 
The distance from the leading edge of the plate where the flow becomes 
turbulent is the distance x.: where the Reynolds number becomes equal to 
the critical Reynolds number, 


R 891x107 kg/m- 105 
Re- T 3 o -# eer _ (0.891x10 ~ kg/m-s)(5x10 ) _0.056m 


cr cr 


u pV (997 kg/m*)(8 m/s) 





The thickness of the boundary layer at that location is obtained by substituting this value of x into the laminar boundary 
layer thickness relation, 
5x _ 491x, _ 4.91(0.056 m) 


Ov, = > 6 = 0.00039 m =0.39 mm 





v.cr 


vox 1/2 
Re x cr 


Therefore, the flow becomes turbulent after about 5.6 cm from the leading edge of the plate, and the thickness of the 
boundary layer at that location is 0.39 mm. 


Discussion When the flow becomes turbulent, the boundary layer thickness starts to increase, and the value of its 
thickness can be determined from the boundary layer thickness relation for turbulent flow. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


Flow across Cylinders and Spheres 


11-59C 
Solution We are to discuss why the drag coefficient suddenly drops when the flow becomes turbulent. 
Analysis Turbulence moves the fluid separation point further back on the rear of the body, reducing the size of 


the wake, and thus the magnitude of the pressure drag (which is the dominant mode of drag). As a result, the drag 
coefficient suddenly drops. In general, turbulence increases the drag coefficient for flat surfaces, but the drag coefficient 
usually remains constant at high Reynolds numbers when the flow is turbulent. 


Discussion The sudden drop in drag is sometimes referred to as the drag crisis. 





11-60C 
Solution We are to discuss how pressure drag and friction drag differ in flow over blunt bodies. 
Analysis Friction drag is due to the shear stress at the surface whereas pressure drag is due to the pressure 


differential between the front and back sides of the body because of the wake that is formed in the rear. 


Discussion For a blunt or bluff body, pressure drag is usually greater than friction drag, while for a well-streamlined 
body, the opposite is true. For the case of a flat plate aligned with the flow, all of the drag is friction drag. 





11-61C 
Solution We are to discuss why flow separation is delayed in turbulent flow over circular cylinders. 
Analysis Flow separation in flow over a cylinder is delayed in turbulent flow because of the extra mixing due to 


random fluctuations and the transverse motion. 


Discussion As a result of the turbulent mixing, a turbulent boundary layer can resist flow separation better than a 
laminar boundary layer can, under otherwise similar conditions. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-62E 
Solution A pipe is crossing a river while remaining completely immersed in water. The drag force exerted on the 
pipe by the river is to be determined. 
Assumptions 1 The outer surface of the pipe is smooth so that Fig. 11-34 pale neg 
= 10 ft/s 


can be used to determine the drag coefficient. 2 Water flow in the river is 


steady. 3 The turbulence in water flow in the river is not considered. 4 The padre 

direction of water flow is normal to the pipe. K K J Fi J 

Properties The density and dynamic viscosity of water at 70°F are p= 

62.30 Ibm/ft* and u = 2.36 Ibm/ft-h = 6.556x107 Ibm/ft-s. C 

Analysis Noting that D = 1.2 in = 0.1 ft, the Reynolds number for flow Pipe 

over the pipe is pe 12in 
L=105 ft 


_ VD _ pVD _ 62.30 1bm/ft* )(10 ft/s)(0. 1 ft) 
v u 6.556 10+ Ibm/ft-s 





Re =9.50x104 


The drag coefficient corresponding to this value is, from Fig. 11-34, Cp = 1.1. Also, the frontal area for flow past a cylinder 
is A = LD. Then the drag force acting on the cylinder becomes 





2 
ge 
2 


=1.1x(105x0.1 ft”) 


2.30 Ibm/ft? )(10 ft/s)? 
F =C, (62.30 Ibm/ft? )(10 ft/s) | 11bf 


=1120 Ibf 
2 32.2 Ibm- ft/s? ) 


Discussion Note that this force is equivalent to the weight of a 1120 Ibm mass. Therefore, the drag force the river exerts 
on the pipe is equivalent to hanging a mass of 1120 Ibm on the pipe supported at its ends 70 ft apart. The necessary 
precautions should be taken if the pipe cannot support this force. Also, the fluctuations in water flow may reduce the drag 
coefficients by inducing turbulence and delaying flow separation. 





11-63 
Solution A pipe is exposed to high winds. The drag force exerted on the pipe by the winds is to be determined. 


Assumptions 1 The outer surface of the pipe is smooth so that Fig. 11-34 can be used to determine the drag coefficient. 2 
Air flow in the wind is steady and incompressible. 3 The turbulence in the wind is not considered. 4The direction of wind is 
normal to the pipe. 


Properties The density and kinematic viscosity of air at 1 atm and y an 
5°C are p = 1.269 kg/m’ and v= 1.382x10° m’/s. ee 
Analysis Noting that D = 0.08 m and 1 m/s = 3.6 km/h, the Ze re ye J a 


Reynolds number for flow over the pipe is 





Re = 3G 
v 1.382x10 ~ m^/s KL ; 
Pipe 
The drag coefficient corresponding to this value is, from Fig. 11-34, Cp = D = 8 cm 
1.0. Also, the frontal area for flow past a cylinder is A = LD. Then the L=1m 


drag force becomes 


V2 
Fp =CpA£ 








3, (1.269 kg/m*)(50/ 3.6 m/s)” 1N 


=1.0(1x0.08 m^) 3 e ) =9.79N (per m length) 
g: m/s 


Discussion Note that the drag force acting on a unit length of the pipe is equivalent to the weight of 1 kg mass. The 
total drag force acting on the entire pipe can be obtained by multiplying the value obtained by the pipe length. It should be 
kept in mind that wind turbulence may reduce the drag coefficients by inducing turbulence and delaying flow separation. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-64E 
Solution A person extends his uncovered arms into the windy air outside. The drag force exerted on both arms by the 
wind is to be determined. 


Assumptions 1 The surfaces of the arms are smooth so that Fig. 11-34 can be used to determine the drag coefficient. 2 Air 
flow in the wind is steady and incompressible. 3 The turbulence in the wind is not considered. 4The direction of wind is 
normal to the arms. 5 The arms can be treated as 2-ft-long and 3-in.-diameter cylinders with negligible end effects. 


Properties The density and kinematic viscosity of air at 1 atm and 60°F are p = 0.07633 A 
lbm/ft and v= 0.5718 ft’/h = 1.588x10" ft’/s. ai 
60°F, 20 mph 


Analysis Noting that D = 3 in = 0.25 ft and 1 mph = 1.4667 ft/s, the Reynolds number 
for flow over the arm is AA l L L 


“a 
_ VD _ 20x1.4667 /s)(0.251) _ 4 61g 104 ee 


Re 
v 1.588x1074 ft?/s 





The drag coefficient corresponding to this value is, from Fig. 11-34, Cp = 1.0. Also, the frontal area for flow past a cylinder 
is A = LD. Then the total drag force acting on both arms becomes 





manan 3 OTS owt 20 A657) ( LIbf 
D- “D 
2 


=1.0x(2x2x0.25 ft ) 2 Sas |= 1.02 
i m +: IUS 


Discussion Note that this force is equivalent to the weight of 1 lbm mass. Therefore, the drag force the wind exerts on 
the arms of this person is equivalent to hanging 0.5 Ibm of mass on each arm. Also, it should be kept in mind that the wind 
turbulence and the surface roughness may affect the calculated result significantly. 





11-65 
Solution Wind is blowing across the wire of a transmission line. The drag force exerted on the wire by the wind is to 
be determined. 


Assumptions 1 The wire surfaces are smooth so that Fig. 11-34 can be used to determine the drag coefficient. 2 Air flow 
in the wind is steady and incompressible. 3 The turbulence in the wind is not considered. 4The direction of wind is normal 
to the wire. 








Properties The density and ieman riepas of air at 1 atm and 15°C Transmission 
are p= 1.225 kg/m’ and v= 1.470x10° m/s. wire, 
Wind D=0.6 cm 
Analysis Noting that D = 0.006 m and 1 m/s = 3.6 km/h, the YAO kmh L=120m 
Reynolds number for the flow is PLG 
40/3. i : 
ge a Lea a =4.535x10° =< 
v 1.470x10 ~ m^/s —> 
—> 
The drag coefficient corresponding to this value is, from Fig. 11-34, Cp = 
1.0. Also, the frontal area for flow past a cylinder is A = LD. Then the drag 
force becomes 
2 3 2 
1.225k 40/3. 
Fs 2642-10000 ean) aN > |=54.4N 
2 1kg-m/s 


Therefore, the drag force acting on the wire is 54.4 N, which is equivalent to the weight of about 5.4 kg mass hanging on 
the wire. 


Discussion It should be kept in mind that wind turbulence may reduce the drag coefficients by inducing turbulence and 
delaying flow separation. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-66 
Solution Spherical hail is falling freely in the atmosphere. The terminal velocity of the hail in air is to be determined. 


Assumptions 1 The surface of the hail is smooth so that Fig. 11-34 can be used to determine the drag coefficient. 2 The 
variation of the air properties with altitude is negligible. 3 The buoyancy force applied by air to hail is negligible since Pair 
<< Prai (besides, the uncertainty in the density of hail is greater than the density of air). 4 Air flow over the hail is steady 
and incompressible when terminal velocity is established. 5 The atmosphere is calm (no winds or drafts). 


Properties The density and kinematic viscosity of air at 1 atm and 5°C are p = 1.269 kg/m’ and v= 1.382x10° m’/s. 
The density of hail is given to be 910 kg/m’. 











Analysis The terminal velocity of a free falling object is reached when the drag force equals the weight of the solid 
object less the buoyancy force applied by the fluid, which is negligible in this case, 
2 
PrVv 

Fp =W-F, where Fp=CpA > ; W =mg = p,gV = p,8(7D°? 16), and Fg =0 
and A = nD?/4 is the frontal area. Substituting and simplifying, 

2 2 Hail 

Psy D? PsVY D? 4D 
CpA——=W > Co 5 = PB > Cop? =p D=0.3 cm 


Solving for V and substituting, 


4gp,D 4(9.81m/s*)(910 kg/m*)(0.008 m) 8.662 
ee = : > v= (1) 
3CpP ¢ 3C p (1.269 kg/m”) Cp 
The drag coefficient Cp is to be determined from Fig. 11-34, but it requires the 
Reynolds number which cannot be calculated since we do not know velocity. 














Therefore, the solution requires a trial-error approach. First we express the Reynolds Air 
number as T=5°C 
D V (0.008 
gee Oy > Re=578.9V (2) 


v 1.382x107> m?/s 


Now we choose a velocity in m/s, calculate the Re from Eq. 2, read the corresponding Cp from Fig. 11-34, and calculate V 
from Eq. 1. Repeat calculations until the assumed velocity matches the calculated velocity. With this approach the terminal 
velocity is determined to be 


V=13.7 m/s 


The corresponding Re and Cp values are Re = 7930 and Cp = 0.40. Therefore, the velocity of hail will remain constant 
when it reaches the terminal velocity of 13.7 m/s = 49 km/h. 


Discussion The simple analysis above gives us a reasonable value for the terminal velocity. A more accurate answer 
can be obtained by a more detailed (and complex) analysis by considering the variation of air properties with altitude, and 
by considering the uncertainty in the drag coefficient (a hail is not necessarily spherical and smooth). 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-67 
Solution A spherical dust particle is suspended in the air at a fixed point as a result of an updraft air motion. The 
magnitude of the updraft velocity is to be determined using Stokes law. 


Assumptions 1 The Reynolds number is low (at the order of 1) so that Stokes law is applicable (to be verified). 2 The 
updraft is steady and incompressible. 3 The buoyancy force applied by air to the dust particle is negligible since Pair << Paust 
(besides, the uncertainty in the density of dust is greater than the density of air). (We will solve the problem without 
utilizing this assumption for generality). 


Properties The density of dust is given to be p, = 2.1 g/cm? = 2100 kg/m°?. The density and dynamic viscosity of air at 
1 atm and 25°C are p;= 1.184 kg/m’ and u = 1.849x10° kg/m-s. 


Analysis The terminal velocity of a free falling object is reached (or the suspension of an object in a flow stream is 
established) when the drag force equals the weight of the solid object less the buoyancy force applied by the surrounding 
fluid, 


Fy =W-F, where Fp =374VD (Stokes law), W=p,gV, and Fp =p,;gV 


Here V= D°/6 is the volume of the sphere. Substituting, 
zD? 
3muVD= p,gV-p,gV > ae aa lar | V 


Ai 
Solving for the velocity V and substituting the numerical values, the updraft velocity 7 
is determined to be 


E gD" (p,- PF) _ (9.81 m/s” )(0.0001 m)* (2100 - 1.184) kg/m? 


= 0.619 m/s 
18u 18(1.849x10" kg/m-s) 


V 





The Reynolds number in this case is 


PVD _ (1.184kg/m*)(0.619 m/s)(0.0001 m) _ 


Re g 
u 1.849x10” kg -m/s 


4.0 


which is in the order of 1. Therefore, the creeping flow idealization and thus Stokes law is applicable, and the value 
calculated is valid. 


Discussion Flow separation starts at about Re = 10. Therefore, Stokes law can be used as an approximation for 
Reynolds numbers up to this value, but this should be done with care. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-68 
Solution Dust particles that are unsettled during high winds rise to a specified height, and start falling back when 
things calm down. The time it takes for the dust particles to fall back to the ground and their velocity are to be determined 
using Stokes law. 


Assumptions 1 The Reynolds number is low (at the order of 1) so that Stokes law is applicable (to be verified). 2 The 
atmosphere is calm during fall back (no winds or drafts). 3 The initial transient period during which the dust particle 
accelerates to its terminal velocity is negligible. 4 The buoyancy force applied by air to the dust particle is negligible since 
Pair << Paust (besides, the uncertainty in the density of dust is greater than the density of air). (We will solve this problem 
without utilizing this assumption for generality). 


Properties The density of dust is given to be p, = 1.8 g/cm’ = 1800 kg/m*. The density and dynamic viscosity of air at 
1 atm and 15°C are ps= 1.225 kg/m’ and u = 1.802x10° kg/m-s. 


Analysis The terminal velocity of a free falling object is reached when the drag force equals the weight of the solid 
object less the buoyancy force applied by the surrounding fluid, 


Fp =W-F, where Fp =32uVD (Stokes law), W=p,gV, and Fp=p,gV 


Here V= 1D’/6 is the volume of the sphere. Substituting, 


1D? 
3muVD = p,gV-pygV —> 3auVD=(p, “Pre 


Solving for the velocity V and substituting the numerical values, the terminal velocity is determined to be 


8D? (P; -Pf) _ (9.81m/s?)(5x10% m)? (1800-1.225) kg/m? 


5 =0.136 m/s 
18u 18(1.802x10° kg/m-s) 


V 





Then the time it takes for the dust particle to travel 350 m at this velocity becomes 


v 
-2 90m _ 2573s=42.9 min | 
V 0.136 m/s 


The Reynolds number is 


_ PVD _ (1.225kg/m*)(0.136 m/s)(5x 10° m) _ 
u 1.802x10° kg-m/s 





Re 0.46 


which is in the order of 1. Therefore, the creeping flow idealization and thus Stokes law is applicable. 


Discussion Note that the dust particle reaches a terminal velocity of 0.136 m/s, and it takes about an hour to fall back to 
the ground. The presence of drafts in air may significantly increase the settling time. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-69 [Also solved using EES on enclosed DVD] 


Solution A cylindrical log suspended by a crane is subjected to normal winds. The angular displacement of the log 
and the tension on the cable are to be determined. 


Assumptions 1 The surfaces of the log are smooth so that Fig. 11-34 can be used to determine the drag coefficient (not a 
realistic assumption). 2 Air flow in the wind is steady and incompressible. 3 The turbulence in the wind is not considered. 
4The direction of wind is normal to the log, which always remains horizontal. 5 The end effects of the log are negligible. 6 
The weight of the cable and the drag acting on it are negligible. 7 Air is an ideal gas. 


Properties The dynamic viscosity of air at 5°C (independent of pressure) is 44 = 1.754x10° kg/m-s. Then the density 
and kinematic viscosity of air are calculated to be 
P 88 kPa 


ee ; =1.103 kg/m? 
RT (0.287 kPa -m°/kg - K)(278 K) 





p 


1.754x10 kg/m- 
s a l E T mss 
p 1.103 kg/m 


Analysis Noting that D = 0.2 m and 1 m/s = 3.6 km/h, the 

Reynolds number is 

_ VD _ (40/3.6 m/s)(0.2 m) 
v 1.590x10” m?°/s 


The drag coefficient corresponding to this value is, from Fig. 11-34, Cp = 1.2. Also, the frontal area for flow past a cylinder 
is A = LD. Then the total drag force acting on the log becomes 





Re =1.398x105 














2 3 2 
1.103k 40/3. 
Pata op) O Hy ~ |=32.7N 
2 2 1kg -m/s 
The weight of the log is 
mL g >, 2(0.2 m)?(2 m) 1N 
W =mg = pg V = pg —— = (513 kg/m?) (9.81 m/s?) =316 N 
emme g i E 


Then the resultant force acting on the log and the angle it makes with the horizontal become 


Figg = R= JW? + Fp =V32.77 +3167 =318N 


W316 | 
Fp 32.7 





tan = 966 > 0 = 84° 


Drawing a free body diagram of the log and doing a force balance will show that the magnitude of the tension on the cable 
must be equal to the resultant force acting on the log. Therefore, the tension on the cable is 318 N and the cable makes 84° 
with the horizontal. 


Discussion Note that the wind in this case has rotated the cable by 6° from its vertical position, and increased the 
tension action on it somewhat. At very high wind speeds, the increase in the cable tension can be very significant, and wind 
loading must always be considered in bodies exposed to high winds. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-70 
Solution A ping-pong ball is suspended in air by an upward air jet. The velocity of the air jet is to be determined, and 
the phenomenon that the ball returns to the center of the air jet after a disturbance is to be explained. 


Assumptions 1 The surface of the ping-pong ball is smooth so that Fig. 11-34 can be used to determine the drag 
coefficient. 2 Air flow over the ball is steady and incompressible. 


Properties The density and kinematic viscosity of air at 1 atm and 25°C are p = 1.184 
kg/m? and v= 1.562x10° m’/s. 


Analysis The terminal velocity of a free falling object is reached when the drag force 
equals the weight of the solid object less the buoyancy force applied by the fluid, Pal 


f Air jet 


2.6 g 


2 
Pr 
Fp =W-F, where Fp =CpA 5 > W=mg, and Fg =p,rgV 





Here A = nD?/4 is the frontal area and V = nD?/6 is the volume of the sphere. Also, 


W = mg = (0.0026 kg)(9.81 m/s?) = 0.0255 kg - m/s? = 0.0255 N 


zD? z(0.038 m)? 


Fg =P;8 eo (1.184 kg/m? )(9.81 m/s”) = 0.000334 kg- m/s” = 0.000334 N 


Substituting and solving for V, 











2 pV? 8(W —F 255 — 4) kg- m/s? 
p eY owr, v= [SUF _ [8(0-0255- 0.000334) kg-mis") _, y_ 6.122) 
4 2 mD*C pp ¢ (0.038 m)” Cp (1.184 kg/m") ogy 


The drag coefficient Cp is to be determined from Fig. 11-34, but it requires the Reynolds number which cannot be 
calculated since we do not know velocity. Therefore, the solution requires a trial-error approach. First we express the 
Reynolds number as 


_VD___V(.038m) 


Re eG = Sa a 
v 1.562x10 ° m^/s 


> Re=2433V (2) 


Now we choose a velocity in m/s, calculate the Re from Eq. 2, read the corresponding Cp from Fig. 11-34, and calculate V 
from Eq. 1. Repeat calculations until the assumed velocity matches the calculated velocity. With this approach the velocity 
of the fluid jet is determined to be 


V = 9.3 m/s 


The corresponding Re and Cp values are Re = 22,600 and Cp = 0.43. Therefore, the ping-pong ball will remain suspended 
in the air jet when the air velocity reaches 9.3 m/s = 33.5 km/h. 


Discussion 


1 If the ball is pushed to the side by a finger, the ball will come back to the center of the jet (instead of falling off) due to 
the Bernoulli effect. In the core of the jet the velocity is higher, and thus the pressure is lower relative to a location away 
from the jet. 


2 Note that this simple apparatus can be used to determine the drag coefficients of certain object by simply measuring the 
air velocity, which is easy to do. 


3 This problem can also be solved roughly by taking Cp = 0.5 from Table 11-2 for a sphere in laminar flow, and then 
verifying that the flow is laminar. 
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Lift 

11-71C 

Solution We are to discuss why the contribution of viscous effects to lift of airfoils is usually negligible. 

Analysis The contribution of viscous effects to lift is usually negligible for airfoils since the wall shear is nearly 


parallel to the surfaces of such devices and thus nearly normal to the direction of lift. 


Discussion However, viscous effects are extremely important for airfoils at high angles of attack, since the viscous 
effects near the wall (in the boundary layer) cause the flow to separate and the airfoil to stall, losing significant lift. 





11-72C 
Solution We are to discuss the lift and drag on a symmetrical airfoil at zero angle of attack. 
Analysis When air flows past a symmetrical airfoil at zero angle of attack, (a) the lift is zero, but (b) the drag acting 


on the airfoil is nonzero. 


Discussion In this case, because of symmetry, there is no lift, but there is still skin friction drag, along with a small 
amount of pressure drag. 





11-73C 
Solution We are to discuss the lift and drag on a nonsymmetrical airfoil at zero angle of attack. 
Analysis When air flows past a nonsymmetrical airfoil at zero angle of attack, both the (a) lift and (6) drag acting 


on the airfoil are nonzero. 


Discussion Because of the lack of symmetry, the flow is different on the top and bottom surfaces of the airfoil, leading 
to lift. There is drag too, just as there is drag even on a symmetrical airfoil. 





11-74C 
Solution We are to discuss the lift and drag on a symmetrical airfoil at 5° angle of attack. 
Analysis When air flows past a symmetrical airfoil at an angle of attack of 5°, both the (a) lift and (b) drag acting 


on the airfoil are nonzero. 


Discussion Because of the lack of symmetry with respect to the free-stream flow, the flow is different on the top and 
bottom surfaces of the airfoil, leading to lift. There is drag too, just as there is drag even at zero angle of attack. 





11-75C 
Solution We are to define and discuss stall. 
Analysis The decrease of lift with an increase in the angle of attack is called stall. When the flow separates over 


nearly the entire upper half of the airfoil, the lift is reduced dramatically (the separation point is near the leading edge). Stall 
is caused by flow separation and the formation of a wide wake region over the top surface of the airfoil. Commercial 
aircraft are not allowed to fly at velocities near the stall velocity for safety reasons. Airfoils stall at high angles of attack 
(flow cannot negotiate the curve around the leading edge). If a plane stalls, it loses mush of its lift, and it can crash. 


Discussion At angles of attack above the stall angle, the drag also increases significantly. 
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11-76C 
Solution We are to discuss which increases at a greater rate — lift or drag — with increasing angle of attack. 
Analysis Both the lift and the drag of an airfoil increase with an increase in the angle of attack, but in general, the lift 


increases at a much higher rate than does the drag. 


Discussion In other words, the lift-to-drag ratio increases with increasing angle of attack — at least up to the stall angle. 





11-77C 
Solution We are to why flaps are used on aircraft during takeoff and landing. 
Analysis Flaps are used at the leading and trailing edges of the wings of large aircraft during takeoff and landing to 


alter the shape of the wings to maximize lift and to enable the aircraft to land or takeoff at low speeds. An aircraft can 
take off or land without flaps, but it can do so at very high velocities, which is undesirable during takeoff and landing. 


Discussion In simple terms, the planform area of the wing increases as the flaps are deployed. Thus, even if the lift 
coefficient were to remain constant, the actual lift would still increase. In fact, however, flaps increase the lift coefficient as 
well, leading to even further increases in lift. Lower takeoff and landing speeds lead to shorter runway length requirements. 





11-78C 
Solution We are to discuss how flaps affect the lift and drag of airplane wings. 
Analysis Flaps increase both the lift and the drag of the wings. But the increase in drag during takeoff and landing 


is not much of a concern because of the relatively short time periods involved. This is the penalty we pay willingly to take 
off and land at safe speeds. 


Discussion Note, however, that the engine must operate at nearly full power during takeoff to overcome the large drag. 





11-79C 
Solution We are to discuss the effect of wing tip vortices on drag and lift. 
Analysis The effect of wing tip vortices is to increase drag (induced drag) and to decrease lift. This effect is also 


due to the downwash, which causes an effectively smaller angle of attack. 


Discussion Induced drag is a three-dimensional effect; there is no induced drag on a 2-D airfoil since there are no tips. 





11-80C 
Solution We are to discuss induced drag and how to minimize it. 
Analysis Induced drag is the additional drag caused by the tip vortices. The tip vortices have a lot of kinetic 


energy, all of which is wasted and is ultimately dissipated as heat in the air downstream. Induced drag can be reduced by 
using long and narrow wings, and by modifying the geometry of the wing tips. 


Discussion Birds are designed with feathers that fan out at the tips of their wings in order to reduce induced drag. 





11-81C 
Solution We are to discuss the lift on a spinning and non-spinning ball. 
Analysis When air is flowing past a spherical ball, the lift exerted on the ball is zero if the ball is not spinning, and 


it is nonzero if the ball is spinning about an axis normal to the free stream velocity (no lift is generated if the ball is 
spinning about an axis parallel to the free stream velocity). 


Discussion In the parallel spinning case, however, a side force would be generated (e.g., a curve ball). 
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11-82 


Solution A tennis ball is hit with a backspin. It is to be determined if the ball will fall or rise after being hit. 


Assumptions 1 The outer surface of the ball is smooth enough for Fig. 11-53 to be applicable. 2 The ball is hit 
horizontally so that it starts its motion horizontally. 4200 rpm 


Properties The density and kinematic viscosity of air at 1 atm and 25°C are p= 
1.184 kg/m? and v= 1.562x10° m’/s. 


Analysis The ball is hit horizontally, and thus it would normally fall under the 
effect of gravity without the spin. The backspin will generate a lift, and the ball will 
rise if the lift is greater than the weight of the ball. The lift can be determined from 


V? 
F, =C,A£ 








where A is the frontal area of the ball, A = 4D? / 4 . The regular and angular velocities of the ball are 
1 m/s 2x rad \ 1min 
3.6 km/h 60s 








V = (92 konf ) = 25.56 m/s and æ = (4200 revimin| = 440 rad/s 


lrev 


Then, 
oD _ (440 rad/s)(0.064 m) 


2V 2(25.56 m/s) 
From Fig. 11-53, the lift coefficient corresponding to this value is Cz = 0.11. Then the lift acting on the ball is 


=0.551 rad 





.064 m)? (1.184 kg/m? )(25. ? 
p apm m)* (1.184 kg/m” )(25.56 m/s) 1N ~|=0.14N 
2 1kg-m/s 
S ; 2 IN 
The weight of the ball is W = mg = (0.057 kg)(9.81 m/s* )) ————— | = 0.56 N 
1kg- m/s? 


which is more than the lift. Therefore, the ball will drop under the combined effect of gravity and lift due to spinning after 
hitting, with a net force of 0.56 - 0.14 = 0.42 N. 


eesi ; ; VD  (25.56m/s)(0.064 m) a: 
Discussion The Reynolds number for this problem is Re, = = S =1.05x10, which is close 
v 1.562x10” m^/s 


enough to 6x10* for which Fig. 11-53 is prepared. Therefore, the result should be close enough to the actual answer. 








11-83 
Solution The takeoff speed of an aircraft when it is fully loaded is given. The required takeoff speed when the weight 
of the aircraft is increased by 20% as a result of overloading is to be determined. 


Assumptions 1 The atmospheric conditions (and thus the properties of air) remain the same. 2 The settings of the plane 
during takeoff are maintained the same so that the lift coefficient of the plane remains the same. 


Analysis An aircraft will takeoff when lift equals the total weight. Therefore, 


2W Takeoff 
pC, A V=190 km/h 
L 


We note that the takeoff velocity is proportional to the square root of the weight 
of the aircraft. When the density, lift coefficient, and area remain constant, the 
ratio of the velocities of the overloaded and fully loaded aircraft becomes 


V, J2W,/pC,A YW, W, 

= = > Vz = Vi = 
V, J§2W,/pC,;A JW, W, 

Substituting, the takeoff velocity of the overloaded aircraft is determined to be 


1.2W, 


W=F, > W=tC,pV’A > V= 














V, =V; = (190 km/h) V1.2 = 208 km/h 


1 
Discussion A similar analysis can be performed for the effect of the variations in density, lift coefficient, and planform 
area on the takeoff velocity. 
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11-84 
Solution The takeoff speed and takeoff time of an aircraft at sea level are given. The required takeoff speed, takeoff 
time, and the additional runway length required at a higher elevation are to be determined. 


Assumptions 1 Standard atmospheric conditions exist. 2 The settings of the plane during takeoff are maintained the same 
so that the lift coefficient of the plane and the planform area remain constant. 3 The acceleration of the aircraft during 
takeoff remains constant. 


Properties The density of standard air is p; = 1.225 kg/m’ at sea level, and p) = 1.048 kg/m’ at 1600 m altitude. 





Analysis (a) An aircraft will takeoff when lift equals the total weight. Therefore, 
2W 
W=F, > W=1C,pV’A > V= 
pC, A 


We note that the takeoff speed is inversely proportional to the square root of air density. When the weight, lift coefficient, 
and area remain constant, the ratio of the speeds of the aircraft at high altitude and at sea level becomes 


V, y2W/p.C,A yp 


> V, =V, |2 = (220kmh) = = 238 km/h 


V, wip.c,a lp, P2 1.04 


Therefore, the takeoff velocity of the aircraft at higher altitude is 238 km/h. 





Takeoff 


(b) The acceleration of the aircraft at sea level is 
V = 220 km/h 








-AV 220 enn -0 I m/s 


) = 4.074 m/s? 
At 15s 3.6 km/h 


which is assumed to be constant both at sea level and the higher altitude. 
Then the takeoff time at the higher altitude becomes 





AV _ AV _ 238 sh 1m/s 


a= > At 
3.6 km/h 


=16.2s 
At a 4.074 m/s? 


(c) The additional runway length is determined by calculating the distance traveled during 
takeoff for both cases, and taking their difference: 


L, =4at; =4(4.074 m/s*)(15s)* =458m 


Ly =4atz =4 (4.074 m/s” )(16.2s)* =535m 
AL = L, —L, =535-458=77m 


Discussion Note that altitude has a significant effect on the length of the runways, and it should be a major 
consideration on the design of airports. It is interesting that a 1.2 second increase in takeoff time increases the required 
runway length by about 100 m. 
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11-85E 
Solution The rate of fuel consumption of an aircraft while flying at a low altitude is given. The rate of fuel 
consumption at a higher altitude is to be determined for the same flight velocity. 


Assumptions 1 Standard atmospheric conditions exist. 2 The settings of the plane during takeoff are maintained the same 
so that the drag coefficient of the plane and the planform area remain constant. 3 The velocity of the aircraft and the 
propulsive efficiency remain constant. 4 The fuel is used primarily to provide propulsive power to overcome drag, and thus 
the energy consumed by auxiliary equipment (lights, etc) is negligible. 


Properties The density of standard air is p, = 0.05648 lbm/ft* at 10,000 ft, and p, = 0.02866 lbm/ft* at 30,000 ft 
altitude. 


Analysis When an aircraft cruises steadily (zero acceleration) at a constant altitude, the net force acting on the aircraft 
is zero, and thus the thrust provided by the engines must be equal to the drag force. Also, power is force times velocity 
(distance per unit time), and thus the propulsive power required to overcome drag is equal to the thrust times the cruising 


velocity. Therefore, fad 
Cruising 
Me = 5 gal/min 





ve v3 
Woroputsive = ThrustxV = FpV = CpA Ê 7 VY =CpA k f 





The propulsive power is also equal to the product of the rate of fuel energy 
supplied (which is the rate of fuel consumption times the heating value of the 
fuel, Mme HV ) and the propulsive efficiency. Then, 


3 

. : pVv- . 
W prop = 1] prop M fuel HV > CpA a2 = 1] prop M fuel HV 
We note that the rate of fuel consumption is proportional to the density of air. When the drag coefficient, the wing area, the 
velocity, and the propulsive efficiency remain constant, the ratio of the rates of fuel consumptions of the aircraft at high and 


low altitudes becomes 


in Cp APV? 12N o HV 
Cie a A i eh ; Tmo PES. Hip =e 22 enn) 9 84 galimin 
Melt CpAPV~/ 2M yo, HV Pi i ” Pi 0.05648 


Discussion Note the fuel consumption drops by half when the aircraft flies at 30,000 ft instead of 10,000 ft altitude. 
Therefore, large passenger planes routinely fly at high altitudes (usually between 30,000 and 40,000 ft) to save fuel. This is 
especially the case for long flights. 
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11-86 
Solution The takeoff speed of an aircraft when it is fully loaded is given. The required takeoff speed when the 
aircraft has 100 empty seats is to be determined. 


Assumptions 1 The atmospheric conditions (and thus the properties of air) remain the same. 2 The settings of the plane 
during takeoff are maintained the same so that the lift coefficient of the plane remains the same. 3 A passenger with 


luggage has an average mass of 140 kg. és 
Takeo 


Analysis An aircraft will takeoff when lift equals the total weight. Therefore, V = 250 km/h 


2W 
pC, A 


We note that the takeoff velocity is proportional to the square root of the weight 
of the aircraft. When the density, lift coefficient, and wing area remain constant, 
the ratio of the velocities of the under-loaded and fully loaded aircraft becomes 


V, _ J2W,/pC,A _ JW _ ving _ ym , yy fm 
Vi JW, /pC,A JW, {mg Jm a m; 


where m, =m; -m 








W=F, > W=}C,V’A > V= 








= 400,000 kg — (140 kg/passanger) x (100 passengers) = 386,000 kg 


unused capacity 


Substituting, the takeoff velocity of the overloaded aircraft is determined to be 


V, =V; |> = (250 km/h) a = 246 km/h 
m; ; 


Discussion Note that the effect of empty seats on the takeoff velocity of the aircraft is small. This is because the most 
weight of the aircraft is due to its empty weight (the aircraft itself rather than the passengers and their luggage.) 








e 


11-87 F, 


Solution The previous problem is reconsidered. The effect of empty passenger count on the takeoff speed of the 
aircraft as the number of empty seats varies from 0 to 500 in increments of 50 is to be investigated. 


Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 


m_passenger=140 "kg" 












































m1=400000 "kg" 250 r r r r r 
m2=m1-N_empty*m_passenger 
V1=250 "km/h" 
V2=V1*SQRT(m2/m1) 245 
Empty M airplane, ls M airplane, b Viakeoff, 
seats kg kg m/s V, 240 
0 400000 | 400000 | 250.0 
50 400000 | 393000 | 247.8 m/s 
100 400000 | 386000 | 245.6 235 
150 400000 | 379000 | 243.3 
200 400000 | 372000 | 241.1 
250 400000 | 365000 | 238.8 230 
300 400000 | 358000 | 236.5 
350 400000 | 351000 | 234.2 a 
400 400000 | 344000 | 231.8 
450 400000 | 337000 | 229.5 0 100 200 300 400 500 
500 400000 | 330000 | 227.1 Nempty seats 




















Discussion As expected, the takeoff speed decreases as the number of empty seats increases. On the scale plotted, the 
curve appears nearly linear, but it is not; the curve is actually a small portion of a square-root curve. 
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11-88 

Solution The wing area, lift coefficient at takeoff settings, the cruising drag coefficient, and total mass of a small 
aircraft are given. The takeoff speed, the wing loading, and the required power to maintain a constant cruising speed are to 
be determined. 


Assumptions 1 Standard atmospheric conditions exist. 2 The drag and lift produced by parts of the plane other than the 
wings are not considered. 


Properties The density of standard air at sea level is p= 1.225 kg/m’. 






Analysis (a) An aircraft will takeoff when lift equals the total weight. Therefore, Aving=30 m? 


2W 
pC, A 





W=F, > W=iC,pV’A > V= 2800 kg 


Substituting, the takeoff speed is determined to be 


Fs 2mg | 2(2800kg)(9.81m/s?) 
mkeo A OC, akeo A Y 1.225 kg/m’? )(0.45)(30 m?) 


= 57.6 m/s = 207 km/h 





(b) Wing loading is the average lift per unit planform area, which is equivalent to the ratio of the lift to the planform area of 
the wings since the lift generated during steady cruising is equal to the weight of the aircraft. Therefore, 


F, W _ (2800kg)\(9.81m/s°) 


Fioading = =916 N/m? 
loading A A 30m? 





(c) When the aircraft is cruising steadily at a constant altitude, the net force acting on the aircraft is zero, and thus thrust 
provided by the engines must be equal to the drag force, which is 


2 
Fp =CpA — = (0.035)(30 m7) 





(1.225 kg/m?)(300/3.6 m/s)? 1kN 


= |= 4.466 kN 
2 1000kg- m/s 


Noting that power is force times velocity, the propulsive power required to overcome this drag is equal to the thrust times 
the cruising velocity, 


1kW 


Power = Thrust x Velocity = FpV = (4.466 kN)(300/3.6 mis } =372kW 
1kN-m/s 


Therefore, the engines must supply 372 kW of propulsive power to overcome the drag during cruising. 


Discussion The power determined above is the power to overcome the drag that acts on the wings only, and does not 
include the drag that acts on the remaining parts of the aircraft (the fuselage, the tail, etc). Therefore, the total power 
required during cruising will be greater. The required rate of energy input can be determined by dividing the propulsive 
power by the propulsive efficiency. 





11-46 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 11 Flow Over Bodies: Drag and Lift 


11-89 
Solution The total mass, wing area, cruising speed, and propulsive power of a small aircraft are given. The lift and 
drag coefficients of this airplane while cruising are to be determined. 








Assumptions 1 Standard atmospheric conditions exist. 2 The drag and lift produced 
by parts of the plane other than the wings are not considered. 3 The fuel is used 
primarily to provide propulsive power to overcome drag, and thus the energy 
consumed by auxiliary equipment (lights, etc) is negligible. 


Aving=42 m? 


1800 kg 
Properties The density of standard air at an altitude of 4000 m is p= 0.819 kg/m’. 


Analysis Noting that power is force times velocity, the propulsive power 
required to overcome this drag is equal to the thrust times the cruising velocity. Also, 
when the aircraft is cruising steadily at a constant altitude, the net force acting on the 
aircraft is zero, and thus thrust provided by the engines must be equal to the drag force. 
Then, 


280 km/h 


Worop 190 kW tonne 








W,,.., = Thrust x Velocity = F,V > Fp= 
prop eo P Y 280/3.6m/s\ 1kW 


Then the drag coefficient becomes 


J= 243 N 








V2 
Fp =CpA £ To 


2 pAV? (0.819 kg/m*)(42 m”)(280/ 3.6 m/s)” 


2Fp 2(2443 N) f kg- m/s? 
1N 


) = 0.0235 


An aircraft cruises at constant altitude when lift equals the total weight. Therefore, 


oO W 2(1800 kg)(9.81 m/s”) 
pV7A (0.819 kg/m*)(42 m?)(280/3.6 m/s)” 


W=F,=1C,pV’A > C, 


Therefore, the drag and lift coefficients of this aircraft during cruising are 0.0235 and 0.17, respectively, with a C;/Cp ratio 
of 7.2. 


Discussion The drag and lift coefficient determined are for cruising conditions. The values of these coefficient can be 
very different during takeoff because of the angle of attack and the wing geometry. 





11-90 
Solution An airfoil has a given lift-to drag ratio at 0° angle of attack. The angle of attack that will raise this ratio to 
80 is to be determined. 


Analysis The ratio C;/Cp for the given airfoil is plotted against the angle of attack in Fig. 11-43. The angle of attack 
corresponding to C;/Cp = 80 is 0= 3°. 


Discussion Note that different airfoils have different C;/Cp vs. @charts. 
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11-91 
Solution The wings of a light plane resemble the NACA 23012 airfoil with no flaps. Using data for that airfoil, the 
takeoff speed at a specified angle of attack and the stall speed are to be determined. 


Assumptions 1 Standard atmospheric conditions exist. 2 The drag and lift produced by parts of the plane other than the 
wings are not considered. 


Properties The density of standard air at sea level is p = 1.225 kg/m’. At an angle of attack of 5°, the lift and drag 
coefficients are read from Fig. 11-45 to be C, = 0.6 and Cp = 0.015. The maximum lift coefficient is Cz max = 1.52 and it 
occurs at an angle of attack of 15°. 


Analysis An aircraft will takeoff when lift equals the total weight. Therefore, 






2W 
pC, A 





W=F, > W=1C,pV’A > V= Aving= 46 m? 


Substituting, the takeoff speed is determined to be Wet POO 


2 
V takeoff m E aa N) 2 Í Kg as = 29.8 m/s = 107 km/h 
(1.225 kg/m? )(0.6)X(46m°)| 1N 








since 1 m/s = 3.6 km/h. The stall velocity (the minimum takeoff velocity 
corresponding the stall conditions) is determined by using the maximum lift 
coefficient in the above equation, 


W | 2(15,000 N) ete 





V = 


min — = = 18.7 m/s = 67.4 km/h 
PC imax A 


(1.225 kg/m*)(1.52)(46m)\ 1N 


Discussion The “safe” minimum velocity to avoid the stall region is obtained by multiplying the stall velocity by 1.2: 


V =1.2V in = 1.2x (18.7 m/s) = 22.4 m/s = 80.8 km/h 


min,safe 


Note that the takeoff velocity decreased from 107 km/h at an angle of attack of 5° to 80.8 km/s under stall conditions with a 
safety margin. 
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11-92 [Also solved using EES on enclosed DVD] 


Solution The mass, wing area, the maximum (stall) lift coefficient, the cruising speed and the cruising drag 
coefficient of an airplane are given. The safe takeoff speed at sea level and the thrust that the engines must deliver during 
cruising are to be determined. 


Assumptions 1 Standard atmospheric conditions exist 2. The drag and lift produced by parts of the plane other than the 
wings are not considered. 3 The takeoff speed is 20% over the stall speed. 4 The fuel is used primarily to provide 
propulsive power to overcome drag, and thus the energy consumed by auxiliary equipment (lights, etc) is negligible. 


Properties The density of standard air is p, = 1.225 kg/m’ at sea level, and p = 0.312 kg/m’ at 12,000 m altitude. The 
cruising drag coefficient is given to be Cp = 0.03. The maximum lift coefficient is given to be Cymax = 3.2. 


Analysis (a) An aircraft will takeoff when lift equals the total weight. Therefore, 


2W 2 
W=F, > W=1C,pv?A > v=] = |—= 
pPC,A pC,A 


The stall velocity (the minimum takeoff velocity corresponding the stall 
conditions) is determined by using the maximum lift coefficient in the above 
equation, 


2 
Vice _2mg -Oe -28.9 m/s =104 km/h 
PiCLmax A  \ (1.225 kg/m?)(3.2)(300 m?) 


since 1 m/s = 3.6 km/h. Then the “safe” minimum velocity to avoid the stall 
region becomes 






Awing=300 m? 





m = 50,000 kg 


V =1.2V,,,, = 1.2x (28.9 m/s) = 34.7 m/s = 125 km/h 


min,safe 


(b) When the aircraft cruises steadily at a constant altitude, the net force acting on the aircraft is zero, and thus the thrust 
provided by the engines must be equal to the drag force, which is 








= (0.03)(300 m7) 


er aPN? eargmdgwasmot/ 1kN 
a 
2 


= 53.08 kN 
2 mar) 


Noting that power is force times velocity, the propulsive power required to overcome this drag is equal to the thrust times 
the cruising velocity, 


1kW 


Power = Ttrust x Velocity = FV = (53.08 kN)(700/3.6 m/s) = 10,300 kw 
1kN-m/s 


Therefore, the engines must supply 10,300 kW of propulsive power to overcome drag during cruising. 


Discussion The power determined above is the power to overcome the drag that acts on the wings only, and does not 
include the drag that act on the remaining parts of the aircraft (the fuselage, the tail, etc). Therefore, the total power required 
during cruising will be greater. The required rate of energy input can be determined by dividing the propulsive power by the 
propulsive efficiency. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-93E 
Solution A spinning ball is dropped into a water stream. The lift and drag forces acting on the ball are to be 
determined. 


Assumptions 1 The outer surface of the ball is smooth enough for Fig. 11-53 to be applicable. 2 The ball is completely 
immersed in water. 


Properties The density and dynamic viscosity of water at 60°F are p = 62.36 lbm/ft* and yw = 2.713 lbm/ft-h = 
7.53610" Ibm/ft-s. 


Analysis The drag and lift forces can be determined from 
pv? pv? 


500 rpm 


Fy) =CpA 





and F,=C,A 





where A is the frontal area of the ball, whichis A = mD? /4 , and D =2.4/12 = 
0.2 ft. The Reynolds number and the angular velocity of the ball are 


eV (62.36 lbm/ft? )(4 ft/s)(0.2 ft) 
u 7.536 x107 ft?/s 


27 rad I l min 
60s 


=6.62x10+ 











æ = (500 rev/min ) = 52.4 rad/s 


l rev 


and 


oD _ (52.4 rad/s)(0.2 ft) -1.31rad 
2V 2(4 ft/s) 


From Fig. 11-53, the drag and lift coefficients corresponding to this value are Cp = 0.56 and C; = 0.35. Then the drag and 
the lift acting on the ball are 
(0.2 ft)” (62.36 Ibm/ft? )(4 ft/s)” ( Llbf 


F, = (0.56) 
= 2 32.2 Ibm- ft/s 





= 0.27 Ibf 


2 3 2 
F, = (035) 202 (62.36 Ibm/ft* )(4 ft/s) | 1lbf ]=0.1711 


2 32.2 Ibm- ft/s” 





Discussion The Reynolds number for this problem is 6.62x10* which is close enough to 6x10* for which Fig. 11-53 is 
prepared. Therefore, the result should be close enough to the actual answer. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


Review Problems 


11-94 
Solution An automotive engine is approximated as a rectangular block. The drag force acting on the bottom surface 
of the engine is to be determined. 


Assumptions 1 The air flow is steady and incompressible. 2 Air is an ideal gas. 3 The atmospheric air is calm (no 
significant winds). 3 The air flow is turbulent over the entire surface because of the constant agitation of the engine block. 
4 The bottom surface of the engine is a flat surface, and it is smooth (in reality it is quite rough because of the dirt collected 
on it). 


Properties The density and kinematic viscosity of air at 1 atm and 15°C are p = 1.225 kg/m’ and v= 1.470x10~ m/s. 


Analysis The Reynolds number at the end of the engine block is 


85/3.6) m/s |(0.7 Engine block 
pee el ) m/s |( m aaea ngine bloc 


v 1.470x10° m7/s Ae K 
Ir 
The flow is assumed to be turbulent over the entire surface. Then the average V=85 km/h L=07m 





WW 





friction coefficient and the drag force acting on the surface becomes T= 15°C 
0.074 0.074 
foe = g5 = 9.004561 
Re; (1.124x10°) 
2 3 2 
1.225 kg/ 85/3.6 m/ IN 
Fp = gar- E a a ee emi —_——_ |= 0.65 N 
2 2 1 kg.m/s 


Discussion Note that the calculated drag force (and the power required to overcome it) is very small. This is not 
surprising since the drag force for blunt bodies is almost entirely due to pressure drag, and the friction drag is practically 
negligible compared to the pressure drag. 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-95 ga 
Solution A fluid flows over a 2.5-m long flat plate. The thickness of the boundary layer at intervals of 0.25 m is to be 


determined and plotted against the distance from the leading edge for air, water, and oil. 
Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds number is Re,, = 5x10°. 3 Air is an ideal 
gas. 4 The surface of the plate is smooth. 


Properties The kinematic viscosity of the three fluids at 1 atm and 20°C are: v= 1.516x10~ m’/s for air , v= Wp = 
(1.002x10™ kg/m-s)/(998 kg/m*) = 1.00410 m7/s for water, and v= 9.429x10~ m/s for oil. 





Analysis The thickness of the boundary layer along the flow for laminar and turbulent flows is given by 
Laminar flow: 06, = n , Turbulent flow: 6, = -l => 
~ Re, Re, 3 m/s 
> 
(a) AIR: The Reynolds number and the boundary layer thickness at > 
the end of the first 0.25 m interval are 
—> 
Vx (3 m/s)(0.25 m) —> 
e = — = ao 


, ae = 0.495x10°, 
v 1.516x10° m*“/s 2.5m 


_ Sx 4.91x(0.25m) 
Re}? (0.495x 10° )°° 








=5.52x10 > m 0.14 


x 


0.12 





We repeat calculations for all 0.25 m intervals. The | 
EES Equations window is printed below, along with 0.1 
the tabulated and plotted results. 








V=3 "m/s" E 0-08 


nu1=1.516E-5 "m2/s, Air" 

Re1=x*V/nu1 

delta1=4.91*x*Re1^(-0.5) "m, laminar flow" 
nu2=1.004E-6 "m2/s, water" 

Re2=x*V/nu2 

delta2=0.38*x*Re2^(-0.2) "m, turbulent flow" 
nu3=9.429E-4 "m2/s, oil" 

Re3=x*V/nu3 0 
delta3=4.91*x*Re34(-0.5) "m, laminar flow" 


ds 


0.06 








0.04 
































Air Water Oil 
Re ô. Re 5, Re Òx 











0.00 | 0.000E+00 | 0.0000 | 0.000E+00 | 0.0000 | 0.000E+00 | 0.0000 
0.25 | 4.947E+04 | 0.0055 | 7.470E+05 | 0.0064 | 7.954E+02 | 0.0435 
0.50 | 9.894E+04 | 0.0078 | 1.494E+06 | 0.0111 | 1.591E+03 | 0.0616 
0.75 | 1.484E+05 | 0.0096 | 2.241E+06 | 0.0153 | 2.386E+03 | 0.0754 
1.00 | 1.979E+05 | 0.0110 | 2.988E+06 | 0.0193 | 3.182E+03 | 0.0870 
1.25 | 2.474E+05 | 0.0123 | 3.735E+06 | 0.0230 | 3.977E+03 | 0.0973 
1.50 | 2.968E+05 | 0.0135 | 4.482E+06 | 0.0266 | 4.773E+03 | 0.1066 
1.75 | 3.463E+05 | 0.0146 | 5.229E+06 | 0.0301 | 5.568E+03 | 0.1152 
2.00 | 3.958E+05 | 0.0156 | 5.976E+06 | 0.0335 | 6.363E+03 | 0.1231 
2.25 | 4.453E+05 | 0.0166 | 6.723E+06 | 0.0369 | 7.159E+03 | 0.1306 
2.50 | 4.947E+05 | 0.0175 | 7.470E+06 | 0.0401 | 7.954E+03 | 0.1376 


























Discussion Note that the flow is laminar for (a) and (c), and turbulent for (b). Also note that the thickness of the 
boundary layer is very small for air and water, but it is very large for oil. This is due to the high viscosity of oil. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-96E 
Solution The passenger compartment of a minivan is modeled as a rectangular box. The drag force acting on the top 
and the two side surfaces and the power needed to overcome it are to be determined. 


Assumptions 1 The air flow is steady and incompressible. 2 The air flow over the exterior surfaces is turbulent because of 
constant agitation. 3 Air is an ideal gas. 4 The top and side surfaces of the minivan are flat and smooth (in reality they can 
be rough). 5 The atmospheric air is calm (no significant winds). 


Properties The density and kinematic viscosity of air at 1 atm and 80°F are p = 0.07350 Ibm/ft* and v= 0.6110 ft’/h = 
1.697x10~ ft’/s. 





Analysis The Reynolds number at the end of the top and side surfaces is 
L 60x 1.4667) ft/s |(11 ft 
Re" L H K lanan 
v 1.697 x10” ft/s 
The air flow over the entire outer surface is assumed to be turbulent. Then the friction coefficient becomes 
_ 0.074 0.074 Minivan 





= 0.00330 $— Air 


f Ral/5 — 641/5 
The area of the top and side surfaces of the minivan is 
A = Arop + 2Aside = 6x11+2x3.2x11 = 136.4 ft? 


Noting that the pressure drag is zero and thus Cp =C, for a plane surface, the drag force acting on these surfaces becomes 








2 3 2 
.074 Ibm/f 1.4667 f 
Fp = c A =0.00330x 13646?) S a | a ]=40 Ibf 


2 32.2 Ibm - ft/s? 
Noting that power is force times velocity, the power needed to overcome this drag force is 

1kW 
737.56 lbf - ft/s 


Discussion Note that the calculated drag force (and the power required to overcome it) is very small. This is not 
surprising since the drag force for blunt bodies is almost entirely due to pressure drag, and the friction drag is practically 
negligible compared to the pressure drag. 


Werag = FpV = (4.0 1bf)(60x 1.4667 w( ) =0.48 kW 





11-97 
Solution A large spherical tank located outdoors is subjected to winds. The drag force exerted on the tank by the 
winds is to be determined. 


Assumptions 1 The outer surfaces of the tank are smooth. 2 Air flow in the wind is steady and incompressible, and flow 
around the tank is uniform. 3 Turbulence in the wind is not considered. 4 The effect of any support bars on flow and drag is 
negligible. 








Properties The density and kinematic viscosity of air at 1 atm and 25°C are p = 
1.184 kg/m’ and v= 1.562x10° m’/s ae a 
g =i, ; T =25°C 
Analysis Noting that D = 1 m and 1 m/s = 3.6 km/h, the Reynolds number for = 
the flow is = 
= Iced water 
+> 
D 35/3.6) m/s |(1 m =% E 
ee N ) — it ) = 6.204x10° = aay 
v 1.562x10” m^/s os 0°C 
The drag coefficient for a smooth sphere corresponding to this Reynolds number is, E 
from Fig. 11-36, Cp = 0.065. Also, the frontal area for flow past a sphere is A = 
mD*/4. Then the drag force becomes 
2 
y? 1.184 kg/m? )(35/3.6 m/s IN 
F, =C,A°— =0.065| x(1 mn) a]! i ~ |=2.86N 
2 2 1 kg-m/s 


Discussion Note that the drag coefficient is very low in this case since the flow is turbulent (Re > 2x10°). Also, it 
should be kept in mind that wind turbulence may affect the drag coefficient. 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-98 
Solution A rectangular advertisement panel attached to a rectangular concrete block by two poles is to withstand high 
winds. For a given maximum wind speed, the maximum drag force on the panel and the poles, and the minimum length L 
of the concrete block for the panel to resist the winds are to be determined. 


Assumptions 1 The flow of air is steady and incompressible. 2 The wind is normal to the panel (to check for the worst 
case). 3 The flow is turbulent so that the tabulated value of the drag coefficients can be used. 


Properties In turbulent flow, the drag coefficient is Cp = 0.3 for a circular rod, and Cp = 2.0 for a thin rectangular plate 
(Table 11-2). The densities of air and concrete block are given to be p = 1.30 kg/m’ and p, = 2300 kg/m’. 


















Analysis (a) The drag force acting on the panel is 
pv? ae 2m <—— 
Fp panel = CpA 2 —— 
(1.30 kg/m*)(150/3.6 m/s)* {IN 
= (2.0(2x4 m2) 258 : <— 
2 1kg- m/s? e 
=18,000 N 
(b) The drag force acting on each pole is 2 ‘ 4m Concrete 
2 
pv 0.15m 
Fp pole = CpA 





3 2 
top 1005%4 m2) Coke asaras? 1N ) 


2 1kg- m/s? 


=68N 
Therefore, the drag force acting on both poles is 68 x 2 = 136 N. Note that the drag force acting on poles is negligible 
compared to the drag force acting on the panel. 


(c) The weight of the concrete block is 
3 2 1N 
W = mg = pg V = (2300 kg/m” )(9.81 m/s* )(Lx 4mx0.15 m) Tee =13,540L N 
g- m/s 


Note that the resultant drag force on the panel passes through its center, the drag force on the pole passes through the center 
of the pole, and the weight of the panel passes through the center of the block. When the concrete block is first tipped, the 
wind-loaded side of the block will be lifted off the ground, and thus the entire reaction force from the ground will act on the 
other side. Taking the moment about this side and setting it equal to zero gives 


YM =0 > Fo pane *(1+4+0.15)+ Fp poe *(2+0.15)-W x (L/2)=0 


pole 
Substituting and solving for L gives 

18,000 x 5.15+136x2.15-13,540LxL/2=0 —> L=3.70m 
Therefore, the minimum length of the concrete block must be L = 3.70. 


Discussion This length appears to be large and impractical. It can be reduced to a more reasonable value by (a) 
increasing the height of the concrete block, (b) reducing the length of the poles (and thus the tipping moment), or (c) by 
attaching the concrete block to the ground (through long nails, for example). 
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Chapter 11 Flow Over Bodies: Drag and Lift 


11-99 
Solution The bottom surface of a plastic boat is approximated as a flat surface. The friction drag exerted on the 
bottom surface of the boat by water and the power needed to overcome it are to be determined. 


Assumptions 1 The flow is steady and incompressible. 2 The water is calm (no significant currents or waves). 3 The 
water flow is turbulent over the entire surface because of the constant agitation of the boat. 4 The bottom surface of the boat 
is a flat surface, and it is smooth. 


Properties The density and dynamic viscosity of water at 15°C are p = 999.1 kg/m? and w= 1.138x10~ kg/m-s. 





Analysis The Reynolds number at the end of the bottom surface of the boat is 
kg/m? 2 
Ré; = PVL _ (999.1 kg/m ene 6 m/s)(2 m) 1.463107 
u 1.138x10 ~ kg/m-s 


The flow is assumed to be turbulent over the entire surface. Then the 30 km/h 
average friction coefficient and the drag force acting on the surface 


—_—— 
becomes 


0.074 0.074 


= =—___—""__ = ),00273 
Rey/> — (1.463x107)'/9 





f 








2 3 2 
Fp soa. süsem em u ~ |=284.1N 
2 2 lkg.m/s 


Noting that power is force times velocity, the power needed to overcome this drag force is 


1kW 


W,... =F pV = (284.1N)(30/3.6 m/s)} ———_—_ 
arg = FV =( X (oo 


} =2.37 kW 

Discussion Note that the calculated drag force (and the power required to overcome it) is relatively small. This is not 
surprising since the drag force for blunt bodies (including those partially immersed in a liquid) is almost entirely due to 
pressure drag, and the friction drag is practically negligible compared to the pressure drag. 
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11-100 


Chapter 11 Flow Over Bodies: Drag and Lift 


Solution The previous problem is reconsidered. The effect of boat speed on the drag force acting on the bottom 
surface of the boat and the power needed to overcome as the boat speed varies from 0 to 100 km/h in increments of 10 km/h 


is to be investigated. 


Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 


rho=999.1 "kg/m3" 
mu=1.138E-3 "m2/s" 
V=Vel/3.6 "m/s" 

L=2 "m" 

W=1.5 "m" 

A=L*W 


Re=rho*L*V/mu 
Cf=0.074/Re*0.2 
g=9.81 "m/s2" 

F=Cf*A* (rho*V^2)/2 "N" 
P_drag=F*V/1000 "kW" 














































































































V, km/h Re C; F, drag» N P drag, kW 
0 0 0 0 0.0 
10 4.877E+06 0.00340 39 0.1 
20 9.755E+06 0.00296 137 0.8 
30 1.463E+07 0.00273 284 2.4 
40 1.951E+07 0.00258 477 5.3 
50 2.439E+07 0.00246 713 9.9 
60 2.926E+07 0.00238 989 16.5 
70 3.414E+07 0.00230 1306 25.4 
80 3.902E+07 0.00224 1661 36.9 
90 4.390E+07 0.00219 2053 51.3 
100 4.877E+07 0.00215 2481 68.9 
2500 
2000 
1500 
z 
& 1000 
uw 
500 
0 1 1 
0 20 40 60 80 100 
0 20 40 V, kinh 80 100 V, km/h 


Discussion The curves look similar at first glance, but in fact Farag increases like V?, while Farag increases like Vv? 
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Chapter 11 Flow Over Bodies: Drag and Lift 
11-101E [Also solved using EES on enclosed DVD} 


Solution Cruising conditions of a passenger plane are given. The minimum safe landing and takeoff speeds with and 
without flaps, the angle of attack during cruising, and the power required are to be determined 


Assumptions 1 The drag and lift produced by parts of the plane other than the wings are not considered. 2 The wings are 
assumed to be two-dimensional airfoil sections, and the tip effects are neglected. 4 The lift and drag characteristics of the 
wings can be approximated by NACA 23012 so that Fig. 11-45 is applicable. 


Properties The densities of air are 0.075 Ibm/ft’ on the ground and 
0.0208 lbm/ft’ at cruising altitude. The maximum lift coefficients of the 
wings are 3.48 and 1.52 with and without flaps, respectively (Fig. 11-45). 


Analysis (a) The weight and cruising speed of the airplane are 
1lbf 


W = mg = (150,000 Ibm) (32.2 mo et 
32.2 Ibm- ft/s 


) = 150,000 Ibf 





1.4667 ft/ 
V = (550 mpn| 1466) = 806.7 ft/s V = 550 mph 
1mph m = 150,000 Ibm 
Minimum velocity corresponding the stall conditions with and without flaps are Aving = 1800 m* 








2 
V= W OOND 32.2 bmt fth | arrin 
PCLmax1ı4  \ (0.075 Ibm/ft? )\(1.52)(1800 ft? ) Llbf 
2W 


2(1 lb : ft/s” 
Vaina = | — == e ee 32.2 Ibm : ft/s” = 143 ft/s 
PCL max24 (0.075 lbm/ft* )(3.48)(1800 ft” ) 1lbf 


The “safe” minimum velocities to avoid the stall region are obtained by multiplying these values by 1.2: 


Without flaps: V 1.2V =1.2x(217 ft/s) = 260 ft/s =178 mph 


minl,safe ~ ~*“" min1 


With flaps: V 


min 2,safe 


=1.2V 


min 2 


= 1.2 x (143 ft/s) = 172 ft/s = 117 mph 
since 1 mph = 1.4667 ft/s. Note that the use of flaps allows the plane to takeoff and land at considerably lower velocities, 
and thus at a shorter runway. 


(b) When an aircraft is cruising steadily at a constant altitude, the lift must be equal to the weight of the aircraft, F; = W. 
Then the lift coefficient is determined to be 





F 21bm: ft/s? 
c, -7 150,000 Ibf (2 2 Ibm - ft/s |: nat 


+ pVv7A  1(0.0208 Ibm/ft* )(806.7 ft/s) * (1800 ft” ) Llbf 


For the case of no flaps, the angle of attack corresponding to this value of C, is determined from Fig. 11-45 to be about a = 
3.5°. 


(c) When aircraft cruises steadily, the net force acting on the aircraft is zero, and thus thrust provided by the engines must 
be equal to the drag force. The drag coefficient corresponding to the cruising lift coefficient of 0.40 is Cp = 0.015 (Fig. 11- 
45). Then the drag force acting on the wings becomes 


pv? >. (0.0208 Ibm/ft? )(806.7 ft/s)” ( 1lbf 








F, =CA = (0.015)(1800 ft?) 
Se 2 32.2 Ibm - ft/s 


Noting that power is force times velocity (distance per unit time), the power required to overcome this drag is equal to the 
thrust times the cruising velocity, 


= 5675 lbf 


1kW 
737.56 \bf - ft/s 


Discussion Note that the engines must supply 6200 kW of power to overcome the drag during cruising. This is the 
power required to overcome the drag that acts on the wings only, and does not include the drag that acts on the remaining 
parts of the aircraft (the fuselage, the tail, etc). 


Power = Thrust x Velocity = FpV = (5675 Ibf)(806.7 tus = 6200 kw 





11-57 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 11 Flow Over Bodies: Drag and Lift 


11-102 
Solution A smooth ball is moving at a specified velocity. The increase in the drag coefficient when the ball spins is 
to be determined. 


Assumptions 1 The outer surface of the ball is smooth. 2 The air is calm (no winds or 
drafts). 











——— 
Properties The density and kinematic viscosity of air at 1 atm and 25°C are p = 36 km/h 
1.184 kg/m? and v= 1.562x10° m’/s. 
Analysis Noting that D = 0.08 m and | m/s = 3.6 km/h, the regular and angular 
velocities of the ball are 
V = (36 km (2) =10m/s and @=(3500rev/min) “7° | *™" | -= 367 rad/s 
3.6 km/h lrev 60s 


From these values, we calculate the nondimensional rate of rotation and the Reynolds number: 


@D _ (367 rad/s)(0.08 m) Sides en Re = ee eo" 
2V 2(10 m/s) v 1.562x10 ~ m^/s 


Then the drag coefficients for the ball with and without spin are determined from Figs. 11-36 and 11-53 to be: 
Without spin: Cp=0.49 (Fig. 11-36, smooth ball) 
With spin: Cp=0.58 (Fig. 11-53) 
Then the increase in the drag coefficient due to spinning becomes 
Cp spin —C, no spin _ 0.58 — 0.49 


Increase in C, = —————_—_ = ——___—_ = 0, 184 
C 0.49 


D, no spin 
Therefore, the drag coefficient in this case increases by about 18.4% because of spinning. 


Discussion Note that the Reynolds number for this problem is 5.122x10* which is close enough to 6x 10* for which Fig. 
11-53 is prepared. Therefore, the result obtained should be fairly accurate. 





11-103 
Solution The total weight of a paratrooper and its parachute is given. The terminal velocity of the paratrooper in air is 
to be determined. 


Assumptions 1 The air flow over the parachute is turbulent so that the tabulated value of the drag coefficient can be used. 
2 The variation of the air properties with altitude is negligible. 3 The buoyancy force applied by air to the person (and the 
parachute) is negligible because of the small volume occupied and the low air density. 


Properties The density of air is given to be 1.20 kg/m’. The drag coefficient of a parachute is Cp = 1.3. 











Analysis The terminal velocity of a free falling object is reached when the drag force equals the weight of the solid 
object, less the buoyancy force applied by the fluid, which is negligible in this case, 
2 
F)=W-F, where Fp =cp4 E , W=mg=950N, and F, =0 = x 
where A = nD?/4 is the frontal area. Substituting and simplifying, 
uann =W > Cp oe =W 


Solving for V and substituting, 


N 1kg- m/s? 
V= w = A ) z em | 4.9 m/s | 950 N 
CpaD p; 1.37(8 m)’ (1.20 kg/m?) 1N 


Therefore, the velocity of the paratrooper will remain constant when it reaches the terminal velocity of 4.9 m/s = 18 km/h. 





Discussion The simple analysis above gives us a rough value for the terminal velocity. A more accurate answer can be 
obtained by a more detailed (and complex) analysis by considering the variation of air density with altitude, and by 
considering the uncertainty in the drag coefficient. 
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11-104 
Solution A fairing is installed to the front of a rig to reduce the drag coefficient. The maximum speed of the rig after 
the fairing is installed is to be determined. 


Assumptions 1 The rig moves steadily at a constant velocity on a straight path in calm weather. 2 The bearing friction 
resistance is constant. 3 The effect of velocity on the drag and rolling resistance coefficients is negligible. 4 The buoyancy 
of air is negligible. 5 The power produced by the engine is used to overcome rolling resistance, bearing friction, and 
aerodynamic drag. 


Properties The density of air is given to be 1.25 kg/m’. The drag coefficient of the rig is given to be Cp = 0.96, and 
decreases to Cp = 0.76 when a fairing is installed. The rolling resistance coefficient is Crp = 0.05. 


Analysis The bearing friction resistance is given to be Fearing = 350 N. The rolling resistance is 
2 IN 
Fer =CprrW =0.05(17,000 kg)(9.81 m/s~ ) ae 8339 N 
1kg -m/s 


The maximum drag occurs at maximum velocity, and its value before the fairing is installed is 


vV? 1.25 kg/m? )(110/ 3.6 m/s)” 1N 
P 6) 00m) = H > |=5154N 
2 1kg- m/s 


Power is force times velocity, and thus the power needed to overcome bearing friction, drag, and 
rolling resistance is the product of the sum of these forces and the velocity of the rig, 








Fp, =CpA 


W otal = Wass +W arag +Wrr = (Fening + Fp + Frr )V 
1kW ) 


= (350 + 8339 + 5154)(1 10 / 3.6 m/s) ———— 
1000 N- m/s 


= 423 kW 


The maximum velocity the rig can attain at the same power of 423 kW after the fairing is installed is determined by setting 
the sum of the bearing friction, rolling resistance, and the drag force equal to 423 kW, 





. . : V2 
W otal = W bearing +Warag2 +Wer = (F bearing + Fp2 + Fre )V2 = [50 Cp2A o ssis 


Substituting the known quantities, 


2 (1.25 kg/m? )V? í 1N 


1000 N- 
(423 Kw (Oem) =| 350 N + (0.76)(9.2 m°) ~ |+5154N WV, 
1kW 2 1kg- m/s 


or, 
423,000 = 5504V, +.4.37V3 


Solving it with an equation solver gives V) = 36.9 m/s = 133 km/h. 


Discussion Note that the maximum velocity of the rig increases from 110 km/h to 133 km/h as a result of reducing its 
drag coefficient from 0.96 to 0.76 while holding the bearing friction and the rolling resistance constant. 
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11-105 
Solution A spherical object is dropped into a fluid, and its terminal velocity is measured. The viscosity of the fluid is 
to be determined. 


Assumptions 1 The Reynolds number is low (at the order of 1) so that Stokes law is applicable (to be verified). 2 The 
diameter of the tube that contains the fluid is large enough to simulate free fall in an unbounded fluid body. 3 The tube is 
long enough to assure that the velocity measured is the terminal velocity. 


Properties The density of glass ball is given to be p, = 2500 kg/m*. The density of the fluid is given to be Py = 875 
kg/m’. 


Analysis The terminal velocity of a free falling object is reached when the drag force equals the weight of the solid 
object, less the buoyancy force applied by the fluid, 


Fp =W-Fg, where Fp =3auVD (Stokes law), W=p,gV, and Fg =p;gV 


Here V=1D°/6 is the volume of the sphere. Substituting and simplifying, = 


1D? 
3muVD = p,8V-—prgV — 3apVD=(p, “Are 





Solving for u and substituting, the dynamic viscosity of the fluid is determined to be KS ponte 
gD°(p, Py) _ 9.81 m/s?)(0.003 m)? (2500-875) kg/m? ri 
u= RP a Aee UO m I0 eke y 066d kalitixs ball 
18V 18(0.12 m/s) 
The Reynolds number is 


_ PVD _ (875 kg/m? )(0.12 m/s)(0.003 m) _ 
u 0.0664 kg: m/s 





Re 4.74 


which is at the order of 1. Therefore, the creeping flow idealization is valid. 


Discussion Flow separation starts at about Re = 10. Therefore, Stokes law can be used for Reynolds numbers up to this 
value, but this should be done with care. 
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11-106 
Solution Spherical aluminum balls are dropped into glycerin, and their terminal velocities are measured. The 
velocities are to be compared to those predicted by Stokes law, and the error involved is to be determined. 


Assumptions 1 The Reynolds number is low (at the order of 1) so that Stokes law is applicable (to be verified). 2 The 
diameter of the tube that contains the fluid is large enough to simulate free fall in an unbounded fluid body. 3 The tube is 
long enough to assure that the velocity measured is terminal velocity. 


Properties The density of aluminum balls is given to be p, = 2700 kg/m*. The density and viscosity of glycerin are 
given to be py = 1274 kg/m? and w= 1 kg/m-s. 


Analysis The terminal velocity of a free falling object is reached when the drag force equals the weight of the solid 
object, less the buoyancy force applied by the fluid, 


Fp =W-Fp, ~~ where Fp =3apVD (Stokes law), W=p,gV, and Fg =prgV 


Here V = nD’/6 is the volume of the sphere. Substituting and simplifying, 


1D? 
3muVD = p,gV-p,gV —> 3auVD=(p, “pyle 


Solving for the terminal velocity V of the ball gives 


> 3 mm 
8D (Ps -Pp) 
V= ~ igu Aluminum 
H ball 


(a)D =2 mmand V = 3.2 mm/s 
y - 28imis * (0.002 m)? (2700 - 1274) kg/m? 
18(1 kg/ m-s) 
Vexperimental ~VStokes  3.2—3.11 
- = 


experimental 


= 0.00311 m/s =3.11mm/s 








0.029 or 2.9% 





Error = 


(b) D = 4 mm and V = 12.8 mm/s 

_ (9.81 m/s? )(0.004 m)? (2700-1274) kg/m? 
18(1 kg/ m-s) 

Vexperimental ~ Vstokes _ 12.8-12.4 

12.8 


V = 0.0124 m/s = 12.4 mm/s 





=0.029 or 2.9% 





Error = 
experimental 
(c) D = 10 mm and V = 60.4 mm/s 
_ (9.81 m/s” )(0.010 m)? (2700 - 1274) kg/m? 
18(1 kg/ m-s) 
V expeñmental — V5tokes E 60.4- 77.7 
60.4 


V = 0.0777 m/s = 77.7 mm/s 








-0.287 or -28.7% 


Error = 


experimental 


There is a good agreement for the first two diameters. However the error for third one is large. The Reynolds number for 
each case is 


PVD _ (1274 kg/m? X(0.0032 m/s)(0.002 m) 


a) Re = 
i 1 kg -m/s 


= 0.008 , (b) Re=0.065, and (c)Re= 0.770. 


We observe that Re << 1 for the first two cases, and thus the creeping flow idealization is applicable. But this is not the case 
for the third case. 


Discussion If we used the general form of the equation (see next problem) we would obtain V = 59.7 mm/s for part (c), 
which is very close to the experimental result (60.4 mm/s). 
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11-107 
Solution Spherical aluminum balls are dropped into glycerin, and their terminal velocities are measured. The 
velocities predicted by general form of Stokes law and the error involved are to be determined. 


Assumptions 1 The Reynolds number is low (of order 1) so that Stokes law is applicable (to be verified). 2 The diameter 
of the tube that contains the fluid is large enough to simulate free fall in an unbounded fluid body. 3 The tube is long 
enough to assure that the velocity measured is terminal velocity. 


Properties The density of aluminum balls is given to be p, = 2700 kg/m*. The density and viscosity of glycerin are 
given to be py = 1274 kg/m? and = 1 kg/m-s. 


Analysis The terminal velocity of a free falling object is reached when the drag force equals the weight of the solid 
object, less the buoyancy force applied by the fluid, 


Fy =W-F;, 


where Fp, =3auDV+(91/16)p,V*D?, W=p,gV, and Fg =ps8V 


























3 mm 
Here V=1D°/6 is the volume of the sphere. Substituting and simplifying, 
p3 Aluminum 
37VD + (9 /16)P,V °D? =(P, -pp )8 T val 
Solving for the terminal velocity V of the ball gives 
a 2 _ 3 
V see ee where eo aD, b=3auD , and c=-(p, -p 
2a 16 i 6 
(a)D=2mmandV =3.2 mm/s: a = 0.01909, b = 0.01885, c = -0.0000586 
~ 0.01885 + 4 (0.01885)? — 4 x 0.01909 x (—0.0000586 
v= v ae 2 ) -0.00310 m/s =3.10 mm/s 
2 x0.01909 
Vex erimental -V. okes aos 
Error = imental“ PStotes _ 3-23-10 _ 9.032 or 3.2% 
experimental 3.2 
(b)D=4mmandV = 12.8 mm/s: a = 0.07634, b = 0.0377, c = -0.0004688 
—0.0377+ 4(0.0377)* — 4 x 0.07634 x (-0.0004688) 
V= =0.0121 m/s = 12.1 mm/s 
2 x 0.07634 
Vex erimental -V okes .o-12. 
Error = —*Petimental "stokes _ 12.87 12-1 _ 9 952 oF 5.2% 
experimental 12.8 
(c)D=10mmand V = 60.4 mm/s: a = 0.4771, b = 0.09425, c = -0.007325 
— 0.09425 + (0.09425) 2? -4x 0.3771x (—0.007325) 
V = — — _ = 0.0597 m/s = 59.7 mm/S 
2x0.4771 
Vex erimental -V es 4—9. 
Bors a e ON 0012 oF 12% 
experimental 60.4 
The Reynolds number for the three cases are 
3 
eae a U O O g; (b) Re =0.065, and (c) Re = 0.770. 





1 kg- m/s 


Discussion There is a good agreement for the third case (case c), but the general Stokes law increased the error for the 
first two cases (cases a and b) from 2.9% and 2.9% to 3.2% and 5.2%, respectively. Therefore, the basic form of Stokes law 
should be preferred when the Reynolds number is much lower than 1. 
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Solution A spherical aluminum ball is dropped into oil. A relation is to be obtained for the variation of velocity with 
time and the terminal velocity of the ball. The variation of velocity with time is to be plotted, and the time it takes to reach 
99% of terminal velocity is to be determined. 


Assumptions 1 The Reynolds number is low (Re << 1) so that Stokes law is applicable. 2 The diameter of the tube that 
contains the fluid is large enough to simulate free fall in an unbounded fluid body. 


Properties The density of aluminum balls is given to be p, = 2700 kg/m’. The density and viscosity of oil are given to 
be py = 876 kg/m’ and y= 0.2177 kg/m-s. 


Analysis The free body diagram is shown in the figure. The net force acting downward on the ball is the weight of 
the ball less the weight of the ball and the buoyancy force applied by the fluid, 
Fre =W-Fp—Fg where Fp =3muDV, W=m,g=p,gV, and Fg =p;gV 


where Fp is the drag force, Fg is the buoyancy force, and W is the weight. Also, V= nD?/6 is the volume, m, is the mass, D 
is the diameter, and V the velocity of the ball. Applying Newton’s second law in the vertical direction, 























Fig. =ma > m,8-Fp-Fpg re 
dt 
Substituting the drag and buoyancy force relations, 
zD? zD? zD? dV 
3mzuDV = 
Pe g O N =DE a e a D 
P 1 d Alumi 
or, gi 1 i a V= = > a-bV= a a 
ps pP;D dt dt 
2 dV 
where a= g(l-p,/p,) and b=18u/(p,D° ). It can be rearranged as ay = dt 
Ge 

Integrating from t= 0 where V = Oto t=t where V =V gives 

v t _ v 7 

{ dV -f i cy _In(a bV) 2g | z m< Y) o 

0 a-bV Jo b 0 g a 

Solving for V gives the desired relation for the variation of velocity of the ball with time, 
18u 
(p, - Pp )gD° =a 
Votes") ye. ee ee a (1) 
18u 
a (Ps -Pp)8D? 
Note that as t — œ, it gives the terminal velocity as V ermina] = E (2) 
4 


The time it takes to reach 99% of terminal velocity can to be determined by replacing V in Eq. 1 by 0.99V terminai= 0.99a/b. 

This gives e” = 0.01 or 

In(0.01)  1n(0.0D)2, D? 
b 18x 


Given values: D = 0.003 m, py = 876 kg/m’, = 0.2177 kg/m-s, g = 9.81 m/s”. 
Calculation results: Re = 0.50, a= 6.627, b = 161.3, tooy, = 0.029 S, and V termina= a/b = 0.04 m/s. 


(3) 


loom = 
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t, s V, m/s 
0.00 0.000 
0.01 0.033 
0.02 0.039 
0.03 0.041 
0.04 0.041 
0.05 0.041 
0.06 0.041 
0.07 0.041 
0.08 0.041 
0.09 0.041 
0.10 0.041 









































0 0.02 0.04 0.06 0.08 0.1 
t, S 


Discussion The velocity increases rapidly at first, but quickly levels off by around 0.04 s. 
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11-109 


Solution Engine oil flows over a long flat plate. The distance from the leading edge x,, where the flow becomes 
turbulent is to be determined, and thickness of the boundary layer over a distance of 2x,, is to be plotted. 


Assumptions 1 The flow is steady and incompressible. 2 The critical Reynolds number is Re,, = 5x10°. 3 The surface of 
the plate is smooth. 








Properties The kinematic viscosity of engine oil at 40°C is v= 2.485x10~ m’/s. 

Analysis The thickness of the boundary layer along the flow for laminar and turbulent flows is given by 
4.91 : 

Laminar flow: 6, = n , Turbulent flow: 6, = i y 

Re, Re, S 

The distance from the leading edge x,, where the flow turns turbulent is —> 

determined by setting Reynolds number equal to the critical Reynolds 

number, 2 

5x10°)(2.485 x10 m/s E 
Re, = Viy > x= Bt 2 l i ) =31.1m, 
v V 4 m/s 


Therefore, we should consider flow over 2x31.1 = 62.2 m long section of the plate, and use the laminar relation for the first 
half, and the turbulent relation for the second part to determine the boundary layer thickness. For example, the Reynolds 
number and the boundary layer thickness at a distance 2 m from the leading edge of the plate are 

Vx (4m/s)(2m) 491x 491x(2m) 


Re, = — =——— 7 =32,190, ô, = = — "= 0.0547 m 
“ v  2.485x10* m’/s Rel’? (32,190)°° 

























































































Calculating the boundary layer thickness and 1.6 | 
plotting give 14 
x, M Re Or, laminar Or, turbulent 1 2l Tu rauen | 
0.00 0 0.000 - F 
5.00 8.05E+04 | 0.087 - 1 
10.00 1.61E+05 0.122 - E F 
15.00 | 2.41E+05 | 0.150 2 , 0.8 
20.00 3.22E+05 0.173 - © [ 
25.00 | 4.02E+05 | 0.194 : 0.6 
30.00 4.83E+05 0.212 - 0 al 
35.00 5.63E+05 - 0.941 > 
40.00 6.44E+05 - 1.047 0.2 Laminar 1 
45.00 7.24E+05 - 1.151 “| 
50.00 8.05E+05 - 1.252 0 
60.00 9.66E+05 - 1.449 x, m 


Discussion Notice the sudden, rapid rise in boundary layer thickness when the boundary layer becomes turbulent. 


Design and Essay Problems 


11-110 to 11-113 
Solution Students’ essays and designs should be unique and will differ from each other. 





xQ 
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Chapter 12 Compressible Flow 


Stagnation Properties 


12-1C 
Solution We are to discuss the temperature change from an airplane’s nose to far away from the aircraft. 
Analysis The temperature of the air rises as it approaches the nose because of the stagnation process. 


Discussion In the frame of reference moving with the aircraft, the air decelerates from high speed to zero at the nose 
(stagnation point), and this causes the air temperature to rise. 





12-2C 
Solution We are to define and discuss stagnation enthalpy. 
Analysis Stagnation enthalpy combines the ordinary enthalpy and the kinetic energy of a fluid, and offers 


convenience when analyzing high-speed flows. It differs from the ordinary enthalpy by the kinetic energy term. 





Discussion Most of the time, we mean specific enthalpy, i.e., enthalpy per unit mass, when we use the term enthalpy. 
12-3C 

Solution We are to define dynamic temperature. 

Analysis Dynamic temperature is the temperature rise of a fluid during a stagnation process. 


Discussion When a gas decelerates from high speed to zero speed at a stagnation point, the temperature of the gas rises. 





12-4C 
Solution We are to discuss the measurement of flowing air temperature with a probe — is there significant error? 
Analysis No, there is not significant error, because the velocities encountered in air-conditioning applications are 


very low, and thus the static and the stagnation temperatures are practically identical. 


Discussion If the air stream were supersonic, however, the error would indeed be significant. 





12-5 
Solution The state of air and its velocity are specified. The stagnation temperature and stagnation pressure of air are 
to be determined. 


Assumptions 1 The stagnation process is isentropic. 2 Air is an ideal gas. 


Properties The properties of air at room temperature are c, = 1.005 kJ/kg-K and k = 1.4. 





Analysis The stagnation temperature of air is determined from 
í 470 m/s)’ 1 kJ/k 
TTi K ( ( vie |= 355.8 K =356K 
2c 2x 1.005 kJ/kg -K \ 1000 m*/s 


p 
Other stagnation properties at the specified state are determined by considering an isentropic process between the specified 
state and the stagnation state, 


kX k-1) 1.4/1.4-1) 
T, , 
P = (2 = (44 kPa) ss) = 160.3 kPa =160 kPa 


Discussion Note that the stagnation properties can be significantly different than thermodynamic properties. 
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Chapter 12 Compressible Flow 
12-6 
Solution Air at 300 K is flowing in a duct. The temperature that a stationary probe inserted into the duct will read is 
to be determined for different air velocities. 
Assumptions The stagnation process is isentropic. 
Properties The specific heat of air at room temperature is c, = 1.005 kJ/kg-K. 


Analysis The air which strikes the probe will be brought to a complete stop, and thus it will undergo a stagnation 


process. The thermometer will sense the temperature of this stagnated air, which is the stagnation temperature, Ty. It is 
2 








determined from 7) =T+——. The results for each case are calculated below: 
P 
(1 m/s)? 1KJ/kg 
(a) Tọ =300K+ = 300.0 K 
i = AIR 
1 1kJ/k: 
® %=30K+—™ Ks) - 300.1K — 7 
2x1.005 kJ/kg -K (1000 m? /s° > 
1 ? lk. 
(c) To a = 305.0 K 
2x1.005 kJ/kg -K (1000 m? /s? 
1000 m/s)? 1kJ/k 
2x1.005 kJ/kg -K ( 1000 m? /s? 


Discussion Note that the stagnation temperature is nearly identical to the thermodynamic temperature at low velocities, 
but the difference between the two is significant at high velocities. 





12-7 
Solution The states of different substances and their velocities are specified. The stagnation temperature and 
stagnation pressures are to be determined. 


Assumptions 1 The stagnation process is isentropic. 2 Helium and nitrogen are ideal gases. 


Analysis (a) Helium can be treated as an ideal gas with c, = 5.1926 kJ/kg-K and k = 1.667. Then the stagnation 
temperature and pressure of helium are determined from 
2 2 
240 m/ 1kJ/k 
T, 74 VK 59° 4. Os) _ [_ 1kg _|_55.50C 
2c, 2x 5.1926 kJ/kg -°C (1000 m? /s° 





323.2 K 
(b) Nitrogen can be treated as an ideal gas with c, = 1.039 kJ/kg-K and k =1.400. Then the stagnation temperature and 


pressure of nitrogen are determined from 
2 2 
Ty =T+ V -50°C + (300 m/s) 1kJ/kg 
2 2x1.039 kJ/kg -°C (1000 m? /s? 


P 


kI(k-1) 1.667 /(1.667-1) 
T, , 
P, = fe = (0.25 MPay ol =) = 0.261MPa 


J- 93.3°C 





k I(k-1) 1.4/(1.4-1) 
T, ; 
P, -o 2] = (0.15 MPa 205%) = 0.233 MPa 


(c) Steam can be treated as an ideal gas with c, = 1.865 kJ/kg-K and k =1.329. Then the stagnation temperature and 
pressure of steam are determined from 


v? (480 m/s)? ( kJ/kg 


Ty =T +—— = 350°C + aa 
2c, 2x1.865 kJ/kg -°C (1000 m? / s? 


|= 411.8 = 685K 





k I(k-1) 1.329 /(1.329-1) 
T, 
P) = f) = (o.1mPa{ 5%) = 0.147 MPa 


Discussion Note that the stagnation properties can be significantly different than thermodynamic properties. 
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12-8 
Solution The inlet stagnation temperature and pressure and the exit stagnation pressure of air flowing through a 
compressor are specified. The power input to the compressor is to be determined. 


Assumptions 1 The compressor is isentropic. 2 Air is an ideal gas. 


Properties The properties of air at room temperature are c, = 1.005 kJ/kg-K and k = 1.4. 900 kPa 
Analysis The exit stagnation temperature of air To, is determined from 
(k-1)/k 1.4-1)/1.4 j 
To = Toi (2) = (300.2 K (20) =562.4K jae k y 
From the energy balance on the compressor, f 
Win = m(hy9 — ho) 100 kPa 
or, 21°C 
Win = mc , (Toz — To: ) = (0.02 kg/s)(1.005 kJ/kg - K)(562.4-300.2)K = 5.27 kW 


Discussion Note that the stagnation properties can be used conveniently in the energy equation. 





12-9E 
Solution Steam flows through a device. The stagnation temperature and pressure of steam and its velocity are 
specified. The static pressure and temperature of the steam are to be determined. 


Assumptions 1 The stagnation process is isentropic. 2 Steam is an ideal gas. 


Properties Steam can be treated as an ideal gas with c, = 0.4455 Btu/lbm:R and k =1.329. 


Analysis The static temperature and pressure of steam are determined from 
2 2 
ft 
T =Tp VW" _aogep___ O00 ft/s)" _ 1 Btu/lbm _| _ 663.7°F 
2c, 2x 0.4455 Btu/lbm -°F | 25,037 ft? / s? 


k I(k-1) 
P=P, (Z = (120 pia STR = 105.5 psia 


1.329 /(1.329-1) 
5 1160R ) 


Discussion Note that the stagnation properties can be significantly different than thermodynamic properties. 
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12-10 
Solution The inlet stagnation temperature and pressure and the exit stagnation pressure of products of combustion 
flowing through a gas turbine are specified. The power output of the turbine is to be determined. 


Assumptions 1 The expansion process is isentropic. 2 Products of combustion are ideal gases. 


Properties The properties of products of combustion are c, = 1.157 kJ/kg-K, R = 0.287 kJ/kg-K, and k = 1.33, 





Analysis The exit stagnation temperature To is determined to be 
1 MPa 
(k-1)/k (1.33-1)/1.33 
P : o 
Ty =Tal] > = (1023.2 «(*) =577.9K ie 
Poi 1 | 
Also, \ Ww 
kR STEAM |8 
c, =kc, =k(c, R) > ag 
_ 1.33(0.287 kJ/kg -K) } 
1.33-1 100 kPa 
=1.157 kJ/kg-K 


From the energy balance on the turbine, 
Wout = (hoo — Noy) 
=c, (Tı -Ty ) = (1.157 kJ/kg : K )(1023.2 - 577.9) K= 515.2 kJ/kg = 515 kJ/kg 


or, w 


out 


Discussion Note that the stagnation properties can be used conveniently in the energy equation. 





12-11 
Solution Air flows through a device. The stagnation temperature and pressure of air and its velocity are specified. 
The static pressure and temperature of air are to be determined. 


Assumptions 1 The stagnation process is isentropic. 2 Air is an ideal gas. 
Properties The properties of air at an anticipated average temperature of 600 K are c, = 1.051 kJ/kg-K and k = 1.376. 


Analysis The static temperature and pressure of air are determined from 





2 
Tan- —=6732 
2 


(570 m/s)” ( kJ/kg 
P 


=518.6K 
2x 1.051 kI/kg-K ats] 


and 


= 0.23 MPa 





J” /(1.376-1) 


PI ~ 518.6K 
P, = Py (>) =(0.6 MPa Oe : 
02 . 


Discussion Note that the stagnation properties can be significantly different than thermodynamic properties. 
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Chapter 12 Compressible Flow 


Speed of sound and Mach Number 


12-12C 
Solution We are to define and discuss sound and how it is generated and how it travels. 
Analysis Sound is an infinitesimally small pressure wave. It is generated by a small disturbance in a medium. 


It travels by wave propagation. Sound waves cannot travel in a vacuum. 


Discussion Electromagnetic waves, like light and radio waves, can travel in a vacuum, but sound cannot. 





12-13C 
Solution We are to state whether the propagation of sound waves is an isentropic process. 
Analysis Yes, the propagation of sound waves is nearly isentropic. Because the amplitude of an ordinary sound 


wave is very small, and it does not cause any significant change in temperature and pressure. 


Discussion No process is truly isentropic, but the increase of entropy due to sound propagation is negligibly small. 





12-14C 
Solution We are to discuss sonic velocity — specifically, whether it is constant or it changes. 
Analysis The sonic speed in a medium depends on the properties of the medium, and it changes as the properties 


of the medium change. 


Discussion The most common example is the change in speed of sound due to temperature change. 





12-15C 
Solution We are to discuss whether sound travels faster in warm or cool air. 
Analysis Sound travels faster in warm (higher temperature) air since c= VkKRT . 


Discussion On the microscopic scale, we can imagine the air molecules moving around at higher speed in warmer air, 
leading to higher propagation of disturbances. 





12-16C 
Solution We are to compare the speed of sound in air, helium, and argon. 
Analysis Sound travels fastest in helium, since c= VkRT and helium has the highest kR value. It is about 0.40 for 


air, 0.35 for argon, and 3.46 for helium. 


Discussion We are assuming, of course, that these gases behave as ideal gases — a good approximation at room 
temperature. 
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Chapter 12 Compressible Flow 


12-17C 
Solution We are to compare the speed of sound in air at two different pressures, but the same temperature. 
Analysis Air at specified conditions will behave like an ideal gas, and the speed of sound in an ideal gas depends on 


temperature only. Therefore, the speed of sound is the same in both mediums. 


Discussion If the temperature were different, however, the speed of sound would be different. 





12-18C 
Solution We are to examine whether the Mach number remains constant in constant-velocity flow. 
Analysis In general, no, because the Mach number also depends on the speed of sound in gas, which depends on the 


temperature of the gas. The Mach number remains constant only if the temperature and the velocity are constant. 


Discussion It turns out that the speed of sound is not a strong function of pressure. In fact, it is not a function of 
pressure at all for an ideal gas. 





12-19 
Solution The Mach number of an aircraft and the speed of sound in air are to be determined at two specified 
temperatures. 


Assumptions Air is an ideal gas with constant specific heats at room temperature. 


Properties The gas constant of air is R = 0.287 kJ/kg:K. Its specific heat ratio at room temperature is k = 1.4. 














Analysis From the definitions of the speed of sound and the Mach number, 
2 <2 
c= VERT = |(1.4)(0.287 kJ/kg: K)(300 K) 1000™ /S” | _ 347 mis 
1kJ/kg 
and Maza PAO mis = 0.692 
c 347m/s 
(b) At 1000 K, 
1 27.2 
c=VkRT = .|(1.4)(0.287 kJ/kg - K)(1000 K) ia} 634 m/s 
1kJ/kg 
ado Ma- -20m 0.379 
c 634m/s 


Discussion Note that a constant Mach number does not necessarily indicate constant speed. The Mach number of a 
rocket, for example, will be increasing even when it ascends at constant speed. Also, the specific heat ratio k changes with 
temperature, and the accuracy of the result at 1000 K can be improved by using the k value at that temperature (it would 
give k = 1.386, c= 619 m/s, and Ma = 0.388). 
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Chapter 12 Compressible Flow 
12-20 
Solution Carbon dioxide flows through a nozzle. The inlet temperature and velocity and the exit temperature of CO 
are specified. The Mach number is to be determined at the inlet and exit of the nozzle. 


Assumptions 1 COz is an ideal gas with constant specific heats at room temperature. 2 This is a steady-flow process. 


Properties The gas constant of carbon dioxide is R = 0.1889 kJ/kg-K. Its constant pressure specific heat and specific 
heat ratio at room temperature are c, = 0.8439 kJ/kg-K and k = 1.288. 





Analysis (a) At the inlet 
1 Dja? 
c, = fk, RT, = ,|(1.288)(0.1889 kJ/kg -K)(1200 x oem = 540.3 m/s 
g 
Thus, 
1200 K Carbon 
Ma, = Mi __S0m/s__9 9925 50 m/s —* dioxide —_™ 400K 
cı 540.3 m/s 
(b) At the exit, ee 
1000 m? /s” 
Cy =k yRT> = ,/(1.288)(0.1889 kJ/kg - K)(400 K) anes = 312.0 m/s 
g 


The nozzle exit velocity is determined from the steady-flow energy balance relation, 


2 2 
-V 


2 2 
V, -V V 
e E gsr mM 


0=h, -h + 


0 = (0.8439 kJ/kg - K)(400 —1200 K) + 


V,” —(50 m/s)? ( 1 kJ/kg 
2 1000 m? /s* 


—— V, =1163 m/s 
Thus, 
Ma, oe 1163 m/s _ 
C) 312m/s 


Discussion The specific heats and their ratio k change with temperature, and the accuracy of the results can be 
improved by accounting for this variation. Using EES (or another property database): 

At 1200 K: cp = 1.278 kJ/kg:K, k= 1.173 — c,=516m/s, Vı=50 m/s, Ma; = 0.0969 

At 400 K: c= 0.9383 kJ/kg-K, k = 1.252 —> c2=308 m/s, V= 1356 m/s, Ma, = 4.41 


Therefore, the constant specific heat assumption results in an error of 4.5% at the inlet and 15.5% at the exit in the Mach 
number, which are significant. 
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Chapter 12 Compressible Flow 
12-21 
Solution Nitrogen flows through a heat exchanger. The inlet temperature, pressure, and velocity and the exit pressure 
and velocity are specified. The Mach number is to be determined at the inlet and exit of the heat exchanger. 


Assumptions 1 Nz is an ideal gas. 2 This is a steady-flow process. 3 The potential energy change is negligible. 


Properties The gas constant of N2 is R = 0.2968 kJ/kg-K. Its constant pressure specific heat and specific heat ratio at 
room temperature are c, = 1.040 kJ/kg-K and k = 1.4. 





1 E 
Analysis c, =/k,RT, = [04000298 kJ/kg -K)(283 [ee = 342.9 m/s 
8 

Thus, 120kJ/kg 

V 

Ma, _M _ 100m/s__ 9 999 
cı 342.9 m/s 150 kPa 
10°C f 100 kPa 
From the energy balance on the heat exchanger, 100 ms — > Nitrogen —> 200 m/s 
2 V, 2 


V, 
din = c,h -T,)+ Z 2 


120 kJ/kg = (1.040 kJ/kg.°C)(T, — 10°C) + 








(200 m/s)? — (100 m/s)? ( lkI/kg 








2 1000 m* /s* 

It yields 

Ty = 111°C = 384K 

1 2 2 
Cy =fkgRT = {c 4)(0.2968 kJ/kg - K)(384 ofm) =399 m/s 
g 

Thus, 

Mas Aa Onn iga 

C) 399 m/s 


Discussion The specific heats and their ratio k change with temperature, and the accuracy of the results can be 
improved by accounting for this variation. Using EES (or another property database): 


At 10°C : c= 1.038 kJ/kg-K, k= 1.400 — c,=343 m/s, V,=100m/s, Ma; = 0.292 
At 111°C c= 1.041 kJ/kg-K, k= 1.399 — c=399 m/s, V=200 m/s, Ma, = 0.501 


Therefore, the constant specific heat assumption results in an error of 4.5% at the inlet and 15.5% at the exit in the Mach 
number, which are almost identical to the values obtained assuming constant specific heats. 





12-22 
Solution The speed of sound in refrigerant-134a at a specified state is to be determined. 


Assumptions R-134a is an ideal gas with constant specific heats at room temperature. 
Properties The gas constant of R-134a is R = 0.08149 kJ/kg-K. Its specific heat ratio at room temperature is k = 1.108. 


Analysis From the ideal-gas speed of sound relation, 





1000 m? /s? 


=173 m/s 
1 kJ/kg 


c =VkRT - [soos kJ/kg -K)(604+ 273 K| 


Discussion Note that the speed of sound is independent of pressure for ideal gases. 
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Chapter 12 Compressible Flow 
12-23 
Solution The Mach number of a passenger plane for specified limiting operating conditions is to be determined. 


Assumptions Air is an ideal gas with constant specific heats at room temperature. 
Properties The gas constant of air is R = 0.287 kJ/kg:K. Its specific heat ratio at room temperature is k = 1.4. 


Analysis From the speed of sound relation 





1000 m2 /s” 


=VkRT = |(1.4)(0.287 kJ/kg -K)(-60+ 273K 
c f X( g: K)( { Tki/kg 


= 293 m/s 


Thus, the Mach number corresponding to the maximum cruising speed of the plane is 


Vmax _ (945/3.6) m/s 
c 293 m/s 


Ma = = 0.897 





Discussion Note that this is a subsonic flight since Ma < 1. Also, using a k value at -60°C would give practically the 
same result. 





12-24E 
Solution Steam flows through a device at a specified state and velocity. The Mach number of steam is to be 


determined assuming ideal gas behavior. 


Assumptions Steam is an ideal gas with constant specific heats. 


Properties The gas constant of steam is R = 0.1102 Btu/lbm:R. Its specific heat ratio is given to be k = 1.3. 


Analysis From the ideal-gas speed of sound relation, 
TE 
c =ẸĐ4kRT = _|(1.3)(0.1102 Btu/lbm : R)(1160 R) CUELA 2040 ft/s 
1 Btu/lbm 
Thus, 
Ma =~ = 2008S _ 9.441 
c 2040 ft/s 


Discussion Using property data from steam tables and not assuming ideal gas behavior, it can be shown that the Mach 
number in steam at the specified state is 0.446, which is sufficiently close to the ideal-gas value of 0.441. Therefore, the 
ideal gas approximation is a reasonable one in this case. 
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Chapter 12 Compressible Flow 


12258 


Solution Problem 12-24e is reconsidered. The variation of Mach number with temperature as the temperature 
changes between 350° and 700°F is to be investigated, and the results are to be plotted. 


Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 


T=Temperature+460 

































































R=0.1102 

V=900 0.53 

k=1.3 F 

c=SQRT(k*R*T*25037) 0.52 

Ma=V/c [ 

0.51 
Temperature, Mach number i 

T, F Ma 
350 0.528 0.49 
375 0.520 © L 
400 0.512 = 048 
425 0.505 F 
450 0.498 0.47 
475 0.491 F 
500 0.485 0:46 
525 0.479 | 
550 0.473 sl 
575 0.467 oo , , , , , 
600 0.462 350 400 450 500 550 600 650 700 
625 0.456 Temperature, °F 
650 0.451 
675 0.446 
700 0.441 














Discussion Note that for a specified flow speed, the Mach number decreases with increasing temperature, as expected. 





12-26 
Solution The expression for the speed of sound for an ideal gas is to be obtained using the isentropic process 
equation and the definition of the speed of sound. 


Analysis The isentropic relation Py = A where A is a constant can also be expressed as 
D 
P= a+) =Ap* 
y 
Substituting it into the relation for the speed of sound, 


k 
C= P| | 2U =kAp*! =k(Ap*)/ p=k(P/ p) =kRT 
Op } , oo i 





since for an ideal gas P = pRT or RT = P/p. Therefore, |c = VkRT |, which is the desired relation. 











Discussion Notice that pressure has dropped out; the speed of sound in an ideal gas is not a function of pressure. 
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Chapter 12 Compressible Flow 
12-27 
Solution The inlet state and the exit pressure of air are given for an isentropic expansion process. The ratio of the 
initial to the final speed of sound is to be determined. 


Assumptions Air is an ideal gas with constant specific heats at room temperature. 


Properties The properties of air are R = 0.287 kJ/kg-K and k = 1.4. The specific heat ratio k varies with temperature, 
but in our case this change is very small and can be disregarded. 


Analysis The final temperature of air is determined from the isentropic relation of ideal gases, 
(k-1)/k (1.4-1)/1.4 
P, : 
T, =T,| — = (333.2 o(a) =228.4K 
i 1.5 MPa 


Treating k as a constant, the ratio of the initial to the final speed of sound can be expressed as 


Co i Jk, RT, _ Jo _ 4333.2 =1.21 
cy fkyRT, JT, —-¥228.4 


Discussion Note that the speed of sound is proportional to the square root of thermodynamic temperature. 


Ratio = 








12-28 
Solution The inlet state and the exit pressure of helium are given for an isentropic expansion process. The ratio of the 
initial to the final speed of sound is to be determined. 


Assumptions Helium is an ideal gas with constant specific heats at room temperature. 
Properties The properties of helium are R = 2.0769 kJ/kg-K and k = 1.667. 


Analysis The final temperature of helium is determined from the isentropic relation of ideal gases, 
k-1)/k È 
P, (k-1) 0.4 (1.667-1)/1.667 
T, =T,;| — = (333.2 K) — =196.3K 
P, 1.5 


The ratio of the initial to the final speed of sound can be expressed as 


cp _VeRT VT _ V333.2 _ 4 39 
ci fkyRT, JT, 1963 


Discussion Note that the speed of sound is proportional to the square root of thermodynamic temperature. 


Ratio = 








12-29E 

Solution The inlet state and the exit pressure of air are given for an isentropic expansion process. The ratio of the 
initial to the final speed of sound is to be determined. 

Assumptions Air is an ideal gas with constant specific heats at room temperature. 


Properties The properties of air are R = 0.06855 Btu/lbm-R and k = 1.4. The specific heat ratio k varies with 
temperature, but in our case this change is very small and can be disregarded. 


Analysis The final temperature of air is determined from the isentropic relation of ideal gases, 
k-1)/k = 
P, (k-1) 60 (1.4-1)/1.4 
T, =T,;| — = (659.7 R) — = 489.9 R 
P 170 


Treating k as a constant, the ratio of the initial to the final speed of sound can be expressed as 


C2 ykRT, L JE _ 659.7 _4 46 


Ratio = 
c „k,RT, JT, 489.9 


Discussion Note that the speed of sound is proportional to the square root of thermodynamic temperature. 
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Chapter 12 Compressible Flow 
One Dimensional lsentropic Flow 
12-30C 
Solution We are to discuss what happens to the exit velocity and mass flow rate through a converging nozzle at sonic 


exit conditions when the nozzle exit area is reduced. 


Analysis (a) The exit velocity remains constant at sonic speed, (b) the mass flow rate through the nozzle 
decreases because of the reduced flow area. 


Discussion Without a diverging portion of the nozzle, a converging nozzle is limited to sonic velocity at the exit. 





12-31C 
Solution We are to discuss what happens to several variables when a supersonic gas enters a converging duct. 
Analysis (a) The velocity decreases. (b), (c), (d) The temperature, pressure, and density of the fluid increase. 


Discussion The velocity decrease is opposite to what happens in subsonic flow. 





12-32C 
Solution We are to discuss what happens to several variables when a supersonic gas enters a diverging duct. 
Analysis (a) The velocity increases. (b), (c), (d) The temperature, pressure, and density of the fluid decrease. 


Discussion The velocity increase is opposite to what happens in subsonic flow. 





12-33C 
Solution We are to discuss what happens to several variables when a subsonic gas enters a converging duct. 
Analysis (a) The velocity increases. (b), (c), (d) The temperature, pressure, and density of the fluid decrease. 


Discussion The velocity increase is opposite to what happens in supersonic flow. 





12-34C 
Solution We are to discuss what happens to several variables when a subsonic gas enters a diverging duct. 
Analysis (a) The velocity decreases. (b), (c), (d) The temperature, pressure, and density of the fluid increase. 


Discussion The velocity decrease is opposite to what happens in supersonic flow. 





12-35C 
Solution We are to discuss the pressure at the throats of two different converging-diverging nozzles. 
Analysis The pressure at the two throats are identical. 


Discussion Since the gas has the same stagnation conditions, it also has the same sonic conditions at the throat. 
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Chapter 12 Compressible Flow 


12-36C 
Solution We are to determine if it is possible to accelerate a gas to supersonic velocity in a converging nozzle. 
Analysis No, it is not possible. 


Discussion The only way to do it is to have first a converging nozzle, and then a diverging nozzle. 





12-37 
Solution Air enters a converging-diverging nozzle at specified conditions. The lowest pressure that can be obtained 
at the throat of the nozzle is to be determined. 


Assumptions 1 Air is an ideal gas with constant specific heats at room temperature. 2 Flow through the nozzle is steady, 
one-dimensional, and isentropic. 





Properties The specific heat ratio of air at room temperature is k = 1.4. 
Analysis The lowest pressure that can be obtained at the throat is the critical pressure P*, which is determined from 
2 NEED 1.4/(.4-1) 
P* = P)| —— = (1.2 MPa) = 0.634 MPa 
k+1 1.4+1 


Discussion This is the pressure that occurs at the throat when the flow past the throat is supersonic. 





12-38 
Solution Helium enters a converging-diverging nozzle at specified conditions. The lowest temperature and pressure 
that can be obtained at the throat of the nozzle are to be determined. 


Assumptions 1 Helium is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, 
and isentropic. 
Properties The properties of helium are k = 1.667 and c, = 5.1926 kJ/kg-K. 


Analysis The lowest temperature and pressure that can be obtained at the throat are the critical temperature T* and 
critical pressure P*. First we determine the stagnation temperature To and stagnation pressure Po, 





v? (100 m/s)? ( 1kJ/kg 


2¢, 25.1926 kJ/kg -°C (1000 m? / s? 


}-so1x 


kKk-l) 1.667 /(1.667-1) 
T, 
Py=P (=) = (0.7 mea SIE) = 0.702 MPa 


Se” 


Thus, —— Helium ——~ 


: )-601 k Gs 


r-n- 801 667 +1 


and 


1.667 /(1.667—1) 
) = 0.342 MPa 


1.667 +1 


k (k-1) 
P*= P| —— = (0.702 MPa) 
ol k+l 


Discussion These are the temperature and pressure that will occur at the throat when the flow past the throat is 
supersonic. 
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Chapter 12 Compressible Flow 


12-39 
Solution The critical temperature, pressure, and density of air and helium are to be determined at specified 


conditions. 


Assumptions Air and Helium are ideal gases with constant specific heats at room temperature. 


Properties The properties of air at room temperature are R = 0.287 kJ/kg-K, k = 1.4, and c, = 1.005 kJ/kg-K. The 
properties of helium at room temperature are R = 2.0769 kJ/kg-K, k = 1.667, and c, = 5.1926 kJ/kg-K. 


Analysis (a) Before we calculate the critical temperature T*, pressure P*, and density p*, we need to determine the 
stagnation temperature To, pressure Po, and density po. 





2 2 
2 1k 
Ty =100°C + — = 100+ em (ae | =131.1°C 
2c, 2x1.005 kJ/kg -°C (1000m? /s 
k I(k-1) 1.4/(1.4-1) 
T , 
P) =P W = (200 kPa( ae K) = 264.7 kPa 
F 3732K 
P, 264.7 kPa 


= 2.281 kg/m? 





7 RT, ~ (0.287 kPa-m/kg- K)(404.3 K) 
Thus, 

2 2 
T* = To (>) = (404.3 o) =337K 
k+1 1.4+1 


2 
k+1 





k (k-1) 1.4/(1.4-1) 
P*= al = (264.7 KPa =140kPa 


1.4+1 


2 
1.4+1 


2 


1/(1.4-1) 
Ea ) =1.45 kg/m? 
k+l 


1/(k-1) 
pr= pol = (2.281 kg/m 


2 2 

m/ 1k 

(b) For helium, nori -wor A e 
2 2x 5.1926 kJ/kg -°C \ 1000 m^ /s 


)- 48.7°C 
Cp 





k I(k-1) 1.667 /(1.667—1) 
T, ! 
P,=P (=) = (200 KPa = K) = 214.2 KPa 


P 214.2 kPa 
RT) (2.0769 kPa - m°/kg - K)(321.9 K) 





P = = 0.320 kg/m? 


Thus, 


+ 667 + 


2 kMk-l) 2 1.667 /(1.667-1) 
P*= P, = (200 kPa) —— =97.4 kPa 
k+1 1.667 +1 
2 1/(k-1) 1/(1.667-1) 
* = | —— = (0.320 kg/m? )}| ——— =0.208 kg/m? 
p pol 5) S (a) s 


Discussion These are the temperature, pressure, and density values that will occur at the throat when the flow past the 
throat is supersonic. 
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Chapter 12 Compressible Flow 
12-40 
Solution Quiescent carbon dioxide at a given state is accelerated isentropically to a specified Mach number. The 
temperature and pressure of the carbon dioxide after acceleration are to be determined. 


Assumptions Carbon dioxide is an ideal gas with constant specific heats at room temperature. 
Properties The specific heat ratio of the carbon dioxide at room temperature is k = 1.288. 


Analysis The inlet temperature and pressure in this case is equivalent to the stagnation temperature and pressure since 
the inlet velocity of the carbon dioxide is said to be negligible. That is, Ty) = 7,=400 K and Po =P; = 800 kPa. Then, 


T= nr) = (400 ‘| el -380 K 
2+(k —-1)Ma 2+ (1.288 -1)(0.6) 


and 


k(k-l) 
pap, 2 (Rooke 220 * -636 kPa 
T, 


1.288 /(1.288-1) 
. 400 K) 


Discussion Note that both the pressure and temperature drop as the gas is accelerated as part of the internal energy of 
the gas is converted to kinetic energy. 





12-41 
Solution Air flows through a duct. The state of the air and its Mach number are specified. The velocity and the 
stagnation pressure, temperature, and density of the air are to be determined. 


Assumptions Airis an ideal gas with constant specific heats at room temperature. 


Properties The properties of air at room temperature are R = 0.287 kPa.m’*/kg.K and k= 1.4. 





Analysis The speed of sound in air at the specified conditions is 
2762 
c=~VkRT = oaoa kJ/kg -K)(373.2 (oo = 387.2 m/s 
g 
Thus, 
V = Ma xc = (0.8)(387.2 m/s) = 310 m/s 
Also, —_> AR ——> 
poe as = 1.867 kg/m? 





RT (0.287 kPa-m3/kg - K)(373.2 K) 


Then the stagnation properties are determined from 


2 2 
To = i! oe" = (373.2 wf Les -424K 





k I(k-1) 1.4/(1.4-1) 
T, 
P) = AZ) = (200 kPa = X) =305 kPa 





1/(k-1) 1/(1.4-1) 
To 3,( 421.0K 3 
= o| 2 = (1.867 kg/m =2.52 kg/m 
a Af 2) i : rd j 


Discussion Note that both the pressure and temperature drop as the gas is accelerated as part of the internal energy of 
the gas is converted to kinetic energy. 
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Chapter 12 Compressible Flow 


12-42 


Solution Problem 12-41 is reconsidered. The effect of Mach number on the velocity and stagnation properties as the 
Ma is varied from 0.1 to 2 are to be investigated, and the results are to be plotted. 


























Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 
P=200 ay 
T=100+273.15 el 
R=0.287 
k=1.4 o [ 
c=SQRT(k*R*T*1000) 3 
Ma=V/c = Aone 

* o 
rho=P/(R*T) z | 
= 800 
"Stagnation properties" o | 
TO=T*(1+(k-1)*Ma*2/2) S- öd 
PO=P*(TO0/T)^(k/(k-1)) E 
rhoO=rho*(TO/T)(1/(k-1)) > w 
200 
0 
































0 0.4 0.8 1.2 1.6 2 
Ma 
Mach num. Velocity, Stag. Temp, | Stag. Press, | Stag. Density, 
Ma V, m/s To, K Po, kPa Po kg/m? 
0.1 38.7 373.9 201.4 1.877 
0.2 711.4 376.1 205.7 1.905 
0.3 116.2 379.9 212.9 1.953 
0.4 154.9 385.1 223.3 2.021 
0.5 193.6 391.8 237.2 2.110 
0.6 232.3 400.0 255.1 2.222 
0.7 271.0 409.7 271.4 2.359 
0.8 309.8 420.9 304.9 2.524 
0.9 348.5 433.6 338.3 2.718 
1.0 387.2 447.8 378.6 2.946 
1.1 425.9 463.5 427.0 3.210 
1.2 464.7 480.6 485.0 3.516 
1.3 503.4 499.3 554.1 3.867 
1.4 542.1 519.4 636.5 4.269 
1.5 580.8 541.1 734.2 4.728 
1.6 619.5 564.2 850.1 5.250 
1.7 658.3 588.8 987.2 5.842 
1.8 697.0 615.0 1149.2 6.511 
1.9 735.7 642.6 1340.1 7.267 
2.0 TI44 671.7 1564.9 8.118 























Discussion Note that as Mach number increases, so does the flow velocity and stagnation temperature, pressure, and 
density. 
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Chapter 12 Compressible Flow 
12-43 
Solution Air flows through a duct at a specified state and Mach number. The velocity and the stagnation pressure, 
temperature, and density of the air are to be determined. 


Assumptions Air is an ideal gas with constant specific heats at room temperature. 


Properties The properties of air are R = 0.06855 Btu/Ibm.R = 0.3704 psia-ft*/lbm.R and k = 1.4. 





Analysis The speed of sound in air at the specified conditions is 
2762 
c=¥VkRT = _{(1.4)(0.06855 Btu/1bm - R)(671.7 R) PA TB) 1270.4 ft/s 
1Btu/1bm 
Thus, 
V = Ma xc = (0.8)(1270.4 ft/s) = 1016 ft/s 
Also, 


P 30 psia 
RT (0.3704 psia- ft*/lbm - R)(671.7 R) 


= 0.1206 1bm/ft* 
Then the stagnation properties are determined from 


2 
MaU 2 | -758R 


2 
= (671.7 R|: + aia 


Ty = (i+ 





k I(k-1) 1.4/(1.4-1) 
T, i . 
Py = Hf T ) = (30 psia = : z) =45.7 psia 


7157.1 R 


1/(1.4-1) 
) =0.163 1bm/ft? 
671.7 R 


1/(k-1) 
Po= d2) = (0.1206 1b] 


Discussion Note that the temperature, pressure, and density of a gas increases during a stagnation process. 





12-44 
Solution An aircraft is designed to cruise at a given Mach number, elevation, and the atmospheric temperature. The 
stagnation temperature on the leading edge of the wing is to be determined. 


Assumptions Air is an ideal gas with constant specific heats at room temperature. 


Properties The properties of air are R = 0.287 kPa.m*/kg.K, cp = 1.005 kJ/kg-K, and k= 1.4. 





Analysis The speed of sound in air at the specified conditions is 
1 2762 
c= VERT =_|(1.4)(0.287 kI/kg-K)(236.15K)| 1°00™ /S” | -308.0 m/s 
1kJ/kg 
Thus, 
V = Maxc = (1.4)(308.0 m/s) = 431.2 m/s 
Then, 
2 2 
fate! gis en IKWkg | _ 399 k 
2 2x1.005 kJ/kg: K \ 1000 m? /s? 


p 


Discussion Note that the temperature of a gas increases during a stagnation process as the kinetic energy is converted to 
enthalpy. 
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Chapter 12 Compressible Flow 
Isentropic Flow Through Nozzles 
12-45C 
Solution We are to consider subsonic flow through a converging nozzle, and analyze the effect of setting back 


pressure to critical pressure for a converging nozzle. 


Analysis (a) The exit velocity reaches the sonic speed, (b) the exit pressure equals the critical pressure, and (c) 
the mass flow rate reaches the maximum value. 


Discussion In such a case, we say that the flow is choked. 





12-46C 
Solution We are to consider subsonic flow through a converging nozzle with critical pressure at the exit, and analyze 
the effect of lowering back pressure below the critical pressure. 


Analysis (a) No effect on velocity. (b) No effect on pressure. (c) No effect on mass flow rate. 


Discussion In this situation, the flow is already choked initially, so further lowering of the back pressure does not 
change anything upstream of the nozzle exit plane. 





12-47C 
Solution We are to compare the mass flow rates through two identical converging nozzles, but with one having a 
diverging section. 


Analysis If the back pressure is low enough so that sonic conditions exist at the throats, the mass flow rates in 
the two nozzles would be identical. However, if the flow is not sonic at the throat, the mass flow rate through the 
nozzle with the diverging section would be greater, because it acts like a subsonic diffuser. 


Discussion Once the flow is choked at the throat, whatever happens downstream is irrelevant to the flow upstream of 
the throat. 





12-48C 
Solution We are to discuss the hypothetical situation of hypersonic flow at the outlet of a converging nozzle. 
Analysis Maximum flow rate through a converging nozzle is achieved when Ma = | at the exit of a nozzle. For all 


other Ma values the mass flow rate decreases. Therefore, the mass flow rate would decrease if hypersonic velocities 
were achieved at the throat of a converging nozzle. 


Discussion Note that this is not possible unless the flow upstream of the converging nozzle is already hypersonic. 





12-49C 
Solution We are to discuss the difference between Ma* and Ma. 
Analysis Mat is the local velocity non-dimensionalized with respect to the sonic speed at the throat, whereas Ma 


is the local velocity non-dimensionalized with respect to the local sonic speed. 


Discussion The two are identical at the throat when the flow is choked. 
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Chapter 12 Compressible Flow 


12-50C 
Solution We are to discuss what would happen if we add a diverging section to supersonic flow in a duct. 
Analysis The fluid would accelerate even further instead of decelerating. 


Discussion This is the opposite of what would happen in subsonic flow. 





12-51C 
Solution We are to discuss what would happen if we add a diverging section to supersonic flow in a duct. 
Analysis The fluid would accelerate even further, as desired. 


Discussion This is the opposite of what would happen in subsonic flow. 





12-52C 
Solution We are to discuss what happens to several variables in the diverging section of a subsonic converging- 
diverging nozzle. 


Analysis (a) The velocity decreases, (b) the pressure increases, and (c) the mass flow rate remains the same. 


Discussion Qualitatively, this is the same as what we are used to (in previous chapters) for incompressible flow. 





12-53C 
Solution We are to analyze if it is possible to accelerate a fluid to supersonic speeds with a velocity that is not sonic 
at the throat. 


Analysis No, if the flow in the throat is subsonic. If the velocity at the throat is subsonic, the diverging section 
would act like a diffuser and decelerate the flow. Yes, if the flow in the throat is already supersonic, the diverging 
section would accelerate the flow to even higher Mach number. 


Discussion In duct flow, the latter situation is not possible unless a second converging-diverging portion of the duct is 
located upstream, and there is sufficient pressure difference to choke the flow in the upstream throat. 





12-54 
Solution It is to be explained why the maximum flow rate per unit area for a given ideal gas depends only on 


Py/ VT . Also for an ideal gas, a relation is to be obtained for the constant ain m,,,, /A* =a\P, /4/Tp J. 


Properties The properties of the ideal gas considered are R = 0.287 kPa.m*/kg-K and k= 1.4. 


Analysis The maximum flow rate is given by 
(k+1)/2(k-1) (k+1)/2(k-1) 
Fitmax = A* Py fk RTo 5) or titmax / A* = (P, 1 JTo WET a) 
+ + 


For a given gas, k and R are fixed, and thus the mass flow rate depends on the parameter P)/ 4/7) . Thus, m,,,, /A* can be 


/A*= alP, / To ) where 


max 


expressed as m 


max 


2 Ņ&+D/2(k-) L4 2 
is Jer) 7 


k+1 2 152 (= +1 
(0.287 ki/kg.K)| 1000m"/s” 
1kJ/kg 








2.4/0.8 
) = 0.0404 (m/s)/K 


Discussion Note that when sonic conditions exist at a throat of known cross-sectional area, the mass flow rate is fixed 
by the stagnation conditions. 
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Chapter 12 Compressible Flow 
12-55 
Solution For an ideal gas, an expression is to be obtained for the ratio of the speed of sound where Ma = | to the 
speed of sound based on the stagnation temperature, c*/co. 


Analysis For an ideal gas the speed of sound is expressed as c= VkRT . Thus, 


12 
c*  JKRT® (T*)’ -( 2 je 


Discussion Note that a speed of sound changes the flow as the temperature changes. 








12-56 
Solution For subsonic flow at the inlet, the variation of pressure, velocity, and Mach number along the length of the 
nozzle are to be sketched for an ideal gas under specified conditions. 


Assumptions 1 The gas is an ideal gas. 2 Flow through the nozzle is steady, one- 
dimensional, and isentropic. 3 The flow is choked at the throat. R ww 


Analysis Using EES and COQ) as the gas, we calculate and plot flow area 
A, velocity V, and Mach number Ma as the pressure drops from a stagnation 
value of 1400 kPa to 200 kPa. Note that the curve for A is related to the shape of mm T 
the nozzle, with horizontal axis serving as the centerline. The EES equation 

window and the plot are shown below. 


w Ma; < 1 


k=1.289 

Cp=0.846 "kJ/kg.K" 
R=0.1889 "kJ/kg.K" 
P0=1400 "kPa" 


T0=473 "K" 

m=3 "kg/s" 

rho_0=P0/(R*TO) 

rho=P/(R*T) 

rho_norm=rho/rho_0 "Normalized density" 
T=T0*(P/PO)*((k-1)/k) 

Tnorm=T/TO "Normalized temperature" 
V=SQRT(2*Cp*(T0-T)*1000) 
V_norm=V/500 > 
A=m/(rho*V)*500 
C=SQRT(k*R*T*1000) 
Ma=V/C 





Ma 


A, Ma, V/500 

















200 400 600 800 1000 1200 1400 
P, kPa 


Discussion We are assuming that the back pressure is sufficiently low that the flow is choked at the throat, and the flow 
downstream of the throat is supersonic without any shock waves. Mach number and velocity continue to rise right through 
the throat into the diverging portion of the nozzle, since the flow becomes supersonic. 
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Chapter 12 Compressible Flow 
12-57 
Solution We repeat the previous problem, but for supersonic flow at the inlet. The 
variation of pressure, velocity, and Mach number along the length of the nozzle are to be 


sketched for an ideal gas under specified conditions. TT 


Analysis Using EES and CO), as the gas, we calculate and plot flow area A, velocity V,  Ma;>1 = ——~ 
and Mach number Ma as the pressure rises from 200 kPa at a very high velocity to the 
stagnation value of 1400 kPa. Note that the curve for A is related to the shape of the 
nozzle, with horizontal axis serving as the centerline. 


k=1.289 

Cp=0.846 "kJ/kg.K" 
R=0.1889 "kJ/kg.K" 
P0=1400 "kPa" 


T0=473 "K" 

m=3 "kg/s" 

rho_0=P0/(R*TO) 

rho=P/(R*T) 

rho_norm=rho/rho_0 "Normalized density" 
T=T0*(P/PO)*((k-1)/k) 

Tnorm=T/TO "Normalized temperature" 
V=SQRT(2*Cp*(T0-T)*1000) 
V_norm=V/500 7 
A=m/(rho*V)*500 
C=SQRT(k*R*T*1000) 
Ma=V/C 





A, Ma, V/500 


Ma 

















200 400 600 800 1000 1200 1400 
P, kPa 


Discussion Note that this problem is identical to the proceeding one, except the flow direction is reversed. In fact, 
when plotted like this, the plots are identical. 
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Chapter 12 Compressible Flow 
12-58 
Solution Air enters a nozzle at specified temperature, pressure, and velocity. The exit pressure, exit temperature, and 
exit-to-inlet area ratio are to be determined for a Mach number of Ma = | at the exit. 


Assumptions 1 Air is an ideal gas with constant specific heats at room temperature. 2 Flow through the nozzle is steady, 
one-dimensional, and isentropic. 


Properties The properties of air are k = 1.4 and c, = 1.005 kJ/kg-K. 


Analysis The properties of the fluid at the location where Ma = | are the critical properties, denoted by superscript *. 
We first determine the stagnation temperature and pressure, which remain constant throughout the nozzle since the flow is 
isentropic. 








v2 2 
mera aK g— í LEIE 
2 2x1.005 kJ/kg - K (1000 m? /s? 


l 
Cp 


)-361.2 
O — ar — & 


and 150 m/s a Ma = 
361.2K 


r VD 1.4/(1.4-1) 
P) = P| = (0.2 MPa ) =0.223 MPa 
T 350K 


i 





From Table A-13 (or from Eqs. 12-18 and 12-19) at Ma = 1, we read T/To = 0.8333, P/Po = 0.5283. Thus, 
T = 0.8333T = 0.8333(361.2 K) = 301 K 








and 

P = 0.5283P, = 0.5283(0.223 MPa) = 0.118 MPa 
Also, 

2,.2 
C; = VkKRT ; = ,|(1.4)(0.287 kJ/kg -K)(350 K) a = 375 m/s 
kJ/kg 

and 

ia ol pap 

ci 375 m/s 


From Table A-13 at this Mach number we read A; /A* = 1.5901. Thus the ratio of the throat area to the nozzle inlet area is 


A* 1 

— = —— = 0.629 

A; 1.5901 
Discussion We can also solve this problem using the relations for compressible isentropic flow. The results would be 
identical. 
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Chapter 12 Compressible Flow 
12-59 
Solution Air enters a nozzle at specified temperature and pressure with low velocity. The exit pressure, exit 
temperature, and exit-to-inlet area ratio are to be determined for a Mach number of Ma = | at the exit. 


Assumptions 1 Air is an ideal gas. 2 Flow through the nozzle is steady, one-dimensional, and isentropic. 


Properties The specific heat ratio of air is k = 1.4. 


Analysis The properties of the fluid at the location where Ma = | are the critical 
properties, denoted by superscript *. The stagnation temperature and pressure in this D a Hie ae © 
case are identical to the inlet temperature and pressure since the inlet velocity is 
negligible. They remain constant throughout the nozzle since the flow is isentropic. Keg ee mont 
To =T, =350K and P= P; =0.2 MPa 
From Table A-13 (or from Eqs. 12-18 and 12-19) at Ma =1, we read 7/Ty =0.8333, P/Py = 0.5283. Thus, 
T = 0.83337 = 0.8333(350 K) = 292 K and P =0.5283Pp = 0.5283(0.2 MPa) = 0.106 MPa 
The Mach number at the nozzle inlet is Ma = 0 since V; = 0. From Table A-13 at this Mach number we read A;/A* = ©. 
Thus the ratio of the throat area to the nozzle inlet area is Z = + =0. 


i 


Discussion If we solve this problem using the relations for compressible isentropic flow, the results would be identical. 





12-60E 
Solution Air enters a nozzle at specified temperature, pressure, and velocity. The exit pressure, exit temperature, and 
exit-to-inlet area ratio are to be determined for a Mach number of Ma = 1 at the exit. 


Assumptions 1 Air is an ideal gas with constant specific heats at room temperature. 2 Flow through the nozzle is steady, 
one-dimensional, and isentropic. 


Properties The properties of air are k = 1.4 and c, = 0.240 Btu/lbm-R (Table A-2Ea). 


Analysis The properties of the fluid at the location where Ma =1 are the critical properties, denoted by superscript *. 
We first determine the stagnation temperature and pressure, which remain constant throughout the nozzle since the flow is 
isentropic. 








v2 2 
To =T + L =630R + (450 ft/s) 1Btu/1bm 
2 2x0.240 Btu/lbm -R | 25,037 ft? / s? 


P 


) =646.9R 


O — am — @) 


k (k-11) 1.4/(1.4-1) 450 ft/s Ma=1 
T, 
P, =P, Ga = (30 pia SSX) = 32.9 psia ee 


630K 
From Table A-13 (or from Eqs. 12-18 and 12-19) at Ma =1, we read 7/Ty =0.8333, P/Py = 0.5283. Thus, 
T = 0.83337 = 0.8333(646.9 R) = 539 R and P =0.5283Pp = 0.5283(32.9 psia) = 17.4 psia 
Also, 





25,037 ft? /s” 


c; =VkRT ; = ,|(1.4)(0.06855 Btu/1bm - R)(630 R) 
1 Btu/Ibm 


= 1230 ft/s and 


V, 
Mas a O 
c; 1230 ft/s 


From Table A-13 at this Mach number we read A;/A* = 1.7426. Thus the ratio of the throat area to the nozzle inlet area is 


* 
A* l -0.574 
A; 1.7426 


l 





Discussion If we solve this problem using the relations for compressible isentropic flow, the results would be identical. 
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Chapter 12 Compressible Flow 
12-61 
Solution Air enters a converging-diverging nozzle at a specified pressure. The back pressure that will result in a 
specified exit Mach number is to be determined. 


Assumptions 1 Air is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, and 
isentropic. 


Properties The specific heat ratio of air is k = 1.4. 


Analysis The stagnation pressure in this case is identical to the inlet 
pressure since the inlet velocity is negligible. It remains constant throughout the tu 
nozzle since the flow is isentropic, Q AIR 
Po =P, =0.8 MPa V;~0 Ma, = 1.8 


From Table A-13 at Ma, =1.8, we read P./Pp = 0.1740. 
Thus, P=0.1740P)=0.1740(0.8 MPa) = 0.139 MPa 





Discussion If we solve this problem using the relations for compressible isentropic flow, the results would be identical. 


12-62 
Solution Nitrogen enters a converging-diverging nozzle at a given pressure. The critical velocity, pressure, 
temperature, and density in the nozzle are to be determined. 


Assumptions 1 Nitrogen is an ideal gas. 2 Flow through the nozzle is steady, one-dimensional, and isentropic. 
Properties The properties of nitrogen are k = 1.4 and R = 0.2968 kJ/kg-K. 


Analysis The stagnation pressure in this case are identical to the inlet properties since the inlet velocity is negligible. 
They remain constant throughout the nozzle, 


P= P; = 700 kPa “Witte ney 
T)=T;, =400K O nN — 
P 700 kP Vrm TTT 
Po =o OPa O 5896 kg/m° 
RT) (0.2968 kPa - m°/kg - K)(400 K) © 


Critical properties are those at a location where the Mach number is Ma = 1. From Table A-13 at Ma =1, we read T/To 
=0.8333, P/Po = 0.5283, and p/p = 0.6339. Then the critical properties become 


T* = 0.83337 = 0.8333(400 K) = 333 K 

P* = 0.5283Pp = 0.5283(700 kPa) = 370 MPa 

p* = 0.6339 = 0.6339(5.896 kg/m”) = 3.74 kg/m? 
Also, 


1000 m/s” 


V*=c% = VERT * = _|(1.4)(0.2968 kJ/kg - K)(333 K| ENE 
g 


=372m/s 


Discussion We can also solve this problem using the relations for compressible isentropic flow. The results would be 
identical. 
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Chapter 12 Compressible Flow 
12-63 
Solution An ideal gas is flowing through a nozzle. The flow area at a location where Ma = 2.4 is specified. The flow 
area where Ma = 1.2 is to be determined. 


Assumptions Flow through the nozzle is steady, one-dimensional, and isentropic. 
Properties The specific heat ratio is given to be k = 1.4. 


Analysis The flow is assumed to be isentropic, and thus the stagnation and critical properties remain constant 
throughout the nozzle. The flow area at a location where Ma, = 1.2 is determined using A /A* data from Table A-13 to be 








A _ 25cm? 
2.4031 2.4031 


A 
Ma, = 2.4: = 2.4031 —> A*= = 10.40 cm? 





A 
Ma, =1.2: a = 1.0304 > A, = (1.0304) A* = (1.0304)(10.40 cm?) = 10.7 em? 


Discussion We can also solve this problem using the relations for compressible isentropic flow. The results would be 
identical. 





12-64 
Solution An ideal gas is flowing through a nozzle. The flow area at a location where Ma = 2.4 is specified. The flow 
area where Ma = 1.2 is to be determined. 


Assumptions Flow through the nozzle is steady, one-dimensional, and isentropic. 


Analysis The flow is assumed to be isentropic, and thus the stagnation and critical properties remain constant 
throughout the nozzle. The flow area at a location where Ma, = 1.2 is determined using the A /A* relation, 


(k+1)/2(k-1) 
Ac (= (1+ ta? ) 
AŤ Ma [|\k+1 2 


For k = 1.33 and Ma; = 2.4: 


2.33/ 2x0.33 
A 33- 
ba ( 2 Ge “24? = 2.570 
A* 2.4 |(1.33+1 2 


A _ 25cm? 
2.570 2.570 


For k = 1.33 and Ma, = 1.2: 


2.33/2x0.33 
Art ( E foe) = 1.0316 
A* 1213341 2 


and A, = (1.0316)A* = (1.0316)(9.729 cm?) =10.0 cm? 





and, A*= =9.729 cm” 














Discussion Note that the compressible flow functions in Table A-13 are prepared for k = 1.4, and thus they cannot be 
used to solve this problem. 
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Chapter 12 Compressible Flow 
12-65 [Also solved using EES on enclosed DVD] 


Solution Air enters a converging nozzle at a specified temperature and pressure with low velocity. The exit pressure, 
the exit velocity, and the mass flow rate versus the back pressure are to be calculated and plotted. 


Assumptions 1 Air is an ideal gas with constant specific heats at room temperature. 2 Flow through the nozzle is steady, 
one-dimensional, and isentropic. 


Properties The properties of air are k = 1.4, R = 0.287 kJ/kg-K, and c, = 1.005 kJ/kg-K. 


Analysis The stagnation properties in this case are identical to the inlet properties since the inlet velocity is 
negligible. They remain constant throughout the nozzle since the flow is isentropic., 


P= P; = 900 kPa 
T =T; = 400 K 


The critical pressure is determined to be 


2 \keD 
P* = A ) = (900 KPa 








k+1 1441 


1.4/0.4 
} = 475.5 kPa 
Then the pressure at the exit plane (throat) will be 
P =P for P, 2 475.5 kPa 
P, = P* = 475.5 kPa for P, < 475.5 kPa (choked flow) 


Thus the back pressure will not affect the flow when 100 < P, < 475.5 kPa. For a specified exit pressure Pe, the 
temperature, the velocity and the mass flow rate can be determined from 


p \eve p_ \04/14 
Temperature T, =T) 6 = (400 Kz) 











Py 900 
Velocit V =_/2c, (Ty) -T,) = .|2(1.005 kJ/kg - K)(400- T, ) 1000 m*/s* 
y po e 7 g e 1 kJ/kg 
i P, P, 
Density Pe = = 7 V 
RT, (0.287 kPa-m°/kg-K)T, ° 
Mass flow rate m = p,V,A; = pV, (0.001 m’) c 
The results of the calculations are tabulated as 
P,,kPa Pe kPa Ta K V.em/s  pẹkg/m? rn kg/s P, 
900 900 400 0 7.840 0 
800 800 386.8 162.9 7.206 1.174 m 
700 700 372.3 236.0 6.551 1.546 
600 600 356.2 296.7 5.869 1.741 M max 
500 500 338.2 352.4 5.151 1.815 
475.5 475.5 333.3 366.2 4.971 1.820 
400 475.5 333.3 366.2 4.971 1.820 P, 
300 475.5 333.3 366.2 4.971 1.820 100 475.5 900 kPa 
200 475.5 333.3 366.2 4.971 1,820 
100 475.5 333.3 366.2 4.971 1.820 


Discussion We see from the plots that once the flow is choked at a back pressure of 475.5 kPa, the mass flow rate 
remains constant regardless of how low the back pressure gets. 
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1266 


Solution We are to reconsider Prob. 12-65. Using EES (or other) software, we are to solve the problem for the inlet 
conditions of 1 MPa and 1000 K. 


Analysis Air at 900 kPa, 400 K enters a converging nozzle with a negligible velocity. The throat area of the nozzle is 
10 cm2. Assuming isentropic flow, calculate and plot the exit pressure, the exit velocity, and the mass flow rate versus the 
back pressure P, for 0.9>= P, >=0.1 MPa. 


Procedure ExitPress(P_back,P_crit : P_exit, Condition$) 

If (P_back>=P_crit) then 
P_exit:=P_back "Unchoked Flow Condition" 
Condition$:="unchoked' 

else 
P_exit:=P_crit "Choked Flow Condition" 
Condition$:='choked' 

Endif 

End 


"Input data from Diagram Window" 

{Gas$='Air 

A_cm2=10 "Throat area, cm2" 
P_inlet = 900"kPa" 

T_inlet= 400"K"} 

{P_back =475.5 "kPa"} 


A_exit = A_cm2*Convert(cm42,m*2) 
C_p=specheat(Gas$,T=T_inlet) 


C_p-C_v=R 

k=C_p/C_v 

M=MOLARMASS(Gas$) "Molar mass of Gas$" 
R= 8.314/M "Gas constant for Gas$" 


"Since the inlet velocity is negligible, the stagnation temperature = T_inlet; 
and, since the nozzle is isentropic, the stagnation pressure = P_inlet." 


P_o=P_inlet "Stagnation pressure" 
T_o=T_inlet "Stagnation temperature" 
P_crit /P_o=(2/(k+1))*(k/(k-1)) "Critical pressure from Eq. 16-22" 


Call ExitPress(P_back,P_crit : P_exit, Condition$) 

T_exit /T_o=(P_exit/P_o)*((k-1)/k) "Exit temperature for isentopic flow, K" 
V_exit “2/2=C_p*(T_o-T_exit)*1000 "Exit velocity, m/s" 
Rho_exit=P_exit/(R*T_exit) "Exit density, kg/m3" 
m_dot=Rho_exit*V_exit*A_exit "Nozzle mass flow rate, kg/s" 

"If you wish to redo the plots, hide the diagram window and remove the { } from 


the first 4 variables just under the procedure. Next set the desired range of 
back pressure in the parametric table. Finally, solve the table (F3). " 


The table of results and the corresponding plot are provided below. 
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A_cm2=10 [cm*2] 
A_exit=0.001 [m2] 
Condition$='choked' 
C_p=1.14 [kJ/kg-K] 
C_v=0.8532 [kJ/kg-k] 
Gas$='Air' 

k=1.336 

M=28.97 [kg/kmol] 
m_dot=1.258 [kg/s] 
P_back=300 [kPA] 


Chapter 12 Compressible Flow 


P_crit=539.2 [kPA] 
P_exit=539.2 [kPA] 
P_inlet=1000 [kPA] 
P_o=1000 [kPA] 
R=0.287 [kJ/kg-K] 
Rho_exit=2.195 [m*3/kg] 
T_exit=856 [kK] 
T_inlet=1000 [K] 
T_o=1000 [K] 
V_exit=573 [m/s] 






































m [kg/s] | Pexit [kPa] Texit [K] Vexit [M/S] _|Pexit [kg/ m`] Pback [kPa] 

1.819 475.5 333.3 366.1 4.97 100 
1.819 475.5 333.3 366.1 4.97 200 
1.819 475.5 333.3 366.1 4.97 300 
1.819 475.5 333.3 366.1 4.97 400 
1.819 475.5 333.3 366 4.97 475.5 
1.74 600 356.2 296.6 5.868 600 
1.546 700 372.3 236 6.551 700 
1.176 800 386.8 163.1 7.207 800 

0 900 400 0 7.839 900 




















m, kg/s 


Discussion 


300 


Air, A=10 cm? 





400 500 600 700 800 900 


Phack kPa 


We see from the plot that once the flow is choked at a back pressure of 475.5 kPa, the mass flow rate 


remains constant regardless of how low the back pressure gets. 
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12-67E 
Solution Air enters a converging-diverging nozzle at a specified temperature and pressure with low velocity. The 
pressure, temperature, velocity, and mass flow rate are to be calculated in the specified test section. 


Assumptions 1 Air is an ideal gas. 2 Flow through the nozzle is steady, one-dimensional, and isentropic. 
Properties The properties of air are k = 1.4 and R = 0.06855 Btu/lbm-R = 0.3704 psia-ft*/Ibm-R. 


Analysis The stagnation properties in this case are identical to the inlet properties since the inlet velocity is 
negligible. They remain constant throughout the nozzle since the flow is isentropic. 


Po= P; = 150 psia and To = T; = 100°F = 560 R 
Then, 


T,= nr = (560 r) =311R a 


2+(k-1)Ma? E @ ar—+ © 


2+(1.4-1)2? 


pa Viz 0 ; mT 
Paar j” 1) asopo) EE TTT, 
ESE = En = ba; 
5 560 


P Apsi 
pe == = n = 0.166 1bm/ft? 
RT, (0.3704 psia.ft?/1bm - R)(311R) 


The nozzle exit velocity can be determined from V, = Ma,c, , where c, is the speed of sound at the exit conditions, 








25,037 ft? /s° 


V, = Masc, =Ma, ERT, =- (O) f.a(o.06ss Buu/Ibm-R)(311 x| ane 
m 


) =1729 ft/s =1730 ft/s 
Finally, 
m= p,A,V, = (0. 166 1bm/ft*)(5 ft? )(1729 ft/s) = 1435 lbm/s = 1440 1bm/s 


Discussion Air must be very dry in this application because the exit temperature of air is extremely low, and any 
moisture in the air will turn to ice particles. 





Normal Shocks in Nozzle Flow 


12-68C 
Solution We are to discuss if a shock wave can develop in the converging section of a C-V nozzle. 
Analysis No, because the flow must be supersonic before a shock wave can occur. The flow in the converging section 


of a nozzle is always subsonic. 


Discussion A normal shock (if it is to occur) would occur in the supersonic (diverging) section of the nozzle. 





12-69C 
Solution We are to discuss the states on the Fanno and Rayleigh lines. 
Analysis The Fanno line represents the states that satisfy the conservation of mass and energy equations. The 


Rayleigh line represents the states that satisfy the conservation of mass and momentum equations. The intersections 
points of these lines represent the states that satisfy the conservation of mass, energy, and momentum equations. 


Discussion T-s diagrams are quite helpful in understanding these kinds of flows. 
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12-70C 
Solution We are to determine if Ma downstream of a normal shock can be supersonic. 
Analysis No, the second law of thermodynamics requires the flow after the shock to be subsonic. 


Discussion A normal shock wave always goes from supersonic to subsonic in the flow direction. 





12-71C 
Solution We are to discuss the effect of a normal shock wave on several properties. 
Analysis (a) velocity decreases, (b) static temperature increases, (c) stagnation temperature remains the same, 


(d) static pressure increases, and (e) stagnation pressure decreases. 


Discussion In addition, the Mach number goes from supersonic (Ma > 1) to subsonic (Ma < 1). 





12-72C 
Solution We are to discuss the formation of oblique shocks and how they differ from normal shocks. 
Analysis Oblique shocks occur when a gas flowing at supersonic speeds strikes a flat or inclined surface. Normal 


shock waves are perpendicular to flow whereas inclined shock waves, as the name implies, are typically inclined relative 
to the flow direction. Also, normal shocks form a straight line whereas oblique shocks can be straight or curved, 
depending on the surface geometry. 


Discussion In addition, while a normal shock must go from supersonic (Ma > 1) to subsonic (Ma < 1), the Mach 
number downstream of an oblique shock can be either supersonic or subsonic. 





12-73C 
Solution We are to discuss whether the flow upstream and downstream of an oblique shock needs to be supersonic. 
Analysis Yes, the upstream flow has to be supersonic for an oblique shock to occur. No, the flow downstream of an 


oblique shock can be subsonic, sonic, and even supersonic. 


Discussion The latter is not true for normal shocks. For a normal shock, the flow must always go from supersonic (Ma 
> 1) to subsonic (Ma < 1). 





12-74C 
Solution We are to analyze a claim about oblique shock analysis. 
Analysis Yes, the claim is correct. Conversely, normal shocks can be thought of as special oblique shocks in which 


the shock angle is = 7/2, or 90°. 


Discussion The component of flow in the direction normal to the oblique shock acts exactly like a normal shock. We 
can think of the flow parallel to the oblique shock as “going along for the ride” — it does not affect anything. 
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12-75C 
Solution We are to discuss shock detachment at the nose of a 2-D wedge-shaped body. 
Analysis When the wedge half-angle dis greater than the maximum deflection angle Onax, the shock becomes 


curved and detaches from the nose of the wedge, forming what is called a detached oblique shock or a bow wave. The 
numerical value of the shock angle at the nose is # = 90°. 


Discussion When dis less than @nax, the oblique shock is attached to the nose. 





12-76C 
Solution We are to discuss the shock at the nose of a rounded body in supersonic flow. 
Analysis When supersonic flow impinges on a blunt body like the rounded nose of an aircraft, the wedge half-angle 6 


at the nose is 90°, and an attached oblique shock cannot exist, regardless of Mach number. Therefore, a detached oblique 
shock must occur in front of a/J such blunt-nosed bodies, whether two-dimensional, axisymmetric, or fully three- 
dimensional. 


Discussion Since d= 90° at the nose, Sis always greater than mnax, regardless of Ma or the shape of the rest of the body. 





12-77C 
Solution We are to discuss the applicability of the isentropic flow relations across shocks and expansion waves. 
Analysis The isentropic relations of ideal gases are not applicable for flows across (a) normal shock waves and (b) 


oblique shock waves, but they are applicable for flows across (c) Prandtl-Meyer expansion waves. 


Discussion Flow across any kind of shock wave involves irreversible losses — hence, it cannot be isentropic. 





12-78 

Solution For an ideal gas flowing through a normal shock, a relation for V2/V, in terms of k, Ma;, and May is to be 
developed. 

Analysis The conservation of mass relation across the shock is oV, = pV, and it can be expressed as 





V Pi AIRT, [A| 
Vi Po P IRT, P, \ T, 
From Eqs. 12-35 and 12-38, 


V, _(1+kMa3 \ 1+Maj(k-1)/2 
V, \1+kMa? J 1+Ma3(k-1)/2 





Discussion This is an important relation as it enables us to determine the velocity ratio across a normal shock when the 
Mach numbers before and after the shock are known. 
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Solution Air flowing through a converging-diverging nozzle experiences a normal shock at the exit. The effect of the 
shock wave on various properties is to be determined. 


Assumptions 1 Air is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, and 
isentropic before the shock occurs. 3 The shock wave occurs at the exit plane. 


Properties The properties of air are k = 1.4 and R = 0.287 kJ/kg-K. 


Analysis The inlet stagnation properties in this case are identical to the inlet properties since the inlet velocity is 
negligible. Then, 


Po =P; = ] MPa 
To, = T; = 300 K Shock 


i 7 : , "a wave 
AR —— > 
T,= ra| z ) = (300 Ka =166.7K © O;\® 


2+(k-1)Ma? 2+(1.4-1)2? Vix 0 pas 


Then, 





and 
k (k-1) 1.4/0.4 
T : 
P, = Pa| = =(1 mPa 267) = 0.1278 MPa 
To 300 
The fluid properties after the shock (denoted by subscript 2) are related to those before the shock through the functions 
listed in Table A-14. For Ma; = 2.0 we read 
P, P, T. 
Ma, =0.5774, —— = 0.7209, — = 4.5000, and — =1.6875 
Poo Pi Tı 
Then the stagnation pressure Po, static pressure P>, and static temperature T>, are determined to be 
Po2 = 0.7209Po, = (0.7209)(1.0 MPa) = 0.721 MPa 
P= 4.5000P, = (4.5000)(0.1278 MPa) = 0.575 MPa 
T> = 1.68757, = (1.6875)(166.7 K) = 281 K 


The air velocity after the shock can be determined from V = Mayc>, where cz is the speed of sound at the exit conditions 
after the shock, 





1000 m? /s? 


=194 m/s 
1 kJ/kg 


V> = Maye = Ma, J/kRT, = (0.5774) {e .4)(0.287 kJ/kg - K)(281 K| 


Discussion We can also solve this problem using the relations for normal shock functions. The results would be 
identical. 
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Solution Air enters a converging-diverging nozzle at a specified state. The required back pressure that produces a 
normal shock at the exit plane is to be determined for the specified nozzle geometry. 


Assumptions 1 Air is an ideal gas. 2 Flow through the nozzle is steady, one-dimensional, and isentropic before the shock 
occurs. 3 The shock wave occurs at the exit plane. 


Analysis The inlet stagnation pressure in this case is identical to the inlet pressure since the inlet velocity is 
negligible. Since the flow before the shock to be isentropic, 

Po, = P;=2 MPa shock 
It is specified that A/A* =3.5. From Table A-13, Mach number and the pressure Wu s Waye 
ratio which corresponds to this area ratio are the Ma; =2.80 and P,/Po; = 0.0368. 
The pressure ratio across the shock for this Ma, value is, from Table A-14, P2/P, © AIR —— O © 


= 8.98. Thus the back pressure, which is equal to the static pressure at the V,~0 aT MTY 
nozzle exit, must be TTT P, 


P, =8.98P, = 8.98x0.0368Po; = 8.98x0.0368x(2 MPa) = 0.661 MPa 


Discussion We can also solve this problem using the relations for compressible flow and normal shock functions. The 
results would be identical. 





12-81 
Solution Air enters a converging-diverging nozzle at a specified state. The required back pressure that produces a 
normal shock at the exit plane is to be determined for the specified nozzle geometry. 

shock 


y wave 


Assumptions 1 Air is an ideal gas. 2 Flow through the nozzle is 
steady, one-dimensional, and isentropic before the shock occurs. 





Analysis The inlet stagnation pressure in this case is identical to © AR — O (2) 

the inlet pressure since the inlet velocity is negligible. Since the flow V,~0 mmm 

before the shock to be isentropic, TTT P, 
P 0x” P i= 2 MPa 


It is specified that A/A* = 2. From Table A-13, the Mach number and the pressure ratio which corresponds to this area ratio 
are the Ma, =2.20 and P,/Po, = 0.0935. The pressure ratio across the shock for this M; value is, from Table A-14, P2/P, = 
5.48. Thus the back pressure, which is equal to the static pressure at the nozzle exit, must be 


P =5.48P, = 5.48x0.0935Po; = 5.48x0.0935x(2 MPa) = 1.02 MPa 


Discussion We can also solve this problem using the relations for compressible flow and normal shock functions. The 
results would be identical. 
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12-82 
Solution Air flowing through a nozzle experiences a normal shock. The effect of the shock wave on various 
properties is to be determined. Analysis is to be repeated for helium under the same conditions. 


Assumptions 1 Air and helium are ideal gases with constant specific heats. 2 Flow through the nozzle is steady, one- 
dimensional, and isentropic before the shock occurs. 


Properties The properties of air are k = 1.4 and R = 0.287 kJ/kg-K, and the properties of helium are k = 1.667 and R = 


2.0769 kJ/kg-K. 
shock 


Analysis The air properties upstream the shock are | 7 Wave 
Ma, = 2.5, P, = 61.64 kPa, and T, = 262.15 K Wsu W 
Fluid properties after the shock (denoted by subscript 2) are related to those O AIR ———» O (2) 
before the shock through the functions in Table A-14. For Ma, = 2.5, — = 
Ma, = 0.513, 2 = 8.5262, £2. = 7.125, and 22 = 2.1375 A ae 
P, Pi T 
Then the stagnation pressure Po, static pressure P>, and static temperature T>, are determined to be 
Po = 8.5261P; = (8.5261)(61.64 kPa) = 526 kPa 
P> = 7.125P; = (7.125)(61.64 kPa) = 439 kPa 
T> = 2.13757, = (2.1375)(262.15 K) = 560 K 


The air velocity after the shock can be determined from V; = Mayc>, where cp is the speed of sound at the exit conditions 
after the shock, 
1000 m? /s? 


V>, =Ma,c, = Ma, JkRT> = (0.513), |(1.4)(0.287 kI/kg -K)(560.3 K o 
g 


) = 243 mis 


We now repeat the analysis for helium. This time we cannot use the tabulated values in Table A-14 since k is not 1.4. 
Therefore, we have to calculate the desired quantities using the analytical relations, 


Ma? +2/(k-1) i 2.57 +2/(1.667 —1) A 
aj + = D F .667 — 
Ma, = | = = 0.553 
[mete | [Beeler 





P, 1+kMa? 1+1.667x2.5° 


l > = 7.5632 
P, 1+kMa? 1+1.667x0.553 





T, 1+Ma?(k-1)/2_ 1+2.5°(1.667-1)/2 


l ` = 2.7989 
T, 1+Ma3(k-1)/2 1+0.553?(1.667-1)/2 





} Kk-1) 


Py (1+kMa;? 
P, 


z L (1+ (e-1)Ma3/2 
1+ kMa2 


a 


2 
-( 141.667 x 2.5 ay 


141.667 x 0.5537 
Thus, Po = 11.546P, = (11.546)(61.64 kPa) = 712 kPa 
P= 7.5632P, = (7.5632)(61.64 kPa) = 466 kPa 

T, = 2.7989T, = (2.7989)(262.15 K) = 734 K 


I + (1.667 —1) x 0.5532 /2 





1000 m? /s? 


V, =Ma yc, =Ma,,/kRT, = ossa (0.612076 kJ/kg -K)(733.7 wf ik 
: g 


= 881 m/s 


Discussion The velocity and Mach number are higher for helium than for air due to the different values of k and R. 
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12-83 
Solution Air flowing through a nozzle experiences a normal shock. The entropy change of air across the normal 


shock wave is to be determined. 
Assumptions 1 Air and helium are ideal gases with constant specific heats. 2 Flow through the nozzle is steady, one- 
dimensional, and isentropic before the shock occurs. 


Properties The properties of air are R = 0.287 kJ/kg-K and c, = 1.005 kJ/kg-K, and the properties of helium are R = 
2.0769 kJ/kg-K and c, = 5.1926 kJ/kg-K. 


Analysis The entropy change across the shock is determined to be 
T. P. 
S2—S, =c, In = — R In — = (1.005 kJ/kg - K)In(2.1375) - (0.287 kJ/kg - K)In(7.125) = 0.200 kJ/kg -K 
l 1 
For helium, the entropy change across the shock is determined to be 


T. P. 
52-8, =e, In -Rin a = (5.1926 kJ/kg - K)In(2.7989) - (2.0769 kJ/kg - K)In(7.5632) = 1.14 kJ/kg -K 
1 1 


Discussion Note that shock wave is a highly dissipative process, and the entropy generation is large during shock 
waves. 
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Chapter 12 Compressible Flow 
12-84E [Also solved using EES on enclosed DVD] 


Solution Air flowing through a nozzle experiences a normal shock. Effect of the shock wave on various properties is 
to be determined. Analysis is to be repeated for helium 


Assumptions 1 Air and helium are ideal gases with constant specific heats. 2 Flow through the nozzle is steady, one- 
dimensional, and isentropic before the shock occurs. 


Properties The properties of air are k = 1.4 and R = 0.06855 Btu/lbm-R, and the properties of helium are k = 1.667 and 
R = 0.4961 Btu/lbm: R. 


Analysis The air properties upstream the shock are shock 
l l x wave 
Ma, = 2.5, P; = 10 psia, and T; = 440.5 R 


Fluid properties after the shock (denoted by subscript 2) are related to those © AIR- ———> D © 
before the shock through the functions listed in Table A-14. For Ma; = 2.5, 





Ma, = 0.513, Po = 8.5262, f = 7.125, and n =2.1375 
1 P, T; 
Then the stagnation pressure Po, static pressure P2, and static temperature 7>, are determined to be 
Po = 8.5262P, = (8.5262)(10 psia) = 85.3 psia 
P =7.125P; = (7.125)(10 psia) = 71.3 psia 
T, = 2.1375T, = (2.1375)(440.5 R) = 942 R 


The air velocity after the shock can be determined from V = Mazc2, where c3 is the speed of sound at the exit conditions 
after the shock, 





25,037 ft? /s? 


= 772 ft/s 
1 Btu/lbm 


V> =Ma,c, =Ma,JkRT, = (0.513) [oso Btu/1bm-R)(941.6 Rl 


We now repeat the analysis for helium. This time we cannot use the tabulated values in Table A-14 since k is not 1.4. 
Therefore, we have to calculate the desired quantities using the analytical relations, 


2 1/2 2 
re | Nei) l 2.5? +2 1(1.667—1) 





1/ 
: - =0.553 
2Ma?k /(k-1)-1 2x2.5? x1.667 /(1.667-1)-1 


P, 1l+kMa? 1+1.667x2.5? 
P, 1+kMa5 — 1+1.667x0.553? 
T, 1+Maz(k-1)/2_ 1+2.57(1.667-1)/2 
T, 14+Ma3(k-1)/2 14+0.5537(1.667-1)/2 
Py _{ 1+kMaz 

(ae 


= 7.5632 





= 2.7989 





ï Kk-1) 


= 1+(k-1)Ma3 /2 
P, | ( )Ma3 


=9.641 


} .667 / 0.667 


141.667 x 0.5537 
Thus, Po. = 11.546P, = (11.546)(10 psia) = 115 psia 
Pz = 7.5632P, = (7.5632)(10 psia) = 75.6 psia 

T> = 2.7989T, = (2.7989)(440.5 R) = 1233 R 


2 
-( 1+ 1.667 x 2.5 Ji (1.667 — 1) x 0.5532 /2 





25,037 ft? /s” 


V, =Ma,c, =Ma,./kRT, = (0.553) (-se,0.961 mabma 2229 Rl 1 Btu/lb 
u, m 


) =2794 ft/s 


Discussion This problem could also be solved using the relations for compressible flow and normal shock functions. 
The results would be identical. 
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12858 


Solution We are to reconsider Prob. 12-84E. Using EES (or other) software, we are to study the effects of both air 
and helium flowing steadily in a nozzle when there is a normal shock at a Mach number in the range 2 < Mx < 3.5. In 
addition to the required information, we are to calculate the entropy change of the air and helium across the normal shock, 
and tabulate the results in a parametric table. 


Analysis We use EES to calculate the entropy change of the air and helium across the normal shock. The results are 
given in the Parametric Table for 2 << M_x <3.5. 


Procedure NormalShock(M_x,k:M_y,PyOPx, TyOTx,RhoyORhox, PoyOPox, PoyOPx) 
If M_x < 1 Then 
M_y = -1000;PyOPx=-1000;TyOTx=-1000;RhoyORhox=-1000 
PoyOPox=-1000;PoyOPx=-1000 
else 
M_y=sart( (M_x‘2+2/(k-1)) / (2*M_x*2*k/(k-1)-1) ) 
PyOPx=(1+k*M_x*2)/(1+k*M_y‘2) 
TyOTx=( 1+M_x*2*(k-1)/2 )/(1+M_y*2*(k-1)/2 ) 
RhoyORhox=PyOPx/TyOTx 
PoyOPox=M_x/M_y*( (1+M_y*2*(k-1)/2)/ (14+M_x42*(k-1)/2) )^((k+1)/(2*(k-1))) 
PoyOPx=(1+k*M_x*2)*(1+M_y*2*(k-1)/2)4(k/(k-1))/(1+k*M_y‘2) 
Endif 
End 


Function ExitPress(P_back,P_crit) 
If P_back>=P_crit then ExitPress:=P_back "Unchoked Flow Condition" 


If P_back<P_crit then ExitPress:=P_crit "Choked Flow Condition" 

End 

Procedure GetProp(Gas$:Cp,k,R) "Cp and k data are from Text Table A.2E" 
M=MOLARMASS(Gas$) "Molar mass of Gas$" 
R= 1545/M "Particular gas constant for Gas$, ft-lbf/lbm-R" 


"k = Ratio of Cp to Cv" 

"Cp = Specific heat at constant pressure" 
if Gas$='Air' then 

Cp=0.24"Btu/lbm-R"; k=1.4 
endif 
if Gas$='CO2' then 

Cp=0.203"Btu/lbm_R"; k=1.289 
endif 
if Gas$='Helium' then 

Cp=1.25"Btu/lbm-R"; k=1.667 
endif 

End 


"Variable Definitions:" 

"M = flow Mach Number" 

"P_ratio = P/P_o for compressible, isentropic flow" 

"T_ratio = T/T_o for compressible, isentropic flow" 

"Rho_ratio= Rho/Rho_o for compressible, isentropic flow" 

"A_ratio=A/A* for compressible, isentropic flow" 

"Fluid properties before the shock are denoted with a subscript x" 

"Fluid properties after the shock are denoted with a subscript y" 

"M_y = Mach Number down stream of normal shock" 

"PyOverPx= P_y/P_x Pressue ratio across normal shock" 

"TyOverTx =T_y/T_x Temperature ratio across normal shock" 
"RhoyOverRhox=Rho_y/Rho_x Density ratio across normal shock" 
"PoyOverPox = P_oy/P_ox Stagantion pressure ratio across normal shock" 
"PoyOverPx = P_oy/P_x Stagnation pressure after normal shock ratioed to pressure before shock" 


"Input Data" 
{P_x = 10 "psia"} "Values of P_x, T_x, and M_x are set in the Parametric Table" 
{T_x = 440.5 "R"} 
{M_x = 2.5} 
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Gas$='Air’ "This program has been written for the gases Air, CO2, and Helium" 
Call GetProp(Gas$:Cp,k,R) 
Call NormalShock(M_x,k:M_y,PyOverPx, TyOverTx,RhoyOverRhox, PoyOverPox, PoyOverPx) 
"Stagnation pressure after the shock" 
"Pressure after the shock" 

"Temperature after the shock" 


P_oy_air=P_x*PoyOverPx 
P_y_air=P_x*PyOverPx 
T_y_air=T_x*TyOverTx 
M_y_air=M_y 


"Mach number after the 


shock" 


Chapter 12 Compressible Flow 


"The velocity after the shock can be found from the product of the Mach number and 
speed of sound after the shock." 
C_y_air = sqrt(k*R'"ft-lbf/lbm_R"*T_y_air"R"*32.2 "lbm-ft/lbf-s*2") 


V_y_air=M_y_air*C_y_air 


DELTAs_air=entropy(air, T=T_y_air, P=P_y_air) -entropy(air, T=T_x,P=P_x) 
Gas2$='Helium' "Gas2$ can be either Helium or CO2" 


Call GetProp(Gas2$:Cp_ 2, 


k_2,R_2) 


Call NormalShock(M_x,k_2:M_y2,PyOverPx2, TyOverTx2,RhoyOverRhox2, PoyOverPox2, PoyOverPx2) 


P_oy_he=P_x*PoyOverPx2 


P_y_he=P_x*PyOverPx2 
T_y_he=T_x*TyOverTx2 
M_y_he=M_y2 


"Pressure after the shoc 


k" 


"Temperature after the shock" 


"Mach number after the 


shock" 


"Stagnation pressure after the shock" 


"The velocity after the shock can be found from the product of the Mach number and 
speed of sound after the shock." 
C_y_he = sqrt(k_2*R_2"ft-lbf/lom_R"*T_y_he"R"*32.2 "lbm-ft/lbf-s^2") 


V_y_he=M_y_he*C_y_he 


DELTAs_he=entropy(helium,T=T_y_he, P=P_y_he) -entropy(helium,T=T_x,P=P_x) 


The parametric table and the corresponding plots are shown below. 




































































Vy,ne Vy air Ty,he Ty air Tx Pyne Py air Py Poy,he Poy air My,he My air M, AShe ASair 
[ft/s] [ft/s]| [R] | [R] | [R] [psia][psia]|[psia][psia][psia] [Btu/lbm-R]| [Btu/Ibm-R] 
2644/77 1.9915.6743.3440.5| 47.5 | 45 | 10 163.46| 56.4 | 0.607 0.5774 2 | 0.1345 | 0.0228 
27071767.1/1066837.6440.5/\60.79| 57.4| 10 |79.01|70.0210.57590.5406/2.25) 0.2011 0.0351 
2795)771.9|12331941.6440.5)75.63]71.25| 10 |96.41|85.26| 0.553 |0.513|2.5| 0.2728 | 0.04899 
3022800.41616/|1180440.5| 110 |103.3| 10 |136.7|120.60.52230.4752| 3 | 0.4223 0.08 
3292845.42066|1460440.5/150.6|141.3| 10 |184.5|162.40.50320.4512/3.5| 0.5711 0.1136 
Mach Number After Shock vs M, 
Helium 
> 
= 
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Vy he [ft/s] 


As [Btu/Ibm-R] 
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Velocity After shock vs M% 
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Discussion In all cases, regardless of the fluid or the Mach number, entropy increases across a shock wave. This is 
because a shock wave involves irreversibilities. 
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Chapter 12 Compressible Flow 
12-86 
Solution Air flowing through a nozzle experiences a normal shock. Various properties are to be calculated before and 
after the shock. 


Assumptions 1 Air is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, and 
isentropic before the shock occurs. 


Properties The properties of air at room temperature are k= 1.4, R = 0.287 kJ/kg-K, and c, = 1.005 kJ/kg-K. 








Analysis The stagnation temperature and pressure before the shock are 
ve (680 m/s)? LkI/k a 
fy 27452174 | | 447.0K a me 
26 2(1.005 kJ/kg -K) (1000 m? / s? u 
k (k-1) 1.4/(1.4-1) AIR- —__» (1) (2) 
T, f 
Py, =P, (2) = (22.6 KPa ae) = 283.6 kPa 


The velocity and the Mach number before the shock are determined from 





27,2 
c, = JART, = [oso2e kJ/kg -K)(217.0 oom =295.3 m/s 
8g 
and 
fe es 
cı 295.3 m/s 


The fluid properties after the shock (denoted by subscript y) are related to those before the shock through the functions 
listed in Table A-14. For Ma, = 2.30 we read 





Ma, = 0.5344~0.534, 2 =7.2937, 2 =6.005, and D -1,9468 
F F T 


1 

Then the stagnation pressure Poz , static pressure P, , and static temperature T, , are determined to be 
Po = 7.2937P; = (7.2937)(22.6 kPa) = 165 kPa 
P = 6.005P; = (6.005)(22.6 kPa) = 136 kPa 
T> = 1.94687, = (1.9468)(217 K) = 423 K 


The air velocity after the shock can be determined from V; = Mayc>, where c» is the speed of sound at the exit conditions 
after the shock, 





1000 m° /s? 


V, =Ma c, = Ma, \kRT, = (0.5344) jesoa kJ/kg.K)(422.5 K| Fae 
g 


= 220 mis 


Discussion This problem could also be solved using the relations for compressible flow and normal shock functions. 
The results would be identical. 
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Solution Air flowing through a nozzle experiences a normal shock. The entropy change of air across the normal 
shock wave is to be determined. 


Assumptions 1 Air is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, and 
isentropic before the shock occurs. 


Properties The properties of air at room temperature are R = 0.287 kJ/kg-K and c, = 1.005 kJ/kg-K. 
Analysis The entropy change across the shock is determined to be 


T, P 
s, — s, = c In =- RIn = (1.005 kJ/kg - K)In(1.9468) - (0.287 kJ/kg - K)In(6.005) = 0.155 B. 
á ' ” 1 R kg-K 


Discussion A shock wave is a highly dissipative process, and the entropy generation is large during shock waves. 
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Chapter 12 Compressible Flow 


1288 


Solution The entropy change of air across the shock for upstream Mach numbers between 0.5 and 1.5 is to be 
determined and plotted. 


Assumptions 1 Air is an ideal gas. 2 Flow through the nozzle is steady, one-dimensional, and isentropic before the shock 
occurs. 


Properties The properties of air are k = 1.4, R = 0.287 kJ/kg-K, and c, = 1.005 kJ/kg-K. 








Analysis The entropy change across the shock is determined to be 
S52 - Sy 
52-5, =C, Daem 
T A 
where 
3 1/2 3 3 
Ma. = Ma; +2/(k-1) P, _1+kMa; i T, _1+Maj;(k-1)/2 
? | 2Ma?k(k-1)-1 P, 1+kMaż’ T, 1+Ma3(k-1)/2 

The results of the calculations can be tabulated as 
Ma, Ma, T/T; P./P, So - Sy 
0.5 2.6458 0.1250 0.4375 -1.853 
0.6 1.8778 0.2533 0.6287 -1.247 
0.7 1.5031 0.4050 0.7563 -0.828 
0.8 1.2731 0.5800 0.8519 -0.501 
0.9 1.1154 0.7783 0.9305 -0.231 
1.0 1.0000 1.0000 1.0000 0.0 
1.1 0.9118 1.0649 1.2450 0.0003 
1.2 0.8422 1.1280 1.5133 0.0021 
1.3 0.7860 1.1909 1.8050 0.0061 
1.4 0.7397 1.2547 2.1200 0.0124 
1.5 0.7011 1.3202 2.4583 0.0210 


Discussion The total entropy change is negative for upstream Mach numbers Ma, less than unity. Therefore, normal 
shocks cannot occur when Ma, < 1. 





12-89 

Solution Supersonic airflow approaches the nose of a two-dimensional 

wedge and undergoes a straight oblique shock. For a specified Mach number, the 

minimum shock angle and the maximum deflection angle are to be determined. Oblique 


shock 





Assumptions Air is an ideal gas with a constant specific heat ratio of k = 1.4 (so that 
Fig. 12-41 is applicable). 


Analysis For Ma = 5, we read from Fig. 12-41 


Minimum shock (or wave) angle: min =12° 


Maximum deflection (or turning) angle: Onax =41.5° 


Discussion Note that the minimum shock angle decreases and the maximum 
deflection angle increases with increasing Mach number May. 
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Chapter 12 Compressible Flow 
12-90 
Solution Air flowing at a specified supersonic Mach number impinges on a two-dimensional wedge, The shock 
angle, Mach number, and pressure downstream of the weak and strong oblique shock formed by a wedge are to be 
determined. 





Assumptions 1 The flow is steady. 2 The boundary layer on the wedge is very thin. 3 Air is an ideal gas with constant 
specific heats. 


Properties The specific heat ratio of air is k = 1.4. 


Analysis On the basis of Assumption #2, we take the deflection angle as equal to the wedge half-angle, i.e., 0 ~ ô= 
12°. Then the two values of oblique shock angle fare determined from 
2(Ma; sin? B-1)/tan B Pedic 2(3.47 sin? B-1)/tan B 
Ma; (k+cos 2) +2 3.47 (1.4+c0s28)+2 
which is implicit in 2. Therefore, we solve it by an iterative approach or with an equation solver such as EES. It gives weak 
= 26.75° and Atrong =86.11°. Then the upstream “normal” Mach number Ma,,, becomes 
Weak shock: Ma; „ =Ma) sin 2 =3.4sin 26.75° = 1.531 
Strong shock: Ma; „ =Ma; sin 2 = 3.4 sin 86.11° = 3.392 


tan 0 = 


Also, the downstream normal Mach numbers Maz „ become 


(k-1)Ma;,, +2 1.4-1)(1.531)? +2 
a = LAU D +2 20.6905 
2kMa?,-k+1 120.401.531)? -1.4+1 
k-1)Ma;, +2 1.4-1)(3.392)? +2 
Strong shock: Ma,, = aaa eee ee gases 
2kMa?,, -k+1  \2(1.4).392)? -1.441 


The downstream pressure for each case is determined to be 








Weak shock: Ma,, = 








2kMaj, —k +1 2(1.4)(1.531)? -1.441 
Weak shock: P, =P, — tn = (60 kPa) ae L 154 kPa 
k+l 1.4+1 
2kMaj, -k +1 2(1.4)(3.392)? —1.4+1 
Strong shock: P, =P e = (60 kPa) LU Mie ae 796 kPa 
k+l 1.4+1 
The downstream Mach number is determined to be 
Ma 
Weak shock: Ma, =— 2a - pos =2.71 
sin(B-@) — sin(26.75°—12°) 
Ma 
Strong shock: Ma, = 2n Uon =0.474 


sin(—0) sin(86.11°—12°) 
Discussion Note that the change in Mach number and pressure across the strong shock are much greater than the 


changes across the weak shock, as expected. For both the weak and strong oblique shock cases, Ma;,, is supersonic and 
Ma,,, is subsonic. However, Ma is supersonic across the weak oblique shock, but subsonic across the strong oblique shock. 
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Chapter 12 Compressible Flow 
12-91 
Solution Air flowing at a specified supersonic Mach number undergoes an expansion turn over a tilted wedge. The 
Mach number, pressure, and temperature downstream of the sudden expansion above the wedge are to be determined. 


Assumptions 1 The flow is steady. 2 The boundary layer on the 
wedge is very thin. 3 Air is an ideal gas with constant specific heats. 


Properties The specific heat ratio of air is k = 1.4. 


Analysis On the basis of Assumption #2, the deflection angle is 
determined to be 0 x 5 = 25° - 10° = 15°. Then the upstream and 
downstream Prandtl-Meyer functions are determined to be 


v(Ma) = FA anf fionn] ( Ma? -1) 


Upstream: 
v(Ma,) = a wn Hog -n)an (422 -1) = 36.75° 
4 a+ 


Then the downstream Prandtl-Meyer function becomes 


v(Ma,) = 0+Vv(Ma,) = 15° + 36.75° = 51.75° 





Now Maz is found from the Prandtl-Meyer relation, which is now implicit: 


Downstream: v(Ma,) = A m fian -n Jan og -1) =51.75° 
A- 4+ 


It gives Ma, = 3.105. Then the downstream pressure and temperature are determined from the isentropic flow relations 





P, /P 1+Ma4 (k —1)/ 2*0 143.1057 (01.4-/2) 
ee gee aal ) Dag pal Ta M Bi (70 kPa) = 23.8 kPa 
P/P; [1+ Ma? (k —1)/ 274/4 [+ 2.4? (1.4-1)/27714e 


TIT 1+ Ma2(k-1)/2]7! 1057 (1.4- E 
Tl o7, a! $ a3 )/2] pulse (1.4 aa (260 K) =191K 
T, IT) [1+ Ma? (k -1)/2]7 0+2.4°.4-1)/277 





2 


T, 





Note that this is an expansion, and Mach number increases while pressure and temperature decrease, as expected. 


Discussion There are compressible flow calculators on the Internet that solve these implicit equations that arise in the 
analysis of compressible flow, along with both normal and oblique shock equations; e.g., see 
www.aoe.vt.edu/~devenpor/aoe3 114/calc.html . 
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Chapter 12 Compressible Flow 
12-92 
Solution Air flowing at a specified supersonic Mach number undergoes a compression turn (an oblique shock) over a 
tilted wedge. The Mach number, pressure, and temperature downstream of the 
shock below the wedge are to be determined. 


Assumptions 1 The flow is steady. 2 The boundary layer on the wedge is 
very thin. 3 Air is an ideal gas with constant specific heats. 


Properties The specific heat ratio of air is k = 1.4. 


Analysis On the basis of Assumption #2, the deflection angle is 
determined to be 9 5= 25° + 10° = 35°. Then the two values of oblique shock 
angle f are determined from 
2(Ma? sin B-1)/t 4? sin? 8- 
a ( a 2 -1)/tan £ ; tan 12° = 23% sin” £-1)/tan B 
May (k+cos2f)+2 3.4° (1.4+cos28)+2 

which is implicit in 2. Therefore, we solve it by an iterative approach or with an equation solver such as EES. It gives weak 
= 49.86° and rong = 77.66°. Then for the case of strong oblique shock, the upstream “normal” Mach number Maj» 
becomes 


Ma; = Ma, sin 8 =5 sin 77.66° = 4.884 
Also, the downstream normal Mach numbers Ma, ,, become 
(k-1)Ma?,, +2 1.4-1)(4.884)? +2 
May» = a ili cia La = 0.4169 
, 2kMa;, —k+1 2(1.4)(4.884)° -1.44+1 


The downstream pressure and temperature are determined to be 

















2kMaj, —k +1 2(1.4)(4.884)? -1.441 

p, =p = (70 kPa) EES _ 4940 kPa 

k+1 1.4+1 

P P, 2+(k-1)Ma;, ia 2+(1.4—-1)(4.884)? 

T, =T, > Pi T, z ( ) „pagn T +( )(4.88 l -1450K 
P P P, (k+1)Ma;, 70kPa  (1.4+1)(4.884) 

The downstream Mach number is determined to be 

Ma5 n Al 

Ma, ngs A aie 





~ sin(B—0) _ sin(77.66°—35°) 


Discussion Note that Ma,,, is supersonic and Ma), and Ma, are subsonic. Also note the huge rise in temperature and 
pressure across the strong oblique shock, and the challenges they present for spacecraft during reentering the earth’s 
atmosphere. 
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Chapter 12 Compressible Flow 
12-93E 
Solution Air flowing at a specified supersonic Mach number is forced to turn upward by a ramp, and weak oblique 
shock forms. The wave angle, Mach number, pressure, and temperature after the 
shock are to be determined. 


Assumptions 1 The flow is steady. 2 The boundary layer on the wedge is very Ma, 
thin. 3 Air is an ideal gas with constant specific heats. 


Properties The specific heat ratio of air is k = 1.4. 


Analysis On the basis of Assumption #2, we take the deflection angle as 
equal to the ramp, i.e., ~ d= 8°. Then the two values of oblique shock angle £ are 
determined from 
2...9 $ 
mii Aai sin? 8 —1)/ tan B , ee 2G: sin? B-1)/tan B 
Ma; (k+cos2)+2 2°(1.4+cos28)+2 
which is implicit in £. Therefore, we solve it by an iterative approach or with an equation solver such as EES. It gives weak 
= 37.21° and Barong = 85.05°. Then for the case of weak oblique shock, the upstream “normal” Mach number Ma; n becomes 
Ma; n = Ma; sin 2 = 2sin 37.21° = 1.209 


Also, the downstream normal Mach numbers Ma; „ become 


(k-1)Maj, +2 1.4—1)(1.209)? +2 
Ma,,, = —_ ne ee 0 
2kMa?,—k+1  \2(1.4)(1.209)?-1.4+1 


The downstream pressure and temperature are determined to be 
2kMaj, —k+1 2(1.4)(1.209)? -1.4+1 

















P, =P, 8 psia = 12.3 psia 

ai k+1 (aiw 1.4+1 p 
P P, 2+(k-1)Ma?, 12.3 psia 2+ (1.4 -1)(1.209)? 

nn 22i rtk- a agony a ee SAAR 
Pi Po PL (k+1)Ma;, 8 psia (1.4+1)(1.209) 

The downstream Mach number is determined to be 

Ma 

Ma, 2,n _ 0.8363 41.71 


~ sin(B—0) _ sin(37.21°—8°) 


Discussion Note that Ma,,, is supersonic and Ma), is subsonic. However, May, is supersonic across the weak oblique 
shock (it is subsonic across the strong oblique shock). 
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Chapter 12 Compressible Flow 
12-94 
Solution Air flowing at a specified supersonic Mach number undergoes an expansion turn. The Mach number, 
pressure, and temperature downstream of the sudden expansion along a wall are 
to be determined. 





Assumptions 1 The flow is steady. 2 The boundary layer on the wedge is very 
$ ae : : 3 Ma, = 3.6 
thin. 3 Air is an ideal gas with constant specific heats. > 


Properties The specific heat ratio of air is k = 1.4. a a Ma, 


Analysis On the basis of Assumption #2, we take the deflection angle as PT ESA co KK 
equal to the wedge half-angle, i.e., © ~ 6 = 15°. Then the upstream and 
downstream Prandtl-Meyer functions are determined to be 


v(Ma) = he fioa- )-ua Ma? -1} 


Upstream: 


1.441 1.4-1 
v(Ma;) = Maf 6S -D -an (V561) =600 


1.4+1 


Then the downstream Prandtl-Meyer function becomes 


v(Ma, )=0+v(Ma;) = 15° + 60.09° = 75.09° 








Ma; is found from the Prandtl-Meyer relation, which is now implicit: 


Downstream:  v(Ma,)= | E Ma} -D |an" [Ma3 =1) -75097 








-1 1.4+1 


Solution of this implicit equation gives Ma, = 4.81. Then the downstream pressure and temperature are determined from the 
isentropic flow relations: 





_ PIP [1+ Ma3(k—-1)/2) */4 +4.81? (1.4-1)/277!4 94 


= P, = (40 kPa) = 8.31 kPa 
> Bip, U+Ma? (k-27 O p+3.6?(01.4-1)/27714 04 
_T,ITo [+ Ma? (k -1)/2]' (1+.4.817(1.4-1)/2]7! 





T T= T, = — (280K) =179K 


Git, | D+Ma?(k-)/27! ° e367 d4-/27- 
Note that this is an expansion, and Mach number increases while pressure and temperature decrease, as expected. 


Discussion There are compressible flow calculators on the Internet that solve these implicit equations that arise in the 
analysis of compressible flow, along with both normal and oblique shock equations, e.g., see 
www.aoe.vt.edu/~devenpor/aoe3 114/calc.html . 
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Chapter 12 Compressible Flow 
12-95E 
Solution Air flowing at a specified supersonic Mach number is forced to undergo a compression turn (an oblique 
shock)., The Mach number, pressure, and temperature downstream of the oblique 


shock are to be determined. —> 

Ma 
Assumptions 1 The flow is steady. 2 The boundary layer on the wedge is very : 
thin. 3 Air is an ideal gas with constant specific heats. 


Properties The specific heat ratio of air is k = 1.4. 





Analysis On the basis of Assumption #2, we take the deflection angle as 
equal to the wedge half-angle, i.e., O~ = 15°. Then the two values of oblique 
shock angle £ are determined from 


2(Ma? sin? 8 -—1)/ tan 8 aae sin’ B-1)/tan B 
Ma? (k+cos2f)+2 2° (1.4+cos28)+2 


which is implicit in Ø. Therefore, we solve it by an iterative approach or with an 
equation solver such as EES. It gives weak = 45.34° and Brong = 79.83°. Then the 
upstream “normal” Mach number Ma,,, becomes 


Weak shock: Ma; „ =Ma; sin 2 = 2 sin 45.34° = 1.423 
Strong shock: Ma; „ =Ma; sin 2 = 2 sin 79.83° = 1.969 


tan 0 = 








Also, the downstream normal Mach numbers Maz „ become 














k-1)Ma;,, +2 1.4-1)(1.423)? +2 
Wekda Neat" - eee 0a 
MY 2kMay, —k+1  ¥20.4)01.423)7 -1.441 
k-1)Ma?, +2 = 2 
Strong shock: Ma,, = f 2 L? z et aA = = 0.5828 
MY 2kMaj, —k+1  ¥2(1.4)(1.969)? -1.4 +1 


The downstream pressure and temperature for each case are determined to be 





2kMa;, —k+1 2 
Weak shock: P, =P, 26 psia) aa ae 13.2 psia 
k+l 1.4+1 
P P, 2+(k-1)Ma?, 2 psi 4-1)(1.423)? 
1 =T 2 a7 2B ( ) a s (goRj = 2+(1.4 ALA -609R 
P p `P, (k+1)Ma?, 6psia  (1.4+1)(1.423) 
2kMa?„-k+1 2 _ 
Strong shock: Py =P, tn = psia) ead a E 26.1 psia 
k+l 1.4+1 
P. P, 2+(k-1)Ma?, Ipsi 4—1)(1.969)2 
T, =T, 222i q, ( ) a tying a _798R 
Pi Po P, (k+1)Ma;, 6psia (1.4+1)(1.969) 
The downstream Mach number is determined to be 
Ma 
Weak shock: Ma, =— a - 0:7304 =1.45 
sin(B-@) sin(45.34° —15°) 
Mazn 0.5828 





Strong shock: Ma, 0.644 


~ sin(B—0) _ sin(79.83°—15°) | 


Discussion Note that the change in Mach number, pressure, temperature across the strong shock are much greater than 
the changes across the weak shock, as expected. For both the weak and strong oblique shock cases, Ma; n is supersonic and 
Ma,,, is subsonic. However, May is supersonic across the weak oblique shock, but subsonic across the strong oblique shock. 
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Chapter 12 Compressible Flow 


Duct Flow with Heat Transfer and Negligible Friction (Rayleigh Flow) 


12-96C 
Solution We are to discuss the characteristic aspect of Rayleigh flow, and its main assumptions. 
Analysis The characteristic aspect of Rayleigh flow is its involvement of heat transfer. The main assumptions 


associated with Rayleigh flow are: the flow is steady, one-dimensional, and frictionless through a constant-area duct, and 
the fluid is an ideal gas with constant specific heats. 


Discussion Of course, there is no such thing as frictionless flow. It is better to say that frictional effects are negligible 
compared to the heating effects. 





12-97C 
Solution We are to discuss what the points on a T-s diagram of Rayleigh flow represent. 
Analysis The points on the Rayleigh line represent the states that satisfy the conservation of mass, momentum, 


and energy equations as well as the property relations for a given state. Therefore, for a given inlet state, the fluid 
cannot exist at any downstream state outside the Rayleigh line on a T-s diagram. 


Discussion The 7-s diagram is quite useful, since any downstream state must lie on the Rayleigh line. 





12-98C 
Solution We are to discuss the effect of heat gain and heat loss on entropy during Rayleigh flow. 
Analysis In Rayleigh flow, the effect of heat gain is to increase the entropy of the fluid, and the effect of heat loss 


is to decrease the entropy. 


Discussion You should recall from thermodynamics that the entropy of a system can be lowered by removing heat. 





12-99C 
Solution We are to discuss how temperature and stagnation temperature change in subsonic Rayleigh flow. 
Analysis In Rayleigh flow, the stagnation temperature Tọ always increases with heat transfer to the fluid, but the 


temperature T decreases with heat transfer in the Mach number range of 0.845 < Ma < 1 for air. Therefore, the 
temperature in this case will decrease. 


Discussion This at first seems counterintuitive, but if heat were not added, the temperature would drop even more if the 
air were accelerated isentropically from Ma = 0.92 to 0.95. 





12-100C 
Solution We are to discuss the effect of heating on the flow velocity in subsonic Rayleigh flow. 
Analysis Heating the fluid increases the flow velocity in subsonic Rayleigh flow, but decreases the flow velocity 


in supersonic Rayleigh flow. 


Discussion These results are not necessarily intuitive, but must be true in order to satisfy the conservation laws. 





12-101C 
Solution We are to examine the Mach number at the end of a choked duct in Rayleigh flow when more heat is added. 
Analysis The flow is choked, and thus the flow at the duct exit remains sonic. 


Discussion There is no mechanism for the flow to become supersonic in this case. 
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Chapter 12 Compressible Flow 


12-102 
Solution Fuel is burned in a tubular combustion chamber with compressed air. For a specified exit Mach number, the 


exit temperature and the rate of fuel consumption are to be determined. 


Assumptions 1 The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 2 Combustion is 
complete, and it is treated as a heat addition process, with no change in the chemical composition of flow. 3 The increase in 
mass flow rate due to fuel injection is disregarded. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. 
Analysis The inlet density and mass flow rate of air are 


P . 
L- a = 2.787 kg/m? g 
RT, (0.287 KJ/kgK)(500 K) 





P= 





Titair = Py AcV, = (2.787 kg/m? )[ (0.12 m)? / 4](70 m/s) = 2.207 kg/s T,=500K coypustor ‘7 V2 
TUBE = 











The stagnation temperature and Mach number at the inlet are V; = 70 p/s ! 
y2 2 a eee 
Ty =T, + —= 500K + a í ae 2 ) = 502.4 K 
2c, 2x 1.005 kJ/kg -K \ 1000 m*/s 
1000 m? /s* 
Cc, = YkRT, = ,|/(1.4)(0.287 kJ/kg : K)(500 K) ——————_ | = 448.2 m/s 
1kJ/kg 
V 
Wara a MA 
cy 448.2 m/s 
The Rayleigh flow functions corresponding to the inlet and exit Mach numbers are (Table A-15): 
Ma; = 0.1562: T/T’ = 0.1314, — Ty/T = 0.1100, V/V" = 0.0566 
Ma) = 0.8: T/T = 1.0255, To/T = 0.9639, V/V" = 0.8101 


The exit temperature, stagnation temperature, and velocity are determined to be 


T, _T,/T™ _ 1.0255 
Ti T /T* 0.1314 
Ty, To IT" _ 0.9639 
Ti Tọ /T* 0.1100 
V, _V2/V* _ 0.8101 


= =1431 > V, =14.31V, =14.31(70 m/s) =1002 m/s 
V, V,/V* 0.0566 








=7.804 — T,=7.804T, =7.804(500 K) = 3903 K = 3900K 





=8.763 —> Ty) =8.763Tp, =8.763(502.4 K) = 4403 K 








Then the mass flow rate of the fuel is determined to be 


q = c „(Toz — Toi ) = (1.005 kJ/kg - K)(4403 - 502.4) K = 3920 kJ/kg 


Ò = maq = (2.207 kg/s)(3920 kJ/kg) = 8650 kW 


Ò _  8650KJ/s 
HV 39,000 kJ/kg 


Mae = 


= 0.222 kg/s 


Discussion Note that both the temperature and velocity increase during this subsonic Rayleigh flow with heating, as 
expected. This problem can also be solved using appropriate relations instead of tabulated values, which can likewise be 


coded for convenient computer solutions. 
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Chapter 12 Compressible Flow 


12-103 
Solution Fuel is burned in a rectangular duct with compressed air. For specified heat transfer, the exit temperature 


and Mach number are to be determined. 


Assumptions The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. 








Analysis The stagnation temperature and Mach number at the inlet are 
2. 22 = 
C, = JkRT, = ,{(1.4)(0.287 kJ/kg -K)(300 K) Oom e 347.2 m/s goo 

1 kJ/kg SS Ses 

P, = 420 kP4 ! 
V, =Ma,c, = 2(347.2 m/s) = 694.4 m/s T, = 300K | 11>, Maz 

vê (694.4 m/s)? 1kJ/k Ma;=2 | i 

To =T, +> — = 300K + ( F + )=5399K | 

2c p 2x1.005 kJ/kg- K \1000m^/sf] OO O 1 





The exit stagnation temperature is, from the energy equation q = c¢ , (To —To1), 


55 kJ/kg 


——— = 594.6 K 
1.005 kJ/kg -K 


Ty) =Tp, +2 = 539.9 K+ 
c 
p 

The maximum value of stagnation temperature Ty occurs at Ma = 1, and its value can be determined from Table A-15 or 
from the appropriate relation. At Ma; = 2 we read To)/Tp = 0.7934. Therefore, 

T= Ty, _ 539.9K 

° 0.7934 0.7934 

The stagnation temperature ratio at the exit and the Mach number corresponding to it are, from Table A-15, 








=680.5K 





T, 
0 SHOR _ga738 a Map = 1.642 = 1.64 
T,  680.5K 
Also, 
Ma, =2 > T/T =0.5289 


Ma, = 1.642 > T/T =0.6812 


Then the exit temperature becomes 


T, T,/T* _ 0.6812 


= - =1.288 —> T, =1.2887, =1.288(300K) = 386 K 
T, T,/T* 0.5289 








Discussion Note that the temperature increases during this supersonic Rayleigh flow with heating. This problem can 
also be solved using appropriate relations instead of tabulated values, which can likewise be coded for convenient computer 
solutions. 
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Chapter 12 Compressible Flow 


12-104 
Solution Compressed air is cooled as it flows in a rectangular duct. For specified heat rejection, the exit temperature 
and Mach number are to be determined. 


Assumptions The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. 











Analysis The stagnation temperature and Mach number at the inlet are 
q = -55 kJ/kg 
1000 m° /s? meen ae s 
Cy = 4KRT, = ,|(1.4)(0.287 kJ/kg -K)(300 ofm?) = 347.2 m/s P, =420 kPa' 
Tı =300 K i iT, Mag 
V, =Ma,c, = 2(347.2 m/s) = 694.4 m/s —_—_—_ > 
Ma; =2 i i 
ve 4.4 : 1k. bannnan 
To, =T, + — = 300K + ere ( a 2 = 539.9K 
2c, 2x 1.005 kJ/kg -K \ 1000 m“/s 


The exit stagnation temperature is, from the energy equation g=c , (To) -T 1), 


-55 kJ/kg 


————— = 485.2Kk 
1.005 kJ/kg -K 


Ty) =Tp, +2 = 539.9 K+ 
c 
p 

The maximum value of stagnation temperature Ty occurs at Ma = 1, and its value can be determined from Table A-15 or 
from the appropriate relation. At Ma; = 2 we read To)/Tp = 0.7934. Therefore, 

T= Ty, _ 539.9K 

° 0.7934 0.7934 

The stagnation temperature ratio at the exit and the Mach number corresponding to it are, from Table A-15, 








=680.5K 





T, 
2 = ek jn Ma) = 2.479 = 2.48 
T,  680.5K 
Also, 
Ma, =2 > T/T =0.5289 


Ma, =2.4799 > T/T = 0.3838 


Then the exit temperature becomes 


T, T,/T* _ 0.3838 


=2 = =0.7257 > T, =0.7257T, = 0.7257800 K) = 218 K 
T, T,/T* 0.5289 








Discussion Note that the temperature decreases and Mach number increases during this supersonic Rayleigh flow with 
cooling. This problem can also be solved using appropriate relations instead of tabulated values, which can likewise be 
coded for convenient computer solutions. 
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Chapter 12 Compressible Flow 


12-105 
Solution Air is heated in a duct during subsonic flow until it is choked. For specified pressure and velocity at the exit, 
the temperature, pressure, and velocity at the inlet are to be determined. 


Assumptions The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. 











Analysis Noting that sonic conditions exist at the exit, the exit temperature is 
q = 60 kJ/kg 
Cy =V,/Ma, = (620 m/s)/1 = 620 m/s 
ae as een ate 
WE P; i P= 270 kPa 
cy = ERT, > |(1.4)(0.287 kI/kg-K)T,| 1000™ /S” | _ 620mis ip 4 VE 620 m/s 
1 kJ/kg — O 
Ma, j Mao= 1 
It gives T, = 956.7 K. Then the exit stagnation temperature becomes T TEE i 
v2 2 
Ty = Ty +72 = 956.7K + — Or ms) í ai 5 =1148K 
2 2x 1.005 kJ/kg -K \ 1000 m“/s 


p 


The inlet stagnation temperature is, from the energy equation q = c p (Too —To1), 
k 

Ty =T -4 gg- — OE 

Cp 1.005 kJ/kg: K 


The maximum value of stagnation temperature To occurs at Ma = 1, and its value in this case is Tọ since the flow 
is choked. Therefore, Tọ = To = 1148 K. Then the stagnation temperature ratio at the inlet, and the Mach number 
corresponding to it are, from Table A-15, 


=1088 K 





T, 
A- SLL e" Ma; = 0.7649 = 0.765 
Tọ 1148K 
The Rayleigh flow functions corresponding to the inlet and exit Mach numbers are (Table A-15): 
Ma; = 0.7649: T/T" =1.017, P /P* = 1.319, V/V =0.7719 
May = 1: T/T =1, PJP* =1, V/V =1 


Then the inlet temperature, pressure, and velocity are determined to be 


T> T, IT“ 
Taio a > T, =1.017T, =1.017(956.7 K) =974 K 
Ti T,/T* 1.017 

P, P,/iP“ 

Wa À TOLSE —> P, =1.319P, =1.319(270 kPa) = 356 kPa 
P, P/P" 1319 
V V/V*_ 1 
Vi V/V* 0.7719 











—> V, =0.7719V, = 0.7719(620 m/s) = 479 m/s 


Discussion Note that the temperature and pressure decreases with heating during this subsonic Rayleigh flow while 
velocity increases. This problem can also be solved using appropriate relations instead of tabulated values, which can 
likewise be coded for convenient computer solutions. 
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Chapter 12 Compressible Flow 
12-106E 
Solution Air flowing with a subsonic velocity in a round duct is accelerated by heating until the flow is choked at the 
exit. The rate of heat transfer and the pressure drop are to be determined. 


Assumptions 1 The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 2 The flow is 
choked at the duct exit. 3 Mass flow rate remains constant. 


Properties We take the properties of air to be k = 1.4, c, = 0.2400 Btu/lbm-R, and R = 0.06855 Btu/lbm-R = 0.3704 
psia-ft*/Ibm-R. 











Analysis The inlet density and velocity of air are Q 
P i po. Me ee i 
p 2 = 0.1012 Ibm/ft? P, =30 psia 
RT, (0.3704 psia - ft”/lbm - R)(800 R) T= 800R May = | 
M qir 5 lbm/s = 565.9 ft/s m= 5 lbm/s 'T, = 680 R 


V = a 
|! pPAa (0.1012 Ibm/ft?)[7(4/12 ft)? / 4] i i 





The stagnation temperature and Mach number at the inlet are 


y? 
To, =T; + —— = 800R + 
2c 


(565.9 ft/s)” 1 Btu/Ibm 
P 


a eae 
2x 0.2400 Btu/lbm -R | 25,037 ft? /s? ) 





25,037 ft? / s? 


= JKRT, = „|(1.4)(0.06855 Btu/lbm - RX(800 R 
4 l \ ‘ i { 1Btu/Ibm 


= 1386 ft/s 


_ Vi _ 565.9 ft/s 


Ma = 
| c 1386 ft/s 


= 0.4082 
The Rayleigh flow functions corresponding to the inlet and exit Mach numbers are (Table A-15): 


Ma, = 0.4082: T/T” = 0.6310, PP’ =1.946, — To/Ty = 0.5434 
Ma=1: T/T" =1, PJP =1, ToT = 1 


Then the exit temperature, pressure, and stagnation temperature are determined to be 
1 TIT 1l 
T, T, /T* 0.6310 
P, PIP i . l 
= a = > P, =P,/2.272 = (30 psia)/1.946 = 15.4 psia 
P, P/P 1.946 
Tox T/T 1 
Toi To /T 0.5434 








—> T, =T,/0.6310 =(800R)/0.6310 =1268 R 








> Tys =Tp, / 0.1743 = (826.7 R)/ 0.5434 =1521 R 


Then the rate of heat transfer and the pressure drop become 


QO = th,;,C , (Ty) To, ) = (5 Ibm/s)(0.2400 Btu/Ibm - R)(1521—826.7) R = 834 Btu/s 
AP = P, - P, =30 -15.4 = 14.6 psia 


Discussion Note that the entropy of air increases during this heating process, as expected. 





12-54 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


12-107 


Chapter 12 Compressible Flow 


Solution Air flowing with a subsonic velocity in a duct. The variation of entropy with temperature is to be 
investigated as the exit temperature varies from 600 K to 5000 K in increments of 200 K. The results are to be tabulated and 


plotted. 


Analysis We solve this problem using EES making use of Rayleigh functions. The EES Equations window is printed 


below, along with the tabulated and plotted results. 


k=1.4 

cp=1.005 

R=0.287 

P1=350 

T1=600 

V1=70 

C1=sqrt(k*R*T1*1000) 

Ma1=V1/C1 
T01=11*(1+0.5*(k-1)*Ma1%2) 
PO1=P1*(1+0.5*(k-1)*Ma1*2)4(k/(k-1)) 
F1=1+0.5*(k-1)*Ma1*2 
T01Ts=2*(k+1)*Ma1*2*F1/(1+k*Ma1%2)*2 


PO1Ps=((1+k)/(1+k*Mat2))*(2*F 1/(k+1))*(k/(k-1)) 


T1Ts=(Mat*((1+k)/(1+k*Ma142)))42 
P1Ps=(1+k)/(1+k*Ma1 2) 
V1Vs=Ma1^2*(1+k)/(1+k*Ma1^2) 
F2=1+0.5*(k-1)*Ma2^2 
TO2Ts=2*(k+1)*Ma2^2*F2/(1+k*Ma2^2)^2 


PO2Ps=((1+k)/(1+k*Ma2^2))*(2*F2/(k+1))^(k/(k-1)) 


T2Ts=(Ma2*((1+k)/(1+k*Ma2^2)))^2 
P2Ps=(1+k)/(1+k*Ma2*2) 
V2Vs=Ma22*(1+k)/(1+k*Ma2"2) 
T02=T02Ts/T01Ts*T01 
P02=P02Ps/P01Ps*P01 
T2=T2Ts/T1Ts*T1 
P2=P2Ps/P1Ps*P1 
V2=V2Vs/V1Vs*V1 
Delta_s=cp*In(T2/T1)-R*In(P2/P1) 











Exit temperature Exit Mach Exit entropy relative to inlet, 
T», K number, Ma, So, kJ/kg: K 
600 0.143 0.000 
800 0.166 0.292 
1000 0.188 0.519 
1200 0.208 0.705 
1400 0.227 0.863 
1600 0.245 1.001 
1800 0.263 1.123 
2000 0.281 1.232 
2200 0.299 1.331 
2400 0.316 1.423 
2600 0.333 1.507 
2800 0.351 1.586 
3000 0.369 1.660 
3200 0.387 1.729 
3400 0.406 1.795 
3600 0.426 1.858 
3800 0.446 1.918 
4000 0.467 1.975 
4200 0.490 2.031 
4400 0.515 2.085 
4600 0.541 2.138 
4800 0.571 2.190 
5000 0.606 2.242 

















5000 


4500 





4000 





3500 





3000 





2500 





2000 








1500 








Exit temperature, T3, K 


1000 








500 

















0 0.45 0.9 


1.35 1.8 
Entropy, s kJ/kg.K 


Discussion Note that the entropy of air increases during this heating process, as expected. 
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Chapter 12 Compressible Flow 
12-108E 
Solution Air flowing with a subsonic velocity in a square duct is accelerated by heating until the flow is choked at 
the exit. The rate of heat transfer and the entropy change are to be determined. 


Assumptions 1 The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 2 The flow is 
choked at the duct exit. 3 Mass flow rate remains constant. 


Properties We take the properties of air to be k = 1.4, c, = 0.2400 Btu/lbm-R, and R = 0.06855 Btu/lbm-R = 0.3704 
psia-ft*/Ibm-R. 








Q 
Analysis The inlet density and mass flow rate of air are 
P, 1 fie I 
feos a = = 0.3085 Ibm/ft? P; = 80 psia 
RT, (0.3704 psia - ft’ /Ibm - R)(700 R) Tı = 700R (Ma, = 
z 3 2 — 3 
Mair = P1 Acı V; = (0.3085 Ibm/ft™ )(4x 4/144 ft” )(260 ft/s) = 8.914 lbm/s V, = 260! ft/s 


The stagnation temperature and Mach number at the inlet are, =»—  ăž mee 








Vie 260 ft/s)? 
tene api OM ae =705.6R 
2c, 2x0.2400 Btu/lbm -R | 25,037 ft?/s 
25,037 ft? / s? 
cı =4/kRT, = ,|(1.4)(0.06855 Btu/lbm - R)(700 R) = | =1297 ft/s 
1 1 ( X X( { eain ) 
V 
Nee te 08003 
c, 1297 ft/s 


The Rayleigh flow functions corresponding to the inlet and exit Mach numbers are (Table A-15): 


Ma, = 0.2005: T/T” = 0.2075, PP’ =2.272, ToT) = 0.1743 
Ma,=1: T/T =1, P,/P* =1, T/T = 1 


Then the exit temperature, pressure, and stagnation temperature are determined to be 
Ty T,iT* 1 
Ti T,/T* 0.2075 
P, BAP 
e ao ae > P, =P, /2.272 = (80 psia)/ 2.272 = 35.2 psia 
P, P/P. 22/2 

Tyo ToiT 1 

Toi T/T” 0.1743 








> T, =T, /0.2075 = (700 R) / 0.2075 = 3374 R 











> Ty = To; /0.1743 = (705.6 R) / 0.1743 = 4048 R 


Then the rate of heat transfer and entropy change become 


Ò = rin €, (Ty — Ty, ) = (8.914 Ibm/s) (0.2400 Btu/lbm - R )(4048 - 705.6) R = 7151 Btu/s = 7150 Btu/s 


T. P D 
As=c,ln ~ Rin = (0.2400 Btw/lbm -R) In 224R _ (0.06855 Btu/lbm - R) In 2>- P52 


1 700R 80 psia 





= 0.434 Btu/Ibm-R 


Discussion Note that the entropy of air increases during this heating process, as expected. 
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Chapter 12 Compressible Flow 
12-109 
Solution Air enters the combustion chamber of a gas turbine at a subsonic velocity. For a specified rate of heat 
transfer, the Mach number at the exit and the loss in stagnation pressure to be determined. 


Assumptions 1 The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 2 The cross- 
sectional area of the combustion chamber is constant. 3 The increase in mass flow rate due to fuel injection is disregarded. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. 





Analysis The inlet stagnation temperature and pressure are : 
E i4-i Q = 200 KJ/s 
To = (1+ ma?) = (550 K( 14102") =554.4K 
keine 1.4-1, T,=550:K compustor Ma 
P,, = P| 1+— Ma; = (600 kPa)| 1+———0.2 H TUBE b_j 
2 2 Ma, = 0.2 
= 617.0 kPa 





The exit stagnation temperature is determined from 
Q= Mair€ p(Too Toi) —> 200 kJ/s = (0.3 kg/s)(1.005 kJ/kg - K)(To) — 554.4) K 


It gives 
To = 1218 K. 
At Ma, = 0.2 we read from To)/Ty = 0.1736 (Table A-15). Therefore, 
* Ty, _ 554.4K 


i= = 
0.1736 0.1736 
Then the stagnation temperature ratio at the exit and the Mach number corresponding to it are (Table A-15) 


=3193.5K 











T, 
a TE a g Ma; = 0.3187 = 0.319 
Tg 3193.5K 
Also, 
Ma, = 0.2 > Po/Po = 1.2346 


May = 0.3187 > Po/Py = 1.191 
Then the stagnation pressure at the exit and the pressure drop become 


Por _ Po / Py _ 1.191 
Py: Po (Py 12346 





=0.9647 > Py) = 0.9647P), = 0.9647(617 kPa) = 595.2 kPa 


and 
AP, = Po, — Pon = 617.0-—595.2 = 21.8 kPa 


Discussion This problem can also be solved using appropriate relations instead of tabulated values, which can likewise 
be coded for convenient computer solutions. 
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Chapter 12 Compressible Flow 
12-110 
Solution Air enters the combustion chamber of a gas turbine at a subsonic velocity. For a specified rate of heat 
transfer, the Mach number at the exit and the loss in stagnation pressure to be determined. 


Assumptions 1 The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 2 The cross- 
sectional area of the combustion chamber is constant. 3 The increase in mass flow rate due to fuel injection is disregarded. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. 





Analysis The inlet stagnation temperature and pressure are : 
k-1 1.4-1 Q = 300 kJ/s 
To -n f1+Ż ma} ]= 65011+1402) = ss44K : 
kalora) 1.4-1 T,=550:K compustor Ma 
Pai -p(t Mai = (600 kpa)(14402 ) >! TUBE > 
A s Ma, = 0.2 ! 
= 617.0 kPa 





The exit stagnation temperature is determined from 
Q= Mair€ p(Too —To1) —> 300kJ/s = (0.3 kg/s)(1.005 kJ/kg - K)(T, — 554.4) K 


It gives 
Ty = 1549 K. 
At Ma; = 0.2 we read from Toı/To = 0.1736 (Table A-15). Therefore, 
T= Toi _ 554.4 K 


0.1736 0.1736 
Then the stagnation temperature ratio at the exit and the Mach number corresponding to it are (Table A-15) 


=3193.5K 








T 
2- UE a 3 Ma) = 0.3753 = 0.375 
T,  3193.5K 
Also, 
Ma, = 0.2 — Po/Po = 1.2346 


Ma, = 0.3753 = —> Po/Po = 1.167 


Then the stagnation pressure at the exit and the pressure drop become 


Py2 _ Py / Py _ 1.167 
Py, Py / Py) 1.2346 





=0.9452 > Py) = 0.9452P), = 0.9452(617 kPa) = 583.3 kPa 


and 


Discussion This problem can also be solved using appropriate relations instead of tabulated values, which can likewise 
be coded for convenient computer solutions. 
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Chapter 12 Compressible Flow 
12-111 
Solution Argon flowing at subsonic velocity in a constant-diameter duct is accelerated by heating. The highest rate of 
heat transfer without reducing the mass flow rate is to be determined. 


Assumptions 1 The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 2 Mass flow 
rate remains constant. 





Properties We take the properties of argon to be k = 1.667, c, = Q 

0.5203 kJ/kg-K, and R = 0.2081 kJ/kg-K. z 

Analysis Heat transfer stops when the flow is choked, and thus ne ee 2 hi B 

Ma, = V2/c2 = 1. The inlet stagnation temperature is am i pa = 
I l 

Tu= 7 (145+ ma? ) = aor 1+ 610.22) = 405.3 K Mae ! 





The Rayleigh flow functions corresponding to the inlet and exit Mach 
numbers are 


To/To = 1 (since Map = 1) 


To, _ (k+1)Maz[2+(k-1)May] _ (1.667 +1)0.27[2 + (1.667-1)0.2°] 


F 33 aS = 0.1900 Therefore, 
To (1+ kMa;) (1+ 1.667 x0.2°) 





Toz _ Toz iT) _ ol D _ = 
. Ne -> Ty =T /0.1900 = (405.3 K)/0.1900 = 2133 K 
Ty, To /Te 0.1900 








Then the rate of heat transfer becomes 


O = ritgigC y (Toy —Tp1) = (0.8 kg/s)(0.5203 kI/kg - K)(2133- 400) K = 721 kW 


Discussion It can also be shown that T> = 1600 K, which is the highest thermodynamic temperature that can be attained 
under stated conditions. If more heat is transferred, the additional temperature rise will cause the mass flow rate to decrease. 
Also, in the solution of this problem, we cannot use the values of Table A-15 since they are based on k= 1.4. 
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Chapter 12 Compressible Flow 
12-112 
Solution Air flowing at a supersonic velocity in a duct is decelerated by heating. The highest temperature air can be 
heated by heat addition and the rate of heat transfer are to be determined. 


Assumptions 1The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 2 Mass flow 
rate remains constant. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. 


Analysis Heat transfer will stop when the flow is choked, and thus Ma = V2/c2. = 1. Knowing stagnation properties, 
the static properties are determined to be 
-1 


-1 
T, =T( 1+" Ma?) = (600 «(1+ 118°) = 364.1K 





-k/#k-1) -1.4/0.4 
P -R(E May =(210 kPa)( 1411.8 | 
= 36.55 kPa 
P 55 kP 
pac Jaka = 0.3498 kg/m? 





RT, ~ (0.287 kJ/kgK)(364.1 K) 
Then the inlet velocity and the mass flow rate become 


1000 m2 /s” 


= J/kRT, = _|(1.4)(0.287 kJ/kg - K)(364.1K 
c] 1 (1.4)( g- KX { Iki/kg 


= 382.5 m/s 


V, = Ma,c, =1.8(382.5 m/s) = 688.5 m/s 
ai = PiAcV, = (0.3498 kg/m? )[77(0.06 m)? / 4](688.5 m/s) = 0.6809 kg/s 


The Rayleigh flow functions corresponding to the inlet and exit Mach numbers are (Table A-15): 


Ma, = 1.8: T/T =0.6089, To/To = 0.8363 
Ma) = 1: T/T =1, T/T = 1 


Then the exit temperature and stagnation temperature are determined to be 
Ty TIT l 
Ti T, /T* 0.6089 
To T/T 1 
Toi Ta/T, 0.8363 








T, =T; /0.6089 = (364.1 K) / 0.6089 = 598 K 








Ty =Ty, / 0.8363 = (600 K )/0.8363 = 717.4 K = 717 K 


Finally, the rate of heat transfer is 


Ò = Hitec (Ton —To1) = (0.6809 kg/s)(1.005 kJ/kg -K)(717.4—600) K = 80.3 kW 


Discussion Note that this is the highest temperature that can be attained under stated conditions. If more heat is 
transferred, the additional temperature will cause the mass flow rate to decrease. Also, once the sonic conditions are 
reached, the thermodynamic temperature can be increased further by cooling the fluid and reducing the velocity (see the T-s 
diagram for Rayleigh flow). 
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Chapter 12 Compressible Flow 


Adiabatic Duct Flow with Friction (Fanno Flow) 


12-113C 
Solution We are to discuss the characteristic aspect of Fanno flow and its main assumptions. 
Analysis The characteristic aspect of Fanno flow is its consideration of friction. The main assumptions associated 


with Fanno flow are: the flow is steady, one-dimensional, and adiabatic through a constant-area duct, and the fluid is an 
ideal gas with constant specific heats. 


Discussion Compared to Rayleigh flow, Fanno flow accounts for friction but neglects heat transfer effects, whereas 
Rayleigh flow accounts for heat transfer but neglects frictional effects. 





12-114C 
Solution We are to discuss the T-s diagram for Fanno flow. 
Analysis The points on the Fanno line on a 7-s diagram represent the states that satisfy the conservation of mass, 


momentum, and energy equations as well as the property relations for a given inlet state. Therefore, for a given initial 
state, the fluid cannot exist at any downstream state outside the Fanno line on a 7-s diagram. 


Discussion The 7-s diagram is quite useful, since any downstream state must lie on the Fanno line. 





12-115C 
Solution We are to discuss the effect of friction on the entropy during Fanno flow. 
Analysis In Fanno flow, the effect of friction is always to increase the entropy of the fluid. Therefore Fanno flow 


always proceeds in the direction of increasing entropy. 


Discussion To do otherwise would violate the second law of thermodynamics. 





12-116C 
Solution We are to examine what happens when the Mach number of air increases in subsonic Fanno flow. 
Analysis During subsonic Fanno flow, the stagnation temperature Tọ remains constant, stagnation pressure Po 


decreases, and entropy s increases. 


Discussion Friction leads to irreversible losses, which are felt as a loss of stagnation pressure and an increase of 
entropy. However, since the flow is adiabatic, the stagnation temperature does not change downstream. 





12-117C 
Solution We are to examine what happens when the Mach number of air decreases in supersonic Fanno flow. 
Analysis During supersonic Fanno flow, the stagnation temperature 7) remains constant, stagnation pressure Po 


decreases, and entropy s increases. 


Discussion Friction leads to irreversible losses, which are felt as a loss of stagnation pressure and an increase of 
entropy. However, since the flow is adiabatic, the stagnation temperature does not change downstream. 
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Chapter 12 Compressible Flow 


12-118C 
Solution We are to discuss the effect of friction on velocity in Fanno flow. 
Analysis Friction increases the flow velocity in subsonic Fanno flow, but decreases the flow velocity in 


supersonic flow. 


Discussion These results may not be intuitive, but they come from following the Fanno line, which satisfies the 
conservation equations. 





12-119C 
Solution We are to discuss what happens to choked subsonic Fanno flow when the duct is extended. 
Analysis The flow is choked, and thus the flow at the duct exit must remain sonic. The mass flow rate has to 


decrease as a result of extending the duct length in order to compensate. 


Discussion Since there is no way for the flow to become supersonic (e.g., there is no throat), the upstream flow must 
adjust itself such that the flow at the exit plan remains sonic. 





12-120C 
Solution We are to discuss what happens to supersonic Fanno flow, initially sonic at the exit, when the duct is 
extended. 
Analysis The flow at the duct exit remains sonic. The mass flow rate must remain constant since upstream 


conditions are not affected by the added duct length. 


Discussion The mass flow rate is fixed by the upstream stagnation conditions and the size of the throat — therefore, the 
mass flow rate does not change by extending the duct. However, a shock wave appears in the duct when it is extended. 
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Chapter 12 Compressible Flow 


12-121 
Solution Subsonic airflow in a constant cross-sectional area adiabatic duct is considered. For a specified exit Mach 
number, the duct length, temperature, pressure, and velocity at the duct exit are to be determined. 


Assumptions 1 The assumptions associated with Fanno flow (..e., 


steady, frictional flow of an ideal gas with constant properties through a | L Ly" 
constant cross-sectional area adiabatic duct) are valid. 2 The friction 











factor remains constant along the duct. P, =200 kPa f= 0.016. Maral 
Properties We take the properties of air to be k = 1.4, c, = 1.005 T, =400K Exit r 
kJ/kg:K, and R = 0.287 kJ/kg-K. The average friction factor is given to Ma; = 0.2 Ma,=0.8 = 
V 
be f= 0.016. 
Analysis The inlet velocity is 
1000 m* /s* 
Cc, = YkRT, = ,/(1.4)(0.287 kJ/kg - K)(400 K) Te | 400.9 m/s 
8 


V, = Ma,c, =0.2(400.9 m/s) = 80.2 m/s 
The Fanno flow functions corresponding to the inlet and exit Mach numbers are, from Table A-16, 


Ma, = 0.2: LID) = 14.5333 T/T =1.1905, P,/P*=5.4554, V/V" =0.2182 
Ma, = 0.8: LID) = 0.0723 T/T” =1.0638, P,/P* = 1.2893, V/V’ =0.8251 


Then the temperature, pressure, and velocity at the duct exit are determined to be 


T, T,/T _ 1.0638 














2 - = 0.8936 > T, =0.8936T, = 0.8936(400 K) = 357 K 

T, T, /T* 1.1905 

P, PI/IP* 12 

2-2 -= 893 _ 0.2363 > P, =0.2363P, =0.2363(200 kPa) = 47.3 kPa 
P, P/P? 5.4554 

V, V,/V* 0.8251 

et 982l Agis > V, =3.7814V, = 3.7814(80.2 m/s) = 303 m/s 








Vi V,/Vř 0.2182 
Finally, the actual duct length is determined to be 


0.05 m 
0.016 


= 45.2 m 





maae i > \D 
L= -=L= [Si £2 | = (14.5333 — 0.0723) 
h h 


Discussion Note that it takes a duct length of 45.2 m for the Mach number to increase from 0.2 to 0.8. The Mach 
number rises at a much higher rate as sonic conditions are approached. The maximum (or sonic) duct lengths at the inlet 
and exit states in this case are L` = 45.4 m and ig = 0.2 m. Therefore, the flow would reach sonic conditions if a 0.2-m 
long section were added to the existing duct. 
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Chapter 12 Compressible Flow 
12-122 
Solution Air enters a constant-area adiabatic duct of given length at a specified state. The exit Mach number, exit 
velocity, and the mass flow rate are to be determined. 


Assumptions 1 The assumptions associated with Fanno flow (i.e., L=15m Ly* 
steady, frictional flow of an ideal gas with constant properties through a ee en 


constant cross-sectional area adiabatic duct) are valid. 2 The friction 





factor is constant along the duct. P, = 300 kPa , Ma = 

, ! l Tı = 500 K Exit T 
Properties We take the properties of air to be k = 1.4, c, = 1.005 V, =70 ms > Ma P* 
kJ/kg:K, and R = 0.287 kJ/kg-K. The friction factor is given to be f = = vV 
0.023. y 


Analysis The first thing we need to know is whether the flow is 
choked at the exit or not. Therefore, we first determine the inlet Mach 
number and the corresponding value of the function fL'/D,, , 








1 2 2 
c, = ART, = .|(1.4)(0.287 kJ/kg: K)(500 Ky 1000/5 | = 448.2 m/s 
1kJ/kg 
V 
Ma =o OO G53 
c, 448.2 m/s 


Corresponding to this Mach number we calculate (or read) from Table A-16), ({L’/D,,), = 25.540. Also, using the actual 
duct length L, we have 


.023)(1 
fL _(0.02305m) 8625 < 25.540 
D, 0.04m 
Therefore, flow is not choked and exit Mach number is less than 1. Noting that L = L} — L; , the function fL*/D, at the exit 
state is calculated from 

(4 ) = (4 ome 25.540 —8.625 = 16.915 

D, 2 D, 1 h 

The Mach number corresponding to this value of fL*/D is obtained from Table A-16 to be 


Ma: = 0.187 





which is the Mach number at the duct exit. The mass flow rate of air is determined from the inlet conditions to be 
P 300 kPa ( 1kJ 
RT, (0.287 kJ/kgK)(500 K) (1 kPa -m° 





pi = ) = 2.091 kg/m? 


Mair = PiAaV, = (2.091 kg/m? )[ (0.04 m)* /4](70 m/s) = 0.184 kg/s 


Discussion It can be shown that L, = 29.4 m, indicating that it takes a duct length of 15 m for the Mach number to 
increase from 0.156 to 0.187, but only 29.4 m to increase from 0.187 to 1. Therefore, the Mach number rises at a much 
higher rate as sonic conditions are approached. 
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Chapter 12 Compressible Flow 
12-123 
Solution Air enters a constant-area adiabatic duct at a specified state, and leaves at sonic state. The maximum duct 
length that will not cause the mass flow rate to be reduced is to be determined. 


Po = 95 kPa 
To = 290 K 





Assumptions 1 The assumptions associated with Fanno flow (i.e., steady, frictional flow of an ideal gas with constant 
properties through a constant cross-sectional area adiabatic duct) are valid. 2 The friction factor is constant along the duct. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. The friction factor is 
given to be f= 0.018. 


Analysis The mass flow rate will be maximum when the flow is choked, and thus the exit Mach number is Ma, = 1. 
In that case we have 


fl, — fl, _ (0.018)(0.50m) _ 
D D 0.01m 
The Mach number corresponding to this value of fL’/D at the tube inlet is obtained from Table A-16 to be Ma, = 0.5225. 


Noting that the flow in the nozzle section is isentropic, the thermodynamic temperature, pressure, and density at the tube 
inlet become 


0.9 








k-1 7 1.4-1 - 
7, =To( 1+“ ma? ) = (290 14 7 (0.5225)? =275.0K 


k-1 


-k (k-1) l4 
P= Py (14 Ma? | = 05 KPa 1+ 


-1 -1.4/0.4 
: (0.5225?) = 78.87 kPa 





P 78.87 kPa 
RT, (0.287 KJ/kgK)(275.0 K) 





p= = 0.9993 kg/m? 


Then the inlet velocity and the mass flow rate become 





1000 m? /s? 


c, = JkRT, = [oaoa uneer] ET 


) = 332.4 m/s 
V, =Ma,c, =0.5225(332.4 m/s) = 173.7 m/s 
Thai, = P1 AV; = (0.9993 kg/m? )[z (0.01 m)? /4](173.7 m/s) = 0.0136 kg/s 


Discussion This is the maximum mass flow rate through the tube for the specified stagnation conditions at the inlet. 
The flow rate will remain at this level even if the vacuum pump drops the pressure even further. 
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Chapter 12 Compressible Flow 
12-124 
Solution Air enters a constant-area adiabatic duct at a specified state, and leaves at sonic state. The maximum duct 
length that will not cause the mass flow rate to be reduced is to be determined. 







Po = 95 kPa 
To =290 K 


Assumptions 1 The assumptions associated with Fanno flow (i.e., steady, frictional flow of an ideal gas with constant 
properties through a constant cross-sectional area adiabatic duct) are valid. 2 The friction factor is constant along the duct. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. The friction factor is 
given to be f = 0.025. 


Analysis The mass flow rate will be maximum when the flow is choked, and thus the exit Mach number is Ma, = 1. 
In that case we have 


ME, _ fly _ 00250m) _ 
D D 0.01m 
The Mach number corresponding to this value of fL’/D at the tube inlet is obtained from Table A-16 to be Ma, = 0.3899. 


Noting that the flow in the nozzle section is isentropic, the thermodynamic temperature, pressure, and density at the tube 
inlet become 


2.5 





k-1 > 1.4-1 2 
7 =To( 1+ *Ma} = (290 14 a (0.3899)? ) =281.4K 


k-1 


—kI(k-1) 14 
P= Py 1+" | = (95 kPa 1+ 


-1 —1.4/0.4 
(0.3899)? ) =85.54 kPa 





P 85.54 kPa 
RT, (0.287 KJ/kgK)(281.4 K) 





pi = = 1.059 kg/m? 


Then the inlet velocity and the mass flow rate become 


1000 m2 /s” 


= kRT, = ,{(..4)(0.287 kJ/kg - K)(281.4K 
Cy = yART, = ,/(1.4)( g: KX { Tki/kg 


= 336.3 m/s 
V, = Ma,c, = 0.3899(336.3 m/s) = 131.1 m/s 
Mair = Py Ac V1 = 1.059 kg/m? )[z(0.01 m)* / 4](131.1 m/s) =0.0109 kg/s 


Discussion This is the maximum mass flow rate through the tube for the specified stagnation conditions at the inlet. 
The flow rate will remain at this level even if the vacuum pump drops the pressure even further. 
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Chapter 12 Compressible Flow 


12-125 
Solution Air enters a constant-area adiabatic duct at a specified state, and undergoes a normal shock at a specified 
location. The exit velocity, temperature, and pressure are to be determined. * 


Ma 











Assumptions 1 The assumptions associated with Fanno flow (i.e., steady, 
frictional flow of an ideal gas with constant properties through a constant Pı = 80 kPa 
cross-sectional area adiabatic duct) are valid. 2 The friction factor is Tı =380 K 


Normal P* 
constant along the duct. Ma, = 2.8 i 


Properties We take the properties of air to be k = 1.4, c, = 1.005 


kJ/kg-K, and R = 0.287 kJ/kg-K. The friction factor is given to be f= 0.007. J i=3m 


Analysis The Fanno flow functions corresponding to the inlet Mach number of 2.8 are, from Table A-16, 
Ma, =2.8: (fL’/D,); = 0.4898 T/T =0.4673, P\/P =0.2441 


First we check to make sure that the flow everywhere upstream the shock is supersonic. The required duct length from the 
inlet L, for the flow to reach sonic conditions is 


E = dago = 0.49082 ™ — 350m 
Í 0.007 





which is greater than the actual length 3 m. Therefore, the flow is indeed supersonic when the normal shock occurs at the 
fL, _ (0.007)(3 m) 
D, 0.05m 
the function fL'/D,, at the exit state and the corresponding Mach number are 


indicated location. Also, using the actual duct length Lı, we have = 0.4200. Noting that L, = L — L P 





(=| (=| fa _ 9.4898 0.4200 = 0.0698 — Ma) =1.315 
D, Ja (Paji h 


From Table A-16, at Ma, =1.315: T/T = 0.8918 and P,/P* = 0.7183. Then the temperature, pressure, and velocity 
before the shock are determined to be 
T, T,/T* _ 0.8918 
T, T/T" 04673 
P, P,/P' _ 0.7183 
P, P/P" 0.2441 
The normal shock functions corresponding to a Mach number of 1.315 are, from Table A-14, 


Ma, =1.315: Ma; = 0.7786, T/T) = 1.2001, P/P = 1.8495 








= 1.9084 > T, =1.90847, =1.9084(380 K) = 725.2 K 








= 2.9426 — P, =2.9426P, =2.9426(80 kPa) = 235.4 kPa 


Then the temperature and pressure after the shock become 
T, =1.2001T, =1.2001(725.2 K) =870.3K and P; =1.8495P, = 1.8495(235.4 kPa) = 435.4 kPa 
Sonic conditions exist at the duct exit, and the flow downstream the shock is still Fanno flow. From Table A-16, 


Ma; = 0.7786: T/T = 1.0702, P3/P" = 1.3286 
Ma, = 1: T/T =1, PJP’ =1 


Then the temperature, pressure, and velocity at the duct exit are determined to be 
T, GIT 1 
T; T,/T* 1.0702 
P, PIP 1 


P, P/P“ 1.3286 








> T, =T; /1.0702 = (870.3 K) / 1.0702 = 813 K 








—> P, = P} /1.3286 = (435.4 kPa) / 1.3286 = 328 kPa 





1000 m? /s? 


V, = Ma,c, = (D) JkRT, = [osoa bike 18130] a 
g 


) =572 m/s 


Discussion It can be shown that ie = 0.67 m, and thus the total length of this duct is 3.67 m. If the duct is extended, the 
normal shock will move further upstream, and eventually to the inlet of the duct. 
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Chapter 12 Compressible Flow 
12-126E 
Solution Helium enters a constant-area adiabatic duct at a specified state, and leaves at sonic state. The maximum 
duct length that will not cause the mass flow rate to be reduced is to be determined. 


Assumptions 1 The assumptions associated with Fanno flow (i.e., 
steady, frictional flow of an ideal gas with constant properties through a 








constant cross-sectional area adiabatic duct) are valid. 2 The friction > 1 ee T* 

. l= _k: P* 
factor is constant along the duct. Ma, = 0.2 >| D=6 in - 
Properties We take the properties of helium to be k = 1.667, c, = o 
1.2403 Btu/lbm-R, and R = 0.4961 Btu/lbm-R. The friction factor is 
given to be f= 0.025. Lı 
Analysis The Fanno flow function fL*/D corresponding to the inlet Mach number of 0.2 is (Table A-16) 

fa = 14.5333 
D 


Noting that * denotes sonic conditions, which exist at the exit state, the duct length is determined to be 
L = 14.5333D/ f =14.5333(6/12 ft)/0.025 = 291 ft 
Thus, for the given friction factor, the duct length must be 291 ft for the Mach number to reach Ma = | at the duct exit. 


Discussion This problem can also be solved using equations instead of tabulated values for the Fanno functions. 





12-127 
Solution Subsonic airflow in a constant cross-sectional area adiabatic duct is considered. The duct length from the 
inlet where the inlet velocity doubles and the pressure drop in that section are to be determined. 


Assumptions 1 The assumptions associated with Fanno flow (i.e., L L* 
steady, frictional flow of an ideal gas with constant properties through a 


constant cross-sectional area adiabatic duct) are valid. 2 The friction 











Ma*=1 
factor remains constant along the duct. i = Sa ay f Us 5 
Properties We take the properties of air to be k = 1.4, c, = 1.005 v, =] 50m5 > ae P* 
kJ/kg-K, and R = 0.287 kJ/kg-K. The average friction factor is given to ite V 
be f= 0.014. ' 
Analysis The inlet Mach number is 
1 is V 1l 
= JERT, = iyoo ogn] LES s lma = Mya La Oe jaga 
1 kJ/kg c, 448.2 m/s 


The Fanno flow functions corresponding to the inlet and exit Mach numbers are, from Table A-16, 








Ma, = 0.3347: (L ID) = 3.924 P\/P’ =3.2373, V/V = 0.3626 
* * Vy 2V 
Therefore, Vı = 0.3626V . Then the Fanno function V/V becomes 7 = 7 l- 203g =0.7252. 


The corresponding Mach number and Fanno flow functions are, from Table A-16, 
Map = 0.693, (fL'/D,,); = 0.2220, and P,/P* = 1.5099. 
Then the duct length where the velocity doubles, the exit pressure, and the pressure drop become 


fl, fly 0.20 m 
D, D, 





) Z= (3.924 — 0.2220) “= =52.9m 


r5- 


P, P,/P* _1.5099 


P, PIP 3.2373 
AP = P — P, = 200 -93.3 = 106.7 kPa = 107 kPa 


Discussion Note that it takes a duct length of 52.9 m for the velocity to double, and the Mach number to increase from 
0.3347 to 0.693. The maximum (or sonic) duct lengths at the inlet and exit states in this case are Li =56.1 m and L; =3.2 
m. Therefore, the flow would reach sonic conditions if there is an additional 3.2 m of duct length. 








= 0.4664 — P, =0.4664P, = 0.4664(200 kPa) = 93.3 kPa 
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12-128E 
Solution Air enters a constant-area adiabatic duct of given length at a specified state. The velocity, temperature, and 
pressure at the duct exit are to be determined. 


Assumptions 1 The assumptions associated with Fanno flow (..e., 
steady, frictional flow of an ideal gas with constant properties through a 
constant cross-sectional area adiabatic duct) are valid. 2 The friction 
factor is constant along the duct. 





Properties We take the properties of helium to be k = 1.4, c, = T,; =650R Exit T* 
0.2400 Btu/lbm:R, and R = 0.06855 Btu/Ibm-R = 0.3704 psia-ft*Ibm-R. V, =500 ft/s > Ma 
The friction factor is given to be f= 0.025. 





Analysis The first thing we need to know is whether the flow is 
choked at the exit or not. Therefore, we first determine the inlet Mach 
number and the corresponding value of the function fL'/D,, , 








v? ft/s)? 
T, =To = 650R-— 2) PUR paR 
2c, 2x0.2400 Btu/Ibm -R | 25,037 ft? /s 
25,037 ft? /s? 
c, = JkRT, = ,|(1.4)(0.06855 Btu/Ibm -R)(629.2 R)) ————~~— | = 1230 ft/s 
1 = ERT; = [01.4 X { IA ) 
v 
Ma; -ya S0 ms 04066 
c, 1230fts 


Corresponding to this Mach number we calculate (or read) from Table A-16), GLID Di = 
2.1911. Also, using the actual duct length L, we have 


a = APARAN 2. =2 < 2.1911 
D, 6/12ft 
Therefore, the flow is not choked and exit Mach number is less than 1. Noting that 


L= L 7 L , the function fL'/D,, at the exit state is calculated from 
(4 ) [2 ) I giii 2=0.1911 
Dn Ja (Paraji h 
The Mach number corresponding to this value of fL*/D is obtained from Table A-16 to be Ma; = 0.7091. 


The Fanno flow functions corresponding to the inlet and exit Mach numbers are, from Table A-16, 


Ma; = 0.4066: T/T =1.1616, P,/P*=2.6504, V/V” = 0.4383 
Ma, = 0.7091: T/T =1.0903, P/P” =1.4726, V/V“ = 0.7404 





Then the temperature, pressure, and velocity at the duct exit are determined to be 


T, T,/T* _ 1.0903 














— -= =0.9386 > T, =0.9386T, = 0.9386(629.2 R) = 591R 

T, T/T” 1.1616 

P, P,/P 1472 : 
2-2 = 6 0.5556 —> P, =0.5556P, = 0.5556(50 psia) = 27.8 psia 
P, P/P 2.6504 

V, V,/V*ř 0. 

2-2 SA iagoa —> V, =1.6893V, = 1.6893(500 ft/s) = 845 ft/s 








Vi V/V 0.4383 


Discussion It can be shown that L, = 4.8 ft, indicating that it takes a duct length of 50 ft for the Mach number to 
increase from 0.4066 to 0.7091, but only 4.8 ft to increase from 0.7091 to 1. Therefore, the Mach number rises at a much 
higher rate as sonic conditions are approached. 
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12-129 Ko 


En 


Solution Choked subsonic airflow in a constant cross-sectional area adiabatic duct is considered. The variation of 
duct length with Mach number is to be investigated, and the results are to be plotted. 


Assumptions 1 The assumptions associated with Fanno flow (i.e., steady, frictional flow of an ideal gas with constant 
properties through a constant cross-sectional area adiabatic duct) are valid. 2 The friction factor remains constant along the 
duct. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. The average friction 
factor is given to be f= 0.02. 


Ma, = 1 


Analysis The flow is choked, and thus Ma, =1. Corresponding to the 
inlet Mach number of Ma, = 0.1 we have, from Table A-16, fL'/D,, = 
66.922, Therefore, the original duct length is 



















































































L; = 66.922 ; seoa OR aam 
Repeating the calculations for different Ma, as it varies from 0.1 to 1 Ly 
results in the following table for the location on the duct from the inlet. 0 L 
The EES Equations window is printed below, along with the plotted 
results. 
Mach Duct length 1 
number, Ma L, m 09 
0.10 0 
0.20 262 T 
0.30 308 0.7 
0.40 323 a 08 
0.50 329 = 
0.60 332 g o” 
0.70 334 5 os 
0.80 334 S os 
0.90 335 = 
1.00 335 0.2 
0.1 , 1 1 1 1 
0 50 100 150 200 250 300 350 
EES program: Duct length L, m 
k=1.4 
cp=1.005 
R=0.287 
P1=180 
T1=330 
Ma1=0.1 
"Ma2=1" 
f=0.02 
D=0.1 
C1=sqrt(k*R*T1*1000) 
Ma1=V1/C1 
T01=T02 
T01=T1*(140.5*(k-1)*Mat 2) 
T02=T2*(14+0.5*(k-1)*Ma2*2) 
PO1=P1*(1+0.5*(k-1)*Mat*2)(k/(k-1)) 
rho1=P1/(R*T1) 
Ac=pi*D*2/4 
mair=rho1*Ac*V1 
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P01 Ps=((2+(k-1)*Mat%2)/(k+1))*(0.5*(k+1)/(k-1))/Mat 
P1Ps=((k+1)/(2+(k-1)*Ma1%2))*0.5/Mat 

T1Ts=(k+1)/(2+(k-1)*Mat2) 

R1Rs=((2+(k-1)*Ma1*2)/(k+1))*0.5/Mat 

ViVs=1/R1Rs 
fLs1=(1-Mat*2)/(k*Ma1*2)+(k+1)/(2*k)*In((k+1)*Mat*2/(2+(k-1)*Mat42)) 
Ls1=fLs1*D/f 


PO2Ps=((2+(k-1)*Ma2*2)/(k+1))4(0.5*(k+1)/(k-1))/Ma2 
P2Ps=((k+1)/(2+(k-1)*Ma2‘2))*0.5/Ma2 

T2Ts=(k+1)/(2+(k-1)*Ma2’2) 

R2Rs=((2+(k-1)*Ma2‘2)/(k+1))*0.5/Ma2 

V2Vs=1/R2Rs 
fLs2=(1-Ma2*2)/(k*Ma2*2)+(k+1)/(2*k)*In((k+1)*Ma2*2/(2+(k-1)*Ma2*2)) 
Ls2=fLs2*D/f 

L=Ls1-Ls2 


P02=P02Ps/P01Ps*PO1 
P2=P2Ps/P1Ps*P1 
V2=V2Vs/V1Vs*V1 


Discussion Note that the Mach number increases very mildly at the beginning, and then rapidly near the duct outlet. It 
takes 262 m of duct length for Mach number to increase from 0.1 to 0.2, but only 1 m to increase from 0.7 to 1. 
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12-130 


Solution The flow of argon gas in a constant cross-sectional area adiabatic duct is considered. The variation of 
entropy change with exit temperature is to be investigated, and the calculated results are to be plotted on a T-s diagram. 


Assumptions 1 The assumptions associated with Fanno flow ; 

5 ook ; ; L (variable) 
(i.e., steady, frictional flow of an ideal gas with constant properties —— 
through a constant cross-sectional area adiabatic duct) are valid. 2 


The friction factor remains constant along the duct. 





Properties The properties of argon are given to be k = 1.667, 
Cp = 0.5203 kJ/kg-K, and R = 0.2081 kJ/kg-K. The average friction 
factor is given to be f= 0.005. 





















































Analysis Using EES, we determine the entropy change and tabulate and plot the results as follows: 
Exit temp. | Machumber | Entropy change 
Th, K Ma, As, kg/kg-K 
520 0.165 0.000 
510 0.294 0.112 
500 0.385 0.160 
490 0.461 0.189 
480 0.528 0.209 X 
470 0.591 0.224 a 
460 0.649 0.234 g 
450 0.706 0.242 # 
440 0.760 0.248 2 
430 0.813 0.253 § 
420 0.865 0.256 = 
410 0.916 0.258 = , i ' , i i 
400 0.967 0.259 0 0.05 0.1 0.15 0.2 0.25 0.3 

















S2784; kJ/kg.K 


EES Program: 
k=1.667 
cp=0.5203 
R=0.2081 
P1=350 
T1=520 
V1=70 
"T2=400" 
f=0.005 
D=0.08 
C1=sqrt(k*R*T1*1000) 
Ma1=V1/C1 
T01=T02 
T01=T1+*(1+0.5*(k-1)*Ma1^2) 
P01=P1*(1+0.5*(k-1)*Ma1^2)^(k/(k-1)) 
rho1=P1/(R*T1) 
Ac=pi*D^2/4 
mair=rho1*Ac*V1 
PO1Ps=((2+(k-1)*Ma1^2)/(k+1))^(0.5*(k+1)/(k-1))/Ma1 
P1Ps=((k+1)/(2+(k-1)*Ma1^2))^0.5/Ma1 
T1Ts=(k+1)/(2+(k-1)*Ma1 2) 
R1Rs=((2+(k-1)*Ma1*2)/(k+1))*0.5/Mat1 
V1iVs=1/R1Rs 
fLs1=(1-Ma1“2)/(k*Ma1*2)+(k+1)/(2*k)*In((k+1)*Ma1%2/(2+(k-1)*Ma1*2)) 
Lsi=fLs1*D/f 


PO2Ps=((24(k-1)*Ma22)/(k+1))*(0.5*(k+1)/(k-1))/Ma2 
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P2Ps=((k+1)/(2+(k-1)*Ma2‘2))*0.5/Ma2 
T2Ts=(k+1)/(2+(k-1)*Ma2*2) 
R2Rs=((2+(k-1)*Ma2*2)/(k+1))*0.5/Ma2 
V2Vs=1/R2Rs 
fLs2=(1-Ma2‘2)/(k*Ma2‘2)+(k+1)/(2*k)*In((k+1)*Ma2*2/(2+(k-1)*Ma2‘2)) 
Ls2=fLs2*D/f 
L=Ls1-Ls2 


P02=P02Ps/P01Ps*P01 
P2=P2Ps/P1Ps*P1 
T2=T2Ts/T1Ts*T1 
V2=V2Vs/V1Vs‘V1 
Del_s=cp*In(T2/T1)-R*In(P2/P1) 


Discussion Note that entropy increases with increasing duct length and Mach number (and thus decreasing 
temperature). It reached a maximum value of 0.259 kJ/kg.K when the Mach number reaches Ma, =1 and thus the flow is 
choked. 





Review Problems 


12-131 
Solution A leak develops in an automobile tire as a result of an accident. The initial mass flow rate of air through the 
leak is to be determined. 


Assumptions 1 Air is an ideal gas with constant specific heats. 2 Flow of air through the hole is isentropic. 
Properties For air at room temperature, the gas constant is R = 0.287 kPa-m*/kg-K, and the specific heat ratio is k = 1.4. 
Analysis The absolute pressure in the tire is 


P= Pyage + Paty = 220494 = 314 kPa 


The critical pressure is, from Table 12-2, 


P* = 0.5283Py = (0.5283)(314 kPa) = 166 kPa > 94 kPa 


Therefore, the flow is choked, and the velocity at the exit of the hole is the sonic speed. Then the flow properties at the exit 
becomes 








P 
pa ts -e = 3.671 kg/m? 
RT) (0.287 kPa-m?/kg - K)(298 K) 
2 \MeD : 1/1.4-1) : 
ae = (3.671 kg/m?)| —~— = 2.327 kg/m 
F po) ( Š (4) 
T“ a a -—? (298K) =248.3K 
k+1 1.4+1 
2 2 
voor = f 4)(0.287 kJ/kg ofm fons K) = 315.9 m/s 
g 


Then the initial mass flow rate through the hole becomes 
tit = pAV = (2.327 kg/m? )[(0.004 m)*/4](315.9 m/s) = 0.00924 kg/s = 0.554 kg/min 


Discussion The mass flow rate will decrease with time as the pressure inside the tire drops. 
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12-132 
Solution The thrust developed by the engine of a Boeing 777 is about 380 kN. The mass flow rate of gases through 
the nozzle is to be determined. 


Assumptions 1 Air is an ideal gas with constant specific heats. 2 Flow of combustion gases through the nozzle is 
isentropic. 3 Choked flow conditions exist at the nozzle exit. 4 The velocity of gases at the nozzle inlet is negligible. 


Properties The gas constant of air is R = 0.287 kPa-m*/kg:K, and it can also be used for combustion gases. The specific 
heat ratio of combustion gases is k = 1.33. 


Analysis The velocity at the nozzle exit is the sonic speed, which is determined to be 





1000 m2 /s” 


V =c=WVkRT = {(1.33)(0.287 kJ/kg -K 
f X( g { Tki/kg 


Joos K) = 335.6 m/s 


Noting that thrust F is related to velocity by F = mV , the mass flow rate of combustion gases is determined to be 





i = E _ 380.000 x: kg.m/s’ 


= 1132 kg/s = 1130 kg/s 
V 335.6m/s\ 1N 


Discussion The combustion gases are mostly nitrogen (due to the 78% of Nz in air), and thus they can be treated as air 
with a good degree of approximation. 





12-133 
Solution A stationary temperature probe is inserted into an air duct reads 85°C. The actual temperature of air is to be 
determined. 


Assumptions 1 Air is an ideal gas with constant specific heats at room temperature. 2 The stagnation process is isentropic. 


Properties The specific heat of air at room temperature is c, = 1.005 kJ/kg-K. 


Analysis The air that strikes the probe will be brought to a complete stop, and thus it will undergo a stagnation 
process. The thermometer will sense the temperature of this stagnated air, which is the stagnation temperature. The actual 
air temperature is determined from 


T 
250 m/s 





WH 
' 


2 2 

2 Ik 
T=T, V -85°C (250 m/s) L - 
2c 2x1.005 kJ/kg- K (1000 m7 /s 


P 


J- 53.9°C 


Discussion Temperature rise due to stagnation is very significant in high-speed flows, and should always be considered 
when compressibility effects are not negligible. 
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12-134 
Solution Nitrogen flows through a heat exchanger. The stagnation pressure and temperature of the nitrogen at the 


inlet and the exit states are to be determined. 


Assumptions 1 Nitrogen is an ideal gas with constant specific heats. 2 Flow of nitrogen through the heat exchanger is 


isentropic. 
Properties The properties of nitrogen are c, = 1.039 kJ/kg-K and k = 1.4. 


Analysis The stagnation temperature and pressure of nitrogen at the inlet and the exit states are determined from 


2, 2 
V 1 1k. í 
mana gee On | uke 148° Qin 


2c, 2x 1.039 kJ/kg -°C (1000 m? /s” , 
150 kPa 
288.0K 10°C 100 kPa 


k(k-1) 1.4/(1.4-1) 
T, 
Pi = (2) = asokPa( ) =159 kPa 100m —> Nitrogen ——» 200 mvs 
1 


From the energy balance relation Ein — Eou = AE system With w = 0 





283.2 K 


wav 
din = Cp Ty ~T)+ 75+ Ape™ 








2 a ?/ tk 
150 kI/kg = (1.039 kI/kg -°C\(T, — 10°C) + ZOOS)” — 100 mis) | UES 











2 1000 m7 /s” 
T, =139.9°C 
and 
Vee 2 2 1k 
Ty = Ty +~2—-=139,9°C + @0m's) í une )=159°¢ 
2c, 2x1.039 kJ/kg -°C (1000 m? /s? 
k I(k-1) 1.4/(1.4-1) 
T, 
Py = P| = aopa $23K) =117 kPa 
T> 413.1K 


Discussion Note that the stagnation temperature and pressure can be very different than their thermodynamic 
counterparts when dealing with compressible flow. 





12-75 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 12 Compressible Flow 
12-135 
Solution An expression for the speed of sound based on van der Waals equation of state is to be derived. Using this 
relation, the speed of sound in carbon dioxide is to be determined and compared to that obtained by ideal gas behavior. 


Properties The properties of CO, are R = 0.1889 kJ/kg:K and k = 1.279 at T= 50°C = 323.2 K. 
RT a 


Analysis Van der Waals equation of state can be expressed as P = ae 
y= v 





= _ RT 2a 
r (v-b) wv 


Differentiating, (= 
Oo 


Noting that p = 1/v —> dp = -dv/ v? , the speed of sound relation becomes 


oee 
® Jr & Jr 


> v°kRT 2ak 
c = z = 
@-b) v 


Substituting, 





Using the molar mass of CO, (M = 44 kg/kmol), the constant a and b can be expressed per unit mass as 
a =0.1882kPa-m°/kg” and b=9.70x10+ m3/kg 


The specific volume of CO, is determined to be 





_ (0.1889 kPa-m?* /kg-K)(323.2K) _2x0.1882 kPa-m° /kg* 
2 


200 kPa = > > v =0.300 m° /kg 
v — 0.000970 m°/kg v 


Substituting, 





1/2 
o (0.300 m? / kg)? (1.279)(0.1889 kJ/kg : K)(323.2 K) 2(0.1882 kPa -mê / kg?)(1.279) Y 1000 m? /s? 
(0.300 — 0.000970 m° / kg)? (0.300 m° / kg)” 1kPa -m°/kg 
=271m/s 


If we treat CO, as an ideal gas, the speed of sound becomes 





1000 m? /s? 


=4kRT = |(1.279)(0.1889 kJ/kg - K)(323.2 K 
c i ) g: K)( { Tki/kg 


) =279 mis 


Discussion Note that the ideal gas relation is the simplest equation of state, and it is very accurate for most gases 
encountered in practice. At high pressures and/or low temperatures, however, the gases deviate from ideal gas behavior, and 
it becomes necessary to use more complicated equations of state. 
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12-136 
Solution The equivalent relation for the speed of sound is to be verified using thermodynamic relations. 
Analysis The two relations are c? = (2) and c° = {=| 
Pjs P Jr 
From r=1/v —> dr=-dv/v?. Thus, 3 -(2) (2) "2 Z) --»°( 2) (Z) 
® Js a), T js TM). W)s 


From the cyclic rule, 


enD- LE, 
ono) (2) (4) (4) AHF) 
(3 

















Substituting, 
a (E) EAE), E) Ea 
c v 
OT Os ) > PAJA A)r 
c 
Recall that z2) and m -($). Substituting, 
T OT T OT 








eme ENE AE, 


oP 
Replacing -—dv/ v? by dp, we get c= {=| , which is the desired expression 
PJT 














Discussion Note that the differential thermodynamic property relations are very useful in the derivation of other 
property relations in differential form. 














12-137 
Solution For ideal gases undergoing isentropic flows, expressions for P/P*, T/T*, and p/p* as functions of k and Ma 
are to be obtained. 
Ty 2+(k-1)Ma?° T* 2 
Analysis Equations 12-18 and 12-21 are given to be Vs eee and — =— 
T 2 Ty) k+l 
To T*)_(2+(k-1)Ma? Y 2 
Multiplying the two, a geet = | ) 
T To 2 k+l 
Simplifying and inverting, Es = a (1) 
T* 24+ (k-1)Ma 
P 7 \EMRD P pa k Kk-1) 
From = ( ) > = (2) 
P* \T* P* (2+(k-1)Ma?° 
k Kk-1) Tl k K(k-1) 
From PoR > PE z (3) 
p* \p* p* \2+(k-1)Ma 


Discussion Note that some very useful relations can be obtained by very simple manipulations. 
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12-138 
Solution It is to be verified that for the steady flow of ideal gases dT)/T = dA/A + (1-Ma’) dV/V. The effect of heating 
and area changes on the velocity of an ideal gas in steady flow for subsonic flow and supersonic flow are to be explained. 


2 

















Analysis We start with the relation > =c, (1-7) (1) 
Differentiating, VdV =c ,(dTo -dT ) (2) 
We also have an e 6 (3) 
p A V 
IP 
and baal +VdV =0 (4) 
p 
Differentiating the ideal gas relation P = pRT, 1. = ap + at =0 (5) 
P p T 
From the speed of sound relation, c? =kRT = (k-l)c,T =kP/p (6) 
wes dP dT dA dV 
Combining Eqs. (3) and (5), — -— +— +— =0 7 
g Eqs. (3) and (5) er a a (7) 
Combining Eqs. (4) and (6), ak = a z= —VdV 
P kPle 
2 
or, cad = vdv =k” 5 asi (8) 
P C Cc’ V V 
sas dV 
Combining Eqs. (2) and (6), dT = dT) -V — 
c 
p 
dT, 4 dT, 4 dT, 
or, Se ea (9) 
T T CTV T T CîKk-1) V T V 
dT, 
Combining Egs h Ghand O -bM -m A aA 0 
T V A V 
dT, 
or, Zo A Ema? +k- pMa? +1 
T A V 
dT, dA dV 
Thus, 0 (Ma?) (10) 
T A V 











Differentiating the steady-flow energy equation q = hg) — ho, =C, (To —To1) 


ôq = cpdTo (11) 
Eq. (11) relates the stagnation temperature change d7p to the net heat transferred to the fluid. Eq. (10) relates the velocity 
changes to area changes dA, and the stagnation temperature change dT or the heat transferred. 


(a) When Ma < 1 (subsonic flow), the fluid accelerates if the duct converges (dA < 0) or the fluid is heated (dT > 0 or 
ôq > 0). The fluid decelerates if the duct converges (dA < 0) or the fluid is cooled (dT, < 0 or 5q < 0). 


(b) When Ma > 1 (supersonic flow), the fluid accelerates if the duct diverges (dA > 0) or the fluid is cooled (dT < 0 or 
65q <0). The fluid decelerates if the duct converges (dA < 0) or the fluid is heated (dT) > 0 or 6g > 0). 


Discussion Some of these results are not intuitively obvious, but come about by satisfying the conservation equations. 
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Chapter 12 Compressible Flow 
12-139 
Solution A Pitot-static probe measures the difference between the static and stagnation pressures for a subsonic 
airplane. The speed of the airplane and the flight Mach number are to be determined. 


Assumptions 1 Air is an ideal gas with a constant specific heat ratio. 2 The stagnation process is isentropic. 
Properties The properties of air are R = 0.287 kJ/kg-K and k = 1.4. 
Analysis The stagnation pressure of air at the specified conditions is 


Py = P+ AP =70.109 + 22 = 92.109 kPa 





Then, 
P (k-pMa? T 92.109 (_ a4-pDMa?\ t 
Oe iQ —> ` = pph a 
P 2 70.109 2 

It yields Ma = 0.637 


The speed of sound in air at the specified conditions is 


1000 m2 /s? 


=VkKRT = |(1.4)(0.287 kJ/kg -K)(268.65 K 
c (1.4)( g: K)( f ke 


) = 328.5 m/s 


Thus, 
V =Maxc =(0.637 )( 328.5 m/s) =209 m/s 


Discussion Note that the flow velocity can be measured in a simple and accurate way by simply measuring pressure. 





12-140 
Solution The mass flow parameter 1,/RT, /(AP,) versus the Mach number for k = 1.2, 1.4, and 1.6 in the range of 
0 < Ma <1 is to be plotted. 








Analysis The mass flow rate parameter (1,/ RT, )/ PyA can be expressed as 
m JRT í 2 D 
= Mavk| m 
PyA 2+(k-1)M? 
Thus, 
Ma k=1.2 k=14 k=1.6 
0.0 0 0 0 
0.1 0.1089 0.1176 0.1257 
0.2 0.2143 0.2311 0.2465 
0.3 0.3128 0.3365 0.3582 
0.4 0.4015 0.4306 0.4571 
0.5 0.4782 0.5111 0.5407 
0.6 0.5411 0.5763 0.6077 
0.7 0.5894 0.6257 0.6578 
0.8 0.6230 0.6595 0.6916 
0.9 0.6424 0.6787 0.7106 
1.0 0.6485 0.6847 0.7164 0 0.2 0.4 0.6 0.8 1.0 


Discussion Note that the mass flow rate increases with increasing Mach number and specific heat ratio. It levels off at 
Ma = 1, and remains constant (choked flow). 
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Chapter 12 Compressible Flow 
12-141 
Solution Helium gas is accelerated in a nozzle. The pressure and temperature of helium at the location where Ma = 1 
and the ratio of the flow area at this location to the inlet flow area are to be determined. 


Assumptions 1 Helium is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, 
and isentropic. 


Properties The properties of helium are R = 2.0769 kJ/kg-K, c, = 5.1926 kJ/kg-K, and k = 1.667. 


Analysis The properties of the fluid at the location where Ma = | are the critical properties, denoted by superscript *. 
We first determine the stagnation temperature and pressure, which remain constant throughout the nozzle since the flow is 
isentropic. 





ve (120 m/s)? ( 1kJ/kg 


T) =T; +—— =500K + 
2 2x5.1926 kJ/kg- K (1000 m? / s? 


)-so14K 
Cp 


Gi te He 


and 120 m/s cn Ma=1 
yen 


k (k-1) 
T, : 
Py =P; (7) = (0.8 mPa 2 ai 0.806 MPa 





Il 


500K 


i 
The Mach number at the nozzle exit is given to be Ma = 1. Therefore, the properties at the nozzle exit are the critical 
properties determined from 





T*=To = = (501.4 K) ———— |=376K 
k+1 1.667 +1 
2 NED 2 1.667 /(1.667-1) 
P* = Py| —— = (0.806 MPa)) ———— = 0.393 MPa 
k+1 1.667 +1 
The speed of sound and the Mach number at the nozzle inlet are 
2762 
c; = VERT ; = .|(1.667)(2.0769 ki/kg -K)(500 Ky] T/S | ~ 1316 m/s 
1kJ/kg 
Mas a O i 
ci 1316 m/s 


The ratio of the entrance-to-throat area is 


(k+1)/[2(k-1)] 

A. = 
L -1 (me) 

A Mai|\k+1 2 


2.667 /(2x0.667) 
"E ( jot? *(0.0912)*) 
0.0912 | \1.667+1 2 








= 6.20 
Then the ratio of the throat area to the entrance area becomes 
2 7 SLA = 0.161 
A; 6.20 


Discussion The compressible flow functions are essential tools when determining the proper shape of the compressible 
flow duct. 
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Chapter 12 Compressible Flow 
12-142 
Solution Helium gas enters a nozzle with negligible velocity, and is accelerated in a nozzle. The pressure and 
temperature of helium at the location where Ma = | and the ratio of the flow area at this location to the inlet flow area are to 
be determined. 


Assumptions 1 Helium is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, 
and isentropic. 3 The entrance velocity is negligible. 
Properties The properties of helium are R = 2.0769 kJ/kg-K, c, = 5.1926 kJ/kg-K, and k = 1.667. 


Analysis We treat helium as an ideal gas with k = 1.667. The properties of the fluid at the location where Ma = | are 
the critical properties, denoted by superscript *. 


The stagnation temperature and pressure in this case are identical to the inlet temperature and pressure since the 
inlet velocity is negligible. They remain constant throughout the nozzle since the flow is isentropic. 


To = T;= 500 K 
Po = P; = 0.8 MPa 


The Mach number at the nozzle exit is given to be Ma = 1. Therefore, the properties at 
the nozzle exit are the critical properties determined from 


+ .667 + 


k (k-1) 1.667 /(1.667-1) 
P*= P) (3) = (0.8 MPa = ) = 0.390 MPa O= m — 0) 
k 1.667 +1 


+1 Met ee Ma= 1 
The ratio of the nozzle inlet area to the throat area is determined from 


(k+1)/[2(k-1)] 
A. = 
ae (= {1+ Sta?) 
A Mai|\k+1 2 


But the Mach number at the nozzle inlet is Ma = 0 since V; = 0. Thus the ratio of the throat area to the nozzle inlet area is 


A*® 1 
eeni) 
A; œ 


l 


Discussion The compressible flow functions are essential tools when determining the proper shape of the compressible 
flow duct. 
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Chapter 12 Compressible Flow 


12-143 


Solution Air enters a converging nozzle. The mass flow rate, the exit velocity, the exit Mach number, and the exit 
pressure-stagnation pressure ratio versus the back pressure-stagnation pressure ratio for a specified back pressure range are 
to be calculated and plotted. 

Assumptions 1 Air is an ideal gas with constant specific heats at room temperature. 2 Flow through the nozzle is steady, 
one-dimensional, and isentropic. 


Properties The properties of air at room temperature are R = 0.287 kJ/kg-K, c, = 1.005 kJ/kg:K, and k = 1.4. 

















Analysis We use EES to tabulate and plot the results. The stagnation properties remain constant throughout the 
nozzle since the flow is isentropic. They are determined from 
V? 180 m/s)? 1kI/k 
he poe m í = -]=416.1K 
cp 2x1.005 kJ/kg -K (1000 m^ /s 
k Kk-1) 1.4/(1.4-1) 
T, 416.1K 
P) = P| = (900 KPa , ) = 1033.3 kPa 
T, 400 K 
The critical pressure is determined to be 
kk-1) 1.4/0.4 
Pe= rf ) = (1033.3 kea( ) = 545.9 kPa 
k+1 1.4+1 
Then the pressure at the exit plane (throat) is 


P.=P, for P, = 545.9 kPa 
P, = P* = 545.9 kPa for P, < 545.9 kPa (choked flow) 
Thus the back pressure does not affect the flow when 100 < P, < 545.9 kPa. Fora 

















specified exit pressure P,, the temperature, velocity, and mass flow rate are Vv. 
(k-1)/k 0.4/1.4 
Temperature T, =T, — =(416.1K 
j ; [2] > link 5) : 
24,2 
Velocity V = [2c (Ty —T.) = ,[2(1.005 kI/kg-K)(416.1-T,) MEEA 
1 kJ/kg Py 
2762 
Speed of sound <q, <a/feer = iaoa e O00 a 
1 kJ/kg 
Mach number Ma, =V,/c, M max 
, P, P, 
Density Pe = = ; 
RT, (0.287 kPa-m~ /kg-K)T, 
P, 
Mass flow rate m= p,V,A, = PV, (0.001 m?) 475.5 900 kPa 
P,, kPa P,, Po P., kPa Ps, Po Ta K Ves m/s Ma Pes pe m, kg/s 
900 0.871 900 0.871 400.0 180.0 0.45 7.840 0 
800 0.774 800 0.774 386.8 162.9 0.41 7.206 1.174 
700 0.677 700 0.677 372.3 236.0 0.61 6.551 1.546 
600 0.581 600 0.581 356.2 296.7 0.78 5.869 1.741 
545.9 0.528 545.9 0.528 333.3 366.2 1.00 4.971 1.820 
500 0.484 545.9 0.528 333.2 366.2 1.00 4.971 1.820 
400 0.387 545.9 0.528 333.3 366.2 1.00 4.971 1.820 
300 0.290 545.9 0.528 333.3 366.2 1.00 4.971 1.820 
200 0.194 545.9 0.528 333.3 366.2 1.00 4.971 1.820 
100 0.097 545.9 0.528 333.3 366.2 1.00 4.971 1.820 


Discussion Once the back pressure drops below 545.0 kPa, the flow is choked, and m remains constant from then on. 
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Chapter 12 Compressible Flow 


12-144 


Solution Steam enters a converging nozzle. The exit pressure, the exit velocity, and the mass flow rate versus the 
back pressure for a specified back pressure range are to be plotted. 


Assumptions 1 Steam is to be treated as an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, 
one-dimensional, and isentropic. 3 The nozzle is adiabatic. 


Properties The ideal gas properties of steam are R = 0.462 kJ/kg.K, c, = 1.872 kJ/kg.K, and k = 1.3. 


Analysis We use EES to solve the problem. The stagnation properties in this case are identical to the inlet properties 
since the inlet velocity is negligible. Since the flow is isentropic, they remain constant throughout the nozzle, 

P ) =P; =6 MPa and Ty) =T; =700K 
The critical pressure is determined to be 








k Kk-1) 1.3/0.3 
P*= rf =(6 MPa = 3.274 MPa O — steam—> © 
k+l] 1.341 em 
Then the pressure at the exit plane (throat) is a 
P.= Py» for P, 2 3.274 MPa 


P, = P* = 3.274 MPa for P, < 3.274 MPa (choked flow) 


Thus the back pressure does not affect the flow when 3 < P, < 3.274 MPa. Fora 
specified exit pressure P,, the temperature, velocity, and mass flow rate are 





(k-1)/k 0.3/1.3 
Temperature T, =T)| = = (700 o2) 
Py 6 





1000 m?/s? 
Velocity V =,/2c, (T) —T,) = .{2(0..872 kJ/kg -K)(700-T, )}} —————— 
y V=,/2c, (1 pe g-K) f ae 


P 


e 


RT, (0.462kPa:m°/kg-K)T, 


P 


e 


Density Pe = 


P, 


Mass flow rate m=p,V,A, = p,V, (0.0008 m°) 


P,„MPa P„MPa T,„K Vaąm/s pakg/m? m, kg/s 


Ve 
The results of the calculations are tabulated as follows: m 


6.0 6.0 700 0 18.55 0 

5.5 5.5 686.1 228.1 17.35 3.166 P 
5.0 5.0 671.2 328.4 16.12 4.235 3 3.274 6 MPa 
4.5 4.5 655.0 410.5 14.87 4.883 

4.0 4.0 637.5 483.7 13.58 5.255 

3.5 3.5 618.1 553.7 12.26 5.431 

3.274 3.274 608.7 584.7 11.64 5.445 

3.0 3.274 608.7 584.7 11.64 5.445 


Discussion Once the back pressure drops below 3.274 MPa, the flow is choked, and m remains constant from then on. 
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Chapter 12 Compressible Flow 
12-145 
Solution An expression for the ratio of the stagnation pressure after a shock wave to the static pressure before the 
shock wave as a function of k and the Mach number upstream of the shock wave is to be found. 





Analysis The relation between P, and P> is 
P, 1+kMas 1+kMa? 

oa 2 P, = P, 2 

P 1+kMai 1+kMa; 


We substitute this into the isentropic relation 
P k — 
“B= (1+ (k-1)Ma} jaye 


2 


which yields 

















P 1+kMa? = 
2 | ZEE ee oy 
Pi 1+kMa5 
where 
Ma; +2k-1 
Mas = SATANS T 7 ( ) 
2kMa3; /(k-1)-1 
Substituting, 
> 5 > k Kk-1) 
Poo _{ U+kMay;)(2kMa; —k +1) ja (k-1)Ma; /2+1 
P, kMa’ (k+1)-k+3 2kMa; (k-1)-1 
Discussion Similar manipulations of the equations can be performed to get the ratio of other parameters across a shock. 
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Chapter 12 Compressible Flow 
12-146 
Solution Nitrogen entering a converging-diverging nozzle experiences a normal shock. The pressure, temperature, 
velocity, Mach number, and stagnation pressure downstream of the shock are to be determined. The results are to be 
compared to those of air under the same conditions. 


Assumptions 1 Nitrogen is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one- 
dimensional, and isentropic. 3 The nozzle is adiabatic. 


Properties The properties of nitrogen are R = 0.297 kJ/kg-K and k = 1.4. 


Analysis The inlet stagnation properties in this case are identical to the inlet properties since the inlet velocity is 
negligible. Assuming the flow before the shock to be isentropic, 


Po, =P, = 700 kPa 
Ty, =T, =300K shock 


ien Wus g wawe 
ea o aaa N 
T, =T),| —————; | = (300 K)) —————_~ |= 107.1k PTT 


2+(k—-1)Ma? 2+(1.4-1)3? 
(k -1)Ma; ( ) Ma, = 3.0 





and 


k Kk-1) 1.4/0.4 

T, : 

P= rol 2 ) = (700 reaf 2) = 19.06 kPa 
01 


The fluid properties after the shock (denoted by subscript 2) are related to those before the shock through the functions 
listed in Table A-14. For Ma; = 3.0 we read 


=10.333, and 25267 


1 





Ma, = 0.4752 = 0.475, = = 0.32834, 


01 


wj 


Then the stagnation pressure Po, static pressure P>, and static temperature 7>, are determined to be 
Py = 0.32834P5, = (0.32834)(700 kPa) = 230 kPa 
Py =10.333P, = (10.333)(19.06 kPa) = 197 kPa 
T, = 2.679T, = (2.679)(107.1 K) = 287 K 


The velocity after the shock can be determined from V, = Mayc>, where c is the speed of sound at the exit conditions after 
the shock, 





1000 m? /s? 


V, =Ma,c, =Ma,JkRT, = (0.4752) [osoam kJ/kg -K)(287 K| aa 
g 


E m/s 


Discussion For air at specified conditions k = 1.4 (same as nitrogen) and R = 0.287 kJ/kg-K. Thus the only quantity 
which will be different in the case of air is the velocity after the normal shock, which happens to be 161.3 m/s. 
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Chapter 12 Compressible Flow 
12-147 
Solution The diffuser of an aircraft is considered. The static pressure rise across the diffuser and the exit area are to 
be determined. 


Assumptions 1 Air is an ideal gas with constant specific heats at room temperature. 2 Flow through the diffuser is steady, 
one-dimensional, and isentropic. 3 The diffuser is adiabatic. 


Properties Air properties at room temperature are R = 0.287 kJ/kg-K, c, = 1.005 kJ/kg-K, and k = 1.4. 


Analysis The inlet velocity is 





1 2 2 
V, = Ma,c, =M,JkRT, = (0.8) osoz kJ/kg -K)(242.7 [oe = 249.8 m/s 
g 








Then the stagnation temperature and pressure at the diffuser inlet become ee 
v’ 249.8 m/s)? 1 kJ/k AIR 
Ty, =T; oa = 242.7+ a 005 ve K) A 7 2 ) = 273.7K — > 
c . ; : 
P $ = Ma, = 0.8%, Diffuser Ma, =0.3 
kKk-1) 1.4/(1.4-1) 

T, : 
Py = B| + -aripa 2 K) = 62.6 kPa 

T, 242.7K 


For an adiabatic diffuser, the energy equation reduces to ho, = hop. Noting that h = c,T and the specific heats are assumed to 
be constant, we have 


Tp, =To. =Ty = 273.7K 
The isentropic relation between states 1 and 02 gives 


Ti 273.72 K 


kMk-l) 1.4/(1.4-1) 
=n f T, ) f 242.7 K ) 


The exit velocity can be expressed as 











2 2 
V, = Ma,c, = Ma, JkRT, = (0.3) oaoa KJ/kg K) 7 ones - 6.01) 
g 
ve 6.017 T, m/s” 
Thus T, =Ty -—>— = (273.7) ae í n z |= 2689K 
2c, 2(1.005 kJ/kg K) ( 1000 m? /s 


Then the static exit pressure becomes 
kk) 1.4/0.4-1) 
T. 268.9 K 
P, = P| — = (62.61 kPa ee ) = 58.85 kPa 
Toz 273.1 K 


Thus the static pressure rise across the diffuser is 





AP = P, - P, = 58.85- 41.1 =17.8 kPa 
P, 58.85 kPa 








Also, p= = 5 = 0.7626 kg/m? 
RT, (0.287 kPa -m°/kg - K)(268.9 K) 
V> =6.0L/T, =6.01¥268.9 = 98.6 m/s 
Thus A, = -= Si = 0.864 m? 


P2V2 (0.7626 kg/m?)(98.6 m/s) 


Discussion The pressure rise in actual diffusers will be lower because of the irreversibilities. However, flow through 
well-designed diffusers is very nearly isentropic. 
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Chapter 12 Compressible Flow 


12-148 
Solution Helium gas is accelerated in a nozzle isentropically. For a specified mass flow rate, the throat and exit areas 


of the nozzle are to be determined. 


Assumptions 1 Helium is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, 
and isentropic. 3 The nozzle is adiabatic. 
Properties The properties of helium are R = 2.0769 kJ/kg.K, c, = 5.1926 kJ/kg.K, and k = 1.667. 
Analysis The inlet stagnation properties in this case are identical to the inlet properties since the inlet velocity is 
negligible, 

Py, = P, = 1.0 MPa 
The flow is assumed to be isentropic, thus the stagnation temperature 
and pressure remain constant throughout the nozzle, 

Ty = Ty, = 500 K 

Poy = Py; = 1.0 MPa 


The critical pressure and temperature are determined from 














T*= Tf 2 ) = (500 (| =375.0K 
k+l 1.667+1 
2 \kk-D 2 1.667 /(1.667-1) 
P*= A ) = (1.0 mea) = 0.487 MPa 
k+l 1.667+1 
ok 
pat as = 0.625 kg/m? 


RT* (2.0769 kPa- m/kg- K)(375 K) 





1000 m? /s? 


V*® =c*¥= VkRT * = [eneo kJ/kg : K)(375 K| TIK 
g 


=1139.4 m/s 


Thus the throat area is 
m 0.25 kg/s 
p*V* (0.625 kg/m°)(1139.4 m/s) 
At the nozzle exit the pressure is P) = 0.1 MPa. Then the other properties at the nozzle exit are determined to be 
Pie E (tima EN 1.0 MPa E (14 1.667—1 mag) e 
P, 0.1 MPa 2 


It yields May = 2.130, which is greater than 1. Therefore, the nozzle must be converging-diverging. 


Ty =T) Zeo = (500 K) Se =199.0K 
2+(k-1)Ma?2 2+ (1.667 —1)x 2.13 


A*= = 3.51x10*m? =3.51em? 








P. 
p, =—-= 100 = a = 0.242 kg/m? 
RT, (2.0769 kPa-m2/kg - K)(199 K) 
1000 m? /s? 
V, =Ma,c, =Ma,.JkRT, = (2.13), |(1.667)(2.0769 kI/kg - K)(199 K) ee | 2 1768:0 mis 
g 


Thus the exit area is 
m 0.25 kg/s 


A, = = - =5.84x10 m’? = 5.84 cm? 
PV2 (0.242 kg/m? )(1768 m/s) 





Discussion Flow areas in actual nozzles would be somewhat larger to accommodate the irreversibilities. 
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Chapter 12 Compressible Flow 
12-149E 
Solution Helium gas is accelerated in a nozzle. For a specified mass flow rate, the throat and exit areas of the nozzle 
are to be determined for the cases of isentropic and 97% efficient nozzles. 


Assumptions 1 Helium is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, 
and isentropic. 3 The nozzle is adiabatic. 


Properties The properties of helium are R = 0.4961 Btu/lbm-R = 2.6809 psia-ft*/Ibm-R, Cp = 1.25 Btu/Ibm-R, and k = 
1.667. 
Analysis The inlet stagnation properties in this case are identical to the inlet properties since the inlet velocity is 
negligible, 

To, =T, =900R 

Py, = FP, =150 psia 
The flow is assumed to be isentropic, thus the stagnation temperature 
and pressure remain constant throughout the nozzle, 

Thy = Ty, = 900 R 

Poy = Py; = 150 psia 





The critical pressure and temperature are determined from 


T* = nfz 2 -) = (900 o =674.9R 
+ .667 + 


9 \kME-D 1.667 /(1.667-1) 
P¥= aly E 7 = (150 psia( ) 








EEE =73.1 psia 
1.667 +1 
` , 
pat ia pag = 0.0404 1bm/ft? 
RT* — (2.6809 psia -ft?/Ibm - R)(674.9 R) 





25,037 ft? /s” 


V*¥ = c* = VkRT * = _|(1.667)(0.4961 Btu/lbm - R)(674.9 R) 
1 Btu/lbm 


= 3738 ft/s 


ai | AS Geis = 0.00132 ft? 


p*V* (0.0404 1bm/ft? )(3738 ft/s) 
At the nozzle exit the pressure is P, = 15 psia. Then the other properties at the nozzle exit are determined to be 
kKk-l) : 1.667/0.667 
k-1 150 1.667-1 
Po (1E mah) > ii = Ma} 
P2 15 psia 








2 
It yields Ma, = 2.130, which is greater than 1. Therefore, the nozzle must be converging-diverging. 


Ty =T) A = (900 R) ee = 358.1R 
2+(k-1)Ma?2 2+ (1.667 -1)x 2.13 


P, 15 psia 


= ; = 0.0156 1bm/ft? 
RT, (2.6809 psia - ft?/lbm - R)(358.1 R) 





P2 = 


25,037 ft? /s? 


V, =Ma,c, =Ma,./kRT, =(2.13)_|(1.667)(0.4961 Btu/lbm - R)(358.1R 
2 2C2 2 ART, = (2.13), }( X( X f do 


) = 5800 ft/s 


Thus the exit area is 
m _ 0.2 lbm/s 


2= 5 = 0.00221 ft? 
P2V2 (0.0156 Ibm/ft* )X(5800 ft/s) 





Discussion Flow areas in actual nozzles would be somewhat larger to accommodate the irreversibilities. 
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12-150 [Also solved using EES on enclosed DVD] 


Solution 


and tabulated as in Table A-13 for an ideal gas with k = 1.667. 


Properties 
Analysis 


2+(k—1)Ma 
k I(k-1) 
P 
Z (rE m? | 
1 
7 (14M? ) 
k=1.667 
PPO=(1+(k-1)*M42/2)4(-k/(k-1)) 


TT0=1/(1+(k-1)*M“2/2) 
DDO=(1+(k-1)*M42/2)4(-1/(k-1)) 





Po 


a 
A. Ma 


The specific heat ratio of the ideal gas is given to be k = 1.667. 


Chapter 12 Compressible Flow 


Using the compressible flow relations, the one-dimensional compressible flow functions are to be evaluated 


The compressible flow functions listed below are expressed in EES and the results are tabulated. 


0.5(k+1) /(k-1) 
2 
i a *Ma*) 
k+1 2 


k-1 —1/(k-1) 
P -(! + > Ma i 
































Mcr=M*SQRT((k+1)/(2+(k-1)*M^2)) 
AAcr=((2/(k+1))*(1+0.5*(k-1)*M^2))^(0.5*(k+1)/(k-1))/M 
Ma Ma AIA” PIPo Plpo TITo 
0.0 0 œ 1.0000 1.0000 1.0000 
0.1 0.1153 5.6624 0.9917 0.9950 0.9967 
0.2 0.2294 2.8879 0.9674 0.9803 0.9868 
0.3 0.3413 1.9891 0.9288 0.9566 0.9709 
0.4 0.4501 1.5602 0.8782 0.9250 0.9493 
0.5 0.5547 1.3203 0.8186 0.8869 0.9230 
0.6 0.6547 1.1760 0.7532 0.8437 0.8928 
0.7 0.7494 1.0875 0.6850 0.7970 0.8595 
0.8 0.8386 1.0351 0.6166 0.7482 0.8241 
0.9 0.9222 1.0081 0.5501 0.6987 0.7873 
1.0 1.0000 1.0000 0.4871 0.6495 0.7499 
1.2 1.1390 1.0267 0.3752 0.5554 0.6756 
1.4 1.2572 1.0983 0.2845 0.4704 0.6047 
1.6 1.3570 1.2075 0.2138 0.3964 0.5394 
1.8 1.4411 1.3519 0.1603 0.3334 0.4806 
2.0 1.5117 1.5311 0.1202 0.2806 0.4284 
2.2 1.5713 1.7459 0.0906 0.2368 0.3825 
2.4 1.6216 1.9980 0.0686 0.2005 0.3424 
2.6 1.6643 2.2893 0.0524 0.1705 0.3073 
2.8 1.7007 2.6222 0.0403 0.1457 0.2767 
3.0 1.7318 2.9990 0.0313 0.1251 0.2499 
5.0 1.8895 9.7920 0.0038 0.0351 0.1071 
oc 1.9996 œ 0 0 0 
Discussion The tabulated values are useful for quick calculations, but be careful — 


of k, in this case k = 1.667. 


they apply only to one specific value 
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Chapter 12 Compressible Flow 
12-151 [Also solved using EES on enclosed DVD] 


Solution Using the normal shock relations, the normal shock functions are to be evaluated and tabulated as in Table 
A-14 for an ideal gas with k = 1.667. 


Properties The specific heat ratio of the ideal gas is given to be k = 1.667. 








Analysis The normal shock relations listed below are expressed in EES and the results are tabulated. 
(k-1)Ma; +2 P, 1+kMa; 2kMa; -k+1 
22 VW 2KMa? —k +1 P, l+kMa? k+l 
T, 2+Ma?(k-1) p> P,IP, (k+l)Maz V, 
T, 2+Ma?k-1) Pi T iT, 2+(k-DMa? Vz’ 


k+1 
Po. _ Ma, | 1+Ma3(k-1)/2 |26-) 
Py, Ma, | 1+Maz(k—-1)/2 





Poo _ (1+ kMa? )[1+Ma3(k—-1)/2]**? 
fi 1+kMa3 





k=1.667 

My=SQRT((Mx’2+2/(k-1))/(2*Mx*2*k/(k-1)-1)) 
PyPx=(1+k*Mx‘2)/(1+k*My*2) 
TyTx=(1+Mx*2*(k-1)/2)/(1+My*2*(k-1)/2) 

RyRx=PyPx/TyTx 

POyPOx=(Mx/My)*((1+My*2*(k-1)/2)/(1 +Mx*2*(k-1)/2))*(0.5*(k+1)/(k-1)) 
POyPx=(1+k*Mx‘2)*(1+My*2*(k-1)/2)4(k/(kK-1))/(1+k*My’2) 























Ma, Ma, P/P; Pİ pı T/T; Poz/Po1 Poz/P: 
1.0 1.0000 1.0000 1.0000 1.0000 1 2.0530 
1.1 0.9131 1.2625 1.1496 1.0982 0.999 2.3308 
1.2 0.8462 1.5500 1.2972 1.1949 0.9933 2.6473 
1.3 0.7934 1.8626 1.4413 1.2923 0.9813 2.9990 
1.4 0.7508 2.2001 1.5805 1.3920 0.9626 3.3838 
1.5 0.7157 2.5626 1.7141 1.4950 0.938 3.8007 
1.6 0.6864 2.9501 1.8415 1.6020 0.9085 4.2488 
1.7 0.6618 3.3627 1.9624 1.7135 0.8752 4.7278 
1.8 0.6407 3.8002 2.0766 1.8300 0.8392 5.2371 
1.9 0.6227 4.2627 2.1842 1.9516 0.8016 5.7767 
2.0 0.6070 4.7503 2.2853 2.0786 0.763 6.3462 
2.1 0.5933 5.2628 2.3802 2.2111 0.7243 6.9457 
2.2 0.5814 5.8004 2.4689 2.3493 0.6861 7.5749 
2.3 0.5708 6.3629 2.5520 2.4933 0.6486 8.2339 
2.4 0.5614 6.9504 2.6296 2.6432 0.6124 8.9225 
2.5 0.5530 7.5630 2.7021 2.7989 0.5775 9.6407 
2.6 0.5455 8.2005 2.7699 2.9606 0.5442 10.3885 
2.7 0.5388 8.8631 2.8332 3.1283 0.5125 11.1659 
2.8 0.5327 9.5506 2.8923 3.3021 0.4824 11.9728 
2.9 0.5273 10.2632 2.9476 3.4819 0.4541 12.8091 
3.0 0.5223 11.0007 2.9993 3.6678 0.4274 13.6750 
4.0 0.4905 19.7514 3.3674 5.8654 0.2374 23.9530 
5.0 0.4753 31.0022 3.5703 8.6834 0.1398 37.1723 
00 0.4473 00 3.9985 oo 0 00 














Discussion The tabulated values are useful for quick calculations, but be careful — they apply only to one specific value 
of k, in this case k = 1.667. 
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Chapter 12 Compressible Flow 


12-152 
Solution The critical temperature, pressure, and density of an equimolar mixture of oxygen and nitrogen for specified 
stagnation properties are to be determined. 


Assumptions Both oxygen and nitrogen are ideal gases with constant specific heats at room temperature. 


Properties The specific heat ratio and molar mass are k = 1.395 and M = 32 kg/kmol for oxygen, and k = 1.4 and M = 
28 kg/kmol for nitrogen. 


Analysis The gas constant of the mixture is 


Mn =Yo,Mo, + Yv,My, =0.5% 32 + 0.528 =30 kg/kmol 


R 8.314 kJ/kmol-K 
R,, =—— = ———_ = 0.2771 kJ/kg:K 
M 30 kg/kmol 


m 


The specific heat ratio is 1.4 for nitrogen, and nearly 1.4 for oxygen. Therefore, the specific heat ratio of the mixture is also 
1.4. Then the critical temperature, pressure, and density of the mixture become 


reat 2 -)- 00K (2) =667 K 
+ A+ 


2 NEED 
P* = P, (4) = (500 kraf 
+ 


pe 264 kPa 
RT* (0.2771 kPa-m*/kg -K)(667 K) 








1.4/0.4-1) 
= 264 kPa 
1.441 





p= =1.43 kg/m? 


Discussion If the specific heat ratios k of the two gases were different, then we would need to determine the k of the 
mixture from k = C,, /C,,m where the specific heats of the mixture are determined from 


Com =Mfo,C,o0, +mMfy,Co.n, =W0,Mo, /Mm)Cp0, + n,M in, (Mm dC pn, 

Cym =Mfo, Cro, + Mf y, Crn, =O0,M 0, 1M m)Cro, + On, My, (Mm dC, 
where mf is the mass fraction and y is the mole fraction. In this case it would give 

C p,m = (0.5 x 32/30) x 0.918 + (0.5 x 28 / 30) x 1.039 = 0.974 kJ/kg.K 

Com = (0.5 x 32/30) x 0.658 + (0.5 x 28 / 30) x 0.743 = 0.698 kJ/kg.K 


and 
k = 0.974/0.698 = 1.40 
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Chapter 12 Compressible Flow 


12183 


Solution Using EES (or other) software, the shape of a converging-diverging nozzle is to be determined for specified 
flow rate and stagnation conditions. The nozzle and the Mach number are to be plotted. 


Assumptions 1 Air is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady, one-dimensional, and 
isentropic. 3 The nozzle is adiabatic. 





Properties The specific heat ratio of air at room temperature is 1.4. 
Analysis The problem is solved using EES, and the results are tabulated and plotted below. 
k=1.4 
Cp=1.005 "kJ/kg.K" “tT 7- 7°. if 7 7 =< T= 
R=0.287 "kJ/kg.K" 
P0=1400 "kPa" 
T0=200+273 "K" 2 
m=3 "kg/s" 
rho_O0=P0/(R*TO) 
rho=P/(R*T) as 





T=T0*(P/P0)((k-1)/k) 

























































































V=SQRT(2*Cp*(T0O-T)*1000) Š F | 
A=m/(rho*V)*10000 "cm2" 
C=SQRT(k*R*T*1000) f 
Ma=V/C 
0.5 
Pressure Flow area Mach number 
P,kPa A, cm? Ma 
1400 æ 0 ð 
1350 30.1 0.229 0 200 400 600 800 1000 1200 1400 
1300 21.7 0.327 P, kPa 
1250 18.1 0.406 
1200 16.0 0.475 
1150 14.7 0.538 
1100 13.7 0.597 sô 
1050 13.0 0.655 [ 
1000 12.5 0.710 45 
950 12.2 0.766 
900 11.9 0.820 io 
850 11.7 0.876 
800 11.6 0.931 
750 11.5 0.988 = 
700 11.5 1.047 ni 
650 11.6 1.107 £ 30 
600 11.8 1.171 < 
550 12.0 1.237 v 25 
500 12.3 1.308 £ j 
450 12.8 1.384 z 20 
400 13.3 1.467 2 i 
350 14.0 1.559 L 45 
300 15.0 1.663 
200 18.3 1.929 0 200 400 600 800 1000 1200 1400 
150 21.4 2.114 P, kPa 
100 27.0 2.373 














Discussion The shape is not actually to scale since the horizontal axis is pressure rather than distance. If the pressure 
decreases linearly with distance, then the shape would be to scale. 
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Chapter 12 Compressible Flow 


12-154 


Solution Using the compressible flow relations, the one-dimensional compressible flow functions are to be evaluated 
and tabulated as in Table A-13 for air. 
Properties The specific heat ratio is given to be k = 1.4 for air. 
Analysis The compressible flow functions listed below are expressed in EES and the results are tabulated. 
0.5(k+1) (k-1) 
Ma“ = Ma EE. ia N A Eme) 
2+(k-1)Ma A Maj|\k+1 2 
_ -k k=l) = -1/(k-1) 
2 (1 EmMa? ) Lohit Ema? ) 
Po 2 Po 2 
-1 
T = (i + k-1 Ma 2 ) 
Air: 
k=1.4 


PPO=(1+(k-1)*M42/2)4(-k/(k-1)) 

TT0=1/(1+(k-1)*M42/2) 

DDO=(1+(k-1)*M4%2/2)4(-1/(k-1)) 

Mcr=M*SQRT ((k+1)/(2+(k-1)*M2)) 
AAcr=((2/(k+-1))*(14+0.5*(k-1)*M2))4(0.5*(k+1)/(k-1))/M 





























Ma Ma AIA PIP plpo TITo 

1.0 1.0000 1.0000 0.5283 0.6339 0.8333 
1.5 1.3646 1.1762 0.2724 0.3950 0.6897 
2.0 1.6330 1.6875 0.1278 0.2300 0.5556 
2.5 1.8257 2.6367 0.0585 0.1317 0.4444 
3.0 1.9640 4.2346 0.0272 0.0762 0.3571 
3.5 2.0642 6.7896 0.0131 0.0452 0.2899 
4.0 2.1381 10.7188 0.0066 0.0277 0.2381 
4.5 2.1936 16.5622 0.0035 0.0174 0.1980 
5.0 2.2361 25.0000 0.0019 0.0113 0.1667 
5.5 2.2691 36.8690 0.0011 0.0076 0.1418 
6.0 2.2953 53.1798 0.0006 0.0052 0.1220 
6.5 2.3163 75.1343 0.0004 0.0036 0.1058 
7.0 2.3333 104.1429 0.0002 0.0026 0.0926 
7.5 2.3474 141.8415 0.0002 0.0019 0.0816 
8.0 2.3591 190.1094 0.0001 0.0014 0.0725 
8.5 2.3689 251.0862 0.0001 0.0011 0.0647 
9.0 2.3772 327.1893 0.0000 0.0008 0.0581 
9.5 2.3843 421.1314 0.0000 0.0006 0.0525 
10.0 2.3905 535.9375 0.0000 0.0005 0.0476 





Discussion The tabulated values are useful for quick calculations, but be careful — they apply only to one specific value 
of k, in this case k = 1.4. 
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Chapter 12 Compressible Flow 


12185 


Solution Using the compressible flow relations, the one-dimensional compressible flow functions are to be evaluated 
and tabulated as in Table A-13 for methane. 
Properties The specific heat ratio is given to be k = 1.3 for methane. 
Analysis The compressible flow functions listed below are expressed in EES and the results are tabulated. 
0.5(k+1) (k-1) 
x k+1 A 1 2 k-1 
ise A. 12 itn) 
2+(k—-1)Ma A Ma|\k+1 2 
_ -k k=l) = -1/(k-1) 
Z (144 ta?) £.-(1+4=1Ma | 
Po 2 Po 2 
-1 
T = (i + k-1 Ma 2 ) 
Methane: 
k=1.3 


PPO=(1+(k-1)*M42/2)4(-k/(k-1)) 

TT0=1/(1+(k-1)*M42/2) 

DDO=(1+(k-1)*M42/2)4(-1/(k-1)) 

Mcr=M*SQRT ((k+1)/(2+(k-1)*M2)) 
AAcr=((2/(k+-1))*(14+0.5*(k-1)*M2))4(0.5*(k+1)/(k-1))/M 





F F 


























Ma Ma AIA PIP, Alp TIT, 

1.0 1.0000 1.0000 0.5457 0.6276 0.8696 
1.5 1.3909 1.1895 0.2836 0.3793 0.7477 
2.0 1.6956 1.7732 0.1305 0.2087 0.6250 
2.5 1.9261 2.9545 0.0569 0.1103 0.5161 
3.0 2.0986 5.1598 0.0247 0.0580 0.4255 
3.5 2.2282 9.1098 0.0109 0.0309 0.3524 
4.0 2.3263 15.9441 0.0050 0.0169 0.2941 
4.5 2.4016 27.3870 0.0024 0.0095 0.2477 
5.0 2.4602 45.9565 0.0012 0.0056 0.2105 
5.5 2.5064 75.2197 0.0006 0.0033 0.1806 
6.0 2.5434 120.0965 0.0003 0.0021 0.1563 
6.5 2.5733 187.2173 0.0002 0.0013 0.1363 
7.0 2.5978 285.3372 0.0001 0.0008 0.1198 
7.5 2.6181 425.8095 0.0001 0.0006 0.1060 
8.0 2.6350 623.1235 0.0000 0.0004 0.0943 
8.5 2.6493 895.5077 0.0000 0.0003 0.0845 
9.0 2.6615 1265.6040 0.0000 0.0002 0.0760 
9.5 2.6719 1761.2133 0.0000 0.0001 0.0688 
10.0 2.6810 2416.1184 0.0000 0.0001 0.0625 





Discussion The tabulated values are useful for quick calculations, but be careful — they apply only to one specific value 
of k, in this case k = 1.3. 
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Chapter 12 Compressible Flow 


12-156 








Solution Using the normal shock relations, the normal shock functions are to be evaluated and tabulated as in Table 
A-14 for air. 
Properties The specific heat ratio is given to be k = 1.4 for air. 
Analysis The normal shock relations listed below are expressed in EES and the results are tabulated. 

Ma, = [k-DMa? +2 P, 1l+kMa? 2kMaf-k+1 

2kMa? -k +1 P, 1+kMaż k+1 
T, _2+Maj;(k-1) Pr, PIP _  (k+DMa? V 
T, 2+Ma2(k-1) Pi T/T, 2+(k—-1)Ma2 V>”’ 


k+l 
Py, _ Ma, ewer 


Py, May | 1+Ma?(k-1)/2 





Pa (1+ kMa?)[1+Ma3(k —1)/2]**-? 
Pi 1+kMa2 








Air: 
k=1.4 
My=SQRT((Mx’2+2/(k-1))/(2*Mx*2*k/(k-1)-1)) 
PyPx=(1+k*Mx‘2)/(1+k*My‘2) 
TyTx=(1+Mx2*(k-1)/2)/(1+My*2*(k-1)/2) 
RyRx=PyPx/TyTx 
POyPOx=(Mx/My)*((1+My*2*(k-1)/2)/(1 +Mx*2*(k-1)/2))*(0.5*(k+1)/(k-1)) 
POyPx=(1+k*Mx‘’2)*(1+My*2*(k-1)/2)4(k/(kK-1))/(1+k*My’2) 
































Ma, Ma, P/P; PĠlpı T/T; Poz/Po1 Poz/P: 
1.0 1.0000 1.0000 1.0000 1.0000 1 1.8929 
1.5 0.7011 2.4583 1.8621 1.3202 0.9298 3.4133 
2.0 0.5774 4.5000 2.6667 1.6875 0.7209 5.6404 
2.5 0.5130 7.1250 3.3333 2.1375 0.499 8.5261 
3.0 0.4752 10.3333 3.8571 2.6790 0.3283 12.0610 
3.5 0.4512 14.1250 4.2609 3.3151 0.2129 16.2420 
4.0 0.4350 18.5000 4.5714 4.0469 0.1388 21.0681 
4.5 0.4236 23.4583 4.8119 4.8751 0.0917 26.5387 
5.0 0.4152 29.0000 5.0000 5.8000 0.06172 32.6535 
5.5 0.4090 35.1250 5.1489 6.8218 0.04236 39.4124 
6.0 0.4042 41.8333 5.2683 7.9406 0.02965 46.8152 
6.5 0.4004 49.1250 5.3651 9.1564 0.02115 54.8620 
7.0 0.3974 57.0000 5.4444 10.4694 | 0.01535 63.5526 
75 0.3949 65.4583 5.5102 11.8795 | 0.01133 72.8871 
8.0 0.3929 74.5000 5.5652 13.3867 | 0.008488 | 82.8655 
8.5 0.3912 84.1250 5.6117 14.9911 | 0.006449 | 93.4876 
9.0 0.3898 94.3333 5.6512 16.6927 | 0.004964 | 104.7536 
9.5 0.3886 105.1250 5.6850 18.4915 | 0.003866 | 116.6634 
10.0 0.3876 116.5000 5.7143 20.3875 | 0.003045 | 129.2170 





Discussion The tabulated values are useful for quick calculations, but be careful — they apply only to one specific value 
of k, in this case k = 1.4. 
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Chapter 12 Compressible Flow 


1287 


Solution Using the normal shock relations, the normal shock functions are to be evaluated and tabulated as in Table 
A-14 for methane. 








Properties The specific heat ratio is given to be k = 1.3 for methane. 
Analysis The normal shock relations listed below are expressed in EES and the results are tabulated. 
Ma, = [k-DMa? +2 P, _1+kMaj _ 2kMa; -k+1 
2kMa? -k +1 P, 1+kMaż k+1 
T, 2+Ma?(k-1) pP PIP, (k+)Ma? V 
T,  2+Maz(k-1) Pi TIT, 2+(k-DMa? Vz’ 


k+l 
Py, _ Ma, ewer 


Py, May | 1+Ma?(k-1)/2 





Pa (1+ kMa?)[1+Ma3(k —1)/2]**-? 
Pi 1+kMa2 








Methane: 
k=1.3 
My=SQRT((Mx’2+2/(k-1))/(2*Mx*2*k/(k-1)-1)) 
PyPx=(1+k*Mx‘2)/(1+k*My’2) 
TyTx=(1+Mx2*(k-1)/2)/(1+My*2*(k-1)/2) 
RyRx=PyPx/TyTx 
POyPOx=(Mx/My)*((1+My%2*(k-1)/2)/(1+Mx*2*(k-1)/2))4(0.5*(k+1)/(k-1)) 
POyPx=(1+k*Mx42)*(1+My*2*(k-1)/2)4(k/(k-1))/(1+k*My*2) 
































Ma, Ma, P/P; PĠlpı T/T; Po2/Po Poz/P: 
1.0 1.0000 1.0000 1.0000 1.0000 1 1.8324 
1.5 0.6942 2.4130 1.9346 1.2473 0.9261 3.2654 
2.0 0.5629 4.3913 2.8750 1.5274 0.7006 5.3700 
2.5 0.4929 6.9348 3.7097 1.8694 0.461 8.0983 
3.0 0.4511 10.0435 4.4043 2.2804 0.2822 11.4409 
3.5 0.4241 13.7174 4.9648 2.7630 0.1677 15.3948 
4.0 0.4058 17.9565 5.4118 3.3181 0.09933 19.9589 
4.5 0.3927 22.7609 5.7678 3.9462 0.05939 25.1325 
5.0 0.3832 28.1304 6.0526 4.6476 0.03613 30.9155 
5.5 0.3760 34.0652 6.2822 5.4225 0.02243 37.3076 
6.0 0.3704 40.5652 6.4688 6.2710 0.01422 44.3087 
6.5 0.3660 47.6304 6.6218 7.1930 | 0.009218 | 51.9188 
7.0 0.3625 55.2609 6.7485 8.1886 | 0.006098 | 60.1379 
7.5 0.3596 63.4565 6.8543 9.2579 | 0.004114 | 68.9658 
8.0 0.3573 72.2174 6.9434 10.4009 | 0.002827 | 78.4027 
8.5 0.3553 81.5435 7.0190 11.6175 | 0.001977 | 88.4485 
9.0 0.3536 91.4348 7.0837 12.9079 | 0.001404 | 99.1032 
9.5 0.3522 101.8913 7.1393 14.2719 | 0.001012 | 110.367 
10.0 0.3510 112.9130 7.1875 15.7096 | 0.000740 | 122.239 





Discussion The tabulated values are useful for quick calculations, but be careful — they apply only to one specific value 
of k, in this case k = 1.3. 
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Chapter 12 Compressible Flow 
12-158 
Solution Air enters a constant-area adiabatic duct at a specified state, and leaves at a specified pressure. The mass 
flow rate of air, the exit velocity, and the average friction factor are to be determined. 







Po = 100 kPa 
To = 300 K 


Assumptions 1 The assumptions associated with Fanno flow (i.e., steady, frictional flow of an ideal gas with constant 
properties through a constant cross-sectional area adiabatic duct) are valid. 2 The friction factor is constant along the duct. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. The friction factor is 
given to be f= 0.025. 


Analysis Noting that the flow in the nozzle section is isentropic, the Mach number, thermodynamic temperature, and 
density at the tube inlet become 


1.4-1 





k-1 —k /(k-1) -1.4/0.4 
P= Pal 1+ "Mai | —> 97kPa = (100 kPa(1+ Ma} —> Ma, =0.2091 


-1 
Da (0.209 n?) = 297.4 K 


-1 
T, = Ta(1+47 ma?) = (300 K(i 





P, 97 kPa 


L 156 ei” 
RT, (0.287 KJ/kgK)(297.4 K) 


Pı = 


Then the inlet velocity and the mass flow rate become 





1000 m° /s? 


c, = JkRT, = [o nozsrane warar T 


) = 345.7 m/s 
V, = Ma,c, =0.2091(345.7 m/s) = 72.3 m/s 


lita = PAV, = 1-136 kg/m? )[7(0.03 m)” /4](72.3 m/s) = 0.0581 kg/s 


The Fanno flow functions corresponding to the inlet Mach number are, from Table A-16, 





Ma, = 0.2091: (fL'/D;,); =13.095 T/T =1.1896, P\/P’ =5.2173, V/V’ =0.2280 
Therefore,P, = 5.2173P . Then the Fanno function P,/P’ becomes 
a _ P, _ 5.2173(55 kPa) _ 2.9583 
P P5273 97 kPa 
The corresponding Mach number and Fanno flow functions are, from Table A-16, 
Ma, = 0.3655, (FLID) = 3.0420, and V/V“ =0.3951. 


Then the air velocity at the duct exit and the average friction factor become 


V,_V,/V" _ 0.3951 











- =1.7329 > V, =1.7329V, =1.7329(72.3 m/s) =125 mis 
Vv, V/V 0.2280 
Eo ogi i * \D : 
L=L -L= fai _ fla |a > 2m = (13.095 -3.042) 203m — f=0.151 
D, D, J 


Discussion Note that the mass flow rate and the average friction factor can be determined by measuring static pressure, 
as in incompressible flow. 
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12-159 


Solution Supersonic airflow in a constant cross-sectional area adiabatic duct is considered. For a specified exit Mach 
number, the temperature, pressure, and velocity at the duct exit are to be determined. 





Assumptions 1 The assumptions associated with Fanno flow (i.e., steady, frictional flow of an ideal gas with constant 
properties through a constant cross-sectional area adiabatic duct) are valid. 2 The friction factor remains constant along the 
duct. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. The average friction 
factor is given to be f= 0.03. 


Analysis The inlet velocity is 


1000 m? /s? 


= /kRT, =_|(1.4)(0.287 kJ/kg -K)(250K 
cy I (1.4)( gK) | Iki/kg 


) = 316.9 m/s 


Vi = Ma,c, =2.2(316.9 m/s) = 697.3 m/s 
The Fanno flow functions corresponding to the inlet and exit Mach numbers are, from Table A-16, 


Ma, = 2.2: LID) = 0.3609 T/T =0.6098, P,/P*=0.3549, V/V“ =1.7179 
Ma, = 1.8: (fL'/D))2 = 0.2419 T/T =0.7282, P./P° =0.4741, V/V’ = 1.5360 


Then the temperature, pressure, and velocity at the duct exit are determined to be 


T, T,/T* _ 0.7282 














2 -= =1.1942 > T, =1.1942T, =1.1942(250 K) = 299 K 

Ti T,/T* 0.6098 

P, P,/P* 04741 

2- -= : =1,3359 > P, =1.3359P, =1.3359(80 kPa) = 107 kPa 
P, P /P* 0.3549 

V, WIV" ı. 

2a Aea gyi —> V, =0.8941V, =0.8941(697.3 m/s) = 623 m/s 








V, V/V" 1.7179 


Discussion The duct length is determined to be 


fi _ flo 
D, D, 


0.04 m 
0.03 





* * D 
L=L,-L, -f |2- 03609-02419) =0.16m 
Note that it takes a duct length of only 0.16 m for the Mach number to decrease from 2.2 to 1.8. The maximum (or sonic) 
duct lengths at the inlet and exit states in this case are L? = 0.48 mand L, = 0.32 m. Therefore, the flow would reach sonic 
conditions if a 0.32-m long section were added to the existing duct. 
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Solution Air flowing at a supersonic velocity in a duct is accelerated by cooling. For a specified exit Mach number, 
the rate of heat transfer is to be determined. 


Assumptions The assumptions associated with Rayleigh flow (..e., 
steady one-dimensional flow of an ideal gas with constant properties 
through a constant cross-sectional area duct with negligible frictional 
effects) are valid. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 
kJ/kg-K, and R = 0.287 kJ/kg-K. 





Analysis Knowing stagnation properties, the static properties are 
determined to be 


-1 
— 12°) =271.7K 





-1 
T, = Tul 1+“ Ma? | = (350% 14 


k-1 —k/(k-1) 1.4-1 -1.4/0.4 
P = Pa(1 = maż ) = (240 eaf 11411.22) =98.97 kPa 


P 97 KP 
p =-= oe = 1.269 kg/m? 


RT, (0.287 KJ/kgK)(271.7 K) 





Then the inlet velocity and the mass flow rate become 





1000 m2 /s” 


= 330.4 m/s 
kJ/kg 


c, = JkRT, = osoa kJ/kg -K)(271.7 K| 
V, = Ma,c, =1.2(330.4 m/s) = 396.5 m/s 
fhair = PAV, = (1.269 kg/m? [z (0.20 m)? /41(396.5 m/s) = 15.81 kg/s 


The Rayleigh flow functions Ty/T) corresponding to the inlet and exit Mach numbers are (Table A-15): 
Ma; = 1.8: To/To = 0.9787 
Ma.=2: — Ty/Ty = 0.7934 
Then the exit stagnation temperature is determined to be 
Ton _To/To _ 0.7934 


= = = 0.8107 —> Tp) =0.8107Tp, = 0.8107(350 K) = 283.7 K 
Ty. Tell 0.9787 








Finally, the rate of heat transfer is 
Q= m,,C, (To -Ta ) =(15.81 kg/s) (1.005 kJ/kg - K)(283.7 -350) K = -1053 kW = -1050 kW 
Discussion The negative sign confirms that the gas needs to be cooled in order to be accelerated. Also, it can be shown 


that the thermodynamic temperature drops to 158 K at the exit, which is extremely low. Therefore, the duct may need to be 
heavily insulated to maintain indicated flow conditions. 
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Solution Air flowing at a subsonic velocity in a duct is accelerated by heating. The highest rate of heat transfer 
without affecting the inlet conditions is to be determined. 


Assumptions 1 The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 2 Inlet 
conditions (and thus the mass flow rate) remain constant. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. 








Analysis Heat transfer will stop when the flow is choked, and thus Ma) = V2/c2 = 1. The inlet density and stagnation 
temperature are Ò 
P, 
p= a ——  400kPa = 3.871 kg/m? 
RT, (0.287 kJ/kgK)(360 K) 
i A Tı = 360K Ma, = 
Toi =1,(1+4*Maj |= (360K,{1+ 04? ]=371.5K — SEs 


Then the inlet velocity and the mass flowrate become eases eee! 








2 2 
c, = fkRT, = [oaoa kJ/kg - K)(360 ofm) = 380.3 m/s 
g 


V, = Mac, = 0.4(380.3 m/s) = 152.1 m/s 
lita, = Pi AaV, = 3.871 kg/m? )(0.1x 0.1m” (152.1 m/s) = 5.890 kg/s 


The Rayleigh flow functions corresponding to the inlet and exit Mach numbers are To/Tọ = 1 (since Ma, = 1). 


To, _(k+1)Ma{ [2+(k-1)Ma?] (1.4+1)0.4°[2+(1.4-1)0.4°] 





= = 0.5290 
To (1+ kMa?)? (14+1.4x0.47)? 
Therefore, 
Ty To ITs 1 








_ > Ty =T; /0.5290 = (371.5 K)/0.5290 = 702.3 K 
Toi Toi ITo 0.5290 


Then the rate of heat transfer becomes 


Ò = ric, (Ta — Ty ) = (5-890 kg/s)(1.005 kJ/kg -K )(702.3-371.5) K =1958 kW = 1960 kW 


Discussion It can also be shown that T, = 585 K, which is the highest thermodynamic temperature that can be attained 
under stated conditions. If more heat is transferred, the additional temperature rise will cause the mass flow rate to decrease. 
We can also solve this problem using the Rayleigh function values listed in Table A-15. 
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Solution Helium flowing at a subsonic velocity in a duct is accelerated by heating. The highest rate of heat transfer 
without affecting the inlet conditions is to be determined. 


Assumptions 1 The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 2 Inlet 
conditions (and thus the mass flow rate) remain constant. 


Properties We take the properties of helium to be k = 1.667, c, = 5.193 kJ/kg-K, and R = 2.077 kJ/kg-K. 








Analysis Heat transfer will stop when the flow is choked, and thus Ma) = V2/c2 = 1. The inlet density and stagnation 
temperature are Ò 
P 400 kP 
p === ue = 0.5350 kg/m? 
RT, (2.077 kJ/kgK)(360 K) 
T, = 360K Mao = | 
k-1,, 9 1.667-12 ) i pee 
To, =T,| 1+— May |= (360 K)| 1+ ———0.4° | =379.2K 
i Í 2o) ) i { 2 con 
Ma, = 0.4 


Then the inlet velocity and the mass flow rate become 








1000 m2 /s” 


= /kRT, = .|(1.667)(2.077 kJ/kg - K)(360 K 
Cy = JkRT, \ )( g-K)( f Tki/kg 


=1116 m/s 
V, =Ma,c, =0.4(1116 m/s) = 446.6 m/s 
lita. = Py AcV, = (0.5350 kg/m? )(0.1x 0.1m? )(446.6 m/s) = 2.389 kg/s 


The Rayleigh flow functions corresponding to the inlet and exit Mach numbers are Tp,/T) = 1 (since Map = 1) 


Ty, _ (k+1)Ma?[2+(k-1)Maz]  (1.667+1)0.47[2+ (1.667 -1)0.47] 


l — — = 0.5603 
To (1+kMa?) (1+ 1.667 x 0.47) 





Therefore, 


Ta Talt 1 
02- = > T =T, /0.5603 = (379.2 K) / 0.5603 = 676.8 K 
Toi T/T 0.5603 








Then the rate of heat transfer becomes 


Ò = rita € (Toy —Tp,) = (2.389 kg/s)(5.193 kJ/kg K)(676.8 - 379.2) K = 3690 kW 


Discussion It can also be shown that T, = 508 K, which is the highest thermodynamic temperature that can be attained 
under stated conditions. If more heat is transferred, the additional temperature rise will cause the mass flow rate to decrease. 
Also, in the solution of this problem, we cannot use the values of Table A-15 since they are based on k= 1.4. 
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Solution Air flowing at a subsonic velocity in a duct is accelerated by heating. For a specified exit Mach number, the 
heat transfer for a specified exit Mach number as well as the maximum heat transfer are to be determined. 


Assumptions 1 The assumptions associated with Rayleigh flow (ie., q 
steady one-dimensional flow of an ideal gas with constant properties 
through a constant cross-sectional area duct with negligible frictional 
effects) are valid. 2 Inlet conditions (and thus the mass flow rate) 
remain constant. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 
kJ/kg-K, and R = 0.287 kJ/kg-K. 








Analysis The inlet Mach number and stagnation temperature are 
2462 
cı =4kRT, = ,|(1.4)(0.287 kJ/kg -K)(400 K) ee |= 400.9 m/s 
1kJ/kg 
V 
Magra Ca OOiS iga 
cı 400.9 m/s 


1.4 
2 


Ty = nft Mai | = (400 ofis 





= 0.2494 | = 405.0K 


The Rayleigh flow functions corresponding to the inlet and exit Mach numbers are (Table A-15): 


Ma, = 0.2494: To/T = 0.2559 
Ma) = 0.8: ToT = 0.9639 


Then the exit stagnation temperature and the heat transfer are determined to be 


Ty, To /T* _ 0.9639 


Tyi T/T” 02559 
q = c, (Ta -Ta )= (1.005 kJ/kg: K)(1526 -405) K =1126 kJ/kg = 1130 kJ/kg 








= 3.7667 > Th2 =3.7667To, = 3.7667(405.0 K) = 1526K 


Maximum heat transfer will occur when the flow is choked, and thus Ma = | and thus To/T” = 1. Then, 
Ty T/T" 1 

Toi Ty /T* 0.2559 

Imax = €p( To. — TM, ) = (1.005 kI/kg - K )(1583—405 ) K =1184 kJ/kg = 1180 kJ/kg 


> Tz = To; 10.2559 = (405 K) / 0.2559 = 1583 K 





Discussion This is the maximum heat that can be transferred to the gas without affecting the mass flow rate. If more 
heat is transferred, the additional temperature rise will cause the mass flow rate to decrease. 
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12-164 
Solution Air flowing at sonic conditions in a duct is accelerated by cooling. For a specified exit Mach number, the 
amount of heat transfer per unit mass is to be determined. 


Assumptions The assumptions associated with Rayleigh flow (i.e., steady one-dimensional flow of an ideal gas with 
constant properties through a constant cross-sectional area duct with negligible frictional effects) are valid. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. 











Analysis Noting that Ma, = 1, the inlet stagnation temperature is q 
Ty =7(1+S* Ma? } = 00% 1++5-17 }=600K 
I M : 
The Rayleigh flow functions Ty/T) corresponding to the inlet and exit ——> > 
Mach numbers are (Table A-15): Ma,=1} 
Ma, = 1: To/To =1 aaa 
Ma = 1.6: To2/To = 0.8842 


Then the exit stagnation temperature and heat transfer are determined to be 
Ty To /Ty _ 0.8842 
Ty. Ty lly 
q =c p (Toz —To1) = 1.005 kJ/kg - K)(530.5 — 600) K = - 69.8 kJ/kg 








= 0.8842 —> Th. = 0.88427), = 0.8842(600 K) = 530.5 K 


Discussion The negative sign confirms that the gas needs to be cooled in order to be accelerated. Also, it can be shown 
that the thermodynamic temperature drops to 351 K at the exit 
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Solution Combustion gases enter a constant-area adiabatic duct at a specified state, and undergo a normal shock at a 
specified location. The exit velocity, temperature, and pressure are to be determined. 


Assumptions 1 The assumptions associated with Fanno flow (i.e., steady, 
frictional flow of an ideal gas with constant properties through a constant P, = 180 kPa 
cross-sectional area adiabatic duct) are valid. 2 The friction factor is T,=510K 

constant along the duct. Ma, = 2 











Properties The specific heat ratio and gas constant of combustion gases 


are given to be k = 1.33 and R = 0.280 kJ/kg:K. The friction factor is given | L =2 
to be f= 0.010. [nm 


Analysis The Fanno flow functions corresponding to the inlet Mach number of 2 are calculated from the relations in 
Table A-16 for k = 1.33 to be 
Ma, = 2: (fL'/D,,) = 0.3402 T/T =0.7018, P,/P’ =0.4189 


First we check to make sure that the flow everywhere upstream the shock is supersonic. The required duct length from the 
inlet L, for the flow to reach sonic conditions is L, = 0.3402 F = 0.3402 , i = 3.40 m, which is greater than the actual 
length of 2 m. Therefore, the flow is indeed supersonic when the normal shock occurs at the indicated location. Also, using 
fl, _ (0.010)(2 m) 
D, 0.10m 





the actual duct length L;, we have = 0.2000 . Noting that L, = L 7 L , the function fL*/D, at the exit 


state and the corresponding Mach number are (=| = (=| -= A = 0.3402- 0.2000 = 0.1402 — Ma; = 1.476. 
h J2 h Ji h 


From the relations in Table A-16, at Ma, =1.476: T/T“ =0.8568, P/P" = 0.6270. Then the temperature, pressure, and 
velocity before the shock are determined to be 
T, T/T" _ 0.8568 
T; T ,/T* 0.7018 








=1.2209 > T, =1.2209T, =1.2209(510 K) = 622.7 K 


P, P,/P* _ 0.6270 
P, P /P* 0.4189 








=1.4968 —> P, =1.4968P, =1.4968(180 kPa) = 269.4 kPa 


The normal shock functions corresponding to a Mach number of 1.476 are, from the relations in Table A-14, 
Ma; =1.476: Ma; = 0.7052, T3%T = 1.2565, P3/P = 2.3466 
Then the temperature and pressure after the shock become 
T} = 1.2565T, =1.2565(622.7 K) = 782.4 K 
P} = 2.3466P, = 2.3466(269.4 kPa) = 632.3 kPa 


Sonic conditions exist at the duct exit, and the flow downstream of the shock is still Fanno flow. From the relations in Table 
A-16, 


Ma; = 0.7052: T3/T" = 1.0767, PJP = 1.4713 
May = 1: Tt =1, PJP” =1 
Then the temperature, pressure, and velocity at the duct exit are determined to be 
a 1 








= > T, =T; /1.0767 = (7182.4 K)/ 1.0767 = 727 K 
T3 T,/T* 1.0767 


P, PIP 1 
P, P,/P* 14713 








> P, = P} /1.4713 = (632.3 kPa) / 1.4713 = 430 kPa 





1000m? /s? 


V, = Ma,c, = (D) JkRT, = [ooa kJ/kg -K)(727 K| E 
g 


) = 520 m/s 


Discussion It can be shown that L; = 2.13 m, and thus the total length of this duct is 4.13 m. If the duct is extended, the 
normal shock will move farther upstream, and eventually to the inlet of the duct. 
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po 


Solution Choked supersonic airflow in a constant cross-sectional area adiabatic duct is considered. The variation of 
duct length with Mach number is to be investigated, and the results are to be plotted. 


Assumptions 1 The assumptions associated with Fanno flow (i.e., steady, frictional flow of an ideal gas with constant 
properties through a constant cross-sectional area adiabatic duct) are valid. 2 The friction factor remains constant along the 
duct. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. The average friction 
factor is given to be f= 0.03. 


Ma, = 





Analysis We use EES to solve the problem. The flow is choked, 
and thus Ma, =1. Corresponding to the inlet Mach number of Ma; = 3 





we have, from Table A-16, fL ID) = 0.5222, Therefore, the original P, = 80 kPa T™ 
: T; =500K = P* 

duct length is — | D=18 cm 
Ma; =3 ve 


0.18m _ 


L =0.5222 È = 0.5222 3.13m 
f 0.03 








Repeating the calculations for different May as it varies from 3 to 1 
results in the following table for the location on the duct from the inlet: 

































































Mach Duct length 

number, Ma L,m 
3.00 0.00 
2.75 0.39 
2.50 0.78 
2.25 1.17 Z 
2.00 1.57 3 
1.75 1.96 £ 
1.50 2.35 Z 
1.25 2.74 3 
1.00 3.13 = 

o o5 4 #45 #22 #4225 a” 38 

EES program: Duct length L, m 
k=1.4 
cp=1.005 
R=0.287 
P1=80 
T1=500 
Ma1=3 
"Ma2=1" 
f=0.03 
D=0.18 
C1=sqrt(k*R*T1*1000) 
Ma1=V1/C1 
T01=T02 
T01=T1*(1+0.5*(k-1)*Ma1“%2) 
T02=T2*(1+0.5*(k-1)*Ma2’2) 
PO1=P1*(1+0.5*(k-1)*Ma12)4(k/(k-1)) 


rho1=P1/(R*T1) 
Ac=pi*D‘2/4 
mair=rho1*Ac*V1 


PO1Ps=((2+(k-1)*Mat*2)/(k+1))*(0.5*(k+1)/(k-1))/Mat 
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Chapter 12 Compressible Flow 
P1Ps=((k+1)/(2+(k-1)*Ma1%2))*0.5/Mat 
T1Ts=(k+1)/(2+(k-1)*Mat 2) 
R1Rs=((2+(k-1)*Ma1*2)/(k+1))*0.5/Mat 
V1Vs=1/R1Rs 
fLs1=(1-Ma12)/(k*Mat2)+(k+1)/(2*k)*In((k+1)*Mat *2/(2+(k-1)*Mat42)) 
Ls1=fLs1*D/f 


P02Ps=((2+(k-1)*Ma2*2)/(k+1))*(0.5*(k+1)/(k-1))/Ma2 
P2Ps=((k+1)/(2+(k-1)*Ma2‘2))*0.5/Ma2 

T2Ts=(k+1)/(2+(k-1)*Ma2*2) 

R2Rs=((2+(k-1)*Ma2*2)/(k+1))*0.5/Ma2 

V2Vs=1/R2Rs 
fLs2=(1-Ma2‘2)/(k*Ma2*2)+(k+1)/(2*k)*In((k+1)*Ma2*2/(2+(k-1)*Ma2‘2)) 
Ls2=fLs2*D/t 

L=Ls1-Ls2 

P02=P02Ps/P01Ps*P01 

P2=P2Ps/P1Ps*P1 

V2=V2Vs/V1Vs*V1 


Discussion Note that the Mach number decreases nearly linearly along the duct. 
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12-167 SS 


E 


Solution Choked subsonic airflow in a constant cross-sectional area adiabatic duct is considered. The effect of duct 
length on the mass flow rate and the inlet conditions is to be investigated as the duct length is doubled. 


Assumptions 1 The assumptions associated with Fanno flow (i.e., steady, frictional flow of an ideal gas with constant 
properties through a constant cross-sectional area adiabatic duct) are valid. 2 The friction factor remains constant along the 
duct. 


Properties We take the properties of air to be k = 1.4, c, = 1.005 kJ/kg-K, and R = 0.287 kJ/kg-K. The average friction 
factor is given to be f= 0.02. 


Analysis We use EES to solve the problem. The flow is choked, and thus Ma, =1. The inlet Mach number is 





2 2 
c, = JkRT, = [oaoa kJ/kg -K)(400 wf ome) = 400.9 m/s 
g 














V 12 
Ma ae zy g08 
cı 400.9 m/s 
P, = 100 kPa T* 
Corresponding to this Mach number we have, from Table A- T; =400K p* 
16, fL ID) = 5.3312, Therefore, the original duct length is V, = 120 m/s — | D=6cm ve 
* D i 
L= L =5.3312 — = 5.3312 Eee 16.0m 
f 
Then the initial mass flow rate becomes 
P, 
p == aulai = 0.8711kg/m? 


RT, (0.287 ki/kgK)(400 K) 


Tita = P\ActV, = (0.8711 kg/m? )[7(0.06 m)? / 4](120 m/s) = 0.296 kg/s 

































































Duct length | Inlet velocity | Mass flow rate a 
L, m Vi, m/s Maiy » Kg/s 0.31 
13 129 0.319 f 
14 126 0.310 as 
15 123 0.303 ‘ | 
16 120 0.296 A “| 
17 117 0.289 2 0.28 
18 115 0.283 È L 
19 112 0.277 E 0.27 
20 110 0.271 t 
21 108 0.266 0.26 
22 106 0.262 f 
23 104 0.257 kea 
24 103 0.253 zál ; i , i 
25 101 0.249 “42 14 16 18 20 22 24 26 
26 99 0.245 Duct lenght L, m 














The EES program is listed below, along with a plot of inlet velocity vs. duct length: 


12-107 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 


teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 
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k=1.4 
cp=1.005 130 
R=0.287 





125 





P1=100 
T1=400 
"L=26" 120 
Ma2=1 
f=0.02 115 

D=0.06 








V4, m/s 


110 





C1=sqrt(k*R*T1*1000) 
Mat=V1/C1 

T01=T02 105 
T01=T1*(1+0.5*(k-1)*Ma1^2) | 
T02=T2*(1+0.5*(k-1)*Ma2^2) ioo 
PO1=P1*(1+0.5*(k-1)*Mat2)(k/(k-1)) 






































i 95 , , , , , , 
rho1=P1/(R*T1) 12 14 16 18 20 22 24 26 


Ac=pi*D^2/4 Duct length L, m 
mair=rho1*Ac*V1 


P01 Ps=((2+(k-1)* MeO lett ya 
P1Ps=((k+1)/(2+(k-1)*Ma1%2))*0.5/Mat 

T1Ts=(k+1)/(2+(k-1)*Mat42) 

R1Rs=((2+(k-1)*Ma1*2)/(k+1))*0.5/Mat 

ViVs=1/R1Rs 
fLs1=(1-Mat*2)/(k*Ma1*2)+(k+1)/(2*k)*In((k+1)*Mat42/(2+(k-1)*Mat42)) 
Ls1=fLs1*D/f 


PO2Ps=((2+(k-1 ee 
P2Ps=((k+1)/(2+(k-1)*Ma2‘2))*0.5/Ma2 

T2Ts=(k+1)/(2+(k-1)*Ma2’2) 

R2Rs=((2+(k-1)*Ma2‘2)/(k+1))*0.5/Ma2 

V2Vs=1/R2Rs 
fLs2=(1-Ma2*2)/(k*Ma2*2)+(k+1)/(2*k)*In((k+1)*Ma2*2/(2+(k-1)*Ma2*2)) 
Ls2=fLs2*D/f 

L=Ls1-Ls2 


P02=P02Ps/P01Ps*P01 
P2=P2Ps/P1Ps*P1 


V2=V2Vs/V1Vs*V1 


Discussion Note that once the flow is choked, any increase in duct length results in a decrease in the mass flow rate and 
the inlet velocity. 
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Chapter 12 Compressible Flow 
12-168 
Solution The flow velocity of air in a channel is to be measured using a Pitot-static probe, which causes a shock 
wave to occur. For measured values of static pressure before the shock and stagnation pressure and temperature after the 
shock, the flow velocity before the shock is to be determined. 


Assumptions 1 Air is an ideal gas with constant specific heats. 2 Flow through the nozzle is steady and one-dimensional. 
Properties The specific heat ratio of air at room temperature is k= 1.4. 


Analysis The nose of the probe is rounded (instead of being pointed), and thus it will cause a bow shock wave to 
form. Bow shocks are difficult to analyze. But they are normal to the body at the nose, and thus we can approximate them 
as normal shocks in the vicinity of the probe. It is given that the static pressure before the shock is P; = 110 kPa, and the 
stagnation pressure and temperature after the shock are Po. = 620 kPa, and To. = 340 K. Noting that the stagnation 
temperature remains constant, we have 



















P 
Also, 22 = S20 KPA _ 5 6364 = 5.64 

P,  110kPa P, =110 kPa 02 = 620 kPa 

Toz = 340 K 
The fluid properties after the shock are related to those before —— Shock 
the shock through the functions listed in Table A-14. wave 
For Po, / P) =5.64 we read 
P V 
Ma, =2.0, Ma, =0.5774, +2 =0.7209, -— =£2 = 2.6667, 
01 2 Pi 


Then the stagnation pressure and temperature before the shock become 
Po = Po /0.7209 = (620 kPa)/0.7209 = 860 kPa 


(k-1)/k (1.4-1)/1.4 

P. 

T, = fol 3 = (340 nr) =188.9K 
01 





The flow velocity before the shock can be determined from V, = Ma;cı, where c; is the speed of sound before the shock, 





1000 m° /s? 


= JkRT, = ,j(1.4)(0.287 kJ/kg -K)(188.9K 
cı =y4KRT; f X( g: KX | Tki/kg 


= 275.5 m/s 
V, = Ma,c, = 2(275.5 m/s) = 551 m/s 


Discussion The flow velocity after the shock is V. = V,/2.6667 = 551/2.6667 = 207 m/s. Therefore, the velocity 
measured by a Pitot-static probe would be very different that the flow velocity. 





Design and Essay Problems 


12-169 to 12-171 
Solution Students’ essays and designs should be unique and will differ from each other. 





SQ 
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Chapter 13 Open-Channel Flow 


Classification, Froude Number, and Wave Speed 


13-1C 
Solution We are to discuss differences between open-channel flow and internal flow. 
Analysis Open-channel flow is the flow of liquids in channels open to the atmosphere or in partially filled 


conduits, and is characterized by the presence of a liquid-gas interface called the free surface, whereas internal flow is 
the flow of liquids or gases that completely fill a conduit. 


Discussion At a free surface of a liquid, the pressure must be equal to the pressure of the gas above it. This is what 
controls the pressure in open-channel flow. There is no such restriction in internal (pipe) flow since there is no free surface. 





13-2C 
Solution Weare to discuss the driving force in open-channel flow and how flow rate is determined. 
Analysis Flow in a channel is driven naturally by gravity. Water flow in a river, for example, is driven by the 


elevation difference between the source and the sink. The flow rate in an open channel is established by the dynamic 
balance between gravity and friction. Inertia of the flowing fluid also becomes important in unsteady flow. 


Discussion In pipe flow, on the other hand, there may be an additional driving force of pressure due to pumps. 





13-3C 
Solution We are to discuss how pressure changes along the free surface in open-channel flow. 
Analysis The free surface coincides with the hydraulic grade line (HGL), and the pressure is constant along the 


free surface. 


Discussion Ata free surface of a liquid, the pressure must be equal to the pressure of the gas above it. 





13-4C 
Solution We are to determine if the slope of the free surface is equal to the slope of the channel bottom. 
Analysis No in general. The slope of the free surface is not necessarily equal to the slope of the bottom surface 


even during steady fully developed flow. 


Discussion However, there are situations called uniform flow in which the conditions here are met. 





13-5C 
Solution We are to discuss the difference between uniform and nonuniform flow. 
Analysis The flow in a channel is said to be uniform if the flow depth (and thus the average velocity) remains 


constant. Otherwise, the flow is said to be nonuniform or varied, indicating that the flow depth varies with distance in the 
flow direction. Uniform flow conditions are commonly encountered in practice in long straight sections of channels with 
constant slope and constant cross-section. 


Discussion In uniform open-channel flow, the head loss due to frictional effects equals the elevation drop. 
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Chapter 13 Open-Channel Flow 
13-6C 
Solution We are to define normal depth and how it is established. 


Analysis In open channels of constant slope and constant cross-section, the fluid accelerates until the head loss due 
to frictional effects equals the elevation drop. The fluid at this point reaches its terminal velocity, and uniform flow is 
established. The flow remains uniform as long as the slope, cross-section, and the surface roughness of the channel remain 
unchanged. The flow depth in uniform flow is called the normal depth y,, which is an important characteristic parameter 
for open-channel flows. 


Discussion The normal depth is a fairly strong function of surface roughness. 





13-7C 
Solution We are to discuss some reasons for nonuniform flow in open channels, and the difference between rapidly 
varied flow and gradually varied flow. 


Analysis The presence of an obstruction in a channel such as a gate or a change in slope or cross-section causes 
the flow depth to vary, and thus the flow to become varied or nonuniform. The varied flow is called rapidly varied flow 
(RVF) if the flow depth changes markedly over a relatively short distance in the flow direction (such as the flow of water 
past a partially open gate or shortly before a falls), and gradually varied flow (GVF) if the flow depth changes gradually 
over a long distance along the channel. 


Discussion The equations of GVF are simplified because of the slow changes in the flow direction. 





13-8C 
Solution We are to define and discuss hydraulic radius. 
Analysis The hydraulic radius R, is defined as the ratio of the cross-sectional flow area A, and the wetted 


perimeter p. That is, R, = A./p. Knowing the hydraulic radius, the hydraulic diameter is determined from D; = 4R}. 


Discussion It is unfortunate (and not our fault!) that hydraulic radius is % rather than 4 of hydraulic diameter. 





13-9C 
Solution We are to explain how to determine if a flow is tranquil, critical, or rapid. 
Analysis Knowing the average flow velocity and flow depth, the Froude number is determined from Fr=V/./gy . 


Then the flow is classified as 


Fr<1 Subcritical or tranquil flow 
Fr=1 Critical flow 
Fr>1 Supercritical or rapid flow 


Discussion The Froude number is the most important parameter in open-channel flow. 








13-10C 
Solution We are to define and discuss the usefulness of the Froude number. 
Analysis Froude number, defined as |Fr =V /./ gy |, is a dimensionless parameter that governs the character of 











flow in open channels. Here, g is the gravitational acceleration, V is the mean fluid velocity at a cross-section, and L, is a 
characteristic length (L. = flow depth y for wide rectangular channels). Fr represents the ratio of inertia forces to viscous 
forces in open-channel flow. The Froude number is also the ratio of the flow speed to wave speed, Fr = V /c,. 


Discussion The Froude number is the most important parameter in open-channel flow. 
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Chapter 13 Open-Channel Flow 


13-11C 
Solution We are to define critical length, and discuss how it is determined. 
Analysis The flow depth y. corresponding to a Froude number of Fr = 1 is the critical depth, and it is determined 

















from |V =./gy.. | or ye =V’ Ig), 


Discussion Critical depth is a useful parameter, even if the depth does not actually equal y. anywhere in the flow. 











13-12C 
Solution We are to discuss whether the flow upstream of a hydraulic jump must be supercritical, and whether the 
flow downstream of a hydraulic jump must be subcritical. 


Analysis Upstream of a hydraulic jump, the upstream flow must be supercritical. Downstream of a hydraulic 
jump, the downstream flow must be subcritical. 


Discussion Otherwise, the second law of thermodynamics would be violated. Note that a hydraulic jump is analogous 
to a normal shock wave — in that case, the flow upstream must be supersonic and the flow downstream must be subsonic. 





13-13 
Solution The flow of water in a wide channel is considered. The speed of a small disturbance in flow for two 
different flow depths is to be determined for both water and oil. 


Assumptions The distance across the wave is short and thus friction at the bottom surface and air drag at the top are 
negligible, 


Analysis Surface wave speed can be determined directly from the relation cy) =./gh . 


(a) cy = [gh =(9.81m/s?) (0.1m) = 0.990 m/s 
(b) cy = fgh =,(9.81 m/s”) (0.8m) = 2.80 m/s 


Therefore, a disturbance in the flow will travel at a speed of 0.990 m/s in the first case, and 2.80 m/s in the second case. 


Discussion Note that wave speed depends on the water depth, and the wave speed increases as the water depth 
increases as long as the water remains shallow. Results would not change if the fluid were oil, because the wave speed 
depends only on the fluid depth. 





13-14 
Sonia Water flows uniformly in a wide rectangular channel. For given flow depth and velocity, it is to be 
determined whether the flow is laminar or turbulent, and whether it is subcritical or supercritical. 
Assumptions The flow is uniform. 
Properties The density and dynamic viscosity of water at 20°C are p = 998.0 kg/m? and w = 1.002x10° kg/m:s. 
pVy _ (998.0 kg/m*)(2 m/s)(0.2 m) 
u 1.002 x 107? kg/m-s 
greater than the critical value of 500. Therefore, the flow is turbulent. 
2m/s 


y 
Ve {(9.81m/s?\(0.2m) 


Therefore, the flow is supercritical. 





Analysis (a) The Reynolds number of the flow is Re= =3.984x10°, which is 





(b) The Froude number is Fr = = 1.43 , which is greater than 1. 


Discussion The result in (a) is expected since almost all open channel flows are turbulent. Also, hydraulic radius for a 
wide rectangular channel approaches the water depth y as the ratio y/b approaches zero. 
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Chapter 13 Open-Channel Flow 
13-15 
Solution Water flow in a partially full circular channel is considered. For given water depth and average velocity, the 
hydraulic radius, Reynolds number, and the flow regime are to be determined. 


Assumptions 1 The flow is uniform. 


Properties The density and dynamic viscosity of water at 20°C are p = 998.0 kg/m? and w = 1.002x10° kg/m:s. 





Analysis From geometric considerations, 
R- 1-0. 2 
ogg sae (eee 
1 360 3 


Then the hydraulic radius becomes 
ae A, _@-sin@cosé R= m/3—-—sin(z/3)cos(z /3) 

' p 20 22/3 

The Reynolds number of the flow is 

PVR, (998.0 kg/m? )(2 m/s)(0.293 m) 


u 1.002x107° kg/m-`s 


which is greater than the critical value of 500. Therefore, the flow is turbulent. 
When calculating the Froude number, the hydraulic depth should be used rather than the maximum depth or the 
hydraulic radius. For a non-rectangular channel, hydraulic depth is defined as the ratio of the flow area to top width, 


A, = R? (0 -sin 0 cos 0) = (1m) [7 /3 -sin(a / 3) cos(x / 3)] = 0.6142 m? 


A A 0.6142 m° 2 
jy Se =03546m > c on 


. . . Fr= = = 
Top width 2Rsin@ 2(1m)sin60° Vv, (9.81m/s*)(0.3546 m) 


which is greater than 1. Therefore, the flow is supercritical (although, very close to critical). 





(1m) =0.293 m 


Re= =5.84x105 











Discussion Note that if the maximum flow depth were used instead of the hydraulic depth, the result would be 
subcritical flow, which is not true. 





13-16 
Solution Water flows uniformly in a wide rectangular channel. For given values of flow depth and velocity, it is to 
be determined whether the flow is subcritical or supercritical. 


Assumptions 1 The flow is uniform. 2 The channel is wide and thus the side wall effects are negligible. 


; ; y 4 m/s be 
Analysis The Froude number is Fr = =————— = 4,5], which is greater than 1. 


Jgv _,|(9.81m/s?)(0.08m) 





Therefore, the flow is supercritical. 


Discussion Note that the Froude Number is not function of any temperature-dependent properties, and thus 
temperature. 





13-17 
Solution Rain water flows on a concrete surface. For given values of flow depth and velocity, it is to be determined 
whether the flow is subcritical or supercritical. 


Assumptions 1 The flow is uniform. 2 The thickness of water layer is constant. 


1.3 m/s 
Analysis The Froude number is Fr= = 2.93, which is greater than 1. 


ca {(9.81m/s?)(0.02 m) 





Therefore, the flow is supercritical. 


Discussion This water layer will undergo a hydraulic jump when the ground slope decreases or becomes adverse. 
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Chapter 13 Open-Channel Flow 
13-18E 
Solution Water flows uniformly in a wide rectangular channel. For given flow depth and velocity, it is to be 
determined whether the flow is laminar or turbulent, and whether it is subcritical or supercritical. 


Assumptions The flow is uniform. 
Properties The density and dynamic viscosity of water at 70°F are p= 62.30 lbm/ft* and w = 6.556x10" Ibm/ft-s. 
ply _ (62.30 Ibm/ft* )(6 ft/s)(0.5 ft) 


4 6.556 10* Ibm/ft-s 
greater than the critical value of 500. Therefore, the flow is turbulent. 





Analysis (a) The Reynolds number of the flow is Re= =2.85x10°, which is 


4 6 ft/s ae 
(6) The Froude number is Fr =—— =———_______—- = 1.50, which is greater than 1. 


Je ,/3228s2)0.5%) 


Therefore, the flow is supercritical. 


Discussion The result in (a) is expected since almost all open channel flows are turbulent. Also, hydraulic radius for a 
wide rectangular channel approaches the water depth y as the ratio y/b approaches zero. 





13-19 
Solution Water flows uniformly through a half-full circular channel. For a given average velocity, the hydraulic 
radius, the Reynolds number, and the flow regime are to be determined. 


Assumptions The flow is uniform. 


Properties The density and dynamic viscosity of water at 10°C are p = 999.7 kg/m? and w = 1.307x10° kg/m:s. 


Analysis From geometric considerations, the hydraulic radius is 





A 2 l. 
ge ¢ _AR“/2 R_ 15m 


3 =0.75 m 
p aR 2 2 


The Reynolds number of the flow is 

_ PVR, _ (999.7 kg/m? )(2.5 m/s)(0.75 m) 
u 1.307x10 7 kg/m-s 

greater than the critical value of 500. Therefore, the flow is turbulent. 

When calculating the Froude number, the hydraulic depth should be 
used rather than the maximum depth or the hydraulic radius. For a non- 
rectangular channel, hydraulic depth is defined as the ratio of the flow area to 
top width, 


Re 





=1.43x10°, which is 





0 A _mR°I2 mR n(5m) 
Top width 2R 4 
2.5m/s 


y 
Frs ss 
Ta,  (8im/s\(1.178m) 


Discussion If the maximum flow depth were used instead of the hydraulic depth, the result would still be subcritical 
flow, but this is not always the case. 


=1.178m 





Yh 


= 0.735, which is greater than 1. Therefore, the flow is subcritical. 
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Chapter 13 Open-Channel Flow 
13-20 
Solution A single wave is initiated in a sea by a strong jolt during an earthquake. The speed of the resulting wave is 
to be determined. 


Assumptions The depth of water is constant, 


Analysis Surface wave speed is determined the wave-speed relation to be 


cy = J gh =(9.81 m/s”) (2000 m) = 140 m/s 


Discussion Note that wave speed depends on the water depth, and the wave speed increases as the water depth 
increases. Also, the waves eventually die out because of the viscous effects. 





Specific Energy and the Energy Equation 





13-21C 

Solution We are to define and discuss specific energy. 

Analysis The specific energy E, of a fluid flowing in an open channel is the sum of the pressure and dynamic 
2 

heads of a fluid, and is expressed as |E, = y Pa . 
& 











Discussion Specific energy is very useful when analyzing varied flows. 





13-22C 
Solution We are to compare the specific energy in two flows — one subcritical and one supercritical. 
Analysis A plot of E, versus y for constant V through a rectangular channel of width b reveals that there are two y 


values corresponding to a fixed value of E,: one for subcritical flow and one for supercritical flow. Therefore, the specific 
energies of water in those two channels can be identical. 


Discussion If the flow is varied (not uniform), however, E, is not necessarily identical in the two channels. 





13-23C 
Solution We are to examine claims about the minimum value of specific energy. 
Analysis The point of minimum specific energy is the critical point, and thus the first person is correct. 


Discussion The specific energy cannot go below the critical point for a given volume flow rate, as is clear from the plot 
of specific energy as a function of flow depth. 





13-24C 
Solution We are to examine a claim about supercritical flow of water in an open channel, namely, that the larger the 
flow depth, the larger the specific energy. 


Analysis No, the claim is incorrect. A plot of E, versus y for constant V reveals that the specific energy decreases 
as the flow depth increases during supercritical channel flow. 


Discussion This may go against our intuition, since a larger flow depth seems to imply greater energy, but this is not 
necessarily the case (we cannot always trust our intuition). 
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Chapter 13 Open-Channel Flow 


13-25C 
Solution We are to examine a claim that specific energy remains constant in steady uniform flow. 
Analysis The first person (who claims that specific energy remains constant) is correct since in uniform flow, 


the flow depth and the flow velocity, and thus the specific energy, remain constant since E, = y+V > 12g. The head loss 
is made up by the decline in elevation (the channel is sloped downward in the flow direction). 


Discussion In uniform flow, the flow depth and the average velocity do not change downstream, since the elevation 
drop exactly overcomes the frictional losses. 








13-26C 
Solution We are to define and discuss friction slope. 
Analysis The friction slope is related to head loss hz, and is defined as |S p = h; / L| where L is the channel length. 











The friction slope is equal to the bottom slope when the head loss is equal to the elevation drop. That is, S; = So 


when A; =Z; -Z3. 


Discussion Friction slope is a useful concept when analyzing uniform or varied flow in open channels. 





13-27C 
Solution We are to examine a claim that during steady flow in a wide rectangular channel, the energy line of the 
flow is parallel to the channel bottom when the frictional losses are negligible. 


Analysis No, the claim is not correct. The energy line is a distance E, = y+ V? /2g (total mechanical energy of 
the fluid) above a horizontal reference datum. When there is no head loss, the energy line is horizontal even when the 
channel is not. The elevation and velocity heads (z+ y and V 243 g ) may convert to each other during flow in this case, 


but their sum remains constant. 


Discussion Keep in mind that in real life, there is no such thing as frictionless flow. However, there are situations in 
which the frictional effects are negligible compared to other effects in the flow. 





13-28C 
Solution We are to examine a claim that during steady 1-D flow through a wide rectangular channel, the total 
mechanical energy of the fluid at the free surface is equal to that of the fluid at the channel bottom. 


Analysis Yes, the claim is correct. During steady one-dimensional flow, the total mechanical energy of a fluid at 
any point of a cross-section is given by H =z+y+ yey 2g. 


Discussion The physical elevation of the point under consideration does not appear in the above equation for H. 








13-29C 
Solution We are to express the total mechanical energy in steady 1-D flow in terms of heads. 
Analysis The total mechanical energy of a fluid at any point of a cross-section is expressed as |H =z+y+ vero g 











where y is the flow depth, z is the elevation of the channel bottom, and V is the average flow velocity. It is related to the 
specific energy of the fluid by H =z+E&,. 


Discussion Because of irreversible frictional head losses, H must decrease in the flow direction in open-channel flow. 
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Chapter 13 Open-Channel Flow 


13-30C 
Solution Weare to express the 1-D energy equation for open-channel flow and discuss head loss. 
Analysis The one-dimensional energy equation for open channel flow between an upstream section | and 





y? Vy . l 
downstream section 2 is written as |z; + yı H =Z, +y a h,| where y is the flow depth, z is the elevation of the 
& & 











channel bottom, and V is the average flow velocity. The head loss A; due to frictional effects can be determined from 


Ly? 
h,=f cs where fis the average friction factor and L is the length of channel between sections | and 2. 
h 9E 














Discussion Head loss is always positive — it can never be negative since this would violate the second law of 
thermodynamics. Thus, the total mechanical energy must decrease downstream in open-channel flow. 





13-31 
Solution Water flow in a rectangular channel is considered. The character of flow, the flow velocity, and the 
alternate depth are to be determined. 


Assumptions The specific energy is constant. 0.7 m/s 


Analysis The average flow velocity is determined from 


yas V —07m/sS  _350mis E 
ee 


A, yb (0.25m\0.8m) 


The critical depth for this flow is 





„2 1/3 3 2 1/3 
Pn V _ (0.7 m”/s) -0.427 m 
l | gb? (9.81 m/s? )(0.8m)? l 


Therefore, the flow is supercritical since the actual flow depth is y = 0.25 m, and y < ye. The specific energy for given 
conditions is 








72 3 jQy2 
Ea =y; 2 (0.25 m) + > = >= = 0.874 m 
2gb‘ yi 2(9.81m/s* )(0.8 m)* (0.25 m) 
Then the alternate depth is determined from E,, = E,, to be 
72 3 j.y2 
0. 
oe > 0.874m=y,+ ( li E — 
2gb° y5 2(9.81m/s* )(0.8 m)* v3 


Solving for y gives the alternate depth to be y, = 0.82 m. There are three roots of this equation; one for subcritical, one for 
supercritical and third one as a negative root. Therefore, if the character of flow is changed from supercritical to subcritical 
while holding the specific energy constant, the flow depth will rise from 0.25 m to 0.82 m. 


Discussion Two alternate depths show two possible flow conditions for a given specific energy. If the energy is not the 
minimum specific energy, there are two water depths corresponding to subcritical and supercritical states of flow. As an 
example, these two depths may be observed before and after a sluice gate as alternate depths, if the losses are disregarded. 
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Chapter 13 Open-Channel Flow 
13-32 
Solution Water flows in a rectangular channel. The specific energy and whether the flow is subcritical or 
supercritical are to be determined. 


Assumptions The flow is uniform and thus the specific energy is constant. 


Analysis For convenience, we take the channel width to be b = 1 m. Then the volume flow rate and the critical depth 
for this flow become 


V =VA, =Vyb = (6 m/s)(0.4 m)(1 m) = 2.40 m?/s 
6 m/s 


(v2 \?_ ù @.40m3/s)? pee 
Fe ie (9.81m/s2)\(1m)2 —— 


The flow is supercritical since the actual flow depth is y = 0.4 m, 
and y < ye The specific energy for given conditions is 





es : 6 m/s)? 
Sy = aa Can 


Fonte SoMa aom 
2gb°y; 2g 2(9.81 m/s”) 


Ea =yı+ 


Discussion Note that the flow may also exist as subcritical flow at the same value of specific energy, 





13-33 [Also solved using EES on enclosed DVD] 
Solution Water flows in a rectangular channel. The critical depth, the alternate depth, and the minimum specific 
energy are to be determined. 


Assumptions The channel is sufficiently wide so that the edge effects are negligible. 


Analysis For convenience, we take the channel width to be b = 1 m. Then the volume flow rate and the critical depth 
for this flow become 


V = VA, = Vyb = (6 m/s)(0.4 m)(1 m) = 2.40 m?/s 


j2 y! 240m?) \” 
gb 


(9.81m/s?°\(1 m)? éis 
(b) The flow is supercritical since the actual flow depth is y = 0.4 m, —— 
and y<y,. The specific energy for given conditions is am A 
j2 2 6 m/s)? 
Dushi 3 sp ena ) 57 = 2.23m 
2gb*y; 2g 2(9.81m/s^) 
Then the alternate depth is determined from F,,; = E,, tobe 
V? 0.240 mĉ/s 
Egay t— sT > 2.23m = y, +———— ~ 
2gb°y> y2 


Solving for yz gives the alternate depth to be y, = 2.17 m. Therefore, if the character of flow is changed from supercritical 
to subcritical while holding the specific energy constant, the flow depth will rise from 0.4 m to 2.17 m. 
(c) the minimum specific energy is 
y2 
E smin = Yok = y, + si a 
: 2g 2g 2 2 
Discussion Note that minimum specific energy is observed when the flow depth is critical. 





(0.837 m)=1.26m 
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Chapter 13 Open-Channel Flow 
13-34 


Solution Water flows in a rectangular channel. The critical depth, the alternate depth, and whether the flow is 
subcritical or supercritical are to be determined. 


Assumptions The flow is uniform and thus the specific energy is constant. 





64 \1/3 ays 13 
Analysis (a) The critical depth is calculated tobe y, = 5 = oe a S 5 = 0.742m 
gb (9.81 m/s X6 m) 
(b) The average flow velocity and the Froude number are 
V 12m*/s V 3.636 m/s 





V =——_=——————-_=3.636m/s and Fr, = = =1.565 , which is greater than 1. 
by (6m)(0.55m) Vey (9.81 m/s*)(0.55 m) 
Therefore, the flow is supercritical. 


12 m’/s 
(c) Specific energy for this flow is 


Ey =y Oe m)+ on = z =1.224 m a 
2gb?y 2(9.81 m/s” )(6 m)2 (0.55 m) = 
a 





1 


Then the alternate depth is determined from E,)=E,), 
72 32 
= > 1.224m=y,+ aE) z 
2gb° y3 2(9.81 m/s* )(6 m)* y3 
The alternate depth is calculated to be y= 1.03 m which is the subcritical depth for the same value of specific energy. 





Boo =Y2+ 


Discussion The depths 0.55 m and 1.03 are alternate depths for the given discharge and specific energy. The flow 
conditions determine which one is observed. 





13-35E 
Solution Water flows in a wide rectangular channel. For specified values of flow depth and average velocity, the 
Froude number, critical depth, and whether the flow is subcritical or supercritical are to be determined. 


Assumptions The flow is uniform and thus the specific energy is constant. 


14 ft/s 


y 
Jey 22 /s2)(0.8 fd 


v2)? (v2y2e?)'" (C14 fiso a 
(b) The critical depth is calculated tobe y, = -r = = 5 = eRe = 1.57 ft 
gb gb (32.2 ft/s~) 


= 2.76 





Analysis (a) The Froude number is Fr= 


(c) The flow is supercritical since Fr> 1. 
For the case of y = 0.2 ft: 14 ft/s 
Replacing 0.8 ft in above calculations by 0.2 ft gives ae 
Fr= V 14 ft/s -5.52 e 
Jey [62.2 #s?)(0.2 fi) 
4 N13 1/3 13 
v? V? y’ b? 14 ft/s} (0.2 f} 
s| ) -( ye | gsi 


gb? gh? (32.2 tvs? ] 


The flow is supercritical in this case also since Fr > 1. 





Discussion Note that the value of critical depth depends on flow rate, and it decreases as the flow rate decreases. 
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Chapter 13 Open-Channel Flow 


13-36E 
Solution Water flows in a wide rectangular channel. For specified values of flow depth and average velocity, the 
Froude number, critical depth, and whether the flow is subcritical or supercritical are to be determined. 


Assumptions The flow is uniform and thus the specific energy is constant. 


_ 10 ft/s -1.97 


y 
Jey {22 4/s2)0.8 f) 


1/3 1/3 
y*y*b? | _{ (0 fi/s)*(0.8 f)” | _ ai 
gb? (32.2 ft/s?) 


Analysis (a) The Froude number is = Fr= 





15 \1/3 
3 . v? 
(b) The critical depth is calculated to be y, -| z? ) -f 
& 
(c) The flow is supercritical since Fr> 1. 


For the case of y = 0.2 ft: 10 ft/s 
Replacing 0.8 ft in above calculations by 0.2 ft gives 


10 ft/s eer ——— 


mr- L- Li 
Je 22 4s?)(0.2 fi) 
Š 1/3 1/3 2 1/3 
i -| v? ) (a) [e ft/s)? (0.2 ft) ) end 


gb? gb’ (32.2 ft/s?) 


The flow is supercritical in this case also since Fr > 1. 





Discussion Note that the value of critical depth depends on flow rate, and it decreases as the flow rate decreases. 





13-37 
Solution Critical flow of water in a rectangular channel is considered. For a specified average velocity, the flow rate 
of water is to be determined. 


Assumptions The flow is uniform and thus the specific energy is 


constant. 5 m/s 


Analysis The Froude number must be unity since the flow is 
critical, and thus Fr =V/./gy =1. Therefore, 


2 (5m/s) 
_V* _ Gms) -255m 


g  9.81m/s? 
to 


Then the flow rate becomes 


V=rVe 


V =VA, =Vby = (5m/s) (4m) (2.55m) =51.0 m3/s 


Discussion Critical flow is not a stable type of flow and can be observed for short intervals. Occurrence of critical 
depth is important as boundary condition most of the time. For example it can be used as a flow rate computation 
mechanism for a channel ending with a drawdown. 
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Chapter 13 Open-Channel Flow 
13-38 
Solution Water flows uniformly through a half-full circular steel channel. For a given average velocity, the volume 
flow rate, critical slope, and the critical depth are to be determined. 


Assumptions The flow is uniform. 


Analysis The volume flow rate is determined from 


(0.25 m)? 


2 
V =VA, = y= = (2.8 m/s) =0.275m?/s 


When calculating the Froude number, the hydraulic depth should be used rather | 
than the maximum depth or the hydraulic radius. For a non-rectangular channel, - 
hydraulic depth is defined as the ratio of the flow area to top width, 


— AÁ aR? /2 _ aR _ 2(0.25m) 
Top width 2R 4 


2.8 m/s 
Fr= r = = 2.02 i 


Jæ {(0.81m/s?)(0.1963m) 


which is greater than 1. Therefore, the flow is supercritical. 





Yh = 0.1963m 








Discussion Note that if the maximum flow depth were used instead of the hydraulic depth, the result could be 
different, especially when the Froude number is close to 1. 





13-39 
Solution Water flows uniformly through a half-full hexagon channel. For a given flow rate, the average velocity and 
whether the flow is subcritical or supercritical are to be determined. 


Assumptions The flow is uniform. 





Analysis (a) The flow area is determined from geometric considerations to be 
fi iG E A aae 
2 2 2 2 
Then the average velocity becomes 
jy 45 m/s 
SL m/s 
A. 5.196 m 


(b) When calculating the Froude number, the hydraulic depth should be used 
rather than the maximum depth or the hydraulic radius. For a non-rectangular 
channel, hydraulic depth is defined as the ratio of the flow area to top width, 








A. A,  5.196m 
y=y,= — = = = 1.299 m 
Top width 2b 2x2m 
Then the Froude number becomes 
V 8.66 m/s 
Fr= =———______——. = 2. 43 





Jo (0.81m/s?)(1.299 m) 


which is greater than 1. Therefore, the flow is supercritical. 


Discussion The analysis is approximate since the edge effects are significant here compared to a wide rectangular 
channel, and thus the results should be interpreted accordingly. 
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Chapter 13 Open-Channel Flow 
13-40 
Solution Water flows uniformly through a half-full hexagon channel. For a given flow rate, the average velocity and 
whether the flow is subcritical or supercritical are to be determined. 


Assumptions The flow is uniform. 





Analysis The flow area is determined from geometric considerations to be 
gE ap ey es ieee 
2. 2 2 2 
Then the average velocity becomes 
/ 30 m?/s 
y- %2" 577 m/s 
A, 5.196 m 


When calculating the Froude number, the hydraulic depth should be used rather 
than the maximum depth or the hydraulic radius. For a non-rectangular channel, 
hydraulic depth is defined as the ratio of the flow area to top width, 








A A., 5.196m? 
Y=Vn= <—_=-£ = =1.299m 
Top width 2b 2x2m 
Then the Froude number becomes 
V 5.77 m/s 
Fr= = = 1.62 





Ja” — (9.81m/s?)(1.299 m) 


which is greater than 1. Therefore, the flow is supercritical. 


Discussion The analysis is approximate since the edge effects are significant here compared to a wide rectangular 
channel, and thus the results should be interpreted accordingly. 





Uniform Flow and Best Hydraulic Cross Sections 


13-41C 
Solution We are to discuss when flow in an open channel is uniform, and how it remains uniform. 
Analysis Flow in a channel is called uniform flow if the flow depth (and thus the average flow velocity) remains 


constant. The flow remains uniform as long as the slope, cross-section, and the surface roughness of the channel 
remain unchanged. 


Discussion Uniform flow in open-channel flow is somewhat analogous to fully developed pipe flow in internal flow. 





13-42C 
Solution We are to discuss how flow depth changes when the bottom slope is increased. 
Analysis The flow depth decreases when the bottom slope is increased. 


Discussion You can think of it in simple terms this way: As the slope increases, the liquid flows faster, and faster flow 
requires lower depth. 
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Chapter 13 Open-Channel Flow 


13-43C 
Solution We are to examine a claim that head loss can be determined by multiplying bottom slope by channel length. 
Analysis Yes, the claim is correct. The head loss in uniform flow is h, =S )L since the head loss must equal 


elevation loss. 


Discussion In uniform flow, frictional head losses are exactly balanced by elevation loss, which is directly proportional 
to bottom slope. 

















Sone Weare to discuss the constants and coefficients in the Manning equation. 

Analysis The value of the factor a in SI units is a = 1 m/s. Combining the relations C = y82/f and C= 2 A a 
and solving them for n gives the desired relation to be |n= ae . In practice, n is usually determined 
experimentally. 


Discussion The value ofn varies greatly with surface roughness. 











13-45C 
2 
Solution It is to be shown that for uniform critical flow, the general critical slope relation S, = are reduces to 
a Kp 
2 
gn 
Se =— 79 for film flow with b >> ye. 
a Ye 
Analysis For critical flow, the flow depth is y = ye. For film flow, the hydraulic radius is R, = y = ye. Substituting into 
2 2 2 
n n n 
the critical slope relation gives the desired result, |S, = - An = 2 = = Š us 
a Ry aye Ve 











Discussion The reduced equation is valid for film flow only — be careful not to apply it to channels of other shapes. 





13-46C 
Solution We are to determine which cross section is better — one with a small or large hydraulic radius. 
Analysis The best hydraulic cross-section for an open channel is the one with the maximum hydraulic radius, or 


equivalently, the one with the minimum wetted perimeter for a specified cross-sectional area. 


Discussion Frictional losses occur at the wetted perimeter walls of the channel, so it makes sense to minimize the 
wetted perimeter in order to minimize the frictional losses. 





13-47C 
Solution We are to determine which cross section shape is best for an open channel. 
Analysis The best hydraulic cross-section for an open channel is a (a) circular one. 


Discussion Circular channels are often more difficult to construct, however, so they are often not used in practice. 
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Chapter 13 Open-Channel Flow 


13-48C 

Solution We are to determine the best hydraulic cross section for a rectangular channel. 

Analysis The best hydraulic cross section for a rectangular channel is one whose fluid height is (a) half the channel 
width. 


Discussion It turns out that for this case, the wetted perimeter, and thus the frictional losses, are smallest. 





13-49C 
Solution We are to determine the best hydraulic cross section for a trapezoidal channel. 
Analysis The best hydraulic cross section for a trapezoidal channel of base width b is (a) one for which the length of 


the side edge of the flow section is b. 


Discussion It turns out that for this case, the wetted perimeter, and thus the frictional losses, are smallest. 





13-50C 

Solution We are to determine how the flow rate changes when the Manning coefficient doubles. 

Analysis The flow rate in uniform flow is given as V =£ A,R? aA, and thus the flow rate is inversely 
n 


proportional to the Manning coefficient. Therefore, if the Manning coefficient doubles as a result of some algae growth on 
surfaces while the flow cross section remains constant, the flow rate will (d) decrease by half. 


Discussion In an actual case, the cross section may also change due to flow depth changes as well. 





13-51 
Solution The flow of water in a trapezoidal finished-concrete channel is considered. For a given flow depth and 
bottom slope, the flow rate is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 





Properties Manning coefficient for an open channel of finished concrete is n = 0.012 (Table 13-1). 
Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 
y 0.45m 5 
A, = y| b+—— |=(0.45m)| 0.60 m + = 0.3724 m 
tan 0 tan50° 





2 2(0.45m 
p=b+—*-=0.6m+ « ) 1775m 
sin ĝ sin50° 
A 2 
R, -4 03724m? _ 9 096 m 
p 1.775 m 





Bottom slope of the channel is 
So =tan 0.4° =0.006981 
Then the flow rate can be determined from Manning’s equation to be 


1/3 
V =£ ARPS}? = E 03724 m*)(0.2096 m)”? (0.006981)'’* =0.915 m3/s 
n . 


Discussion Note that the flow rate in a given channel is a strong function of the bottom slope. 
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Chapter 13 Open-Channel Flow 
13-52 
Solution Water flows uniformly half-full in a circular finished-concrete channel. For a given bottom slope, the flow 
rate is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 








Properties Manning coefficient for an open channel of finished concrete is n = 0.012 (Table 13-1). 
Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 
2 x (1m)? 
A, aria 
2 
2n(1 
za a ™) 314m 
2 2 
A 2 Im - 
pce 2” 660m 


° P aR 2 2 


Then the flow rate can be determined from Manning’s equation to be 





V = ARP SY? _im'?/s 
n 0.012 


Discussion Note that the flow rate in a given channel is a strong function of the bottom slope. 


(1.571 m? (0.50 m)*3 (1.5/1000)'’? =3.19 m3/s 





13-53E 
Solution Water is to be transported uniformly in a full semi-circular unfinished-concrete channel. For a specified 
flow rate, the elevation difference across the channel is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 














Properties Manning coefficient for an open channel of unfinished concrete is n = 0.014 (Table 13-1). 
Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 
2 nB? 
4 === c5 =14.14 ft? 
R=3ft ' 
pee pase = 
2 2 
A 3 ft 
fe Ee en 
P aR 2 2 





Substituting the given quantities into Manning’s equation, 


1/3 
Vis ae ge xs 150 fys = (14.14 0)(1.50)°9.5) 
n . 


It gives the slope to be Sj = 0.005817. Therefore, the elevation difference Az across a pipe length of L = 1 mile = 5280 ft 
must be 


Az = S)L = 0.005817(5280 ft) = 30.7 ft 


Discussion Note that when transporting water through a region of fixed elevation drop, the only way to increase the 
flow rate is to use a channel with a larger cross-section. 
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Chapter 13 Open-Channel Flow 


13-54 
Solution Water is to be transported uniformly in a trapezoidal asphalt-lined channel. For a specified flow rate, the 
required elevation drop per km channel length is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Properties Manning coefficient for an asphalt-lined open channel is 7 = 0.016 (Table 13-1). 


Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 
10m+5m 


c 


p =(5m)+2,/(2.2m)? +(2.5m)? =11.66m 


A, 165m? 


p 11.66m 


(2.2m) =16.5m’ 


JS =1.415m 








Substituting the given quantities into Manning’s equation, 
13 
VeA RISS y omn E Eesm iam 92? 
n 0.016 
It gives the slope to be Sp = 0.008524. Therefore, the elevation drop Az across a pipe length of L = 1 km must be 


Az = S)L = 0.008524(1000 m) = 8.52 m 


Discussion Note that when transporting water through a region of fixed elevation drop, the only way to increase the 
flow rate is to use a channel with a larger cross-section. 
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Chapter 13 Open-Channel Flow 


13-55 
Solution The flow of water through the trapezoidal asphalt-lined channel in the previous problem is reconsidered. 
The maximum flow rate corresponding to a given maximum channel height is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Analysis We denote the flow conditions in the previous problem by subscript | and the conditions for the maximum 


case in this problem by subscript 2. Using the Manning’s equation V =" 4,R? esa and noting that the Manning 
n 


coefficient and the channel slope remain constant, the flow rate in case 2 can be expressed in terms of flow rate in case | as 





cl 


. aie 2/3 

V2 _ (a/n)A.rRjp V. = Ae | Riz V 
V, (a/n)AyRi? “A Ry ' 

The trapezoid angle is tan 0=2.2/2.5=0.88 => 0=2.2/2.5 =41.34°. 


From geometric considerations, 
10m+5m 




















Aa =— 5— (2.2m) = 16.5 m’ 
p, =(5m)+2,/(2.2m)? +(2.5m)? =11.66m 
A 5m? 5+2x2.4/tan0 =10.45 m 
pea R S 
p, 11.66m 
and 
10.45m+5m 2 
2 ee =18.54m 
py = (5m) +2,/(2.4m)? +(5.45/2m)? =12.26m 
A 2 
Bae oe 
pə 12.26m 
Substituting, 
R me 2 2/3 
‘ A : 
yale | yee (=x) (120 m3/s) =141m3/s 
Aa | Rin 16.5m* \1.415m 


Discussion Note that a 9% increase in flow depth results in an 18% increase in flow rate. 
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Chapter 13 Open-Channel Flow 
13-56 
Solution The flow of water through two identical channels with square flow sections is considered. The percent 
increase in flow rate as a result of combining the two channels while the flow depth remains constant is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is 
constant. 3 Roughness coefficient is constant along the channel. 


Analysis We denote the flow conditions for two separate 
channels by subscript 1 and the conditions for the combined wide 
channel by subscript 2. Using the Manning’s equation 





, a : : i 

V= L AR? P SX? and noting that the Manning coefficient, channel 
n 

slope, and the flow area A, remain constant, the flow rate in case 2 can | 3m | | 3m | 

be expressed in terms of flow rate in case | as 


. ara 2/3 2/3 
V T (a/n)A. Ria _ Rip -|2 Pa -|2 ) 
V, (a/n)AyRi? (R Ag / Py Po 








hl 
where p is the wetted perimeter. Substituting, 


à 2/3 2/3 2/3 
V2 2) 28 -( £22) -(3) =1.31 (31% increase) 
V, Po 4x3m 2 


Discussion This is a very significant increase, and shows the importance of eliminating unnecessary surfaces in flow 
systems, including pipe flow. 








13-57 
Solution The flow of water in a trapezoidal channel made of unfinished-concrete is considered. For given flow rate 
and bottom slope, the flow depth is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Properties Manning coefficient for an open channel of unfinished concrete is n = 0.014 (Table 13-1). 


Analysis From geometric considerations, the flow area, wetted perimeter, and hydraulic radius are 
5m+5m+2h 

e 2 
p=(5m)+2h/ sin 45° = 5+ 2.828} 


h=(5+h)h 





A, (5+h)h 45° 


h p 5+2h/sin45° 





5m 


1/3 2/3 
V a2 4 R250? > 25m3/6-- 1S Bern Sth (tan 1°)!" 
n 0.014 5 +2h/sin 45° 


Substituting the given quantities into Manning’s equation, 


It gives the flow depth to be A = 0.685 m. 


Discussion Non-linear equations frequently arise in the solution of open channel flow problems. They are best handled 
by equation solvers such as EES. 
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Chapter 13 Open-Channel Flow 
13-58 
Solution The flow of water in a weedy excavated trapezoidal channel is considered. For given flow rate and bottom 
slope, the flow depth is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Properties Manning coefficient for the channel is given to be n = 0.030. 


Analysis From geometric considerations, the flow area, wetted perimeter, and hydraulic radius are 
5m+5m+2h 

_ 2 
p=(5m)+2h/sin 45° =5+2.828h 


h=(5+h)h 










p- Gh 45° 
hp 5+2h/sin 45° 





5m 
Substituting the given quantities into Manning’s equation, 


; 1/3 hh 2/3 
V= ARP SU > 25m’/s= s+ iil ad (tan 1°)!/? 

n 0.030 5+ 2h/sin 45° 
It gives the flow depth to be y= 1.07 m. 


Discussion Note that as the Manning coefficient increases because of the increased surface roughness of the channel, 
the flow depth required to maintain the same flow rate also increases. 





13-59 
Solution The flow of water in a V-shaped cast iron channel is considered. For a given flow depth and bottom slope, 
the flow rate is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 








Properties Manning coefficient for an open channel of cast iron is n = 0.013 (Table 13-1). 
Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 
fe a tae p=2h/sin = 2(1m)/sin45° = 2V2 m 
A, 1m? 
R, =4=— = 0.3536 m 
p 242 m 
The bottom slope of the channel is Sọ = tan 0.5° =0.008727 . 1m 
45N IÀ 


Then the flow rate can be determined from Manning’s equation to be 


1/3 
V = ARPS}? = mE I m?)(0.3536 m)73 (0.008727)!/? =3.59 m3/s 
n : 


Discussion Note that the flow rate in a given channel is a strong function of the bottom slope. 
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Chapter 13 Open-Channel Flow 
13-60E 
Solution The flow of water in a rectangular cast iron channel is considered. For given flow rate and bottom slope, 
the flow depth is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 The bottom slope is constant. 3 The roughness coefficient is constant. 


Properties Manning coefficient for a cast iron open channel is n = 0.013 (Table 13-1). 
Analysis From the geometry, the flow area, wetted perimeter, and hydraulic radius are 
A 6 
A, =by = (6 fi)y =6y p=(6f)+2y=6+2y Rk, =—=— 
p 6+2y 


The channel bottom slope is Sp = 1.5/1000 = 0.0015. 
Substituting the given quantities into Manning’s equation, 


1.486 ft!? /s 
0.013 
Solution of the above equation gives the flow depth to be h = 2.24 ft. 






2/3 
Vals R235? > 7083 /s= (6y) Soy (0.0015)!/? 
n 6+2y 





b=6ft 


Discussion Non-linear equations frequently arise in the solution of open channel flow problems. They are best handled 
by equation solvers such as EES. 





13-61 
Solution Water is flowing through a channel with nonuniform surface properties. The flow rate and the effective 
Manning coefficient are to be determined. 


Assumptions 1 The flow is steady and uniform. 2 
The bottom slope is constant. 3 The Manning 
coefficients do not vary along the channel. 


Analysis The channel involves two parts an, = 0.014 RE 
with different roughness, and thus it is appropriate Light brush 
to divide the channel into two subsections. The 1.5 m = 0.050 
flow rate for each subsection can be determined 

from the Manning equation, and the total flow rate 
can be determined by adding them up. 

The flow area, perimeter, and hydraulic radius for each subsection and the entire channel are: 















l Aa _ 18m? 
Subsection 1: A., =18m2, pı=9m, Ry = se 290m 
Pi 9m 
An _ 20m? 
Subsection 2: A. =20m2, p,=12m, ee awe 
Po 12m 
A 2 
Entire channel: A, =38m7, p=21m, R, ee Le ye 
p 21m 


Applying the Manning equation to each subsection, the total flow rate through the channel is determined to be 


(18m?) (2m)? , 20 m’) (1.67m)** 
0.014 0.05 





VaV4V, = AR S + ARIAS) = (1m7) Joo" =116 m’/s 
1 1 


Knowing the total flow rate, the effective Manning coefficient for the entire channel can be determined from the Manning 

equation to be 

aA,Ri Sg” _ 1m"? /s)(38 m7 (1.81 m)”? (0.002)! 
V 116m? /s 


Discussion The effective Manning coefficient ner lies between the two n values as expected. The weighted average of 
the Manning coefficient of the channel is nae=(nıpı+ np2)/p = 0.035, which is quite different than net. Therefore, using a 
weighted average Manning coefficient for the entire channel may be tempting, but it would not be accurate. 


= 0.0217 





neff = 
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Chapter 13 Open-Channel Flow 


13-62 
Solution Waters flows in a partially filled circular channel made of finished concrete. For a given flow depth and 
bottom slope, the flow rate is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Properties Manning coefficient for an open channel made of finished concrete is m = 0.012 (Table 13-1). 
Analysis From geometric considerations, 
papa 8 s y g t 
R 0.5 360 3 
A, = R? (0 -sin 8 cos 0) = (0.5 m)? [x /3— sin(a /3) cos(a / 3)] = 0.1535 m? 
A. @-sin@cos@ m/3-sin(z/3)cos(z/3) 
R, =—= R= 


, (0.5m) = 0.1466 m 
p 20 27/3 








Then the flow rate can be determined from Manning’s equation to be 


1/3 
Va 4 R212 = ~D = (0.1535m?)(0.1466 m)”? (0,002)!’? = 0.159 m3/s 
n k 


Discussion Note that the flow rate in a given channel is a strong function of the bottom slope. 
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Chapter 13 Open-Channel Flow 


>) 


13-63 RF, 


Solution The previous problem is reconsidered. By varying the flow depth-to-radius ratio from 0.1 to 1.9 for a fixed 
value of flow area, it is the to be shown that the best hydraulic cross section occurs when the circular channel is half-full, 
and the results are to be plotted. 





Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 
a=1 
n=0.012 OM 
s=0.002 0.165| 





Ac=0.1536 “Flow area kept constant” 
ratio=y/R “This ratio is varied from 0.1 to 1.9” 
bdeg=arcsin((R-y)/R) 0.155 
tetadeg=90-bdeg 


0.16 





















































teta=tetadeg*2*pi/360 os an 
Ac=R*2*(teta-sin(tetadeg)*cos(tetadeg)) 5 0145 
p=2*teta*R an 
Rh=Ac/p 
Vdot=(a/n)*Ac*Rh‘(2/3)*SQRT(s) 0.135 
0.13 
Depth-to-radius Channel radius, Flow rate, oe === qq pe ge es 
ratio, y/R R,m V m/s Depth-to-radius ratio, y/R 
0.1 1.617 0.1276 
0.2 0.969 0.1417 
0.3 0.721 0.1498 
0.4 0.586 0.1553 
0.5 0.500 0.1592 
0.6 0.440 0.1620 
0.7 0.396 0.1639 
0.8 0.362 0.1652 
0.9 0.335 0.1659 
1.0 0.313 0.1661 
1.1 0.295 0.1659 
1.2 0.279 0.1653 
1.3 0.267 0.1642 : 
1.4 0.256 0.1627 i 
1.5 0.247 0.1607 
1.6 0.239 0.1582 
1.7 0.232 0.1550 
1.8 0.227 0.1509 
1.9 0.223 0.1453 

















Discussion The depth-to-radius ratio of y/R = 1 corresponds to a half-full circular channel, and it is clear from the table 
and the chart that, for a fixed flow area, the flow rate becomes maximum when the channel is half-full. 
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Chapter 13 Open-Channel Flow 
13-64 
Solution Water is to be transported uniformly in a clean-earth trapezoidal channel. For a specified flow rate, the 
required elevation drop per km channel length is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Properties Manning coefficient for the clean-earth lined open channel is n = 0.022 (Table 13-1). 





Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 

(1.5+1.5+2) m 2 

A, =———————_ (Im) = 2.5m 

2 

p=(1.5m)+2,/(1m)* +(1m)* =4.328m 

A 2 
a 656m 

p 4328m 





Substituting the given quantities into Manning’s equation, 


0.022 
It gives the slope to be Sp = 0.0103. Therefore, the elevation drop Az across a pipe length of L = 1 km must be 
Az = S)L = 0.0103(1000 m) = 10.3 m 


1/3 
Val 4 R23 SY? > 8m?/s = (25m?)(0.5776 m)” SY? 
n 


Discussion Note that when transporting water through a region of fixed elevation drop, the only way to increase the 
flow rate is to use a channel with a larger cross-section. 





13-65 
Solution A water draining system consists of three circular channels, two of which draining into the third one. If all 
channels are to run half-full, the diameter of the third channel is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 4 Losses at the junction are negligible. 


Properties The Manning coefficient for asphalt lined open channels is n = 0.016 (Table 13-1). 





Analysis The flow area, wetted perimeter, and hydraulic radius of the two pipes upstream are 
2 0.6m)” 27(0.6m 
a =Z OED = 0.5655 m? p= 2k _ TACO) -1.885m 





R _ A, AR? /2_ R_ 0.6m 
h pP aR 2 2 


Then the flow rate through the 2 pipes becomes, from Manning’s equation, 


=0.30 m - 


13 
1 (0.5655 m7)(0.30 m)?’ (0.0015)!/2 -1.227m3/s 


The third channel is half-full, and the flow rate through it remains the same. Noting that the flow area ig 7R?/2 and the 
hydraulic radius is R/2, we have 


Va22 4 R235)? =2 
n 


1/3 
1.227 m3/s = a ak? /2m?)(R/2 m)?” (0.0015)? 


Solving for R gives R = 0.778 m. Therefore, the diameter of the third channel is D; = 1.56 m . 


Discussion Note that if the channel diameter were larger, the channel would have been less than half full. 
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Chapter 13 Open-Channel Flow 
13-66 
Solution Water is transported in an asphalt lined open channel at a specified rate. The dimensions of the best cross- 
section for various geometric shapes are to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 





Properties The Manning coefficient for asphalt lined open channels is 7 = 0.016 

(Table 13-1). 

Analysis (a) Circular channel of Diameter D: Best cross-section occurs when 

the channel is half-full, and thus the flow area is 7D°/8 and the hydraulic radius is ee | 


D/4. Then from Manning’s equation, V = 2 AREP SU? : 
n 


Im'?/s 


aY (aD? /8m?°)(D/ 4m)?” (0.0015)? 


4m?/s= 





which gives D = 2.42 m. i 





(b) Rectangular channel of bottom width b: For best cross-section, y = b/2. 
Then A. = yb = b’/2 and R, = b/4. From the Manning equation, 





3 _1m'?/s 2 2 2/3 1/2 
4m°/s = (b? /2m?)(b/4m)?* (0.0015) she 


which gives b = 2.21 m, and y = b/2 = 1.11 m. 


(c) Trapezoidal channel of bottom width b: For best cross-section, 0= 60° and 
y =b43/2 . Then, A, = y(b +b cos 0) = 0.5¥3b7 (1+ cos 60°) = 0.7543b° , 


B 


p=3b, R,= . = ae . From the Manning equation, 





4m?/s = Imi" /s 


re 0.7536" m7 )(V3b/ 4 m)*7 0.0015)!" 





which gives b = 1.35 m, and y = 1.17 mand 0= 60°. 


Discussion The perimeters for the circular, rectangular, and trapezoidal channels are 3.80 m, 4.42 m, and 4.05 m, 
respectively. Therefore, the circular cross-section has the smallest perimeter. 





13-27 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 13 Open-Channel Flow 
13-67E 
Solution Water is to be transported in a rectangular channel at a specified rate. The dimensions for the best cross- 
section if the channel is made of unfinished and finished concrete are to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Properties The Manning coefficient is n = 0.012 and n = 0.014 for finished and unfinished concrete, respectively 
(Table 13-1). 


Analysis For best cross-section of a rectangular cross-section, y = b/2. Then A. 
= yb = b’/2 and R, = b/4. The flow rate is determined from the Manning equation, 


~ a 
VS aei sy, 

n y¥b/2 
(a) Finished concrete, n = 0.012: 


1/3 
Boots = ESR LS (p? / 28? (b / 4 R)? 0.0005)" "A 


It gives b = 15.4 ft, and y = b/2 = 7.68 ft 


(b) Unfinished concrete, n = 0.014: 


1.486 ft"? / 5 
0.014 


800 ft?/s = (b? /2 ft? )(b/ 4 ft)? (0.0005) !/7 
It gives b = 16.3 ft, and y = 5/2 = 8.13 ft 


Discussion Note that channels with rough surfaces require a larger cross-section to transport the same amount of water. 
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Chapter 13 Open-Channel Flow 


13-68 Ko 
Solution Uniform flow in an asphalt-lined rectangular channel is considered. By varying the depth-to-width ratio 


from 0.1 to 2 in increments of 0.1 for a fixed value of flow area, it is the to be shown that the best hydraulic cross section 
occurs when y/b = 0.5, and the results are to be plotted. 



























































Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 
4.4 
a=1 | 
n=0.016 "Manning coefficient" 4.3 
s=0.003 "Bottom slope is constant" H 
Ac=2 "Flow area remains constant at 2 m2" aa 
Ratio=y/b 4.1 
Ac=b*y L 
p=b+2*y 2 4 
Rh=Ac/p "Hydraulic radius" E f 
Vdot=(a/n)*Ac*Rh^(2/3)*SQRT(s) "Volume flow rate" = Se 
3.8 
3.7 
Depth-to-width Channel width, Flow rate, ser 
tatio; yi oa V m?/s s oa o 4a dee a? 
0.1 4.47 3.546 Depth-to-witdth ratio, y/b 
0.2 3.16 4.031 
0.3 2.58 4.221 
0.4 2.24 4.295 
0.5 2.00 4.313 
0.6 1.83 4.301 
0.7 1.69 4.273 
0.8 1.58 4.235 
0.9 1.49 4.192 y 
1.0 1.41 4.147 
1.1 1.35 4.101 
1.2 1.29 4.054 
1.3 1.24 4.008 b 
1.4 1.20 3.963 
1.5 1.15 3.919 
1.6 1.12 3.876 
1.7 1.08 3.834 
1.8 1.05 3.794 
1.9 1.03 3.755 
2.0 1.00 3.717 

















Discussion It is clear from the table and the chart that the depth-to-width ratio of y/b = 0.5 corresponds to the best 
cross-section for an open channel of rectangular cross-section. 
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Chapter 13 Open-Channel Flow 


Gradually and Rapidly Varied Flows and Hydraulic Jump 


13-69C 
Solution We are to discuss the difference between uniform and nonuniform (varied) flow. 
Analysis Both uniform and varied flows are steady, and thus neither involves any change with time at a specified 


location. In uniform flow, the flow depth y and the flow velocity V remain constant whereas in nonuniform or varied 
flow, the flow depth and velocity vary in the streamwise direction of the flow. In uniform flow, the slope of the energy 
line is equal to the slope of the bottom surface. Therefore, the friction slope equals the bottom slope, S= Sọ. In varied 
flow, however, these slopes are different. 


Discussion Varied flows are further classified into gradually varied flow (GVF) and rapidly varied flow (RVF). 





13-70C 
Solution We are to discuss the differences between GVF and RVF. 


Analysis Gradually varied flow (GVF) is characterized by gradual variations in flow depth and velocity (small 
slopes and no abrupt changes) and a free surface that always remains smooth (no discontinuities or zigzags). Rapidly 
varied flow (RVF) involves rapid changes in flow depth and velocity. A change in the bottom slope or cross-section of a 
channel or an obstruction on the path of flow may cause the uniform flow in a channel to become gradually or rapidly 
varied flow. Analytical relations for the profile of the free surface can be obtained in GVF, but this is not the case for 
RVF because of the intense agitation. 


Discussion In many situations, the shape of the free surface must be solved numerically, even for GVF. 





13-71C 
Solution We are to analyze a claim that wall shear is negligible in RVF but important in GVF. 


Analysis Yes, we agree with this claim. Rapidly varied flows occur over a short section of the channel with 
relatively small surface area, and thus frictional losses associated with wall shear are negligible compared with losses due 
to intense agitation and turbulence. Losses in GVF, on the other hand, are primarily due to frictional effects along the 
channel, and should be considered. 


Discussion There is somewhat of an analogy here with internal flows. In long pipe sections with entrance lengths 
and/or gradually changing pipe diameter, wall shear is important. However, in short sections of piping with rapid change of 
diameter or a blockage or turn, etc (minor loss), friction along the wall is typically negligible compared to other losses. 


13-72C 
Solution Weare to analyze what happens to flow depth in a horizontal rectangular channel during subcritical flow. 
Analysis The flow depth y must (c) decrease in the flow direction. 


Discussion Since the flow is subcritical, there is no possibility of a hydraulic jump. 





13-73C 
Solution We are to analyze what happens to flow depth in a sloped rectangular channel during subcritical flow. 
Analysis The flow depth y must (a) increase in the flow direction. 


Discussion Since the flow is subcritical, there is no possibility of a hydraulic jump. 
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Chapter 13 Open-Channel Flow 


13-74C 
Solution We are to analyze what happens to flow depth in a horizontal rectangular channel during supercritical flow. 
Analysis The flow depth y (a) increases in the flow direction. 


Discussion Since the flow is supercritical, this increase in flow depth may occur via a hydraulic jump. 





13-75C 
Solution We are to analyze what happens to flow depth in a sloped rectangular channel during subcritical flow. 
Analysis The flow depth y (c) decreases in the flow direction. 


Discussion Since the flow is subcritical, there is no possibility of a hydraulic jump. 





13-76C 

Solution We are to analyze what happens to flow depth in an upward-sloped rectangular channel during supercritical 
flow. 

Analysis The flow depth y (a) increases in the flow direction. 


Discussion Since the flow is supercritical, this increase in flow depth may occur via a hydraulic jump. 





13-77C 
Solution We are to determine if it is possible for subcritical flow to undergo a hydraulic jump. 
Analysis No. It is impossible for subcritical flow to undergo a hydraulic jump. Such a process would require the 


head loss h; to become negative, which is impossible. It would correspond to negative entropy generation, which would be 
a violation of the second law of thermodynamics. Therefore, the upstream flow must be supercritical (Fr; > 1) for a 
hydraulic jump to occur. 


Discussion This is analogous to normal shock waves in gases — the only way a shock wave can occur is if the flow 
upstream of the shock wave is supersonic with Ma, > | (analogous to supercritical in open-channel flow with Fr, > 1). 





13-78C 
Solution We are to define the energy dissipation ratio for a hydraulic jump and discuss why a hydraulic jump is 
sometimes used to dissipate energy. 


Analysis Hydraulic jumps are often designed in conjunction with stilling basins and spillways of dams in order to 
waste as much of the mechanical energy as possible to minimize the mechanical energy of the fluid and thus its 
potential to cause damage. In such cases, a measure of performance of a hydraulic jump is the energy dissipation ratio, 
which is the fraction of energy dissipated through a hydraulic jump, defined as 

i h h 


h 
Dissipation ratio = — = = = L : 
Ea yt, / (22) Yı (1+Fr /2) 














Discussion Since the head loss is always positive, the dissipation ratio is also always positive. 
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Chapter 13 Open-Channel Flow 
13-79 


Solution Water is flowing in an open channel uniformly. It is to be determined whether the channel slope is mild, 
critical, or steep for this flow. 


Assumptions 1 The flow is steady and uniform. 2 The bottom slope is constant. 3 The roughness of the wetted surface of 
the channel and thus the friction coefficient are constant. 





Properties The Manning coefficient for an open channel with finished concrete surfaces is n = 0.012 (Table 13-1). 
Analysis The cross-sectional area, perimeter, and hydraulic radius are 
A, = yb =(1.2m)3 m) =3.6 m? p=b+2y=3m +2(1.2 m) = 5.4m 
Ae _ 3.6m? 
pn e a 
p 5.4m 


The flow rate is determined from the Manning equation to be 


, 13 y=l.2m 
V =Z A RPSL? = m 7366 m7 )(0.6667 m)~?(0.002)!/? =10.2 m3/s 
n 0.012 
Noting that the flow is uniform, the specified flow rate is the normal depth and 
thus y = y, = 1.2 m. The critical depth for this flow is | b=3m 





ven avsa y 
2m /S 
voir 7 = 3 z =1.06 m 
gb (9.81 m/s2)(3m) 


This channel at these flow conditions is classified as mild since y > y., and the flow is subcritical. 


Discussion If the flow depth were smaller than 1.06 m, the channel slope would be said to be steep. Therefore, the 
bottom slope alone is not sufficient to classify a downhill channel as being mild, critical, or steep. 





13-80 
Solution Water is flowing in an wide brick open channel uniformly. The range of flow depth for which the channel 
can be classified as “steep” is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 The bottom slope is constant. 3 The roughness of the wetted surface of 
the channel and thus the friction coefficient are constant. 


Properties The Manning coefficient for a brick open channel is n = 0.015 (Table 13-1). y —> 


Analysis The slope of the channel is Sp = tana = tan0.4° = 0.006981. 


The hydraulic radius for a wide channel is equal to the flow depth, R, = y. Now assume the flow in the channel to be 
critical, The channel flow in this case would be critical slope S,, and the flow depth would be the critical flow depth, which 
is determined from 


2 2\3 
ee x ee 
ay as 


Substituting, 


gn? i (9.81 m/s” (0.015)? : 
ye =| = ——s = 0.0316 m 
as. (1 m!’ / s)? (0.006981) 








Therefore, this channel can be classified as steep for uniform flow depths less than y,, i.e., y< 0.0316 m. 


Discussion Note that two channels of the same slope can be classified as differently (one mild and the other steep) if 
they have different roughness and thus different values of n. 
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Chapter 13 Open-Channel Flow 
13-81E 
Solution Water is flowing in a rectangular open channel with a specified bottom slope at a specified flow rate. It is to 
be determined whether the slope of this channel should be classified as mild, critical, or steep. The surface profile is also to 
be classified for a specified flow depth of 2 m. 


Assumptions 1 The flow is steady and uniform. 2 The bottom slope is constant. 3 The roughness of the wetted surface of 
the channel and thus the friction coefficient are constant. 


Properties The Manning coefficient of a channel with unfinished concrete surfaces is n = 0.014 (Table 13-1). 
Analysis The cross-sectional area, perimeter, and hydraulic radius are 

A, = yb = y(12 fd) = 12y ft? p=b+2y=12ft+2y =12+2y ft 
A, _ 12y ft? 
p 12+2yft 





R, = = 0.6667 m 


Substituting the known quantities into the Manning equation, 





13 2/3 
12 
V= ARP SY > snes aa | gangs 
n 0.014 12+2y 


| b=12ft 


Solving for the flow depth y gives y = 1.95 ft. The critical depth for this flow is 


v? (300 ft* /s)? 
Ve = FFD. 
gA? (32.2 ft/s” )(12 ft x 1.95 ft)” 
This channel at these flow conditions is classified as steep since y < ye, and the flow is supercritical. Alternately, we could 
solve for Froude number and show that Fr > 1 and reach the same conclusion. The given flow is uniform, and thus y = y, 
= 1.95 ft. Therefore, the given value of y = 3 ft during development is between y, and y,, and the flow profile is S2 
(Table 13-3). 


Discussion If the flow depth were larger than 5.19 ft, the channel slope would be said to be mild. Therefore, the 
bottom slope alone is not sufficient to classify a downhill channel as being mild, critical, or steep. 





13-82 
Solution Water is flowing in a V-shaped open channel with a specified bottom slope at a specified rate. It is to be 
determined whether the slope of this channel should be classified as mild, critical, or steep. 


Assumptions 1 The flow is steady and uniform. 2 The bottom slope is constant. 3 The roughness of the wetted surface of 
the channel and thus the friction coefficient are constant. 


Properties The Manning coefficient for a cast iron channel is n = 0.013 (Table 13-1). 








Analysis From geometric considerations, the cross-sectional area, perimeter, and hydraulic radius are 
A 2 
A, = y(2y)/2= y? p=Ņy +y? =W2y R,- y 


p 2v2y 22 


Substituting the known quantities into the Manning equation, 


im? /s y 
jaa 2/3 œ1/2 3 2 1/2 
V=—A R; S > 3m°/s =—__ — 0.002 
a h 90 0013 Q (35) ( ) 
Solving for the flow depth y gives y = 1.23 m. The critical depth for this flow is 

72 3 7 e)2 45° 

yp =p ER = 0.61 a 
gAZ (9.81 m/s“ )(1.23 m) 

This channel at these flow conditions is classified as mild since y > y., and the flow is subcritical. 


Discussion If the flow depth were smaller than 0.61 m, the channel slope would be said to be steep. Therefore, the 
bottom slope alone is not sufficient to classify a downhill channel as being mild, critical, or steep. 
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Chapter 13 Open-Channel Flow 
13-83 [Also solved using EES on enclosed DVD] 
Solution Water at a specified depth and velocity undergoes a hydraulic jump. The depth and Froude number after the 
jump, the head loss and dissipation ratio, and dissipated mechanical power are to be determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 3 The channel is horizontal. 





Properties The density of wateris 1000kg/m*, 0 TTT ee h; Energy 
Analysis (a) The Froude number before the hydraulic jump is Reed ee een roe 
y 
Fr, = = ame = 2.62 





do Jos8imis2\12m) 


which is greater than 1. Therefore, the flow is supercritical before the 
jump. The flow depth, velocity, and Froude number after the jump are 


yo = 0.5y,(- 1+4/1+8Frf ) =0.5(1.2 m(-1+ V1+8x2.62? ) =3.89 m 








1.2 


(9 m/s) = 2.78 m/s 
yo 3.89 m 


Vo 2.78 m/s -0.449 


Fr, = 
i V¥&¥2 (9.81 m/s2)(3.89 m) 


(b) The head loss is determined from the energy equation to be 





Ve (9 m/s)? - (2.78 m/s)” 


y, = 
h; = yı -y +—=—— = (1.2m) - (3.89 m) + =1.05m 
Paena g 2(9.81 m/s?) 


The specific energy of water before the jump and the dissipation ratio are 





y2 2 
Ey =); tome i 33m 
2g 2(9.81 m/s*) 
h : 
Dissipation ratio = —+ = ne 0.195 
Ey, 5.33m 


Therefore, 19.5% of the available head (or mechanical energy) of the liquid is wasted (converted to thermal energy) as a 
result of frictional effects during this hydraulic jump. 


(c) The mass flow rate of water is 


ii = pV = pby,V, = (1000 kg/m? )(1.2 m)(8 m)(9 m/s) = 86,400 kg/s 


Then the dissipated mechanical power becomes 


E dissipated = Gh, = (86,400 kg/s)(9.81 m/s” )(1.04 | = 881,000 Nm/s = 881kW 
S 


lkg-m 


Discussion The results show that the hydraulic jump is a highly dissipative process, wasting 881 kW of power 
production potential in this case. That is, if the water is routed to a hydraulic turbine instead of being released from the 
sluice gate, up to 881 kW of power could be produced. 





13-34 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 13 Open-Channel Flow 
13-84 
Solution Water at a specified depth and velocity undergoes a hydraulic jump. The head loss associated with this 
process is to be determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 3 The channel is horizontal. 


Ve | 12 m/s 


Js (9.81 m/s?)(0.35 m) 


greater than 1. Therefore, the flow is indeed supercritical before the jump. The flow depth, velocity, and Froude number 
after the jump are 


y= osyi(-1+ 1+8Fr7 ) = 0.5(0.35 m(-1+ 41+8x6.476° ) =3.035 m 





Analysis The Froude number before the hydraulic jump is Fr, = = 6.476 , which is 














Fy otty, 29 ™ (ome) 1394s 
V2 3.035 m 
y. . 
Fr =—>— = Bae = 0.2536 
V2 |(9.81m/s”)(3.035 m) 
The head loss is determined from the energy equation to be (1) 
y? -v2 (12 m/s)? - (1.384 m/s)” 


= 4.56m 





h; = y, — y, +—=—— > = (0.35 m) - (3.035 m) + 
E= Yim Y2 2g ( )-( ) 2(9.81 m/s?) 


Discussion The results show that the hydraulic jump is a highly dissipative process, wasting 4.56 m of head in the 
process. 
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Chapter 13 Open-Channel Flow 


13-85 
Solution The increase in flow depth during a hydraulic jump is given. The velocities and Froude numbers before and 


after the jump, and the energy dissipation ratio are to be determined. 
Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 3 The channel is horizontal. 


Analysis The Froude number before the jump is determined from 
y, = O.syı( -1+ /1+8Fr ) > 3m=0.5x(0.6 m(-1+/1+8Fr? ) 


which gives Fr, = 3.873. Then, 
V, = Fr, gy, = 3.873 (9.81 m/s” )(0.6 m) = 9.40 m/s 


y) =2Ly, = 2°™ 6.40 m/s) =1.88 mis 
3m 


Y2 





y. 
meihe l y 


V2 4(9.81m/s°)8m) 
The head loss is determined from the energy equation to be 


y? -Vz 9.40 m/s)? - (1.88 m/s)? 
penet e a ee 
2g 2(9.81m/s?) 





=1.92 m 


The specific energy of water before the jump and the dissipation ratio are 





V? 9.40 m/s)? 
Ea =y HE (06m) EES 5.10m 
2g 2(9.81 m/s”) 
h 
Dissipation ratio = —+ = pee 0.376 
Ey 510m 


Therefore, 37.6% of the available head (or mechanical energy) of water is wasted (converted to thermal energy) as a result 
of frictional effects during this hydraulic jump. 


Discussion The results show that the hydraulic jump is a highly dissipative process, wasting over one-third of the 


available head. 
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Chapter 13 Open-Channel Flow 
13-86 
Solution Water flowing in a wide channel at a specified depth and flow rate undergoes a hydraulic jump. The 
mechanical power wasted during this process is to be determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 3 The channel is horizontal. 


Properties The density of water is 1000 kg/m’. 


Analysis Average velocities before and after the jump are 
3 
i= m/s =14 m/s 
(10m)( 0.5 m) 
3 
pa- U ana 
(10m)(4m) 





The head loss is determined from the energy equation to be 


Pey (14 m/s)? - (1.75 m/s)? 


h; = y; -y + 2— ~ = (0.5m)-(4m) + =6.33m 
ETEL JAE- py eer 2(9.81m/s2) 


The mass flow rate of water is 


m = pV = (1000 kg/m*)(70 m?/s) = 70,000 kg/s 
Then the dissipated mechanical power becomes 


1kN 


E dissipated = Mh, = (70,000 kg/s)(9.81 m/s* )(6.33 m)| ———— 
dissipated Sly ( g/s)( X( (mite 


) = 4350 kNm/s = 4.35 MW 


Discussion The results show that the hydraulic jump is a highly dissipative process, wasting 4.35 MW of power 
production potential in this case. 
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Chapter 13 Open-Channel Flow 
13-87 
Solution The flow depth and average velocity of water after a hydraulic jump are measured. The flow depth and 
velocity before the jump as well as the fraction of mechanical energy dissipated are to be determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 3 The channel is horizontal. 





Analysis The Froude number after the hydraulic jump is “tereesnec, 
Vo | 3 m/s 


V2 (9.81 m/s?)(2 m) 


It can be shown that the subscripts in the relation 
yy =O05y, (- 1+4/1+ SFr? ) are interchangeable. Thus, 


v = 05y_(—1+ 1+ 8Fr3 ) =0.5(2 m)—1+Vi+8%0.6773" ) =1.16 m 


= 0.6773 





Fry = 











2 
V,=22y, =—™"_ Gms) =5.17 mis 
yı 1.161m 
The Froude number before the jump is 
y 
Fr, == ame = 1.53 


Va. {(9.81m/s2)(1.16 m) 


which is greater than 1. Therefore, the flow is indeed supercritical before the jump. The head loss is determined from the 
energy equation to be 


V? -v2 (5.17 m/s)? - (3 m/s)? 


h =y -y +———— =(1.16m)-(2m)+ = 0.0636 m 
Eol eee = 2g 2(9.81 m/s?) 


The specific energy of water before the jump and the dissipation ratio is 


v? .17 m/s)? 
Ey =y,+— =(1.16 eo ee 2.52m 
2g 2(9.81 m/s” ) 
Dissipation ratio = Te OEE 0.025 
E, 252m 


Discussion Note that this is a “mild” hydraulic jump, and only 2.5% of the available energy is wasted. 





13-38 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 13 Open-Channel Flow 
13-88E 
Solution Water at a specified depth and velocity undergoes a hydraulic jump, and dissipates a known fraction of its 
energy. The flow depth, velocity, and Froude number after the jump and the head loss associated with the jump are to be 
determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 3 The channel is horizontal. 





Analysis The Froude number before the hydraulic jump is i e 2 cae 
wee eseeeeeeeeegingeetts 


V, 
Fr, == awe = 4.984 
V2 (32.2 m/s*)(2 ft) 


which is greater than 1. Therefore, the flow is indeed 
supercritical before the jump. The flow depth, velocity, and 
Froude number after the jump are 


(1) 
yy = osyi(-1+ l+8Fr? ) = 0.5(2 fw -14 V1+8x 4.9847 ) =13.1ft 


y, -2y, =" (40 fs) = 6.09 tt/s 
yo 13.1 ft 


Vy 6.091 ft/s 
V2 |(32.2 fi/s?)(13.13m) 











= 0.296 








Fr, = 


The head loss is determined from the energy equation to be 


vê -v2 Done 3 
kep a a pnis OEO 
28 2(32.2 ft/s*) 


Discussion The results show that the hydraulic jump is a highly dissipative process, wasting 13.2 ft of head in the 
process. 


=13.2 ft 





Flow Control and Measurement in Channels 


13-89C 
Solution We are to draw a flow depth-specific y 
energy diagram for several types of flow. 





Subcritical 
flow 






Analysis On the figure, diagram 1-2a is for 
frictionless gate, 1-2b is for sluice gate with free 





outflow, and 1-2b-2c is for sluice gate with drown 
outflow, including the hydraulic jump back to 
subcritical flow. 


Discussion A plot of flow depth as a function of 
specific energy, as shown here, is quite useful in the 
analysis of varied open-channel flow because the 
states upstream and downstream of a change must 
jump between the two branches. 


(a) Frictionless 







(c) Drown 


E Supercritical 
flow 


Ey = Eya 
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Chapter 13 Open-Channel Flow 


13-90C 
Solution We are to define the discharge coefficient for sluice gates, and discuss some typical values. 
Analysis For sluice gates, the discharge coefficient Cz is defined as the ratio of the actual velocity through the 


gate to the maximum velocity as determined by the Bernoulli equation for the idealized frictionless flow case. For ideal 
flow, C4 = 1. Typical values of C; for sluice gates with free outflow are in the range of 0.55 to 0.60. 


Discussion Actual values of the discharge coefficient must be less than one or else the second law would be violated. 





13-91C 
Solution We are to discuss how flow rate is measured with a broad-crested weir. 
Analysis The operation of broad crested weir is based on blocking the flow in the channel with a rectangular 


block, and establishing critical flow over the block. Then the flow rate is determined by measuring flow depths. 


Discussion This technique is quite obtrusive, but requires no special measuring equipment or probes. 





13-92C 
Solution We are to analyze whether the free surface of flow over a bump will increase, decrease, or remain constant. 
Analysis In the case of subcritical flow, the flow depth y will decrease during flow over the bump. 


Discussion This may be contrary to our intuition at first, but if we think in terms of increasing velocity and decreasing 
pressure over the bump (a Bernoulli type of analysis), it makes sense that the surface will decrease over the bump. 





13-93C 
Solution We are to analyze what happens in subcritical flow over a bump when the bump height increases. 
Analysis When the specific energy reaches its minimum value, the flow is critical, and the flow at this point is 


said to be choked. If the bump height is increased even further, the flow remains critical and thus choked. The flow will 
not become supercritical. 


Discussion This is somewhat analogous to compressible flow in a converging nozzle — the flow cannot become 
supersonic at the nozzle exit unless there is a diverging section of the nozzle downstream of the throat. 





13-94C 
Solution We are to define and classify sharp-crested weirs. 
Analysis A sharp-crested weir is a vertical plate placed in a channel that forces the fluid to flow through an 


opening to measure the flow rate. They are characterized by the shape of the opening. For example, a weir with a 
triangular opening is referred to as a triangular weir. 


Discussion Similar to the broad-crested weir, this type of flow measurement is quite obtrusive, but requires no special 
measuring equipment or probes. 
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Chapter 13 Open-Channel Flow 
13-95 


Solution Water is released from a reservoir through a sluice gate into an open channel. For specified flow depths, the 
rate of discharge is to be determined. 


Sluice gate 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is 
sufficiently wide so that the end effects are negligible. 


Analysis The depth ratio y,/a and the contraction coefficient y>/a are 
Mu _lMm_y and Ja 3m 
a lm a lim 


The corresponding discharge coefficient is determined from Fig. 13-38 to 
be C,= 0.59. Then the discharge rate becomes 





V =C,,ba,/2gy, = 0.59(5m)(1m),/ 2 (9.81 m/s*)(14 m) = 48.9 m?/s 


Discussion Discharge coefficient is the same as free flow because of small depth ratio after the gate. So, the flow rate 
would not change if it were not drowned. 





13-96 
Solution Water flowing in a horizontal open channel 
encounters a bump. It will be determined if the flow over the bump is Depression over the bump 


choked. 
A 


Assumptions 1 The flow is steady. 2 Frictional effects are 
negligible so that there is no dissipation of mechanical energy. 3 The 
channel is sufficiently wide so that the end effects are negligible. 








Analysis The upstream Froude number and the critical depth are 
2.5 m/s -0.729 


Z 
Je. JO.81m?/(1.2m) Bump 


TENTE 251/3 pg 1/3 5 251/3 

V (by V;) yiVi (1.2 m)“ (2.5m/s) 

"e æ) æ J) g) | osim? —— 
g g 


The flow is subcritical since Fr < 1, and the flow depth decreases over the bump. The upstream, over the bump, and critical 
specific energies are 
v? 2.5 m/s)? 
E =y; += ie 
2g 2(9.81m/s^) 


E yy = Eg —Az, =1.52-0.22 =1.30 m 


Fr, = 


7 





=1.52m 


3 
E,=—y, =146 m 
g 37e 


We have an interesting situation: The calculations show that E,, < E,. That is, the specific energy of the fluid decreases 
below the level of energy at the critical point, which is the minimum energy, and this is impossible. Therefore, the flow at 
specified conditions cannot exist. The flow is choked when the specific energy drops to the minimum value of 1.46 m, 
which occurs at a bump-height of Az, max = Es1 —£, =1.52—1.46 =0.06m. 


Discussion A bump-height over 6 cm results in a reduction in the flow rate of water, or a rise of upstream water level. 
Therefore, a 22-cm high bump alters the upstream flow. On the other hand, a bump less than 6 cm high will not affect the 
upstream flow. 
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Chapter 13 Open-Channel Flow 
13-97 
Solution Water flowing in a horizontal open channel encounters 
a bump. The change in the surface level over the bump and the type of 
flow (sub- or supercritical) over the bump are to be determined. 


Rise over the bump 


Assumptions 1 The flow is steady. 2 Frictional effects are negligible 
so that there is no dissipation of mechanical energy. 3 The channel is 
sufficiently wide so that the end effects are negligible. 





Analysis The upstream Froude number and the critical depth are 


ame = 2.856 


V 
Fr, = L = 
yV&1ı (9.81 m?/s)(0.8 m) Bump 7 


$ 1/3 1/3 1/3 
(V) (m) fr) _({ @8m)*8m/s)’ eee 
Ye gb? gb? g 9.81 m/s” l 


The upstream flow is supercritical since Fr > 1, and the flow depth increases over the bump. The upstream, over the bump, 
and critical specific energies are 











y2 2 
Ea =y; +—=(0.8 TAO =4.06 m 
2g 2(9.81 m/s“) 


E 2 = E a- 4z, = 4.06 -0.30 =3.76 m 


E = y, =2.42 m 


c 


The flow depth over the bump is determined from 


y? 8 m/s)? 
y3—(Eq—Az,)y2 +»? EE E E 


=~ (0.80 m)* =0 
2g 2(9.81m/s”) 


Using an equation solver, the physically meaningful root of this equation is determined to be 0.846 m. Therefore, there is a 
rise of 


Rise over bump = yy — y, + Az, = 0.846 —0.80+0.30 = 0.346 m 


over the surface relative to the upstream water surface. The specific energy decreases over the bump from, 4.06 to 3.76 m, 
but it is still over the minimum value of 2.42 m. Therefore, the flow over the bump is still supercritical. 


Discussion The actual value of surface rise may be different than 4.6 cm because of frictional effects that are neglected 
in this simplified analysis. 
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Chapter 13 Open-Channel Flow 
13-98 
Solution The flow rate in an open channel is to be measured using a sharp-crested rectangular weir. For a measured 
value of flow depth upstream, the flow rate is to be determined. 


Assumptions 1 The flow is steady. 2 The upstream velocity head is 
negligible. 3 The channel is sufficiently wide so that the end effects are 
negligible. 


Analysis The weir head is 
H=y,-P,, =2.2-0.75 =1.45m 





The discharge coefficient of the weir is 


H : Sharp-crested 
= 0.598 + 0.0897 — = 0.598 + 0.0897 ioe =0.771 rectangular weit 
Š m 


w 


C 


wd ,rec 


The condition H/P,, < 2 is satisfied since 1.45/0.75 = 1.93. Then the water flow rate through the channel becomes 


3/2 


=15.9m?/s 


rec 


V = Cosme 5 IgH? =(0.7714)Ż(4 m) 2(9.81 m/s’ ) (1.45 m) 


V 15.9 m/s 


— =——_—- = 1.81m/s and 
by, (4m)(2.2m) 


Discussion The upstream velocity and the upstream velocity head are V, = 


Vê _ (1.81m/s)? he . PS 

eae Jee =0.167m respectively. This is 11.5% of the weir head, which is significant. When the upstream 
2g 2(9.81m/s“) 
velocity head is considered, the flow rate becomes 18.1 m°/s, which is about 14 percent higher than the value determined 
above. Therefore, it is good practice to consider the upstream velocity head unless the weir height P, is very large relative 
to the weir head H. 





13-99 
Solution The flow rate in an open channel is to be measured using a sharp-crested rectangular weir. For a measured 
value of flow depth upstream, the flow rate is to be determined. 


Assumptions 1 The flow is steady. 2 The upstream velocity head is 
negligible. 3 The channel is sufficiently wide so that the end effects are 
negligible. 





Analysis The weir head is H =y;-P„,=2.2-1.0=1.2m. The 
discharge coefficient of the weir is 
H 1.2m 
C Pa a a T a 
0m 


wd ,rec 


Sharp-crested 
rectangular weir 


w 


The condition H/P „< 2 is satisfied since 1.2/1.0 = 1.20. Then the water 
flow rate through the channel becomes 


3/2 


Va = Car Tb pgn” = (0.7056) =(4 m),/2(9.81 m/s”) (1.2m) =11.0m°/s 
V _ 11.0m*/s 


— = ——__—_=]1.25m/s and 
by, (4m)(2.2 m) 


Discussion The upstream velocity and the upstream velocity head are V, = 


V? _ (1.25 m/s)” . oe . T 

= ca = 0.079 m, respectively. This is 6.6% of the weir head, which may be significant. When the upstream 
2g 2(9.81m/s“) 

velocity head is considered, the flow rate becomes 11.9 m°/s, which is about 8 percent higher than the value determined 
above. Therefore, it is good practice to consider the upstream velocity head unless the weir height P, is very large relative 


to the weir head H. 
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Chapter 13 Open-Channel Flow 
13-100 
Solution Water flowing over a sharp-crested rectangular weir is discharged into a channel where uniform flow 
conditions are established. The maximum slope of the downstream channel to avoid hydraulic jump is to be determined. 


Assumptions 1 The flow is steady. 2 The upstream velocity head is negligible. 
3 The channel is sufficiently wide so that the end effects are negligible. 


Properties Manning coefficient for an open channel of unfinished 
concrete is 7 = 0.014 (Table 13-1). 
Analysis The weir head is H = y, —-P, =3.0m-—2.0 m=1.0m. The 


condition H/P,, < 2 is satisfied since 1.0/2.0 = 0.5. The discharge coefficient 
of the weir is 


C =0.598 +0. 0897 Ż — = 0.6429 Sharp-crested 


w m rectangular weir 








wd ,rec 
Then the water flow rate through the channel per meter width (i.e., taking b = 1 m) becomes 


Vec 7 C,, d rec 


$b 2¢H*? =(0.6429 2 (1m), /2(9.81 m/s’) (1.0 m)*”? = 1.898 m/s 
3 


To avoid ee jump, we must avoid supercritical flow in the channel. Therefore, the bottom slope should not be higher 
than the critical slope, in which case the flow depth becomes the critical depth, 


„2 1/3 3 2 1/3 
vV _ ù (1.898m`/s) -0.7162m 
me gb’ (9.81 m/s” )(1m7) l 


Noting that the hydraulic radius of a wide channel is equal to the flow depth, the bottom slope is determined from the 
Manning equation to be 


miso, 7162x1m?)(0.7162 m)23 S}? 


Val 4 R23 SV? —> 1.898m3/s= 
n 
Solution gives the slope to be Sọ = 0.00215. Therefore, So, max = 0.00215. 


Discussion For a bottom slope smaller than calculated value, downstream channel would have a mild slope, that will 
force the flow to remain subcritical. 





13-101E 
Solution The flow rate in an open channel is to be measured using a sharp-crested rectangular weir. For specified 
upper limits of flow rate and flow depth, the appropriate height of the weir is to be determined. 


Assumptions 1 The flow is steady. 2 The upstream velocity head is negligible. 3 The channel is sufficiently wide so that 
the end effects are negligible. 


=5-— P ,. The discharge coefficient of the weir is 


—P. 
= 0.598 + 0.0897 ae = 0.598 + 0.0897 sy 


w w 


Analysis The weir head is H = y; — 


Py 


C 


wd ,rec 


The water flow rate oe the channel can be expressed as 


V 


j 3/2 
rec Cpe Z by2gH 


Substituting the known ee 


150 ft3/s = fo 598+ 0.08972 zaj (10 ft)4/2(32.2 fi/s”)(5—P,,)>/? | Sharp-crested 


rectangular weir 





Solution of the above equation yields the weir height as P,, = 2.46 ft. 


Discussion Nonlinear equations of this kind can be solved easily using equation solvers like EES. 





13-44 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 13 Open-Channel Flow 
13-102 
Solution The flow of water in a wide channel with a bump is considered. The flow rate of water without the bump 
and the effect of the bump on the flow rate for the case of a flat surface are to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is 
constant. 3 Roughness coefficient is constant along the channel. 4 The 
channel is sufficiently wide so that the end effects are negligible. 5 
Frictional effects during flow over the bump are negligible. 





Properties Manning coefficient for an open channel of unfinished 
concrete is n = 0.014 (Table 13-1). 





gp 
Analysis For a wide channel, the hydraulic radius is equal to the Bump 
flow depth, and thus R, = 2 m. Then the flow rate before the bump per m Slope = 0.0022 
width (i.e., b = 1 m) can be determined from Manning’s equation to be 


j v2 _1m'?/s 


V=24 RPS} (1x2 m?)(2 m)?” (0.0022)"? =10.64 m?°/s 
n 0.014 


j 3 
The average flow velocity is V = Y- n 
A 1x2m 


c 


= 5.32 m/s. 


When a bump is placed, it is said that the flow depth remains the same and there is no rise/drop, and thus y, = y, —Az,. 
But the energy equation is given as 
y? v? v v? 


E2 =E1-747, > +——=y+ Az, > 
s2 sl b Y? de Yı 2g b 2g 2g 





ò 


since y, = y, —Az,, and thus V,; = V}. But from the continuity equation y,V,=y,V,, this is possible only if the flow 


depth over the bump remains constant, i.e., yı = y2, Which is a contradiction since y, cannot be equal to both yı and 
y, -Az, while Az, remains nonzero. Therefore, the second part of the problem can have no solution since it is 


physically impossible. 


Discussion Note that sometimes it is better to investigate whether there is really a solution before spending a lot of time 
trying to find a solution. 
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Chapter 13 Open-Channel Flow 
13-103 
Solution Uniform subcritical water flow of water in a wide channel with a bump is considered. For critical flow over 
the bump, the flow rate of water and the flow depth over the bump are to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 4 The channel is sufficiently wide so that the end effects are negligible. 5 Frictional effects during flow over the 


bump are negligible. 
Properties Manning coefficient for an open channel of unfinished Critical flow 


concrete is n = 0.014 (Table 13-1). 





Analysis Let subscript 1 denote the upstream conditions 
(uniform flow) in the channel, and 2 denote the critical conditions over 
the bump. For a wide channel, the hydraulic radius is equal to the flow 
depth, and thus R, = yı. Then the flow rate per m width (i.e., b = 1 m) 
can be determined from Manning’s equation, 


Slope = 0.0022 


1m! /s 


V =A ROSY? -=E 
n 0.014 


yi1)” (0.0022)? = 3.350%? m?°/s 


The critical depth corresponding to this flow rate is (note that b = 1 m), 


a AI 1/3 1/3 

V2 (3.35077)? 11.224y10 10/9 

Bnd o - —| =1.046y! 
gb g 9.81 m/s 





The average flow velocity is V7, =V/ A, =3.350y;/?/y, =3.350y;/> m/s. Also, 


y? (3.350y7/3)? 
Bay = y+ =y; + : 7 
2g 2(9.81m/s^) 


Ep =E, = Zy, = = (1.046 1") = 1.56919"? 





= y, +0.5720y;'/3 


Substituting these two relations into E,, = E,, Az, where Az, =0.15 m gives 
1.56910? = y, +0.5720y,/3 —0.15 
Using an equation solver such as EES or an iterative approach, the flow depth upstream is determined to be 
yı = 2.947 m 
Then the flow rate and the flow depth over the bump becomes 
V =3.350y)/3 =3.350(2.947)°3 = 20.3 m3/s 
V7 = Ve =1.046y}°/? =1.046(2.947)'°? = 3.48 m 


Discussion Note that when critical flow is established and the flow is “choked”, the flow rate calculations become very 
easy, and it required minimal measurements. Also, V} = 3.350(2.947)7/* = 6.89 m/s and 


Fr, =V, /./gy, = (6.89 m/s) / 4 (9.81 m°/s)(2.947 m) = 1.28 , and thus the upstream flow is supercritical. 
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Chapter 13 Open-Channel Flow 
13-104 
Solution A sluice gate is used to control the flow rate of water in 
a channel. For specified flow depths upstream and downstream from 
the gate, the flow rate of water and the downstream Froude number are 
to be determined. 





Sluice 
gate 
Assumptions 1 The flow is steady. 2 The channel is sufficiently wide 
so that the end effects are negligible. 3 Frictional effects associated 
with sluice gate are negligible. 4 The channel is horizontal. 


Analysis When frictional effects are negligible and the flow 
section is horizontal, the specific energy remains constant, Eq = E,.. 


Then, 


y? y2 y? y? 
nts y + > 1imt+————_, = 045m +$ —__,______. 
2g 2g 2(9.81 m/s* )[(5 m)(1.1 m)] 2(9.81 m/s* )[(5 m)(0.45 m)] 
Solving for the flow rate gives V = 8.806 m°/s . The downstream velocity and Froude number are 
. i 4 
y, : 
oe OE oa and | See 








A, by, (Sm)(0.45m) V82 (9.81 m/s?)(0.45 m) 


Discussion The actual values will be somewhat different because of frictional effects. 





13-105E 
Solution Water is released from a reservoir through a sluice gate with free outflow. For specified flow depths, the 
flow rate per unit width and the downstream Froude number are to be determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is 
sufficiently wide so that the end effects are negligible. 







Sluice 
gate 


Analysis For free outflow, we only need the depth ratio y,/a to 
determine the discharge coefficient (for drowned outflow, we also need 
to know y,/a and thus the flow depth y. downstream the gate) 


Vi OH _ 4 gs 
a lift 


The corresponding discharge coefficient is determined from Fig. 13-38 to 
be C4= 0.55. Then the discharge rate becomes 


V =C,ba2gy, =0.55(1ft)(1.1 ft), 2 (32.2 ft/s*)(5 ft) = 10.9 ft/s 


The specific energy of a fluid remains constant during horizontal flow when the frictional effects are negligible, 
E,, = E,. . With these approximations, the flow depth past the gate and the Froude number are determined to be 


Free 
outflow 








Vy á 10.9 ft/s? )? 
Ea =y +7 =+ 7 zoo — > = 5.074 ft 
2g 2g(by,) 2(32.2 ft/s )[(1 ft)(5 ft)] 
Vy - 10.9 ft/s2)? 
Ey = y, + 2 =y, +t v Ey > yat (a s ) = 5.074 ft 


2g 2g(by,)? 262.2 fD) 


Solution yields y2 = 0.643 ft as the physically meaningful root (positive and less than 5 ft). Then, 


/ 3 
y,-¥ 2 1098s icone and Fr 16.9 ft/s 


Vy 
= = =3.71 
Ae bya (1 ft)(0.643 ft) V8. (32.2 ft/s? )(0.643 ft) 


Discussion In actual gates some frictional losses are unavoidable, and thus the actual velocity and Froude number 
downstream will be lower. 
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Chapter 13 Open-Channel Flow 
13-106E 
Solution Water is released from a reservoir through a drowned sluice gate into an open channel. For specified flow 
depths, the rate of discharge is to be determined. 


Sluice gate 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is 
sufficiently wide so that the end effects are negligible. 


Analysis The depth ratio y,/a and the contraction coefficient y,/a are 
YM Of _ 4 55 and J2 _33ft_, 
a lift a 1.1ft 


The corresponding discharge coefficient is determined from Fig. 13-38 to 
be C4= 0.44. Then the discharge rate becomes 


V =C,,ba,/2gy, =0.44 (1 f)(1.1f)4 2 (32.2 ft/s? )(5 fi) =8.69 ft?/s 


Then the Froude number downstream the gate becomes 





V V 869R? _ Vvo o 2.63 ft/s 


=—=— = = 2 63 fils > Fr= 
2 2 
A, by, (1f)G.3 ft) V8V2 (82.2 ft/s? 8.3 f) 


Discussion Note that the flow past the gate becomes subcritical when the outflow is drowned. 





= 0.255 





13-107 
Solution Water is released from a lake through a drowned sluice gate into an open channel. For specified flow 
depths, the rate of discharge through the gate is to be determined. 


Sluice gate 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is 
sufficiently wide so that the end effects are negligible. 








Analysis The depth ratio y;/a and the contraction coefficient y2/a 
are 

vie = =10 and %2- n = 

a 06m a 0.6m 


The corresponding discharge coefficient is determined from Fig. 13-38 to 
be Cz= 0.48. Then the discharge rate becomes 


V =C,ba/2gy, =0.48 (5 m)(0.6 m),/ 2 (9.81 m/s?)(6 m) =15.6 mĉ/s 


Discussion Note that the use of the discharge coefficient enables us to determine the flow rate through sluice gates by 
measuring 3 flow depths only. 
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Chapter 13 Open-Channel Flow 
13-108E 
Solution Water discharged through a sluice gate undergoes a hydraulic jump. The flow depth and velocities before 
and after the jump and the fraction of mechanical energy dissipated are to be determined. 


Assumptions 1 The flow is steady. 2 The channel is 
sufficiently wide so that the end effects are negligible. 3 
Frictional effects associated with sluice gate are 
negligible. 4 The channel is horizontal. 





Sluice 
gate Hydraulic 


Analysis For free outflow, we only need the depth ; 
Jump 


ratio y,/a to determine the discharge coefficient, 
1 _8ft 
a lft 
The corresponding discharge coefficient is determined 


from Fig. 13-38 to be C4= 0.58. Then the discharge rate 
becomes 


V =C ba 2gy; = 0.581 fY fy 2 (32.2 f/s7)(8 ft) = 13.16 ft?/s 


The specific energy of a fluid remains constant during horizontal flow when the frictional effects are negligible, 
E = E, . With these approximations, the flow depth past the gate and the Froude number are determined to be 








v2 72 37,\2 
Ea =+ ' =y; + á 7 =8ft+ a = a 7 = 8.042 ft 
2g 2g(by;) 2(32.2 ft/s PEC (8 ft)] 
y2 j2 ; Nd 
En =Yo+ Z =y, + 4 2 =E > Y2 + u — 2 2 = 8.042 ft 
2g 2g(by>) 2(32.2 fi/s“ [Uf )] 


It gives yz = 0.601 ft as the physically meaningful root (positive and less than 8 ft). Then, 


o, ; 
y,- VY DIS gag nie 
A. by,  (1ft)(0.601 ft) 


Vy 21.9 ft/s 


V&2 (32.2 ft/s? )(0.601 ft) 


Then the flow depth and velocity after the jump (state 3) become 
y= 0.5y,(-14 1+ 8Frz } = 0.5(0.601 f(-14 v1+8x4.977 ) =3.94 ft 


y, -22 y, 0601h 
73 3.94 ft 


The head loss and the fraction of mechanical energy dissipated during the jump are 





=4.97 





Fr, = 





(21.9 ft/s) = 3.34 ft/s 


V? =y? (21.9 ft/s)? - (3.34 ft/s)? 


h, = y, — y, +——— > = (0.601 ft) - (3.94 fù) + =3.93 ft 
BME NET a ee 2632.2 fis?) 


Ay r z 3.93 ft an 
E,.  y)(+Fr2/2) (0.601 f)(14+4.977/2) ` 





488 


Dissipation ratio = 


Discussion Note that almost half of the mechanical energy of the fluid is dissipated during hydraulic jump. 
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Chapter 13 Open-Channel Flow 
13-109 
Solution The flow rate of water in an open channel is to be measured with a sharp-crested triangular weir. For a 
given flow depth upstream the weir, the flow rate is to be determined. 








Assumptions 1 The flow is steady or quasi-steady. 2 The channel is Upstream free 
sufficiently wide so that the end effects are negligible. i surface 
Properties The weir discharge coefficient is given to be 0.60. 
Analysis The discharge rate of water is determined directly from 

V =a Cwa tri = tal SW 2gH a 


where C\,q = 0.60, = 60°, and H = 1 m. Substituting, 


V = (0.60) 5 tan{ Ey 2(9.81m/s”)(I1m)>” =0.818 m?/s 


Discussion Note that the use of the discharge coefficient enables us to determine the flow rate in a channel by 
measuring a single flow depth. Triangular weirs are best-suited to measure low discharge rates as they are more accurate 
than the other weirs for small heads. 





13-110 

Solution The flow rate of water in an open channel is to be measured with a sharp-crested triangular weir. For a 
given flow depth upstream the weir, the flow rate is to be determined. 

Assumptions 1 The flow is steady or quasi-steady. 2 The channel is Upstream free 
sufficiently wide so that the end effects are negligible. i surface 








Properties The weir discharge coefficient is given to be 0.60. 


Analysis The discharge rate of water is determined directly from 
V =C pdm a2), eH? 


where C\,q = 0.60, = 60°, and H = 0.7 m. Substituting, | 


V = (0.60) aE 2(9.81m/s”)(0.7 m)°” =0.335 m3/s 


Discussion Note that the use of the discharge coefficient enables us to determine the flow rate in a channel by 
measuring a single flow depth. Triangular weirs are best-suited to measure low discharge rates as they are more accurate 
than the other weirs for small heads. 
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Chapter 13 Open-Channel Flow 
13-111 
Solution The notch angle of a sharp-crested triangular weir used to measure the discharge rate of water from a lake is 
reduced by half. The percent reduction in the discharge rate is to be determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is 
sufficiently wide so that the end effects are negligible. 3 The water depth in the 
lake and the weir discharge coefficient remain unchanged. 


Analysis The discharge rate through a triangular weir is given as 
VC ate È an2) ygu" 5 


Therefore, the discharge rate is proportional to the tangent of the half notch angle, and the ratio of discharge rates is 
calculated to be 


Vso _ tan(50°/2) _ 
Vioo  tan(100°/2) 





V= 0.391 





When the notch angle is reduced by half, the discharge rate drops to 39.1% of the original level. Therefore, the percent 
reduction in the discharge rate is 


Percent reduction = 1-0.391 =0.609= 60.9% 


Discussion Note that triangular weirs with small notch angles can be used to measure small discharge rates while weirs 
with large notch angles can be used to measure for large discharge rates. 





13-112 
Solution The flow rate in an open channel is to be measured using a broad-crested rectangular weir. For a measured 
value of flow depth upstream, the flow rate is to be determined. 


Assumptions 1 The flow is steady. 2 The upstream velocity head is 
negligible. 3 The channel is sufficiently wide so that the end effects are 
negligible. 


Analysis The weir head is H=y,—-P,,=1.6-10=0.6m. The 


w 


Discharge 


discharge coefficient of the weir is 
0.65 0.65 -0.5139 


Cy road SSS 7 
one, Jl+H/P,,  J1+(0.6 m)/(1.0m) Broad-crested weir 


Then the water flow rate through the channel becomes 





3/2 


3/2 
Vig = Cord trod E (=| H*? =(0.5139)(5 m)(2/3)” v9.81 m/s? (0.6 m}? =2.04 m°/s 


The minimum flow depth above the weir is the critical depth, which is determined from 


42 1/3 3 2 1/3 
oy _{  (2.04m°/s) =0.257m 
Y min Ve gb? (9.81 m/s” )(5 m)? 





Discussion The upstream velocity and the upstream velocity head are 
; 3 2 2 
i y 0.2 
ne V 2 2.04 m°/s -0.255 m/s aa 1 _ =) 
by, (S5m)(1.6m) 2g  2(9.81m/s~) 


This is 0.3% of the weir head, which is negligible. When the upstream velocity head is considered (by replacing H in the 


= 0.0033 m 


flow rate relation by H+ ve / 2g ), the flow rate becomes 2.05 m°/s, which is practically identical to the value determined 
above. 
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Chapter 13 Open-Channel Flow 
13-113 
Solution The flow rate in an open channel is to be measured using a broad-crested rectangular weir. For a measured 
value of flow depth upstream, the flow rate is to be determined. 


Assumptions 1 The flow is steady. 2 The upstream velocity head is negligible. 3 The channel is sufficiently wide so that 
the end effects are negligible. 


Analysis The weir head is H = y, —P,, =2.2—-1.0=1.2m. The discharge coefficient of the weir is 


0.65 0.65 


Cy, road 7 = —— = 0.4382 . 
awodd AZH/P, J1+0.2m)/(1.0m) Discharge 


Then the water flow rate through the channel becomes 


. 2 3/2 
Viec = Cnt ensOV 8 5 iene 


= (0.4382)(5 m)(2/3)*? 9.81 m/s? (1.2 m)?/? 
=4,91m?/s 





Broad-crested weir 


The minimum flow depth above the weir is the critical depth, which is determined from 


42 \1/3 3 7Q)2 ue 
_. tv oà (491m°*/s) =0.462 m 
SAE aes (9.81 m/s? )(5 m)? 





Discussion The upstream velocity and the upstream velocity head are 


; 3 2 2 
i VvV __ 491m /s -0.446 m/s and v 7 (0.446 2 _ 
by, (5m)(2.2m) 2g  2(9.81m/s~) 


This is 0.8% of the weir head, which is negligible. When the upstream velocity head is considered (by replacing H in the 


0.010 m 


flow rate relation by H+ v? /2g , the flow rate becomes 4.97 m*/s, which is practically identical to the value determined 
above. 
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Chapter 13 Open-Channel Flow 
13-114 
Solution The flow rate in an open channel is measured using a broad-crested rectangular weir. For a measured value 
of minimum flow depth over the weir, the flow rate and the upstream flow dept are to be determined. 


Assumptions 1 The flow is steady. 2 The upstream velocity head is negligible. 3 The channel is sufficiently wide so that 
the end effects are negligible. 


Analysis The flow depth over the reaches its minimum value when the flow becomes critical. Therefore, the 
measured minimum depth is the critical depth y.. Then the flow rate is determined from the critical depth relation to be 


42 1/3 
Vnin =Ve (5) > V=,y2 gb? =,/(0.50 m)3(9.81 m/s” )(1m)* =1.11 m3/s 


gb’ 


This is the flow rate per m width of the channel since we have taken b = 1 m. Disregarding the upstream velocity head and 
the flow rate for a broad-crested weir can 


noting that the discharge coefficient of the weir is C4 broag = 0.65/ 41+ H/P 


w? 


be expressed as 


, 0.65 pe 
Viec T b (5) a 
1+ H/P,, vg 3 





Discharge 





Substituting, 


1.11m3/s=— 2 __ a m2)?” 9.81 m/s? 3”? 


J1+H/(0.8 m) 


=4.91m°/s Broad-crested weir 


Its solution is H = 1.40 m. Then the flow depth upstream the weir becomes 


y, = H+P,, =1.40+0.80=2.20m 


Discussion The upstream velocity and the upstream velocity head are 
i 3 2 2 
y : 
V = 1.11m°/s <i 60S cals. and 1 — _ 
by, (Um)(2.2m) 2g 2(9.81m/s~) 


This is 0.9% of the weir head, which is negligible. When the upstream velocity head is considered (by replacing H in the 


1 0.013m 


flow rate relation by H + V? /2g , the flow rate becomes 1.12 m°/s, which is practically identical to the value determined 
above. 
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Chapter 13 Open-Channel Flow 


Review Problems 


13-115 
Solution Water flows uniformly in a trapezoidal channel. For a given flow depth, it is to be determined whether the 


flow is subcritical or supercritical. 


Assumptions The flow is uniform. 








Analysis The flow area and the average velocity are 
dy (b+b+2y/tanð) = (0.60 m) [4+4+2(0.60 m)/tan45°]m _ 276m2 
2 2 
V 18 m?/s 
A = 6.522 m/s 
A, 2.76m 


When calculating the Froude number, the hydraulic depth should be used rather than the maximum depth or the hydraulic 
radius. For a non-rectangular channel, hydraulic depth is defined as the ratio of the flow area to top width, 





A. A, 2.76 m? 
Y= Ir~ E H = =0.5308 m 
Top width b+2y/tanð (4=+2x0.60/ tan 45°)m 
4 6.522 m/s 





Then the Froude number becomes Fr = = 2.86 , which is greater than 1. 





y&  (0.81m/s?)(0.5308 m) 
Therefore, the flow is supercritical. 


Discussion The analysis is approximate since the edge effects are significant here compared to a wide rectangular 
channel, and thus the results should be interpreted accordingly. 





13-116 
Solution Water flows in a rectangular channel. The flow depth below which the flow is supercritical is to be 


determined. 


3 
Assumptions The flow is uniform. 8 m'/s 


Analysis The flow depth below which the flow is super critical is 
the critical depth y determined from 


v2? m32 V” 
y= 7 = 5 ; =1.18m 
gb (9.81 m/s* )(2 m) 





= 


Discussion Note that a flow is more likely to exist as supercritical when the flow depth is low and thus the flow 
velocity is high. 


Therefore, flow is supercritical for y < 1.18 m. 
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Chapter 13 Open-Channel Flow 
13-117 
Solution Water flows in a canal at a specified average velocity. For various flow depths, it is to be determined 
whether the flow is subcritical or supercritical. 


Assumptions The flow is uniform. 
Analysis For each depth, we determine the Froude number and compare it to the critical value of 1: 


4 m/s 


Fr r 
Jgy [O81 ms?) (0.2m) 


which is greater than 1. Therefore, the flow is supercritical. 


=2.86 >1 





(a) y= 0.2 m: 


4 m/s 


Fr 4 4 m/s 
Jy ,{@.81m/s2)(2m) 


which is less than 1. Therefore, the flow is subcritical. 


n 4 4 m/s -] eee 
Jey {@.81m/s2)(1.63m) 


which is equal to 1. Therefore, the flow is critical. 





(b) y=2 m: = 0.903 <1 








(c)y=1.63m: F 


Discussion Note that a flow is more likely to exist as supercritical when the flow depth is low and thus the flow 
velocity is high. Also, the type of flow can be determined easily by checking Froude number. 


13-118 
Solution The flow of water in a rectangular channel is considered. For a given flow depth and bottom slope, the 
flow rate is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 

channel. 

Properties The Manning coefficient is given to be n = 0.012 (Table 13-1). 

Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 
A, =by=(1.5m)(0.9 m)=1.35m* p=1.5m+2x0.9m=3.3m 


A, 135m? 
h7 a 


p 3.3m 


=0.4091m 





Bottom slope of the channel is 





So = tan 0.6° =0.01047 


Then the flow rate can be determined from Manning’s equation to be 





b=1.5m 


5 v2 _ 1m"? /s 


V=2 4, R235! a (1.35 m? )(0.4091 m)*(0.01047)'/? =6.34 m3/s 
n $ 


Discussion Note that the flow rate in a given channel is a strong function of the bottom slope. 
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Chapter 13 Open-Channel Flow 


ce) 


13-119 RF, 


Solution The flow of water in a rectangular channel is considered. The effect of bottom slope on the flow rate is to 
be investigated as the bottom angle varies from 0.5 to 10°. 


Assumptions 1 The flow is steady and uniform. 2 Roughness coefficient is constant along the channel. 





















































Properties Manning coefficient for an open channel made of finished concrete is n = 0.012 (Table 13-1). 
Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 
a=1 
b=5 
Vdot = 12 "m3/s" 
n=0.012 
s=tan(teta) 
Ac=b*y 
p=b+2*y 
Rh=Ac/p 
Vdot=(a/n)*Ac*Rh‘’(2/3)*SQRT(s) 
Bottom angle, Flow depth, 0.55 
0° y, m [ 
0.5 0.533 = 
1.0 0.427 i i. 
1.5 0.375 i 
2.0 0.343 o 
2.5 0.320 z 
3.0 0.302 = Wee 
3.5 0.287 £ 
4.0 0.276 S 03 
4.5 0.266 z 
5.0 0.257 E iz 
5.5 0.250 L 
6.0 0.243 0.2 
6.5 0.237 3 
7.0 0.231 Bottom angle, 6 
TS 0.226 
8.0 0.222 
8.5 0.218 
9.0 0.214 
9.5 0.210 
10.0 0.207 














Discussion Note that the flow depth decreases as the bottom angle increases, as expected. 
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Chapter 13 Open-Channel Flow 


13-120 


Solution The flow of water in a trapezoidal channel is considered. The effect of bottom slope on the flow rate is to 
be investigated as the bottom angle varies from 0.5 to 10°. 


Assumptions 1 The flow is steady and uniform. 2 Roughness coefficient is constant along the channel. 


Properties Manning coefficient for an open channel made of finished concrete is m = 0.012 (Table 13-1). 
Analysis The EES Equations window is printed below, along with the tabulated and plotted results. 
a=1 
b=5 
Vdot = 12 "m3/s" 
n=0.012 


s=tan(teta) 

Ac=y*(b+y/tan(45)) 
p=b+2*y/sin(45) 

Rh=Ac/p 
Vdot=(a/n)*Ac*Rh‘(2/3)*SQRT(s) 





















































Bottom angle, Flow depth, 

0° y, m 

0.5 0.496 

1.0 0.403 

1.5 0.357 

2.0 0.327 

2.5 0.306 

3.0 0.290 

3.5 0.276 2 
4.0 0.266 E£ 
4.5 0.256 > 
5.0 0.248 = 
5.5 0.241 2 
6.0 0.235 = 
6.5 0.229 2 
7.0 0.224 

7.5 0.220 

8.0 0.215 

8.5 0.211 

9.0 0.208 Bottom Angle, 6 
9.5 0.204 
10.0 0.201 





Discussion As expected, flow depth decreases with increasing bottom angle, but the relationship is far from linear. 
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Chapter 13 Open-Channel Flow 
13-121 


Solution The flow of water in a trapezoidal channel is considered. For a given flow depth and bottom slope, the flow 
rate is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Properties The Manning coefficient for a brick-lined open channel is = 0.015 (Table 13-1). 

















Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 
A, =) b+—— |= m)| 4m+——_ |= 14.93 m? 
tan 0 tan30° 
2 22m 
p=b+ = =4m+ { ) 
sin 0 sin30° 
A .93 m? 
m en O i 
p 12m 


Bottom slope of the channel is S, = 0.001.Then the flow rate can be determined from 
Manning’s equation to be 


1/2 _ 1m! /s 


V= ARPS} ai (14.93 m? )(1.244 m)?’ (0.001)? =36.4 m?/s 
n 7 


Discussion Note that the flow rate in a given channel is a strong function of the bottom slope. 





13-122 
Solution The flow of water in a circular open channel is considered. For given flow depth and flow rate, the 
elevation drop per km length is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 





Properties The Manning coefficient for the steel channel is given to be n = 0.012. 
Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 
as 1 a eaermseo- 22 
1 360 3 
2m 


0=7r-a =r- =Z =120° 
3 3 


A, = R? (0 -sin 8 cos 0) = (1 m) [27 / 3- sin(27 / 3) cos(27 / 3)] = 2.527 m? 
A, _ -sinf cos? p _ 2æ/3-sin(2z/3)cos(27/ 3) 








R, = (1m) = 0.6034 m 
p 20 2x2m/3 
Substituting the given quantities into Manning’s equation, 
13 
Val 4 R235? > 12m3%/s= mes m? )(0.6034 m)7? S}? 
n : 


It gives the slope to be Sp = 0.00637. Therefore, the elevation drop Az across a pipe length of Z = 1 km must be 
Az = S)L = 0.00637(1000 m) = 6.37 m 


Discussion Note that when transporting water through a region of fixed elevation drop, the only way to increase the 
flow rate is to use a channel with a larger cross-section. 
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Chapter 13 Open-Channel Flow 
13-123 
Solution The flow of water through a V-shaped open channel is considered. The angle O the channel makes from 
the horizontal is to be determined for the case of most efficient flow. 


Assumptions 1 The flow is steady and uniform. 2 The bottom slope is constant. 3 The roughness coefficient is constant. 


Analysis We let the length of the sidewall of the channel be x. From trigonometry, 
. y : b 
sind=— > y=xsind cosd=— > b=xcos0 
x x 
Then the cross-sectional area and the perimeter of the flow section become 
2 
2A, 





A, =by = xcos 0 sin 0 = — sin 20 > x= 
2 sin 20 





2A 
=2x=2 es = 2,/2A. (sin 20)!” 
£ sin 20 P al ) 


Now we apply the criterion that the best hydraulic cross-section for an open channel is the one with the minimum wetted 
perimeter for a given cross-section. Taking the derivative of p with respect to while holding A, constant gives 


X -1/2 : -1/2 : 

@ ajaa COn a e A 9 pg =" sÀ 

dO d0 d(sin 20) d0 2(sin 20)>/? 
Setting dp/d@= 0 gives cos 20 =0, which is satisfied when 26= 90°. Therefore, the criterion for the best hydraulic cross- 
section for a triangular channel is determined to be 0 = 45°. 





Discussion The procedure used here can be used to determine the best hydraulic cross-section for any geometric shape. 





13-124E 
Solution Water is to be transported in a rectangular channel at a specified rate. The dimensions for the best cross- 
section if the channel is made of unfinished concrete are to be determined. 


Assumptions 1 The flow is steady and uniform. 2 The bottom slope is constant. 3 The roughness coefficient is constant. 


Properties The Manning coefficient is nm = 0.014 for channels made of unfinished concrete (Table 13-1). 


Analysis For best cross-section of a rectangular cross-section, y = b/2. Then A, = yb = b?/2, and R, = b/4. 


The flow rate is determined from the Manning equation, V = Z AR ; as a” ; 
n 
(a) Bottom drop of 8 ft per mile: s = (8 ft) /(5280 ft) = 0.001515 


1/3 
200 ft3/s = ae /2)(b/ 4)73(0.001515)!/? 


014 yt b/2 


Solving the above equation gives b = 7.86 ft, and y = b/2 = 3.93 ft. 


(5) Bottom drop of 10 ft per mile: s = (10 ft) /(5280 ft) = 0.001894 | b 


1/3 
200 ft3/s = ee /2)(b/ 4)73 (0.001894)! 


Solving the above equation gives b = 7.54 ft, and y = b/2 = 3.77 ft. 


Discussion The concept of best cross-section is an important consideration in the design of open channels because it 
directly affects the construction costs. 
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Chapter 13 Open-Channel Flow 
13-125E 


Solution Water is to be transported in a trapezoidal channel at a specified rate. The dimensions for the best cross- 
section if the channel is made of unfinished concrete are to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Properties The Manning coefficient is n = 0.014 for channels made of unfinished concrete (Table 13-1). 
Analysis For best cross-section of a trapezoidal channel of bottom width b, @= 60° and y = bV3 / 2 . Then, 


A, = y(b +b cos 0) = 0.5V3b7 (1+ cos 60°) = 0.75V3b7, p=3b, and R ese 
aD 4 


; ; . „, a 
The flow rate is determined from the Manning equation, V =— A.R ri BS co j 
n 


(a) Bottom drop of 8 ft per mile: 
s = (8 ft) /(5280 ft) = 0.001515 


1.486 ft!” 


200 ft?/s = aa us (0.75V3b7 )(/3b / 4)*3 (0.001515) "7 


It gives b = 4.79 ft, and y = 4.15 ft. 





(5) Bottom drop of 10 ft per mile: 
s = (10 ft) (5280 ft) = 0.001894 


1.486 ft? /s 
014 


It gives b = 4.59 ft, and y = 3.98 ft. 


Discussion The concept of best cross-section is an important consideration in the design of open channels because it 
directly affects the construction costs. 


200 ft/s = (0.75V3b7 )(/3b / 4)*? (0.001894) 1/2 
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Chapter 13 Open-Channel Flow 
13-126 
Solution Water is flowing through a channel with nonuniform surface properties. The flow rate through the channel 
and the effective Manning coefficient are to be determined. 


Assumptions 1 The flow is steady and 
uniform. 2 The bottom slope is 
constant. 3 The Manning coefficients 
do not vary along the channel. 


Analysis The channel involves 
two parts with different roughness, and 
thus it is appropriate to divide the 1m 
channel into two subsections. The flow 
rate for each subsection can be 
determined from the Manning equation, 
and the total flow rate can be 
determined by adding them up. 

The flow area, perimeter, and hydraulic radius for each subsection and the entire channel are: 





Heavy brush 
m = 0.075 




















A 2 
Subsection 1: Aa =6m2, Pp, =6m, Ry == n =1.00m 
Pi 6m 
, A. 10m? 
Subsection 2: Ay =10m2, p,=llm, Rg SoS -0909m 
Po llm 
A 2 
Entire channel: A, =16m?, p=17m, R, =— -= A =0.941m 
p 17m 


Applying the Manning equation to each subsection, the total flow rate through the channel becomes 





V =V +V, == ARPS? + ARP SU? 
ni na 
2 2/3 2 2/3 
1 1 , 
-am| ErÈ CD Ee |eos 
= 37.2m°/s 


Knowing the total flow rate, the effective Manning coefficient for the entire channel can be determined from the Manning 
equation to be 


aA R} S? _ (1m'? /s)(16 m7 )(0.941 m)*? (0.00873)! 


= 0.0386 
V 37.2m7/s 


neff = 


Discussion The effective Manning coefficient ner of the channel turns out to lie between the two n values, as expected. 
The weighted average of the Manning coefficient of the channel is nawe=(nıpı+ mp2)/p = 0.056, which is quite different 
than net Therefore, using a weighted average Manning coefficient for the entire channel may be tempting, but it would not 
be so accurate. 
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Chapter 13 Open-Channel Flow 
13-127 
Solution Two identical channels, one rectangular of bottom width b and one circular of diameter D, with identical 
flow rates, bottom slopes, and surface linings are considered. The relation between b and D is to be determined for the 
case of the flow height y = b and the circular channel is flowing half full. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 








Analysis The cross-sectional area, perimeter, and hydraulic radius of the rectangular channel are 
A b? f 
A,=b’, p=3b, and R, == ee 
p 3b 3 
Then using the Manning equation, the flow rate can be expressed as m 
, py a p83 - a- 
V =j R23 51/2 -257(4) S12 = 91/2 
rec 7 c**h 0 A 3 0 i 0 32/3 
The corresponding relations for the semi-circular channel are 
D? 4&_ D i 
4-2, p- and R-&-2 
8 2 p 4 
and 
2/3 
V. =% 4 R23 512 -£,2°(2) g2 4 g2 ap*!* 
cir n esh 0 i 8 4 0 n 0 8x 42/3 


Setting the flow rates in the two channels equal to each other V,;, = | oc gives | 


i 








3/8 
a gi? ps/3 a aD”? u2, p83 E aDs!3 , b E 1323 ae 
ñ 0 32/3 gx 423 0 32/3 gy 42/3 D gx 42/3 : 


Therefore, the desired relationis b= 0.655D. 


Discussion Note that the wetted perimeters in this case are Prec = 3b = 2.0D and Peir = nD/2 = 1.57D. Therefore, the 
semi-circular channel is a more efficient channel than the rectangular one. 
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Chapter 13 Open-Channel Flow 
13-128 
Solution The flow of water through a parabolic notch is considered. A relation is to be developed for the flow rate, 
and its numerical value is to be calculated. 


Assumptions 1 The flow is steady. 2 All frictional 


: b=04 
effects are negligible, and Toricelli’s equation can be = 
used for the velocity. 


Analysis The notch is parabolic with y = 0 atx = 0, 





and thus it can be expressed analytically as y = Cx? . 


Using the coordinates of the upper right corner, the value 
of the constant is determined to be 


C=y/x =H/(b/2f =4H/b = 
4(0.5 m)/(0.4 m} =12.5 m”. 


A differential area strip can be expressed as 
dA = 2xdy = 24] y / Cdy 
Noting that the flow velocity is V = 4/2g(H — y) , the flow rate through this differential area is 


vd =V(2.Jy1 Cdy)= |2g(H —y) 21/91 Cady = 2,/2¢7C | H — dy 


Then the flow rate through the entire notch is determined by integration to be 


‘ H 
V = I, VdA = 22eIC| JDA -y)dy 


where 








H 


# maz, H? 2y-H 
f VV(A — y)dy = 1 2y-H) Hy=y? Fecal pore any -7 H? 
y=0 4 8 2 [Hy - y? k 16 


Then the expression for the volume flow rate and its numerical value become 


2 
ae |28 y? 2L f o i ) 57? = (0,492 m/s)H? = (0.492 m/s)(0.5 m)? = 0.123 m/s 
8VC 8 V 125m" 


Discussion Note that a general flow rate equation for parabolic notch would be in the form of V = KH? , where 

















K=C, i and Cz is the discharge coefficient whose value is determined experimentally to account for nonideal 


effects. 
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Chapter 13 Open-Channel Flow 


ce) 


13-129 RF, 


Solution The flow of water through a parabolic notch is considered. A relation is to be developed for the flow rate, 
and its numerical value is to be calculated. 
0.07 





Assumptions 1 The flow is steady. 2 All frictional [ 
effects are negligible, and Toricelli’s equation can be 0.06 
used for the velocity. 








VW 0.05 
























































b = 2y tan( 0/2 0.04 
v L 
o 
25 E ve 
= 0.02 
0.01 
Analysis Consider a differential strip area shown ee 





on the sketch. It can be expressed as 
dA = bdy =2y tan(@/2)dy 


Noting that the flow velocity is V = ./2g(H — y) , the flow rate through this differential area is 


VdA =V(2y tan(O/2)dy)= J2g(H — y)2y tan(@/2)dy = 2,/2¢ tan(@/2)y./H — ydy 


Then the flow rate through the entire notch is determined by integration to be 
: H 
V = I, VdA = 2./22 tan(0/2)] y fH —ydy 
y=0 


where 
4 


H 
2 
M, yfH — yay = [-29°” time] -2 g”? 


» 15 





Then the expression for the volume flow rate and its numerical value become 


, _ 8V2 84/2(9.81 m/s? 
V= = tan(0/2)H 5? ECIS ao 2)0.25 -0.07382 tan(0/2) (m?/s) 





0=25°: V = 0.07382tan (25° / 2) = 0.0164 m?/s 
0=40°: V = 0.07382tan (40° / 2) = 0.0269 mĉ/ 
0=60°: V = 0.07382tan (60° / 2) = 0.0426 mĉ/ 
j= 


0=75°: V = 0.07382tan (75° / 2) = 0.0566 mĉ/ 
These results are plotted, using EES. 


nee 


Discussion Note that a general flow rate equation for the V-notch would be in the form of V =K tan(0/ 2)H 
where K =C,8,/2g /15 and Cz is the discharge coefficient whose value is determined experimentally to account for 


nonideal effects. 
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Chapter 13 Open-Channel Flow 


13-130 
Solution Water flows uniformly half-full in a circular channel. For specified flow rate and bottom slope, the 


Manning coefficient is to be determined. 


Assumptions 1 The flow is steady and uniform. 2 Bottom slope is constant. 3 Roughness coefficient is constant along the 
channel. 


Analysis The flow area, wetted perimeter, and hydraulic radius of the channel are 
mR? 2 (0.6m)” 
og eB 
2nR 27(0.6m) 
"az a 


A, AR? 0.60 : 
Da a a 


A = 0.5655 m° 


= 1.885 m 





R, = 
P aR 2 2 


Then the Manning coefficient can be determined from Manning’s equation to be 


1/3 
1m "5 (9.5655 m2)(0.30 m)2,(0,004)"/? 
n 





V= ARP SU? > 125m°/s= 
n 
It gives the Manning coefficient to be ! 
n =0.013 


When calculating the Froude number, the hydraulic depth should be used rather than the maximum 
depth or the hydraulic radius. For a non-rectangular channel, hydraulic depth is defined as the ratio of 
the flow area to top width, 





A 2 0.6 
E E L S ion 
Top width 2R 4 
, 125m? 
pa a 


A. 0.5655 m? 
2.21m/s 


mse -1.03 
Vg /(9.81m/s?)(0.4721m) 


which is greater than 1. Therefore, the flow is supercritical. 





Discussion It appears that this channel is made of cast iron or unplaned wood . 
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Chapter 13 Open-Channel Flow 


13-131 
Solution Water flowing in a horizontal open channel encounters a bump. Flow properties over the bump are to be 


determined. 


Assumptions 1 The flow is steady. 2 Frictional effects are negligible 
so that there is no dissipation of mechanical energy. 3 The channel is 
sufficiently wide so that the end effects are negligible. 


Analysis The upstream Froude number and the critical depth are 


1.25 m/s 


vno 
Vi (9.81m2/s)(1.8m) 


doy Sl 251/3 99 \13 z 251/3 

V (by\V,) Wl; (1.8 m)* (1.25 m/s) 

Ve = 7 = 7 = = z =0.802 m 
gb gb g 9.81 m/s 


The upstream flow is subcritical since Fr < 1, and the flow depth decreases over the bump. The upstream, over the bump, 
and critical specific energy are 





Fr, = = 0.297 








y? (1.25 m/s5)? _ 


Ey =y,+—- =(1.80m)+ =1.88m 
AEN Oe 2(9.81 m/s”) 


The flow depth over the bump can be determined from 


i (1.25 m/s)? 


3 2 i 8 3 2 2 
Ey —Az + =0 > 1.88—0.20 m)y3 + 1.80m)* =0 
y2- (Es b)Y2 zg 7! y2-( )y2 20.81 32° ) 


Using an equation solver, the physically meaningful root of this equation is determined to be y, = 1.576 m. Then, 


paly =n (1.25 m/s) =1.43 mis 
yo 1.576 m 


Vo 1.428 m/s 
V92 J0.81m/s?)(1.576 m) 


Discussion The actual values may be somewhat different than those given above because of the frictional effects that 
are neglected in the analysis. 





Fr, = =0.363 
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Chapter 13 Open-Channel Flow 
13-132 
Solution Water flowing in a horizontal open channel encounters a bump. The bump height for which the flow over 
the bump is critical is to be determined. 


Assumptions 1 The flow is steady. 2 Frictional effects are negligible 
so that there is no dissipation of mechanical energy. 3 The channel is 
sufficiently wide so that the end effects are negligible. 


Analysis The upstream Froude number and the critical depth are 


Vo 1.25 m/s 


Jan JO8im Sm) 


„2 1/3 2 1/3 2172 1/3 2 2 1/3 

V (by,V;) yy, (1.8 m)? (1.25 m/s) 

Ye = 2 = 2 = = 2 = 0.802 m 
gb gb g 9.81 m/s 


The upstream flow is subcritical since Fr < 1, and the flow depth decreases over the bump. The upstream specific energy is 





Fr, = 0.297 








y? i ? 
yay iii a .88 m 
2g 2(9.81 m/s”) 


Noting that the flow over the bump is critical and that E = E, —Az,, 


Esz =E, = Zy, = Š (0.802 m) =1.20m 


and 
AZ, =F yy -E2 = 1.88-1.20 =0.68 m 


Discussion Ifa higher bump is used, the flow will remain critical but the flow rate will decrease (the choking effect). 





13-133 
Solution Water flow through a wide rectangular channel undergoing a hydraulic jump is considered. It is to be 
shown that the ratio of the Froude numbers before and after the jump can be expressed in terms of flow depths yı and y2 


before and after the jump, respectively, as Fr; / Fr, = (vs Iy P i 


Assumptions 1 The flow is steady. 2 The channel is sufficiently wide so that the end effects are negligible. 


Analysis The Froude number for a wide channel of width b and flow depth y is given as 
oV Vib V V 
Vv Jey bwy oy’ 


Expressing the Froude number before and after the jump and taking 
their ratio gives 


e, Yoi) Jor sy 
Prg V/(b|a03 | Jo Vu 


which is the desired result. 


Fr 

















(1) (2) 











Discussion Using the momentum equation, other relations such as y, =05y, (- 1+./1+ 8Fr, ) can also be developed. 
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Chapter 13 Open-Channel Flow 
13-134 
Solution A sluice gate with free outflow is used to control the flow rate of water. For specified flow depths, the 
flow rate per unit width and the downstream flow depth and velocity are to be determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is 
sufficiently wide so that the end effects are negligible. 







Sluice 


Analysis For free outflow, we only need the depth ratio y,/a to i 
gate 


determine the discharge coefficient (for drowned outflow, we also need to 








know y./a and thus the flow depth y. downstream the gate), Free 
yi 18m _ outflow 
a 0.30m 


The corresponding discharge coefficient is determined from Fig. 13-38 to 
be C,= 0.57. Then the discharge rate per m width becomes 


V =C,,ba2gy, = 0.57 (1m)(0.30 m)y 2 (9.81 m/s)(1.8 m) = 1.02 m3/s 


The specific energy of a fluid remains constant during horizontal flow when the frictional effects are negligible, 
E = E, . With these approximations, the flow depth and velocity past the gate become 


vê v? (1.02 m/s”)? 





Ea =y ty a 51 fn —— Z O 86m 
AAA e AA aT 2(9.81m/s)[(1m)(1.8 m)]? 

v2 72 , 242 

2g 2g(by2) 2(9.81 m/s* )[(1m)(y2 )] 


It gives y. = 0.179 m for flow depth as the physically meaningful root (positive and less than 1.8 m). Also, 


; ; 5 
hs V V  102mss -5.67 m/s 
A. by, (1m)(0.179m) 
Discussion In actual gates some frictional losses are unavoidable, and thus the actual velocity downstream will be 


lower. 
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Chapter 13 Open-Channel Flow 


13-135 
Solution Water at a specified depth and velocity undergoes a hydraulic jump. The fraction of mechanical energy 


dissipated is to be determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 3 The channel is horizontal. 


Analysis The Froude number before the hydraulic jump is 
Vo 8 m/s 


Js {(9.81m/s?)(0.45 m) 


which is greater than 1. Therefore, the flow is indeed supercritical 
before the jump. The flow depth, velocity, and Froude number after the 
jump are 


yo = 05y,(-14 J1+8Fr? ) = 0.5(0.45 m(- 1+ -V1+8x 3.8087 } = 2.209 m 


= 3.808 





Fr, = 





y. 1. 
ely, a ean es0h ie _ 
V2 0.81 m/s? (2.209 m) 


= 0.350 











y2 ~ 2.209 m 


The head loss and the fraction of mechanical energy dissipated during the jump are 


y2_y2 2 (1. 2 
menera e i a ome) =1.368m 
2g 2(9.81 m/s? ) 
h h 
Dissipation ratio = —+ = 2 e 0.369 





Ea y(1+Frf/2) (0.45m)(1+3.808°/2) 
Discussion Note that almost over one-third of the mechanical energy of the fluid is dissipated during hydraulic jump. 
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Chapter 13 Open-Channel Flow 
13-136 
Solution The flow depth and average velocity of water after a hydraulic jump together with approach velocity to 
sluice gate are given. The flow rate per m width, the flow depths before and after the gate, and the energy dissipation ratio 
are to be determined. 





Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 


Analysis The flow rate per m width of channel, flow depth before the sluice gate, and the Froude number after the 
jump is 
V =V;A4,3 =V3by; =(4m/s)(1 m)(3m) =12m3/s 


V3 4 m/s 


AF, 125 imls 





(3m) =9.60m 


y. 4 
pe o gays 


Jos {(9.81m/s2)Bm) 


The flow dept, velocity, and Froude number before the jump are 


y, =0.5y, (-1+ /1+8Fr ) =0.5(3 m)(~1+ Vi-+ 8% 0.7373 =1.969 m = 1.97 m 





pey e a 
y, ° 1969m 





V, 6.094 m/s 


2 = 1.387 
V2 (9.81 m/s?)(1.969 m) 








Fr, = 


which is greater than 1, and thus the flow before the jump is indeed supercritical. The head loss and the fraction of 
mechanical energy dissipated during hydraulic jump are 





Vy -Vs 094 m/s)? -(4 m/s)? 
hy = yyy +22 = (1.969 m)- (3m) + EOS “Em - 0.0463m 
2g 2(9.81 m/s” ) 
I h 
Dissipation ratio = = £ eo 0.0120 


Ey yy (1+FrZ/2) (1.969 m)(1+1.387° /2) 


Discussion Note that this is a “mild” hydraulic jump, and only 1.2% of the mechanical energy is wasted. 
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Chapter 13 Open-Channel Flow 
13-137 
Solution The flow depth and average velocity of water after a hydraulic jump together with approach velocity to 
sluice gate are given. The flow rate per m width, the flow depths before and after the gate, and the energy dissipation ratio 
are to be determined. 





Sluice 
gate 





Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 

Analysis The flow rate per m width of channel, flow depth before the sluice gate, and the Froude number after the 
jump is 


V =V; 4.3 =V3by; = (2 m/s)(1 m)(3 m) = 6 m?/s 





V3 2 m/s 
Heim 


2 m/s 


V, 
Fr, = z 
V3  (9.81m/5s?)(3 m) 
The flow dept, velocity, and Froude number before the jump are 


y, =0.5y, (-1+ J+ Fr =0.5(3 m)(—1+ Vi+8% 0.3687" = 0.6671 m= 0.667 m 


y, =23y,=- 3m _ 
: y2 >” 0.6671 m 


= 0.3687 





(2 m/s) = 8.994 m/s 


V, 8.994 m/s 


= =3.516 
Vgv2 (9.81 m/s”)(0.6671 m) 








Fr, = 


which is greater than 1, and thus the flow before the jump is indeed supercritical. The head loss and the fraction of 
mechanical energy dissipated during hydraulic jump are 





Vy -Vs 994 m/s)? -(2 m/s)” 
h; = y3 -y3 +=—— =(0.6671m)-(3 qe ee. =1.586 m 
2g 2(9.81 m/s) 

h h ; 
Dissipation ratio = —+ = £ 7 7 as 7 = 0.331 

E2 y(l+Frz/2) (0.6671 m)(1+3.516* /2) 

Discussion Note that this is a fairly “strong” hydraulic jump, wasting 33.1% of the mechanical energy of the fluid. 
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Chapter 13 Open-Channel Flow 
13-138 
Solution Water from a lake is discharged through a sluice gate into a channel where uniform flow conditions are 
established, and then undergoes a hydraulic jump. The flow depth, velocity, and Froude number after the jump are to be 
determined. 


Assumptions 1 The flow is steady. 2 The channel is 
sufficiently wide so that the end effects are negligible. 3 
The effects of channel slope on hydraulic jump are 
negligible. 





Sluice 
gate Hydraulic 


jump 





Properties The Manning coefficient for an open 
channel made of finished concrete is n = 0.012 (Table 13- 


1). 
Analysis For free outflow, we only need the depth 
ratio y,/a to determine the discharge coefficient, 


Yi 5m 


—— =10 
a 0.5m 


The corresponding discharge coefficient is determined from Fig. 13-38 
to be C4= 0.58. Then the discharge rate per m width (b = 1 m) becomes 


V =C,,baJ2gy, =0.58 (1m)(0.5m)y 2 (9.81 m/s2)(5 m) = 2.872 m3/s 


For wide channels, hydraulic radius is the flow depth and thus R; = 2. Then the flow depth in uniform flow after the gate is 

determined from the Manning’s equation to be 

Im'?/s 
0.012 


It gives y2 = 0.6948 m, which is also the flow depth before water undergoes a hydraulic jump. The flow velocity and 
Froude number in uniform flow are 


y,-V____2.872m*/s 
? by, (1m) (0.6948 m) 


Vala R252 > 2872m°/s= (my y)” 0.004"? 
n 


= 4.134 m/s 


V> 4.134 m/s 


= =1.584 
Vgv2 (9.81 m/s?)(0.6948 m) 








Fr, = 


Then the flow depth, velocity, and Froude number after the jump (state 3) become 
y= 0.5y2(—1+ 1+8Fr? ) = 0.5(0.6948 m(- 1+41+8x1.584° ) =1.25m 


y, =22y, = 9:6948m 


(4.134 m/s) = 2.30 m/s 
y 1.25m 


Bno 2.30 m/s 
VIz  JO.81m/s?)(1.25m) 





Fry = 0.659 





Discussion This is a relatively “mild” jump. It can be shown that the head loss during hydraulic jump is 0.049 m, which 
corresponds to an energy dissipation ratio of 3.1%. 
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Chapter 13 Open-Channel Flow 
13-139 
Solution Water is discharged from a dam into a wide spillway to reduce the risk of flooding by dissipating a large 
fraction of mechanical energy via hydraulic jump. For specified flow depths, the velocities before and after the jump, and 
the mechanical power dissipated per meter with of the spillway are to be determined. 


Assumptions 1 The flow is steady or quasi-steady. 2 The channel is sufficiently wide so that the end effects are 
negligible. 


Properties The density of water is 1000 kg/m’, 





Analysis The Froude number and velocity before the jump are 
72 og- 1+4/1+8Frê ) = = = os(-1+ J1+8Fr2 ) 
yı 5m 


which gives Fr, = 6. Also, from the definition of Froude number, 


V, =Fr, {gy =(6)\(9.81 m/s?)(0.5 m) = 13.3 m/s 


Velocity and Froude number after the jump are 


y, =2Ly, = 2°™ 13.3m/s) =1.66 mis 
4m 


Y2 








h 1.66 m/s 
V2 (9.81m/s?)(4m) 


The head loss is determined from the energy equation to be 





Fr, = 0.265 


vê -v 13. fe 3 
h =y1=y2 2 aaae O 
*8 2(9.81 m/s”) 


=5.36m 


The volume and mass flow rates of water per m width are 


V =V, A. =V, by, = (13.3 m/s)(1 m)(0.5 m) = 6.64 m/s 


m= pV = (1000 kg/m? )(6.64 m?/s) = 6640 kg/s 
Then the dissipated mechanical power becomes 


1kN 


E iesinatea = WGh, = (6640 kg/s)\(9.81 m/s” )(5.36 m)} ———-—— 
Se á x 1000 kg- m/s? 


) = 349 kNm/s = 349 kW 


Discussion The results show that the hydraulic jump is a highly dissipative process, wasting 349 kW of power in this 
case. 
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Chapter 13 Open-Channel Flow 
13-140 
Solution The flow rate in an open channel is to be measured using a sharp-crested rectangular weir. For a measured 
value of flow depth upstream, the flow rate is to be determined. 





Sharp-crested 
rectangular weir 


Assumptions 1 The flow is steady. 2 The upstream velocity head is negligible. 3 The channel is sufficiently wide so that 
the end effects are negligible. 





Analysis The weir head is given to be H = 0.60 m. The discharge coefficient of the weir is 
Cd rec = 9-598 + 0.0897 ee 0.598 + 0.0897 Denny 0.6469 
i A 1.1m 


The condition H/P,, < 2 is satisfied since 0.60/1.1 = 0.55. Then the water flow rate through the channel becomes 
V = Cw rec Shy jen? 


= (0.6469) i (6 m) 2(9.81 m/s?) (0.60 m)?”? 


=5.33m?/s 


Discussion The upstream velocity and the upstream velocity head are 


; 3 2 2 
V, _V __5.33m"/s -0.522 m/s and Vy _ (0.522 m/s) 

by, (6m)(1.70m) 2g  2(9.81m/s”) 
This is 2.3% of the weir head, which is negligible. When the upstream velocity head is considered, the flow rate becomes 
5.50 m°/s, which is about 3 percent higher than the value determined above. Therefore, the assumption of negligible 
velocity head is reasonable in this case. 


=0.014m 
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Chapter 13 Open-Channel Flow 
13-141E 
Solution The flow rates in two open channels are to be measured using a sharp-crested weir in one and a broad- 
crested rectangular weir in the other. For identical flow depths, the flow rates through both channels are to be determined. 


Sharp-crested 
rectangular weir 





Discharge 





Broad-crested weir 
Assumptions 1 The flow is steady. 2 The upstream velocity head is negligible. 3 The channel is sufficiently wide so that 
the end effects are negligible. 
Analysis The weir head is 


H =y,-P,, =5.0ft-2.0ft = 3.0 ft 


The condition H/P,, < 2 is satisfied since 3.0/2.0 = 1.5. The discharge coefficients of the weirs are 
Sharp-crested weir: 

= 0.598 + 0.0897 a = 0.598 + 0.0897 ah = 0.7326 
P 2.0 ft 


w 


Cwd „sharp 


Vian Casia Shen? = (0.7326) =(12 ft),/2(32.2 ft/s”) (3.0 ft)*/? =244 m3/s 


Broad-crested weir: 
0.65 E 0.65 


ST -041l 
Vl+H/P, J1+(3.0 ft)/(2.0 ft) 





Cwa „broad = 


3/2 
Vroad = Cnawd E| H?!? = (0.4111)(12 (2/3)? V32.2 ft/s? (3.0 ft)?/? =79.2 m3/s 


Discussion Note that the flow rate in the channel with the broad-crested weir is much less than the channel with the 
sharp-crested weir. Also, if the upstream velocity is taken into consideration, the flow rate would be 270 ft/s (11% 
difference) for the channel with the sharp-crested weir, and 80.3 ft*/s (1% difference) for the one with broad-crested weir. 
Therefore, the assumption of negligible dynamic head is not quite appropriate for the channel with the sharp-crested weir. 





Design and Essay Problems 


13-142 to 13-143 
Solution Students’ essays and designs should be unique and will differ from each other. 





SQ 
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Chapter 14 Turbomachinery 


General Problems 


14-1C 
Solution We are to discuss energy producing and energy absorbing devices. 
Analysis A more common term for an energy producing turbomachine is a turbine. Turbines extract energy from 


the moving fluid, and convert that energy into useful mechanical energy in the surroundings, usually in the form of a 
rotating shaft. Thus, the phrase “energy producing” is from a frame of reference of the fluid — the fluid loses energy as it 
drives the turbine, producing energy to the surroundings. On the other hand, a more common term for an energy absorbing 
turbomachine is a pump. Pumps absorb mechanical energy from the surroundings, usually in the form of a rotating 
shaft, and increase the energy of the moving fluid. Thus, the phrase “energy absorbing” is from a frame of reference of 
the fluid — the fluid gains or absorbs energy as it flows through the pump. 


Discussion From the frame of reference of the surroundings, a pump absorbs energy from the surroundings, while a 
turbine produces energy to the surroundings. Thus, you may argue that the terminology also holds for the frame of 
reference of the surroundings. This alternative explanation is also acceptable. 





14-2C 
Solution We are to discuss the differences between fans, blowers, and compressors. 
Analysis A fan is a gas pump with relatively low pressure rise and high flow rate. A blower is a gas pump with 


relatively moderate to high pressure rise and moderate to high flow rate. A compressor is a gas pump designed to 
deliver a very high pressure rise, typically at low to moderate flow rates. 


Discussion The boundaries between these three types of pump are not always clearly defined. 





14-3C 
Solution We are to list examples of fans, blowers, and compressors. 
Analysis Common examples of fans are window fans, ceiling fans, fans in computers and other electronics 


equipment, radiator fans in cars, etc. Common examples of blowers are leaf blowers, hair dryers, air blowers in 
furnaces and automobile ventilation systems. Common examples of compressors are tire pumps, refrigerator and air 
conditioner compressors. 


Discussion Students should come up with a diverse variety of examples. 





14-4C 

Solution We are to discuss the difference between a positive-displacement turbomachine and a dynamic 
turbomachine. 

Analysis A positive-displacement turbomachine is a device that contains a closed volume; energy is transferred 


to the fluid (pump) or from the fluid (turbine) via movement of the boundaries of the closed volume. On the other 
hand, a dynamic turbomachine has no closed volume; instead, energy is transferred to the fluid (pump) or from the 
fluid (turbine) via rotating blades. Examples of positive-displacement pumps include well pumps, hearts, some 
aquarium pumps, and pumps designed to release precise volumes of medicine. Examples of positive-displacement 
turbines include water meters and gas meters in the home. Examples of dynamic pumps include fans, centrifugal 
blowers, airplane propellers, centrifugal water pumps (like in a car engine), etc. Examples of dynamic turbines include 
windmills, wind turbines, turbine flow meters, etc. 


Discussion Students should come up with a diverse variety of examples. 
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Chapter 14 Turbomachinery 


14-5C 

Solution We are to discuss the difference between brake horsepower and water horsepower, and then discuss pump 
efficiency. 

Analysis In turbomachinery terminology, brake horsepower is the power actually delivered to the pump through 


the shaft. (One may also call it “shaft power’.) On the other hand, water horsepower is the useful portion of the brake 
horsepower that is actually delivered to the fluid. Water horsepower is always less than brake horsepower; hence pump 
efficiency is defined as the ratio of water horsepower to brake horsepower. 


Discussion For a turbine, efficiency is defined in the opposite way, since brake horsepower is Jess than water 
horsepower. 





14-6C 

Solution We are to discuss the difference between brake horsepower and water horsepower, and then discuss turbine 
efficiency. 

Analysis In turbomachinery terminology, brake horsepower is the power actually delivered by the turbine to the 


shaft. (One may also call it “shaft power”.) On the other hand, water horsepower is the power extracted from the water 
flowing through the turbine. Water horsepower is always greater than brake horsepower; because of inefficiencies; hence 
turbine efficiency is defined as the ratio of brake horsepower to water horsepower. 


Discussion For a pump, efficiency is defined in the opposite way, since brake horsepower is greater than water 
horsepower. 





14-7C 
Solution We are to explain the “extra” term in the Bernoulli equation in a rotating reference frame. 
Analysis A rotating reference frame is not an inertial reference frame. When we move outward in the radial direction, 


the absolute velocity at this location is faster due to the rotating body, since vg is equal to wr. When solving a 
turbomachinery problem in a rotating reference frame, we use the relative fluid velocity (velocity relative to the rotating 
reference frame). Thus, in order for the Bernoulli equation to be physically correct, we must subtract the absolute 
velocity of the rotating body so that the equation applies to an inertial reference frame. This accounts for the “extra” 


term. 


Discussion The Bernoulli equation is the same physical equation in either the absolute or the rotating reference frame, 
but it is more convenient to use the form with the extra term in turbomachinery applications. 
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Chapter 14 Turbomachinery 
14-8 


Solution We are to determine how the average speed at the outlet compares to the average speed at the inlet of a 
water pump. 


Assumptions 1 The flow is steady (in the mean). 2 The water is incompressible. 


Analysis Conservation of mass requires that the mass flow rate in equals the mass flow rate out. Thus, 
Conservation of mass: Min = Pin Vin Ain T Mon = Pout Vout Aout 


or, since the cross-sectional area is proportional to the square of diameter, 


2 2 
. | D. D, 
Vu = Va Pin in = Va in (1) 
P out D out D out 


(a) For the case where Dout < Din, Vou must be greater than Vin. 








(b) For the case where Dou = Din, Vou. must be equal to V;,. 


(c) For the case where Dout > Din, Vou Must be less than V;,. 


Discussion A pump does not necessarily increase the speed of the fluid passing through it. In fact, the average speed 
through the pump can actually decrease, as it does here in part (c). 





14-9 
Solution For an air compressor with equal inlet and outlet areas, and with both density and pressure increasing, we 
are to determine how the average speed at the outlet compares to the average speed at the inlet. 


Assumptions 1 The flow is steady. 





Analysis Conservation of mass requires that the mass flow rate in equals the mass flow rate out. The cross-sectional 
areas of the inlet and outlet are the same. Thus, 
Conservation of mass: Min = Pin Vin Ain = Mou = Pog otk Assn 
or 
Pi 
Vo Va s (1) 


out 


Since Pin < Zous Vout must be less than Vin. 


Discussion A compressor does not necessarily increase the speed of the fluid passing through it. In fact, the average 
speed through the pump can actually decrease, as it does here. 
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Chapter 14 Turbomachinery 


Pumps 

14-10C 

Solution We are to list and define the three categories of dynamic pumps. 

Analysis The three categories are: Centrifugal flow pump — fluid enters axially (in the same direction as the axis of 


the rotating shaft) in the center of the pump, but is discharged radially (or tangentially) along the outer radius of the pump 
casing. Axial-flow pump -— fluid enters and leaves axially, typically only along the outer portion of the pump because of 
blockage by the shaft, motor, hub, etc. Mixed-flow pump — intermediate between centrifugal and axial, with the flow 
entering axially, not necessarily in the center, but leaving at some angle between radially and axially. 


Discussion There are also some non-rotary dynamic pumps, such as jet pumps and electromagnetic pumps, that are not 
discussed in this text. 





14-11C 

Solution 

(a) False: Actually, backward-inclined blades yield the highest efficiency. 

(b) True: The pressure rise is higher, but at the cost of less efficiency. 

(c) True: In fact, this is the primary reason for choosing forward-inclined blades. 

(d) False: Actually, the opposite is true — a pump with forward-inclined blades usually has more blades, but they are 
usually smaller. 





14-12C 
Solution We are to choose which pump location is better and explain why. 
Analysis The two systems are identical except for the location of the pump (and some minor differences in pipe 


layout). The overall length of pipe, number of elbows, elevation difference between the two reservoir free surfaces, etc. are 
the same. Option (a) is better because it has the pump at a lower elevation, increasing the net positive suction head, 
and lowering the possibility of pump cavitation. In addition, the length of pipe from the lower reservoir to the pump inlet 
is smaller in Option (a), and there is one less elbow between the lower reservoir and the pump inlet, thereby decreasing the 
head loss upstream of the pump — both of which also increase NPSH, and reduce the likelihood of cavitation. 


Discussion Another point is that if the pump is not self-priming, Option (b) may run into start-up problems if the free 
surface of the lower reservoir falls below the elevation of the pump inlet. Since the pump in Option (a) is below the 
reservoir, self-priming is not an issue. 





14-13C 
Solution We are to define and discuss NPSH and NPSHequirea- 


Analysis Net positive suction head (NPSH) is defined as the difference between the pump’s inlet stagnation 
pressure head and the vapor pressure head, 





NPSH = (= $ Z) aoe 
PE 2g pump inlet PE 


We may think of NPSH as the actual or available net positive suction head. On the other hand, required net positive suction 
head (NPSH,equirea) is defined as the minimum NPSH necessary to avoid cavitation in the pump. As long as the actual 
NPSH is greater than NPSHyeguirea, there should be no cavitation in the pump. 











Discussion Although NPSH and NPSHyequirea are measured at the pump inlet, cavitation (if present) happens somewhere 
inside the pump, typically on the suction surface of the rotating pump impeller blades. 
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Chapter 14 Turbomachinery 
14-14C 
Solution 
(a) True: As volume flow rate increases, not only does NPSHyeguirea increase, but the available NPSH decreases, increasing 
the likelihood that NPSH will drop below NPSHyeguirea and Cause cavitation to occur. 
(b) False: NPSHrequirea iS not a function of water temperature, although available NPSH does depend on water temperature. 
(c) False: Available NPSH actually decreases with increasing water temperature, making cavitation more likely to occur. 
(d) False: Actually, warmer water causes cavitation to be more likely. The best way to think about this is that warmer 
water is already closer to its boiling point, so cavitation is more likely to happen in warm water than in cold water. 





14-15C 
Solution We are to explain why dissimilar pumps should not be arranged in series or in parallel. 
Analysis Arranging dissimilar pumps in series can create problems because the volume flow rate through each pump 


must be the same, but the overall pressure rise is equal to the pressure rise of one pump plus that of the other. If the pumps 
have widely different performance curves, the smaller pump may be forced to operate beyond its free delivery flow rate, 
whereupon it acts like a head Joss, reducing the total volume flow rate. Arranging dissimilar pumps in parallel can create 
problems because the overall pressure rise must be the same, but the net volume flow rate is the sum of that through each 
branch. If the pumps are not sized properly, the smaller pump may not be able to handle the large head imposed on it, and 
the flow in its branch could actually be reversed; this would inadvertently reduce the overall pressure rise. In either case, 
the power supplied to the smaller pump would be wasted. 


Discussion If the pumps are not significantly dissimilar, a series or parallel arrangement of the pumps might be wise. 
14-16C 
Solution 


(a) True: The maximum volume flow rate occurs when the net head is zero, and this “free delivery” flow rate is typically 
much higher than that at the BEP. 

(b) True: By definition, there is no flow rate at the shutoff head. Thus the pump is not doing any useful work, and the 
efficiency must be zero. 

(c) False: Actually, the net head is typically greatest near the shutoff head, at zero volume flow rate, not near the BEP. 

(d) True: By definition, there is no head at the pump’s free delivery. Thus, the pump is working against no “resistance”, 
and is therefore not doing any useful work, and the efficiency must be zero. 





14-17C 
Solution We are to discuss ways to improve the cavitation performance of a pump, based on the equation for NPSH. 
Analysis NPSH is defined as 





2 
P 
nest) sA 
PE 2g pump inlet PE 











To avoid cavitation, NPSH must be increased as much as possible. For a given liquid at a given temperature, the vapor 
pressure head (last term on the right side of Eq. 1) is constant. Hence, the only way to increase NPSH is to increase the 
stagnation pressure head at the pump inlet. We list several ways to increase the available NPSH: (1) Lower the pump or 
raise the inlet reservoir level. (2) Use a larger diameter pipe upstream of the pump. (3) Re-route the piping system 
such that fewer minor losses (elbows, valves, etc.) are encountered upstream of the pump. (4) Shorten the length of 
pipe upstream of the pump. (5) Use a smoother pipe. (6) Use elbows, valves, inlets, etc. that have smaller minor loss 
coefficients. Suggestion (1) raises NPSH by increasing the hydrostatic component of pressure at the pump inlet. 
Suggestions (2) through (6) raise NPSH by lowering the irreversible head losses, thereby increasing the pressure at the 
pump inlet. 


Discussion By definition, when the available NPSH falls below the required NPSH, the pump is prone to cavitation, 
which should be avoided if at all possible. 
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Chapter 14 Turbomachinery 
14-18C 
Solution 


(a) False: Since the pumps are in series, the volume flow rate through each pump must be the same: V= V, = V, ; 


(b) True: The net head increases by H, through the first pump, and then by H, through the second pump. The overall rise 
in net head is thus the sum of the two. 

(c) True: Since the pumps are in parallel, the total volume flow rate is the sum of the individual volume flow rates. 

(d) False: For pumps in parallel, the change in pressure from the upstream junction to the downstream junction is the same 
regardless of which parallel branch is under consideration. Thus, even though the volume flow rate may not be the 
same in each branch, the net head must be the same: H = H, = A. 












14-19C Shutoff head 

Solution We are to label several items on the provided plot. Pump performance curve 
Analysis The figure is re-drawn here, and the requested Hoawaitable Operating 
items are labeled. H 


\L/ 


Free delivery 


System 


Discussion Also labeled are the available net head, 


corresponding to the pump performance curve, and the required net requiren 





head, corresponding to the system curve. The intersection of these 0 r 

two curves is the operating point of the pump. 0 V 

14-20 

Solution We are to determine which free surface is at higher elevation, and justify our answer with the energy 
equation. 

Analysis It is simplest to consider zero-flow conditions (V = 0), at which we see that the required net head is 


positive. This implies that, even when there is no flow between the two tanks, the pump would need to provide some net 
head just to overcome the pressure differences. Since there is no flow, pressure differences can come only from gravity. 
Hence, the outlet tank’s free surface must be higher than that of the inlet tank. Mathematically, we apply the energy 
equation in head form between the inlet tank’s free surface (1) and the outlet tank’s free surface (2), 


Energy equation at zero flow conditions: 


z Ve -ay 
hme BA aain ce 


required = pump,u 
PE 


H 





Since both free surfaces are at atmospheric pressure, P4 = P2 = Pam, and the first term on the right side of Eq. 1 vanishes. 
Furthermore, since there is no flow, V; = V2 = 0, and the second term vanishes. There is no turbine in the control volume, so 
the second-to-last term is zero. Finally, there are no irreversible head losses since there is no flow, and the last term is also 
zero. Equation 1 reduces to 


H equirea = Poump = (z ad Zi ) (2) 


Since Ayequirea 1S positive on Fig. P14-19 at V= 0, the quantity (z2 — z1) must also be positive by Eq. 2. Thus we have shown 
mathematically that the outlet tank’s free surface is higher in elevation than that of the inlet tank. 


Discussion If the reverse were true (outlet tank free surface lower than inlet tank free surface), Hrequirea at V =0 would 
be negative, implying that the pump would need to supply enough negative net head to hold back the natural tendency of 
the water to flow from higher to lower elevation. In reality, the pump would not be able to do this unless it were spun 
backwards. 
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14-21 
Solution 


Chapter 14 Turbomachinery 


We are to discuss what would happen to the pump performance curve, the system curve, and the operating 


point if the free surface of the outlet tank were raised to a higher elevation. 


Analysis 


The pump is the same pump regardless of the locations of the inlet and outlet tanks’ free surfaces; thus, the 


pump performance curve does not change. The energy equation is 


P, =F + aV; -a V? 
pg 2g 


required pump,u 


Since the only thing that changes is the elevation 
difference, Eq. 1 shows that Hyequirea Shifts up as (Z2 — z1) 
increases. Thus, the system curve rises linearly with 


elevation increase. A plot of H versus V is plotted, 
and the new operating point is labeled. Because of the 
upward shift of the system curve, the operating point 
moves to a lower value of volume flow rate. 


Discussion The shift of operating point to lower V 
agrees with our physical intuition. Namely, as we raise 
the elevation of the outlet, the pump has to do more 
work to overcome gravity, and we expect the flow rate 


+(z, z,)+ h 


thy roa (1) 


rbine 


Pump performance curve (does not change) 










New operating point 
Fiayaitable 


+ Original operating 


.¢ y point 


¢ Free delivery 


New system 
curve 






"y 
H, i 
requir -7 
required pø 


Original system curve 





to decrease accordingly. 


14-22 
Solution 
point if a valve changes from 100% to 50% open. 


Analysis 


We are to discuss what would happen to the pump performance curve, the system curve, and the operating 


The pump is the same pump regardless of the locations of the inlet and outlet tanks’ free surfaces; thus, the 


pump performance curve does not change. The energy equation is 


P, E R aV; -a V? 


‘equired = 
required pump,u Pg 2g 
Since both free surfaces are open to the atmosphere, the 
pressure term vanishes. Since both V, and V, are negligibly 
small at the free surface (the tanks are large), the second 
term on the right also vanishes. The elevation difference (z2 
— Z,) does not change, and so the only term in Eq. | that is 
changed by closing the valve is the irreversible head loss 
term. We know that the minor loss associated with a valve 
increases significantly as the valve is closed. Thus, the 


system curve (the curve of Ayequirea versus V) increases 
more rapidly with volume flow rate (has a larger slope) 
when the valve is partially closed. A sketch of H versus 
V is plotted, and the new operating point is labeled. 
Because of the higher system curve, the operating point 
moves to a lower value of volume flow rate, as indicated on 
the figure. I.e., the volume flow rate decreases. 


Discussion 


sann e O aa 


+h 0) 


irbine 


Pump performance curve (does not change) 













New operating point 
H available 


7 Original operating point 


New system 7 


curve 
Free delivery 


A, required 


0 


Original system curve V 


The shift of operating point to lower V agrees with our physical intuition. Namely, as we close the valve 


somewhat, the pump has to do more work to overcome the losses, and we expect the flow rate to decrease accordingly. 
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14-23 
Solution We are to create a qualitative plot of pump net 
head versus pump capacity. 


Analysis The result is shown in the figure, and the requested 
items are labeled. Also labeled are the available net head, 
corresponding to the pump performance curve, and the required net 
head, corresponding to the system curve. The intersection of these 
two curves is the operating point of the pump. Note that since the 
elevation of the outlet is lower than that of the free surface of the 
inlet tank, the required net head must be negative at zero flow rate 
conditions, as sketched, implying that the pump holds back the 
natural tendency of the water to flow from higher to lower 
elevation. Only at higher flow rates does the system curve rise to 
positive values of Hyeguirea- 


Discussion A real pump cannot produce negative net head at 
zero volume flow rate unless its blades are spun in the opposite 
direction than that for which they are designed. 


Chapter 14 Turbomachinery 


Shutoff head 







Pump performance curve 


Operating 


H H, available a 
point 


Free delivery 


System 
curve 





14-9 


PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 14 Turbomachinery 
14-24 
Solution We are to estimate the volume flow rate through a piping system. 


Assumptions 1 Since the reservoir is large, the flow is nearly steady. 2 The water is incompressible. 3 The water is at 
room temperature. 4 The flow in the pipe is fully developed and turbulent, with æ = 1.05. 


Properties The density and viscosity of water at T= 20°C are 998.0 kg/m’ and 1.002 x 10° kg/m-s respectively. 


Analysis By definition, at free delivery conditions, the net head across the pump is zero. Thus, there is no loss or gain 
of pressure across the pump, and we can essentially ignore it in the calculations here. We apply the head form of the steady 
energy equation from location 1 to location 2, 


P-P aV; -V 
H ccuired = Hise = 0 = 2A + T (z = Zi ) Ẹ le F Ny total d) 


where the pressure term vanishes since the free surface at location 1 and at the exit (location 2) are both open to the 
atmosphere. The inlet velocity term disappears since V, is negligibly small at the free surface. Thus, Eq. | reduces to a 
balance between supplied potential energy head (zı — z2), kinetic energy head at the exit a)V,’/2g, and irreversible head 
losses, 


av, 
(zı = z) = A + hr total (2) 





The total irreversible head loss in Eq. 2 consists of both major and minor losses. We split the minor losses into those 
associated with the mean velocity V through the pipe, and the minor loss associated with the contraction, based on exit 
velocity V2, 


av, Vk V 
2-2) )=——+—| f+ DK, |+ Ky contract 
( 1 >) 2g 2g f D > L 2g L,contraction (3) 


pipe 
where }'K, = 0.50 + 2(2.4) + 3(0.90) = 8.0, and K 


pipe 
By conservation of mass, 


= 0.15. 


L,contraction 


2 
Mii v.-va-y[2) a 


Substitution of Eq. 4 into Eq. 3 yields 


vÍ L DY 
(zı ~ z2) = lider, (2 (a, + K eontiaion } (5) 


pipe 


Equation 5 is an implicit equation for V since the Darcy friction factor is a function of Reynolds number Re = pVD/,, as 
obtained from either the Moody chart or the Colebrook equation. The solution can be obtained by an iterative method, or 
through use of a mathematical equation solver like EES. The result is V= 1.911 m/s, or to three significant digits, V = 1.91 
m/s, from which the volume flow rate is 


z (0.020 m} 


A 2 
V=v Z = (1911 ms) =6.01x10~ m/s (6) 


In more common units, V = 36.0 Lpm (liters per minute). The Reynolds number is 3.81 x 10*. 


Discussion Since there is no net head across the pump at free delivery conditions, the pump could be removed (inlet 
and outlet pipes connected together without the pump), and the flow rate would be the same. Another way to think about 
this is that the pump’s efficiency is zero at the free delivery operating point, so it is doing no useful work. 
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Chapter 14 Turbomachinery 
14-25 
Solution We are to calculate the volume flow rate through a piping system in which the pipe is rough. 


Assumptions 1 Since the reservoir is large, the flow is nearly steady. 2 The water is incompressible. 3 The water is at 
room temperature. 4 The flow in the pipe is fully developed and turbulent, with æ = 1.05. 


Properties The density and viscosity of water at T = 20°C are 998.0 kg/m? and 1.002 x 10° kg/m-s respectively. 


Analysis The relative pipe roughness is 6D = (0.050 cm)/(2.0 cm) = 0.025 (very rough, as seen on the Moody chart). 
The calculations are identical to that of the previous problem, except for the pipe roughness. The result is V= 1.597 m/s, or 
to three significant digits, V = 1.60 m/s, from which the volume flow rate is 5.02 x 10* m°/s, or V =30.1 Lpm. The 
Reynolds number is 3.18 x 10*. The volume flow rate is lower by about 16%. This agrees with our intuition, since pipe 
roughness leads to more pressure drop at a given flow rate. 


Discussion If the calculations of the previous problem are done on a computer, it is trivial to change € for the present 
calculations. 





14-26 {eer 


ee 


Solution For a given pump and piping system, we are to calculate the volume flow rate and compare with that 
calculated for Problem 14-24. 


Assumptions 1 Since the reservoir is large, the flow is nearly steady. 2 The water is incompressible. 3 The water is at 
room temperature. 4 The flow in the pipe is fully developed and turbulent, with æ = 1.05. 


Properties The density and viscosity of water at T= 20°C are 998.0 kg/m’ and 1.002 x 10° kg/m-s respectively. 


Analysis The calculations are identical to those of Problem 14-24 except that the pump’s net head is not zero as in 
Problem 14-24, but instead is given in the problem statement. At the operating point, we match Ayyaitabie tO Hrequirea; Yielding 


4 
a Vl od D 
FL ov sinable = H igea =? A, E aV? 7 ely D T 2 K, + (2) (a, + K, contraction ) B (zi ~ z) (1) 


We re-write the second term on the left side of Eq. 1 in terms of average pipe velocity V instead of volume flow rate, since 
V= VzD?/4, and solve for V, 





H, +(z%-Z,) 


Lied D“ zD’ (2) 
—|f—t+ > K,+| —| (@,+K +a 
2g f D L D, ( 2 L,contraction ) 16 


pipe 








Equation 2 is an implicit equation for V since the Darcy friction factor is a function of Reynolds number Re = pVD/u, as 
obtained from either the Moody chart or the Colebrook equation. The solution can be obtained by an iterative method, or 
through use of a mathematical equation solver like EES. The result is V = 2.846 m/s, from which the volume flow rate is 


xD? z (0.020 m)? 


3 
VaV—— = (2.846 m/s) = 8.942x104 ™— (3) 


S 


In more common units, V = 53.6 Lpm. This represents an increase of about 49% compared to the flow rate of Problem 14- 
24. This agrees with our expectations — adding a pump in the line produces a higher flow rate. 


Discussion Although there was a pump in Problem 14-24 as well, it was operating at free delivery conditions, implying 
that it was not contributing anything to the flow — that pump could be removed from the system with no change in flow 
rate. Here, however, the net head across the pump is about 5.34 m, implying that it is contributing useful head to the flow 
(in addition to the gravity head already present). 
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Chapter 14 Turbomachinery 











14-27E 
Solution We are to calculate pump efficiency and estimate the 
BEP conditions. Pump performance data for water at 77°F. 
Properties The density of water at 77°F is 62.24 Ibm/ft’. V bhp — Noump 
(gpm) H(ft) (hp)  (%) 
Analysis (a) Pump efficiency is 0.0 19.0 0.06 0.0 
ý 4.0 18.5 0.064 29.2 
; p8VH 8.0 17.0 0.069 49.7 
P lency: = 
AO la  bip a) 120 145 0.074 593 
16.0 10.5 0.079 53.6 
We show the second row of data (at V = 4.0 gpm) as an example — the 20.0 6.0 0.08 37.8 
rest are calculated in a spreadsheet for convenience, 24.0 0 0.078 0.0 


“Tou 0.064 hp 


(62.24 Ibm/ft’ ) 32.2" \{ 4.08" \(18.5 tt) : z 
s min (Se ft" eal lbf -s7 | hp-s )-0292 


gal 60 s 32.2 Ibm -ft J\ 550 ft- lbf 


or 29.2%. The results for all rows are shown in the table. 


(b) The best efficiency point (BEP) occurs at approximately the fourth row of data: V* = 12.0 gpm, H* = 14.5 ft of head, 
bhp* = 0.074 hp, and fpump* = 59.3%. 


Discussion A more precise BEP could be obtained by curve-fitting the data, as in Problem 14-29. 











14-28 
Solution We are to convert the pump performance data to metric Pump performance data for water at 77°F. 
units and calculate pump efficiency. 

; V H bhp puw 
Properties The density of water at T= 20°C is 998.0 kg/m”. (Lpm) (m) (W) (%) 

0.0 579 44.7 0.0 

Analysis The conversions are straightforward, and the results are 15.1 5.64 47.7 29.2 
shown in the table. A sample calculation of the pump efficiency for the 303 518 515 49.7 
second row of data is shown below: 45 i 4 4. 42 5 52 593 


60.6 3.20 58.9 53.6 
75.7 1.83 59.7 37.8 
90.9 0.00 58.2 0.0 





= 0.292 = 29.2% 


(998.0 kg/m*)(9.81 m/s*)(15.1 L/min) (5.64 m)( m3 \(1min) (N-s? )( W-s 


kg-m 
The pump efficiency data are identical to those of the previous problem, as they must be, regardless of the system of units. 


Discussion If the calculations of the previous problem are done on a computer, it is trivial to convert to metric units in 
the present calculations. 
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Chapter 14 Turbomachinery 
14-29E [Also solved using EES on enclosed DVD] 
Solution We are to generate least-squares polynomial curve fits of a pump’s performance curves, plot the curves, and 
calculate the BEP. 


Properties The density of water at 77°F is 62.24 Ibm/ft’. 


Analysis The efficiencies for each data point in Table P14-27 are 
calculated in Problem 14-27. We use regression analysis to generate the 
least-squares fits. The equation and coefficients for H are 


H=H,-aV? H, =19.0774 ft a =0.032996 ft/gpm’ 
Or, to 3 digits of precision, H, =19.1ft a=0.0330 ft/gpm? 


The equation and coefficients for bhp are 


bhp = bhp, +aV+a,V? bhp, =0.0587 hp 
a,=0.00175hp/gpm =a, =-3.72x 10° hp/gpm’ 


The equation and coefficients for 7)pump are 








Moump = Touma t GV +4,V7 +4,V* —— Maanp.o = 0.0523% 
a, =8.21%/gpm =a, =-0.210 %/gpm? a, = -0.00546 %/gpm* 60 
The tabulated data are plotted in Fig. 1 as symbols only. The fitted data are 50 
plotted on the same plots as lines only. The agreement is excellent. 
The best efficiency point is obtained by differentiating the curve- 40 
fit expression for 77pump With respect to volume flow rate, and setting the “pump 
be ; è ; ; : (%) 30 
derivative to zero (solving the resulting quadratic equation for V*), 
ay 20 
ie a +2a,V+3a,V7=0 — V*=12.966 GPM ~ 13.0 gpm 10 
At this volume flow rate, the curve-fitted expressions for H, bhp, and "pump 0 
yield the operating conditions at the best efficiency point (to three digits 
each): 
V*=13.0gpm, H*=13.5 ft, bhp*=0.0752hp, 7*=59.2% 
FIGURE 1 
Discussion This BEP is more precise than that of Problem 14-27 Pump performance curves: (a) H and bhp 
because of the curve fit. The other root of the quadratic is negative — versus V, and (b) 7pump versus V. 


obviously not the correct choice. 
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Chapter 14 Turbomachinery 
14-30E 


Solution For a given pump and system requirement, we are to estimate the operating point. 
Assumptions 1 The flow is steady. 2 The water is at 77°F and is incompressible. 


Analysis The operating point is the volume flow rate at which Hrequirea = available. We set the given expression for 
Arequirea to the curve fit expression of Problem 14-29, Hoyaitable = Ho — a V? , and obtain 





H,-(z,-%) j 19.0774 ft -15.5 ft “pad pil 
( 


Operating point: V= |= -= mo eee ae D 
a+b 0.032996 + 0.00986) ft/gpm 
At this volume flow rate, the net head of the pump is 16.3 ft. 


Discussion At this operating point, the flow rate is lower than that at the BEP. 





14-31 
Solution We are to calculate pump efficiency and estimate the BEP conditions. 


Properties The density of water at 20°C is 998.0 kg/m’. 








TABLE 1 
Anak E E Pump performance data for water at 20°C. 
. V H bhp n 
, VH pump 
Pump efficiency: Moump = a (1) (Lpm) (m) (W) (%) 
1p 


0.0 47.5 133 0.0 

6.0 46.2 142 31.9 
12.0 42.5 153 54.4 
18.0 36.2 164 64.8 
24.0 26.2 172 59.7 
30.0 15.0 174 42.2 
36.0 0.0 174 0.0 


We show the second row of data (at V =6.0 Lpm) as an example — the 
rest are calculated in a spreadsheet for convenience, 





E (998.0 kg/m° )(9.81 m/s? )(6.0 L/min )(46.2 »( lm? \ nin ( Neg? I W-s 


1 pumi )-0319=31.9% 
iis 142 W 1000 L )\. 60 s N-m 


kg-m 
The results for all rows are shown in Table 1. 


(b) The best efficiency point (BEP) occurs at approximately the fourth row of data: V* = 18.0 Lpm, H* = 36.2 m of head, 
bhp* = 164. W, and Moump* = 64.8%. 


Discussion A more precise BEP could be obtained by curve-fitting the data, as in the next problem. 
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14-32 SS 


Ea 


Solution We are to generate least-squares polynomial curve fits of 
a pump’s performance curves, plot the curves, and calculate the BEP. 


Properties The density of water at 20°C is 998.0 kg/m’. 


Analysis The efficiencies for each data point in Table P14-31 were 
calculated in the previous problem. We use Regression analysis to 
generate the least-squares fits. The equation and coefficients for H are 


H=H,-aV? H, =47.6643m a =0.0366453 m/Lpm? 
Or, to 3 significant digits, H, =47.7m a=0.0366 m/Lpm? 


The equation and coefficients for bhp are 
bhp =bhp,+aV+a,V° bhp, =131. W 
a =2.37 W/Lpm a, =-0.0317 W/Lpm’ 


The equation and coefficients for 7pump are 


1 pump = 1] pump, 0 + aV + a,V? + a; v’ 1 pump, 0 =0.152% 
a, =5.87%/Lpm a, =-0.0905 %/Lpm? a, =-0.00201%/Lpm° 


The tabulated data are plotted in Fig. 1 as symbols only. The fitted data 
are plotted on the same plots as lines only. The agreement is excellent. 
The best efficiency point is obtained by differentiating the curve- 
fit expression fOr pump With respect to volume flow rate, and setting 
the derivative to zero (solving the resulting quadratic equation for 


V=), 
dN pump =a A 72 5 x 
—=— =a +2a,V +3a,V“=0 > V*=19.6 Lpm 
dV 
At this volume flow rate, the curve-fitted expressions for H, bhp, and 


Tlpump Yield the operating conditions at the best efficiency point (to three 
digits each): 


V*=19.6Lpm, H*=33.6m, bhp*=165W, 7*=65.3% 


Chapter 14 Turbomachinery 





FIGURE 1 


Pump performance curves: (a) H and bhp 


versus V „and (b) pump Versus V. 


Discussion This BEP is more precise than that of the previous problem because of the curve fit. The other root of the 


quadratic is negative — obviously not the correct choice. 
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Chapter 14 Turbomachinery 
14-33 


Solution For a given pump and system requirement, we are to estimate the operating point. 
Assumptions 1 The flow is steady. 2 The water is at 20°C and is incompressible. 


Analysis The operating point is the volume flow rate at which Arequirea = available. We set the given expression for 
Arequirea to the curve fit expression of the previous problem, Available = Ho — a V* , and obtain 





= 26.1 Lpm 


; H. — = = 
Operating point: Va 8 "17 (2 a F 47.6643 m—10.0 m 


a+b 0.0366453 + 0.0185) m/Lpm? 


Discussion At this operating point, the flow rate is higher than that at the BEP. 





14-34 


Solution We are to perform a regression analysis to estimate the 
shutoff head and free delivery of a pump, and then we are to determine if 25 
this pump is adequate for the system requirements. 

20 
Assumptions 1 The water is incompressible. 2 The water is at room 
temperature. H 15 

: opt 3 (m) 

Properties The density of water at T= 20°C is 998.0 kg/m’. 10 
Analysis (a) We perform a regression analysis, and obtain Ho = 5 
23.9 m and a = 0.00642 m/Lpm’. The curve fit is reasonable, as seen in 





Fig. 1. The shutoff head is estimated as 23.9 m of water column. At the 0 
pump’s free delivery, the net head is zero. Setting Hayailable to zero in Eq. 1 


gives 0 10 20 30 40 50 60 


Free delivery: V (Lpm) 


„2_Ho ” _ |My _ 23.9 m _ FIGURE 1 
Vax = a S ge j 0.00642 m/(Lpm)? 61.0 Lpm Tabulated data (circles) and curve-fitted data 


(line) for Havailable versus V for the given 
The free delivery is estimated as 61.0 Lpm. pump. The filled, square data point is the 
required operating point. 





(b) At the required operating conditions, V =57.0 Lpm, and the net head 
is converted to meters of water column for analysis, 





Required operating head: H 


required 


(AP Jie ~ 5.8 psi ($ 894.8 N/m? ) (is of 


PE (998. kg/m° )(9.81 m/s?) psi Em) 40gm 


As seen in Fig. 1, this operating point lies above the pump performance curve. Thus, this pump is not quite adequate for 
the job at hand. 


Discussion The operating point is also very close to the pump’s free delivery, and therefore the pump efficiency would 
be low even if it could put out the required head. 
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Chapter 14 Turbomachinery 
14-35E 


Solution We are to find the units of coefficient a, write V 


max 


in terms of Ho and a, and calculate the operating point 


of the pump. 


Assumptions 1 The flow is steady. 2 The water is incompressible. 








Analysis (a) Solving the given expression for a gives 
H-H ; ft 
Coefficient a: qa=— e > units of a= z (1) 
v? gpm 











(b) At the pump’s free delivery, the net head is zero. Setting Havailable to zero in the given expression gives 





, 2 AA ‘ H 
Free delivery: Va =— > | Vu =, — 2) 


a a 











(c) The operating point is obtained by matching the pump’s performance curve to the system curve. Equating these gives 





FAL avilable = Ay B aV? = H ogum = (z a Zi ) +bV? (3) 
After some algebra, Eq. 3 reduces to 
Boe =2 
Operating point capacity: operating i Ia (4) 
j a+ 








and the net pump head at the operating point is obtained by plugging Eq. 4 into the given expression, 





H,b+aļ(z, =z 
Operating point pump head: H = Hyb+a(z a) (5) 


operating 
a+b 











Discussion Equation 4 reveals that Hy must be greater than elevation difference (z. — zı) in order to have a valid 
operating point. This agrees with our intuition, since the pump must be able to overcome the gravitational head between the 
tanks. 
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Chapter 14 Turbomachinery 
14-36 
Solution We are to calculate the operating point of a given pipe/pump system. 


Assumptions 1 The water is incompressible. 2 The flow is steady since the reservoirs are large. 3 The water is at room 
temperature. 


Properties The density and viscosity of water at T = 20°C are 998.0 kg/m’ and 1.002 x 10° kg/m-s respectively. 


Analysis The operating point is obtained by matching the pump’s performance curve to the system curve, 


Operating point: H saibe = Ho- aV? =H 


=(z, -z )+bV? 


required 
from which we solve for the volume flow rate (capacity) at the operating point, 


_ [Mm -(z27za) 5.30 m—3.52 m 


erating = 4.99 Lpm 
ee a+b (0.0453 + 0.0261) m/Lpm* j 


and for the net pump head at the operating point, 


_ Họb+a(z,—z,) _ (5.30 m)(0.0261 m) + (0.0453 m)(3.52 m) 


a, =4.17 
operating a+b (0.0453 m) + (0.0261 m) m 





Discussion The water properties p and x are not needed because the system curve (Hrequirea VETSUS V ) is provided here. 
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Chapter 14 Turbomachinery 
14-37E 


Solution For a given pump and system, we are to calculate the capacity. 


Assumptions 1 The water is incompressible. 2 The flow is nearly steady since the reservoirs are large. 3 The water is at 
room temperature. 


Properties The kinematic viscosity of water at T = 68°F is 1.055 x 10° ft’/s. 


Analysis We apply the energy equation in head form between the inlet reservoir’s free surface (1) and the outlet 
reservoir’s free surface (2), 





E yY -a V 
— P, 1 oe an +(z, z )+ ha +A to 0) 


Pg 2g 


required pump,u 


Since both free surfaces are at atmospheric pressure, P4 = P2 = Pam, and the first term on the right side of Eq. 1 vanishes. 
Furthermore, since there is no flow, V; = V2 = 0, and the second term also vanishes. There is no turbine in the control 
volume, so the second-to-last term is zero. Finally, the irreversible head losses are composed of both major and minor 
losses, but the pipe diameter is constant throughout. Equation | therefore reduces to 


L y? 
H equirea = (z =z] ) +My ota = (z = Zi ) + [y ae a Ke (2) 


The dimensionless roughness factor is #D = 0.0011/1.20 = 9.17 x 10+, and the sum of all the minor loss coefficients is 


DK, =0.5+ 2.04 6.8+ (30.34) +1.05 =11.37 


The pump/piping system operates at conditions where the available pump head equals the required system head. Thus, we 
equate the given expression and Eq. 2 to find the operating point, 


274 2 
xD’. L V 
H citable = H ia = A, 7a 16 V = (z = aje sE DK. )E (3) 





where we have written the volume flow rate in terms of average velocity through the pipe, 


D? 
Volume flow rate in terms of average velocity: V=V ae (4) 


Equation 3 is an implicit equation for V since the Darcy friction factor fis a function of Reynolds number Re = pVD/u = 
VD/v, as obtained from either the Moody chart or the Colebrook equation. The solution can be obtained by an iterative 
method, or through use of a mathematical equation solver like EES. The result is V = 1.80 ft/s, from which the volume flow 


rate is V = 6.34 gpm. The Reynolds number is 1.67 x 10%. 


Discussion We verify our results by comparing Availabe (given) and Hrequirea (Eq. 2) at this flow rate: Havaitable = 24.4 ft 
and Areguired = 24.4 ft. 
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Chapter 14 Turbomachinery 
14-38E 


Solution We are to plot Arequirea ANd Hayaitable versus V, and 
indicate the operating point. 

140 
Analysis We use the equations of the previous problem, with the 120 
same constants and parameters, to generate the plot shown. The 
operating point is the location where the two curves intersect. The values 100 


available 


of H and V at the operating point match those of the previous problem, 


as they should. H 80 


(ft) 
Discussion A plot like this, in fact, is an alternate method of i 
obtaining the operating point. In this case, the curve of H,equirea is fairly 40 
flat, indicating that the majority of the required pump head is attributed 

to elevation change, while a small fraction is attributed to major and 20 
minor head losses through the piping system. 0 








14-39E 


Solution We are to re-calculate volume flow rate for a piping system with a much longer pipe, and we are to compare 
with the previous results. 


Analysis All assumptions, properties, dimensions, and parameters are identical to those of the previous problem, 
except that total pipe length L is longer. We repeat the calculations and find that V = 1.68 ft/s, from which the volume flow 
rate is V = 5.93 gpm, and the net head of the pump is 37.0 ft. The Reynolds number for the flow in the pipe is 1.56 x 104. 
The volume flow rate has decreased by about 6.5%. 


Discussion The decrease in volume flow rate is smaller than we may have suspected. This is because the majority of the 
pump work goes into raising the elevation of the water. In addition, as seen in the plot from the previous problem, the pump 
performance curve is quite steep near these flow rates — a significant change in required net head leads to a much less 
significant change in volume flow rate. 
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14-40E 


Solution We are to perform a regression analysis to translate 
tabulated pump performance data into an analytical expression, and then 
use this expression to predict the volume flow rate through a piping Data 
system. 





points 





Assumptions 1 The water is incompressible. 2 The flow is nearly 
steady since the reservoirs are large. 3 The water is at room temperature. 








Properties For water at T = 68°F, = 6.572 x 10° Ibm/ft-s, and p= 
62.31 Ibm/ft’, from which v= 1.055 x 10° ft’/s. 


























0 5 10 15 20 25 





30 i 
V (gpm) 
H 
(ft) 20 FIGURE 1 
. Tabulated data (symbols) and curve-fitted 
Operating . . 
10 data (line) for Hayaiiabie Versus V for the 
i proposed pump. 
0 | 
FIGURE 2 
Havailabie and Hhequirea versus V for a piping 
system with pump; the operating point is 
also indicated, where the two curves meet. 
Analysis (a) We perform a regression analysis, and obtain Hy = 38.15 ft and a = 0.06599 ft/zpm°. The curve fit is 


very good, as seen in Fig. 1. 


(b) We repeat the calculations of Problem 14-37 with the new pump performance coefficients, and find that V = 3.29 ft/s, 


from which the volume flow rate is V = 11.6 gpm, and the net head of the pump is 29.3 ft. The Reynolds number for the 
flow in the pipe is 3.05 x 10*. The volume flow rate has increased by about 83%. Paul is correct — this pump performs 
much better, nearly doubling the flow rate. 


(c) A plot of net head versus volume flow rate is shown in Fig. 2. 


Discussion This pump is more appropriate for the piping system at hand. 
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14-41 
Solution For a given pump and system, we are to calculate the capacity. 


Assumptions 1 The water is incompressible. 2 The flow is nearly steady since the reservoirs are large. 3 The water is at 
room temperature. 


Properties The density and viscosity of water at T = 20°C are 998.0 kg/m’ and 1.002 x 10° kg/m-s respectively. 


Analysis We apply the energy equation in head form between the inlet reservoir’s free surface (1) and the outlet 
reservoir’s free surface (2), 





2 V -a V 
= P, 1 oe a, Ye +(z, z )+ ha +A ton (1) 


Pg 2g 


required = hump 
Since both free surfaces are at atmospheric pressure, P4 = Pa = Pam, and the first term on the right side of Eq. 1 vanishes. 
Furthermore, since there is no flow, V; = V2 = 0, and the second term also vanishes. There is no turbine in the control 


volume, so the second-to-last term is zero. Finally, the irreversible head losses are composed of both major and minor 
losses, but the pipe diameter is constant throughout. Equation | therefore reduces to 


L Vv? 
H equirea = (z 7 Zi ) + hi sei = (z g Zi ) T [y D x Ke (2) 
The dimensionless roughness factor is 


D  2.03cm 





€ _ 0.25 ml 1 cm )=00123 


10 mm 
The sum of all the minor loss coefficients is 
>) K, =0.5+17.5+(5x0.92)+1.05 = 23.65 


The pump/piping system operates at conditions where the available pump head equals the required system head. Thus, we 
equate the given expression and Eq. 2 to find the operating point, 


274 2 
xD’ 5 L V 
H a sitable = H ia = A, =a 16 V = (z E aje sE DK. )E (3) 





where we have written the volume flow rate in terms of average velocity through the pipe, 


Va 22 
4 


Equation 3 is an implicit equation for V since the Darcy friction factor fis a function of Reynolds number Re = pVD/,u, as 
obtained from either the Moody chart or the Colebrook equation. The solution can be obtained by an iterative method, or 
through use of a mathematical equation solver like EES. The result is V = 0.59603 ~ 0.596 m/s, from which the volume 


flow rate is V = 11.6 Lpm. The Reynolds number is 1.21 x 10*. 


Discussion We verify our results by comparing Aayailabie (given) and Ayequirea (Eq. 2) at this flow rate: Havailabie = 15.3 m 
and Ayeguirea = 15.3 m. 
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14-42 

Solution We are to plot Hrequirea and Havailabie Versus V , and indicate 

the operating point. 30 
Analysis We use the equations of the previous problem, with the 25 
same constants and parameters, to generate the plot shown. The operating 

point is the location where the two curves intersect. The values of H and 20 
V at the operating point match those of the previous problem, as they H 
should. (m) 15 
Discussion A plot like this, in fact, is an alternate method of 10 


obtaining the operating point. 








14-43 
Solution We are to re-calculate volume flow rate for a piping system with a smaller elevation difference, and we are 
to compare with the previous results. 


Analysis All assumptions, properties, dimensions, and parameters are identical to those of the previous problem, 
except that the elevation difference between reservoir surfaces (z2 — z1) is smaller. We repeat the calculations and find that V 
= 0.682 m/s, from which the volume flow rate is V = 13.2 Lpm, and the net head of the pump is 12.5 m. The Reynolds 
number for the flow in the pipe is 1.38 x 10*. The volume flow rate has increased by about 14%. 


Discussion The increase in volume flow rate is modest. This is because only about half of the pump work goes into 
raising the elevation of the water — the other half goes into overcoming irreversible losses. 
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Solution We are to perform a regression analysis to translate 
tabulated pump performance data into an analytical expression, and then 
use this expression to predict the volume flow rate through a piping 
system. 


Assumptions 1 The water is incompressible. 2 The flow is nearly steady 
since the reservoirs are large. 3 The water is at room temperature. 


Properties The density and viscosity of water at T = 20°C are 998.0 
kg/m? and 1.002 x 10° kg/m-s respectively. 





FIGURE 1 
Tabulated data (symbols) and curve-fitted 


data (line) for Havailable versus V for the 





proposed pump. 
FIGURE 2 
H available and FArequired versus V fora piping 
system with pump; the operating point is 
also indicated, where the two curves meet. 
Analysis (a) We perform a regression analysis, and obtain Hy = 47.6 m and a = 0.05119 m/Lpm”. The curve fit is 


reasonable, as seen in Fig. 1. 


(b) We repeat the calculations of Problem 14-41 with the new pump performance coefficients, and find that V= 1.00 m/s, 


from which the volume flow rate is V = 19.5 Lpm, and the net head of the pump is 28.3 m. The Reynolds number for the 
flow in the pipe is 2.03 x 10*. The volume flow rate has increased by about 69%. April’s goal has not been reached. 
She will need to search for an even stronger pump. 


(c) A plot of net head versus volume flow rate is shown in Fig. 2. 


Discussion As is apparent from Fig. 2, the required net head increases rapidly with increasing volume flow rate. Thus, 
doubling the flow rate would require a significantly heftier pump. 
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14-45 
Solution We are to calculate the volume flow rate when the pipe diameter of a piping/pump system is doubled. 
Analysis The analysis is identical to that of Problem 14-41 except for the diameter change. The calculations yield V= 


0.19869 ~ 0.199 m/s, from which the volume flow rate is V = 15.4 Lpm, and the net head of the pump is 8.25 m. The 
Reynolds number for the flow in the pipe is 8.03 x 10°. The volume flow rate has increased by about 33%. This agrees 
with our intuition since irreversible head losses go down significantly by increasing pipe diameter. 


Discussion The gain in volume flow rate is significant because the irreversible head losses contribute to about half of 
the total pump head requirement in the original problem. 





14-46 
Solution We are to compare Reynolds numbers for a pipe flow system — the second case having a pipe diameter 
twice that of the first case. 


Properties The density and viscosity of water at T= 20°C are 998.0 kg/m’ and 1.002 x 10° kg/m-s respectively. 


Analysis From the results of the two problems, the Reynolds number of the first case is 


Case | (D = 2.03 cm): 
998 kg/m’ )(0.59603 m/s)(0.0203 
Re VD _| g/m \( s)( m) 





3 > =1.21x10* 
u 1.002x10” kg/m 
and that of the second case is 
Case 2 (D = 4.06 cm): 
998 kg/m? })(0.19869 m/s ) (0.0406 m 
re PVD _| M M EE 





u 1.002 x10° kg/m? 


Thus, the Reynolds number of the larger diameter pipe is smaller than that of the smaller diameter pipe. This may be 
somewhat surprising, but since average pipe velocity scales as the inverse of pipe diameter squared, Reynolds number 
increases linearly with pipe diameter due to the D in the numerator, but decreases quadratically with pipe diameter due to 
the V in the numerator. The net effect is a decrease in Re with pipe diameter when V is the same. In this problem, V 
increases somewhat as the diameter is doubled, but not enough to increase the Reynolds number. 


Discussion At first glance, most people would think that Reynolds number increases as both diameter and volume flow 
rate increase, but this is not always the case. 





14-47 
Solution We are to compare the volume flow rate in a piping system with and without accounting for minor losses. 
Analysis The analysis is identical to that of Problem 14-41, except we ignore all the minor losses. The calculations 


yield V = 0.604 m/s, from which the volume flow rate is V =11.7 Lpm, and the net head of the pump is 15.1 m. The 
Reynolds number for the flow in the pipe is 1.22 x 10*. The volume flow rate has increased by about 1.3%. Thus, minor 
losses are nearly negligible in this calculation. This agrees with our intuition since the pipe is very long. 


Discussion Since the Colebrook equation is accurate to at most 5%, a 1.3% change is well within the error. 
Nevertheless, it is not excessively difficult to include the minor losses, especially when solving the problem on a computer. 
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Solution We are to examine how increasing (z2 — zı) affects the 
volume flow rate of water pumped by the water pump. 


Assumptions 1 The flow at any instant of time is still considered quasi- 
steady, since the surface level of the upper reservoir rises very slowly. 2 
The minor losses, dimensions, etc., fluid properties, and all other 
assumptions are identical to those of Problem 14-41 except for the 
elevation difference (z — z1). 


Analysis We repeat the calculations of Problem 14-41 for several 
values of (z2 — zı), ranging from 0 to Ho, the shutoff head of the pump, 
since above the shutoff head, the pump cannot overcome the elevation 
difference. The volume flow rate is zero at the shutoff head of the 
pump. The data are plotted here. As expected, the volume flow rate 
decreases as (z2 — zı) increases, starting at a maximum flow rate of about 
14.1 Lpm when there is no elevation difference, and reaching zero (no 
flow) when (z2 — z1) = Ho = 24.4 m. The curve is not linear, since neither 


Chapter 14 Turbomachinery 





5 10 15 20 25 
Z2 — zı (m) 


the Darcy friction factor nor the pump performance curve are linear. If (z2 — z1) were increased beyond Ho, the pump would 
not be able to handle the elevation difference. Despite its valiant efforts, with blades spinning as hard as they could, the 


water would flow backwards through the pump. 


Discussion You may wish to think of the backward-flow through the pump as a case in which the pump efficiency is 
negative. In fact, at (z2 — zı) = Ho, the pump could be replaced by a closed valve to keep the water from draining from the 


upper reservoir to the lower reservoir. 
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Solution We are to estimate the operating point of a given fan and duct system. 


Assumptions 1 The flow is steady. 2 The concentration of contaminants in the air is low; the fluid properties are those of 
air alone. 3 The air is at standard temperature and pressure (STP), and is incompressible. 4 The air flowing in the duct is 
turbulent with a@ = 1.05. 


Properties For air at STP (T = 77°F, P = 14.696 psi = 2116.2 Ibf/ft”), 4 = 1.242 x 10° lbm/ft-s, p = 0.07392 lbm/ft?, 
and v= 1.681 x 10° ft/s. The density of water at STP (for conversion to inches of water head) is 62.24 lbm/ft*. 


Analysis We apply the steady energy equation along a streamline from point 1 in the stagnant air region in the 
room to point 2 at the duct outlet, 


z B3 av," a y 
Required net head: H equired = he : r hi (1) 


At point 1, P, is equal to Pam, and at point 2, P, is also equal to Pm since the jet discharges into the outside air on the roof 
of the building. Thus the pressure terms cancel out in Eq. 1. We ignore the air speed at point | since it is chosen (wisely) far 
enough away from the hood inlet so that the air is nearly stagnant. Finally, the elevation difference is neglected for gases. 
Equation | reduces to 


aV; 
2g 


+h 





‘L,total (2) 


required 


The total head loss in Eq. 2 is a combination of major and minor losses, and depends on volume flow rate. 
Since the duct diameter is constant, 


2 
Total irreversible head loss: h; wi = ( f+ > Ke (3) 
E 


The required net head of the fan is thus 


B L y? 
H required =| a, +f5t Dk 2g (4) 


To find the operating point, we equate Ayyaitable ANd Arequirea, being careful to keep consistent units. Note that the required 
head in Eq. 4 is expressed naturally in units of equivalent column height of the pumped fluid, which is air in this case. However, 
the available net head (given) is in terms of equivalent water column height. We convert constants Ho and a to inches of air 
column for consistency by multiplying by the ratio of water density to air density, 











P. water 
Ay. inch water water = Ay. inch air Pair =? Ay. inch air = Ay. inch water 
and similarly, 
Z P. water 
C ici air)/SCFM? Finch water)/SCFM? 
P, air 
We re-write the given expression in terms of average duct velocity rather than volume flow rate, 
, aU 3 

Available net head: H ame = Hy — a T Vv? (5) 

again taking care to keep consistent units. Equating Eqs. 4 and 5 yields 
i i m’ D’, L y? 
Operating point: H vaitable = H ojia > H-a 6 V=|a,+f yt a A (6) 


The dimensionless roughness factor is e/D = 0.0059/9.06 = 6.52 x 10%, and the sum of all the minor loss 
coefficients is 
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Minor losses: DK, = 4.6+(3x0.21)+1.8 = 7.03 


Note that there is no minor loss associated with the exhaust, since point 2 is taken at the exit plane of the duct, and does not 
include irreversible losses associated with the turbulent jet. Equation 6 is an implicit equation for V since the Darcy friction 
factor is a function of Reynolds number Re = pVD/u = VD/v, as obtained from either the Moody chart or the Colebrook 
equation. The solution can be obtained by an iterative method, or through use of a mathematical equation solver like EES. 


The result is V = 16.8 ft/s, from which the volume flow rate is V =452 SCFM. The Reynolds number is 7.63 x 10°. 


Discussion We verify our results by comparing Havailabe (Eq. 1) and H,equirea (Eq. 5) at this flow rate: Havailabie = 0.566 
inches of water and Hyequirea = 0.566 inches of water. 





14-50E 
Solution We are to calculate the value of Kz, damper Such that the volume flow rate through the duct decreases by 50%. 
Analysis All assumptions and properties are the same as those of the previous problem. We set the volume flow rate 


to * = 226 SCFM, one-half of the previous result, and solve for Kz, damper. The result is Kz, damper = 112, significantly 
higher than the value of 1.8 for the fully open case. 


Discussion Because of the nonlinearity of the problem, we cannot simply double the damper’s loss coefficient in order 
to decrease the flow rate by a factor of two. Indeed, the minor loss coefficient must be increased by a factor of more than 
60. If a computer was used for the calculations of the previous problem, the solution here is most easily obtained by trial 
and error. 





14-51E 
Solution We are to estimate the volume flow rate at the operating point without accounting for minor losses, and then 
we are to compare with the previous results. 


Analysis All assumptions and properties are the same as those of Problem 14-49, except that we ignore all minor 


losses (we set XK; = 0). The resulting volume flow rate at the operating point is V = 503 SCFM, approximately 11% 
higher than for the case with minor losses taken into account. In this problem, minor losses are indeed “minor”, although 
they are not negligible. We should not be surprised at this result, since there are several minor losses, and the duct is not 
extremely long (L/D is only 45.0). 


Discussion An error of 11% may be acceptable in this type of problem. However, since it is not difficult to account for 
minor losses, especially if the calculations are performed on a computer, it is wise not to ignore these terms. 
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Solution We are to estimate the operating point of a given fan and duct system. 


Assumptions 1 The flow is steady and incompressible. 2 The concentration of contaminants is low; the fluid properties 
are those of air alone. 3 The air is at 25°C and 101,300 Pa. 4 The air flowing in the duct is turbulent with a= 1.05. 


Properties For air at 25°C, = 1.849 x 10° kg/m-s, p= 1.184 kg/m’, and v= 1.562 x 10° m’/s. The density of water at 
STP (for conversion to water head) is 997.0 kg/m’, 


Analysis We apply the steady energy equation along a streamline from point 1 in the stagnant air region in the 
room to point 2 at the duct outlet, 


P= aV; -a, yY 
H eguia = i e EA] Ha (1) 


PE 


P; is equal to Pam, and P3 is also equal to Pam since the jet discharges into outside air on the roof of the building. Thus the 
pressure terms cancel out in Eq. 1. We ignore the air speed at point 1 since it is chosen (wisely) far enough away from the 
hood inlet so that the air is nearly stagnant. Finally, the elevation difference is neglected for gases. Equation 1 reduces to 


: 5 GV 
Required net head: H gia = 2g + h; toral (2) 





The total head loss in Eq. 2 is a combination of major and minor losses. Since the duct diameter is constant, 
; L y? 
Total irreversible head loss: hitar f° X K, A (3) 
& 


The required net head of the fan is thus 


L y? 
H equired = [a sry E (4) 


To find the operating point, we equate Apyaitable ANd Arequirea, being careful to keep consistent units. Note that the required 
head in Eq. 4 is expressed naturally in units of equivalent column height of the pumped fluid, which is air in this case. However, 
the available net head (given) is in terms of equivalent water column height. We convert constants Hp and a in Eq. 1 to mm of 
air column for consistency by multiplying by the ratio of water density to air density, 


H =H > H =H 








P. water and a =a P. water 
(mm air yl LPM? ( mm water) /LPM? 


0, mm air Pair 0, mm water 
P. air P. air 


0, mm water P. water 0, mm air 


We re-write the given expression in terms of average duct velocity rather than volume flow rate, 


2p4 
Available net head: H waitable = Hy — 4 et (5) 


Equating Eqs. 4 and 5 yields the operating point, 





mD’ a L y? 
A... =H... > H,-a V'=|a,+f—+) K, | — (6 
available required 0 16 ( 2 f D >, 7 2g ( ) 
The dimensionless roughness factor is 6/D = 0.15/150 = 1.00 x 10°, and the sum of all the minor loss coefficients is 
ÈK, =3.3+ (3 x 0.21) +1.8+0.36+ 6.6 =12.69 . Note that there is no minor loss associated with the exhaust, since point 2 
is at the exit plane of the duct, and does not include irreversible losses associated with the turbulent jet. Equation 6 is an 


implicit equation for V since the Darcy friction factor is a function of Reynolds number Re = pVD/u = VD/v, as obtained 
from the Moody chart or the Colebrook equation. The solution can be obtained by an iterative method, or through use of a 


mathematical equation solver like EES. The result is V= 6.71 m/s, from which the volume flow rate is V = 7090 Lpm. 


Discussion We verify our results by comparing Havailable (given) and Ayeguirea (Eq. 5) at this flow rate: Hayaitable = 47.4 mm 
of water and Hyequirea = 47.4 mm of water, both of which are equivalent to 40.0 m of air column. 





14-29 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to 
teachers and educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 14 Turbomachinery 
14-53 
Solution We are to plot Arequirea ANd Aavaitable Versus V , and indicate 
the operating point. 


Analysis We use the equations of the previous problem, with the 
same constants and parameters, to generate the plot shown. The operating 
point is the location where the two curves intersect. The values of H and 


V at the operating point match those of the previous problem, as they H 0 
should. (mm) 


Discussion A plot like this, in fact, is an alternate method of obtaining 
the operating point. The operating point is at a volume flow rate near the 
center of the plot, indicating that the fan efficiency is probably reasonably 
high. 





0 5000 10000 15000 





V (Lpm) 
14-54 
Solution We are to estimate the volume flow rate at the operating point without accounting for minor losses, and then 
we are to compare with the previous results. 
Analysis All assumptions and properties are the same as those of Problem 14-52, except that we ignore all minor 


losses (we set XK, = 0). The resulting volume flow rate at the operating point is V = 10,900 Lpm (to three significant 
digits), approximately 54% higher than for the case with minor losses taken into account. In this problem, minor losses are 
not “minor”, and are by no means negligible. Even though the duct is fairly long (L/D is about 163), the minor losses are 
large, especially those through the damper and the one-way valve. 


Discussion An error of 54% is not acceptable in this type of problem. Furthermore, since it is not difficult to account 
for minor losses, especially if the calculations are performed on a computer, it is wise not to ignore these terms. 





14-55 


Solution We are to calculate pressure at two locations in a blocked duct system. 


Assumptions 1 The flow is steady. 2 The concentration of contaminants in the air is low; the fluid properties are those of 
air alone. 3 The air is at standard temperature and pressure (STP: 25°C and 101,300 Pa), and is incompressible. 


Properties The density of water at 25°C is 997.0 kg/m’. 


Analysis Since the air is completely blocked by the one-way valve, there is no flow. Thus, there are no major or 
minor losses — just a pressure gain across the fan. Furthermore, the fan is operating at its shutoff head conditions. Since the 
pressure in the room is atmospheric, the gage pressure anywhere in the stagnant air region in the duct between the fan and 
the one-way valve is therefore equal to Hp = 60.0 mm of water column. We convert to pascals as follows: 








2 2 
Gage pressure at both locations: Paige = Prater 8H = (998.0 s \[981 z) (0.060 m| = i = J- 587 Pa 
f m s kg-m N 


Thus, at either location, the gage pressure is 60.0 mm of water column, or 587 Pa. 


Discussion The answer depends only on the shutoff head of the fan — duct diameter, minor losses, etc, are irrelevant for 
this case since there is no flow. The fan should not be run for long time periods under these conditions, or it may burn out. 
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14-56E 
Solution For a given pump and piping system we are to estimate the maximum volume flow rate that can be pumped 
without cavitation. 


Assumptions 1 The flow is steady. 2 The water is incompressible. 3 The flow is turbulent. 


Properties Pam = 14.696 psi = 2116.2 Ibf/ft*. For water at T= 77°F, u = 6.002 x 10% lbm/(ft-s), p = 62.24 lbm/ft*, and 
P,, = 66.19 Ibf/ft’. 


Analysis We apply the steady energy equation in head form along a streamline from point | at the reservoir surface 
to point 2 at the pump inlet, 





P V P, av, 
—+ a tatha = at hone + fir sat (1) 60 J 
pe g i pe 2g i J Available 
J NPSH 
In Eq. | we have ignored the water speed at the reservoir surface (V, ~ 0). IO RS a See aa 
There is no turbine in the piping system. Also, although there is a pump J 
in the system, there is no pump between point 1 and point 2; hence the AO e A tes Sens 
pump head term also drops out. We solve Eq. 1 for P3/(pg), which is the NPSH ] 
pump inlet pressure expressed as a head, (ft) al I 
30 q- e Thro 
P P aV? 1 No cavitation l 
oe) eae (2) 
Pgs ps 2g Ree 
: ; ; . | Required 
Note that in Eq. 2, we have recognized that P; = Ptm since the reservoir | NPS 


I 
surface is exposed to atmospheric pressure. 10 +--+- eta 

The available net positive suction head at the pump inlet is i 
obtained from Eq. 14-8. After substitution of Eq. 2, approximating œ% ~ 1, : 
we get an expression for the available NPSH: 








0 10 20 30 40 50 60 70 
P -P 
NPSH = =" + (zi a z,)- hy tota (3) / 
oe V (gpm) 


Since we know P.tm, P,, and the elevation difference, all that remains is to estimate the total irreversible head loss through 
the piping system from the reservoir surface (1) to the pipe inlet (2), which depends on volume flow rate. Since the pipe 
diameter is constant, the total irreversible head loss becomes 


L y? 
hy rotal [r5 (4) 


The rest of the problem is most easily solved on a computer. For a given volume flow rate, we calculate speed V and 
Reynolds number Re. From Re and the known pipe roughness, we use the Moody chart (or the Colebrook equation) to 
obtain friction factor f. The sum of all the minor loss coefficients is 


ŽK, =0.5+0.3+6.0 =6.8 (5) 


where we have not included the minor losses downstream of the pump, since they are irrelevant to the present analysis. 


We make one calculation by hand for illustrative purposes. At V = 40.0 gpm, the average speed of water through 
the pipe is 





te V w | SI 1 ft 


=11.35 ft/s 
A aD? x(1.2 in)’ 60 s oi) (6) 


gal 


which produces a Reynolds number of Re = PVD/ = 1.17 x 10°. At this Reynolds number, and with roughness factor ¢/D = 
0, the Colebrook equation yields f= 0.0174. After substitution of the given variables along with f, D, L, and Eqs. 4, 5, and 6 
into Eq. 3, we get 
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=35.1ft (7) 





NpSH a (2116-2 = 66.19) Ibs (2m 


120ft 6 s) (11.35 ft/s)? 
(62.24 Ibm/ft* ) (32.174 fts?) s°Ibf “JI 


} +200 f-(o0174 ee 

0.10 ft (32.174 ft/s” ) 
The required net positive suction head is obtained from the given expression. At our example flow rate of 40.0 gpm we 
see that NPSHyequirea is about 9.6 ft. Since the actual NPSH is much higher than this, we need not worry about 
cavitation at this flow rate. We use a spreadsheet to calculate NPSH as a function of volume flow rate, and the 
results are plotted. It is clear from the plot that cavitation occurs at flow rates above about 56 gallons per minute. 


Discussion NPSHyeguirea FiSeS With volume flow rate, but the actual or available NPSH decreases with volume flow rate. 





14-57E 


Solution We are to calculate the volume flow rate below which cavitation in a pump is avoided. 
Assumptions 1 The flow is steady. 2 The water is incompressible. 


Properties Pam = 14.696 psi = 2116.2 Ibf/ft”. For water at T = 150°F, 2 = 2.889 x 10“ Ibm/ft-s, p = 61.19 Ibm/ft’, and 
P,, = 536.0 Ibf/ft’. 


Analysis The procedure is identical to that of the previous problem, except for the water properties. The calculations 
predict that the pump cavitates at volume flow rates greater than about 53 gpm. This is somewhat lower than the result 
of the previous problem, as expected, since cavitation occurs more readily in warmer water. 


Discussion Note that NPSHyequirea does not depend on water temperature, but the actual or available NPSH decreases 
with temperature. 
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Solution For a given pump and piping system we are to estimate the maximum volume flow rate that can be pumped 
without cavitation. 


Assumptions 1 The flow is steady. 2 The water is incompressible. 3 The flow is turbulent. 


Properties Standard atmospheric pressure is Pt, = 101.3 kPa. For water at T= 25°C, p = 997.0 kg/m’, w= 8.91x104 
kg/m-s, and P, = 3.169 kPa. 


Analysis We apply the steady energy equation in head form along a streamline from point 1| at the reservoir surface 
to point 2 at the pump inlet, 
; PB ay P, aV; 
Energy equation: + A +z + D = me a +z, + lga + Be oad (1) 


In Eq. | we have ignored the water speed at the reservoir surface (V; ~ 0). There is no turbine in the piping system. Also, 
although there is a pump in the system, there is no pump between point | and point 2; hence the pump head term also drops 
out. We solve Eq. | for P2/(pg), which is the pump inlet pressure expressed as a head, 





P P ? 
Pump inlet pressure head: a+ (z =z ) a h ro (2) 
P8 P8 2g 


Note that in Eq. 2, we have recognized that Pı = Pam since the reservoir surface is exposed to atmospheric pressure. 
The available net positive suction head at the pump inlet is obtained from Eq. 14-8. After substitution of Eq. 2, and 
approximating a as 1.0, we get 







Available NPSH: NPSH = Pa h + (2, =) )— Fy sort (3) 
p8 i pa a E eee 


Since we know P,tm, P,, and the elevation difference, all that remains is to 






The rest of the problem is most easily solved on a computer. For a given NPSH 


volume flow rate, we calculate speed V and Reynolds number Re. From 3 
Re and the known pipe roughness, we use the Moody chart (or the 
Colebrook equation) to obtain friction factor f. The sum of all the minor 
loss coefficients is 


estimate the total irreversible head loss through the piping system from the 7 rt. 3 ee 
reservoir surface (1) to the pipe inlet (2), which depends on volume flow NPSH | 
rate. Since the pipe diameter is constant, the total irreversible head loss is (m) 6 fo e E 
L y? J No cavitation 
5 akae EN IE eos oe 
Pr toral z f=+>K, or (4) J 
D 2g J ‘ 
41 Required) J 





0 10 20 30 40 50 60 70 
$ K, =0.85+0.3=1.15 (5) , 
V (Lpm) 
where we have not included the minor losses downstream of the pump, 
since they are irrelevant to the present analysis. 


We make one calculation by hand for illustrative purposes. At V =40.0 Lpm, the average speed of water through 
the pipe is 


V 4V _4(40.0 L/min) f 1m? (g 
1000 L J\ 60s 


A zD’  7(0.024 m) 





) =1474m/s_ (6) 


which produces a Reynolds number of Re = pVD/u = 3.96 x 10°. At this Reynolds number, and with roughness factor ¢/D = 
0, the Colebrook equation yields f = 0.0220. After substitution of the given variables, along with f, D, L, and Eqs. 4, 5, and 
6 into Eq. 3, we calculate the available NPSH, 
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Neon = Oe) a (#2) 2.2m [0.0220 25 siis) CEEA) 742 m (7) 
(997.0 kg/m’ )(9.81 m/s) \ s°N 0.024 m 2(9.81 m/s’) 





The required net positive suction head is obtained from the given expression. At our example flow rate of 40.0 Lpm we 
see that NPSHrequirea 18 about 4.28 m. Since the actual NPSH is higher than this, the pump does not cavitate at this 
flow rate. We use a spreadsheet to calculate NPSH as a function of volume flow rate, and the results are plotted. It is 
clear from this plot that cavitation occurs at flow rates above 60.5 liters per minute. 


Discussion NPSHyeguirea FiSeS With volume flow rate, but the actual or available NPSH decreases with volume flow rate. 





14-59 
Solution We are to calculate the volume flow rate below which 
cavitation in a pump is avoided, at two temperatures. 


Assumptions 1 The flow is steady. 2 The water is incompressible. 


Properties Standard atmospheric pressure is Pam = 101.3 kPa. For 
water at T = 80°C, p = 971.9 kg/m’, w= 3.55x10* kg/m-s, and P, = 47.35 
kPa. At T = 90°C, p = 965.3 kg/m’, u= 3.15x10* kg/m-s, and P, = 70.11 Required 
kPa. 


Analysis The procedure is identical to that of the previous problem, 
except for the water properties. The calculations predict that at T = 80°C, 
the pump cavitates at volume flow rates greater than 28.0 Lpm. This 
is substantially lower than the result of the previous problem, as expected, Available 
since cavitation occurs more readily in warmer water. NPSH o 
At 90°C, the vapor pressure is very high since the water is near 
boiling (at atmospheric pressure, water boils at 100°C). For this case, the 
curves of NPSHoavaitable ANd NPSHyequirea dO not cross at all as seen in the 
plot, implying that the pump cavitates at any flow rate when T = 90°C. 0 10 20 30 40 50 60 70 





Discussion Note that NPSHyequirea does not depend on water V (Lpm) 
temperature, but the actual or available NPSH decreases with temperature. 





14-60 
Solution We are to calculate the volume flow rate below which cavitation in a pump is avoided, and compare with a 
previous case with a smaller pipe diameter. 


Assumptions 1 The flow is steady. 2 The water is incompressible. 


Properties Standard atmospheric pressure is Pam = 101.3 kPa. For water at T = 25°C, p = 997.0 kg/m’, = 8.91x10" 
kg/m-s, and P, = 3.169 kPa. 


Analysis The analysis is identical to that of Problem 14-58, except that the pipe diameter is 48.0 mm instead of 24.0 
mm. Compared to problem 14-58, at a given volume flow rate, the average speed through the pipe decreases by a factor of 
four since the pipe area increases by a factor of four. The Reynolds number goes down by a factor of two, but the flow is 
still turbulent (At our sample flow rate of 40.0 Lpm, Re = 1.98 x 10‘). For a smooth pipe at this Reynolds number, f = 
0.0260. and the available NPSH is 7.81 m, slightly higher than the previous case with the smaller diameter pipe. After 
repeating the calculations at several flow rates, we find that the pump cavitates at V = 65.5 Lpm. This represents an 
increase of about 8.3%. Cavitation occurs at a higher volume flow rate when the pipe diameter is increased because 
the irreversible head losses in the piping system upstream of the pump are decreased. 


Discussion If a computer program like EES was used for Problem 14-58, it is a trivial matter to change the pipe 
diameter and re-do the calculations. 
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Solution We are to calculate the combined shutoff head and free 
delivery for two pumps in series, and discuss why the weaker pump 
should be shut off and bypassed above some flow rate. 


Combined net head 


Assumptions 1 The water is incompressible. 2 The flow is steady. 


Analysis The pump performance curves for both pumps 
individually and for their combination in series are plotted in Fig. 1. At 
zero flow rate, the shutoff head of the two pumps in series is equal to the 
sum of their individual shutoff heads: Ho combinea = Ho,1 + Ho. = 5.30 m + 
7.80 m. Thus the combined shutoff head is 13.1 m. At free delivery 
conditions (zero net head), the free delivery of the two pumps in series is 


limited to that of the stronger pump, in this case Pump 2: V 


max,combined = 
MAX( Viaxi > 


15.0 Lpm. 

As volume flow rate increases, the combined net pump head is 
equal to the sum of the net pump heads of the individual pumps, as seen 
on the plot. However, the free delivery of Pump 1 is 


V,..2) = 15.0 Lpm. Thus the combined free delivery is 








. p H i V (L 
0=H,-a’ > Vi, =,/%= epi > =11.0 Lpm ape) 
a 0.0438 m/(Lpm) 


Above this flow rate, Pump | no longer contributes to the flow. In fact, it becomes a liability to the system since its net 
head would be negative at flow rates above 11.0 Lpm. For this reason, it is wise to shut off and bypass Pump 1 above 
11.0 Lpm. 





Discussion The free delivery of Pump 2 is 15.0 Lpm. The free delivery of the two-pump system is no better than that of 
Pump 2 alone, since Pump | is shut off and bypassed at flow rates above 11.0 Lpm. 





14-62 
Solution We are to calculate the free delivery and shutoff head for two pumps in parallel, and discuss why the 
weaker pump should be shut off and bypassed above some net head. 


Assumptions 1 The water is incompressible. 2 The flow is steady. 


Analysis The pump performance curves for both pumps and for 
their combination in parallel are plotted. At zero flow rate, the shutoff 
head of the two pumps in parallel is equal to that of the stronger pump, in 
this case Pump 2: Ho combinea = MAX(Ho1, Ho2) = 7.80 m. Thus the 
combined shutoff head is 7.80 m. At free delivery conditions (zero net 
head), the free delivery of the two pumps in parallel is the sum of their 


Vo + Vins = 11.0 Lpm + 15.0 


max, 1 max,2 


individual free deliveries: V 


max,combined ~ 
Lpm. Thus the combined free delivery is 26.0 Lpm. 

As net head increases, the combined capacity is equal to the sum 
of the capacities of the individual pumps, as seen on Fig. 1. However, the 
shutoff head of Pump 1 (5.30 m) is lower than that of Pump 2 (7.80 m). 
Above the shutoff head of Pump 1, that pump no longer contributes to the 
flow. In fact, it becomes a liability to the system since it cannot sustain 
such a high head. If not shut off and blocked, the volume flow rate 
through Pump 1 would be negative at net heads above 7.80 m. For this 
reason, it is wise to shut off and block Pump 1 above 7.80 m. 





Discussion The shutoff head of Pump 2 is 7.80 m. The shutoff head of the two-pump system is no better than that of 
Pump 2 alone, since Pump | is shut off and blocked at net heads above 7.80 m. 
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Solution We are to calculate the mass flow rate of slurry through a two-lobe rotary pump for given values of lobe 
volume and rotation rate. 


Assumptions 1 The flow is steady in the mean. 2 There are no leaks in the gaps between lobes or between lobes and the 
casing. 3 The slurry is incompressible. 


Analysis By studying the figure provided with this problem, we see that for each 360° rotation of the two counter- 
rotating shafts (n = 1 rotation), the total volume of pumped fluid is 


Closed volume pumped per rotation: = 4V ove (1) 


closed 


The volume flow rate is then calculated from Eq. 14-11, 


V 


V = -2t = (300 wan C a 
n 


=174 gal/min (2) 
1 rot 


Thus, the volume flow rate is 174 gpm. 


Discussion If there were leaks in the pump, the volume flow rate would be lower. The fluid density was not used in the 
calculation of volume flow rate. However, the higher the density, the higher the required shaft torque and brake 
horsepower. 





14-64E 
Solution We are to calculate the mass flow rate of slurry through a three-lobe rotary pump for given values of lobe 
volume and rotation rate. 


Assumptions 1 The flow is steady in the mean. 2 There are no leaks in the gaps between lobes or between lobes and the 
casing. 3 The slurry is incompressible. 


Analysis When there are three lobes, three lobe volumes are pumped for each 360° rotation of each rotor (n = 1 
rotation). Thus, the total volume of pumped fluid is 


Closed volume pumped per rotation: Vossa = OViobe (1) 


closed 


The volume flow rate is then calculated from Eq. 14-11, 


Ven Moses (300 rovin) É(20E7 s) 


n rot 


=157 gal/min (2) 


Thus, the volume flow rate is 157 gpm. 


Discussion If there were leaks in the pump, the volume flow rate would be lower. This flow rate is slightly lower than 
that of the previous problem. Why? For the same overall diameter, it is clear from geometry that the more lobes, the less the 
volume per lobe, and the more “wasted” volume inside the pump. 
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14-65 


Solution We are to calculate the volume flow rate of tomato paste through a positive-displacement pump for given 
values of lobe volume and rotation rate. 


Assumptions 1 The flow is steady in the mean. 2 There are no leaks in the gaps between lobes or between lobes and the 
casing. 3 The fluid is incompressible. 


Analysis By studying Fig. 14-27 or 14-30, we see that for each 360° rotation of the two counter-rotating shafts (n = 1 
rotation), the total volume of pumped fluid is 


Closed volume pumped per rotation: Vaosea = 4Viobe (1) 
The volume flow rate is then calculated from Eq. 14-11, 


4(3.64 cm’) 
rot 


oY 
V = n = (400 rot/min ) = 5820 cm?/min (2) 
n 


Thus, the volume flow rate is 5820 cm*/min. 


Discussion If there were leaks in the pump, the volume flow rate would be lower. The fluid density was not used in the 
calculation of volume flow rate. However, the higher the fluid density, the higher the required shaft torque and brake 
horsepower. 





14-66 


Solution We are to calculate the volume flow rate per rotation of a gear pump. 


Assumptions 1 The flow is steady in the mean. 2 There are no leaks in the gaps between lobes or between lobes and the 
casing. 3 The fluid is incompressible. 


Analysis From Fig. 14-26c, we count 14 teeth per gear. Thus, for each 360° rotation of each gear (n = | rotation), 

14-(0.350 cm’) of fluid is pumped. Sine there are two gears, the total volume of fluid pumped per rotation is 2(14)(0.350 
3 3 

cm”) = 9.80 cm’. 


Discussion The actual volume flow rate will be lower than this due to leakage in the gaps. 
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Solution We are to calculate the brake horsepower and net head of an idealized centrifugal pump at a given volume 
flow rate and rotation rate. 


Assumptions 1 The flow is steady in the mean. 2 The water is incompressible. 3 The efficiency of the pump is 100% (no 
irreversible losses). 


Properties We take the density of water to be p = 998.0 kg/m’. 


Analysis Since the volume flow rate (capacity) is given, we calculate the normal velocity components at the inlet and 
the outlet using Eq. 14-12, 


V 0.573 m°/s 


pan I __ ais 
" 2arb, 22(0.120 m)(0.180 m) 


Normal velocity, inlet: 
Vi = Vin, and V;,=0, since a = 0°. Similarly, V2, = 2.714 m/s and 
Tangential component of absolute velocity at impeller outlet: 


V,, =V>, tana, = (2.714 m/s) tan(35°) = 1.900 m/s 


2,n 


Now we use Eq. 14-17 to predict the net head, 


oO 78.54 rad/s 
H= = AA y = Bl ma? (0240 m)(1.900 m/s) = 3.65m 


Finally, we use Eq. 14-16 to predict the required brake horsepower, 


3 
‘Ss 


bhp = pgVH =(998. kg/m’ )(9.81 m/s*)(0.573 m’/s) (3.65 mi - ) = 20,500 W 
g-m 





Discussion The actual net head delivered to the water will be lower than this due to inefficiencies. Similarly, actual 
brake horsepower will be higher than that predicted here due to inefficiencies in the pump, friction on the shaft, etc. 
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Solution For given flow conditions and stator blade shape at a 
given radius, we are to design the rotor blade. Specifically, we are to 
calculate the leading and trailing edge angles of the rotor blade and sketch 
its shape. We are also to decide how many rotor blades to construct. 


Assumptions 1 The air is nearly incompressible. 2 The flow area 
between hub and tip is constant. 3 Two-dimensional blade row analysis is 
appropriate. 


Analysis First we analyze flow through the stator from an absolute 
reference frame, using the two-dimensional approximation of a cascade 
(blade row) of stator blades as sketched in Fig. 1. Flow enters axially 
(horizontally), and is turned 26.6° downward. Since the axial component 
of velocity must remain constant to conserve mass, the magnitude of the 


velocity leaving the trailing edge of the stator, V, is calculated, 


Rotor blade row 






Direction of 


V, 


st, relative 


tt, relative 


FIGURE 2 

Analysis of the stator trailing edge velocity as 
it impinges on the rotor leading edge; relative 
reference frame. 


-Vha _ 


st 
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Stator blade row 





FIGURE 1 

Analysis of the stator of a vaneaxial flow fan 
as a two-dimensional cascade of stator 
blades; absolute reference frame. 









tt, relative 


FIGURE 3 
Analysis of the rotor trailing edge velocity; 
absolute reference frame. 


31.4 m/s 
cos ii E cos(26.6° ) 


=35.12 m/s (1) 


The direction of V, is assumed to be that of the rotor trailing edge. In other words we assume that the flow turns nicely 


through the blade row and exits parallel to the trailing edge of the blade, as shown in the sketch. 


We convert V, to the relative reference frame moving with the rotor blades. At a radius of 0.50 m, the tangential 


velocity of the rotor blades is 
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ee (1800 rot min)| ZZEE frin Joso m)=94.25 m/s (2) 


Since the rotor blade row moves upward in the figure provided with this problem, we add a downward velocity with 
magnitude given by Eq. 2 to translate V, into the rotating reference frame sketched in Fig. 2. The angle of the leading edge 


of the rotor, £4, can be calculated. After some trig, 


94.25 m/s + (31.4 m/s) tan (26.6°) 
31.4 m/s 


ær +V, tan B, 


B, = arctan = arctan = 74.06° (3) 


The air must now be turned by the rotor blade row in such a way that it leaves the trailing edge of the rotor blade at 
zero angle (axially — no swirl) from an absolute reference frame. This determines the rotor’s trailing edge angle, Ay. 
Specifically, when we add an upward velocity of magnitude wr (Eq. 2) to the relative velocity exiting the trailing edge of 


the rotor, V 


rt, relative ? 


we convert back to the absolute reference frame, and obtain V 


rt? 


the velocity leaving the rotor trailing 


edge. It is this velocity, V,, which must be axial (horizontal). Furthermore, to conserve mass V, must equal V, since we 


rt? 


are assuming incompressible flow. Working “backwards” we construct V in Fig. 3. Some trigonometry reveals that 


rt, relative 


94.25 m/s _ 
S 





or 
Ba = arctan — = arctan 


in 


1.57° (4) 


We conclude that the rotor blade at this radius has a leading edge angle of about 74.1° (Eq. 3) and a trailing edge 
angle of about 71.6° (Eq. 4). A sketch of the rotor blade is provided in Fig. 2; it is clear that the blade is nearly straight, at 
least at this radius. 

Finally, to avoid interaction of the stator blade wakes with the rotor blade leading edges, we choose the number of 
rotor blades such that it has no common denominator with the number of stator blades. Since there are 18 stator blades, we 
pick a number like 13, 17, or 19 rotor blades. 16 would not be appropriate since it shares a common denominator of 2 with 
the number 18. 


Discussion We can easily repeat the calculation for all radii from hub to tip, completing the design of the entire rotor. 
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Turbines 

14-69C 

Solution We are to discuss why turbines have higher efficiencies than pumps. 

Analysis There are several reasons for this. First, pumps normally operate at higher rotational speeds than do 


turbines; therefore, shear stresses and frictional losses are higher. Second, conversion of kinetic energy into flow 
energy (pumps) has inherently higher losses than does the reverse (turbines). You can think of it this way: Since 
pressure rises across a pump (adverse pressure gradient), but drops across a turbine (favorable pressure gradient), boundary 
layers are less likely to separate in a turbine than in a pump. Third, turbines (especially hydroturbines) are often much 
larger than pumps, and viscous losses become less important as size increases. Finally, while pumps often operate over 
a wide range of flow rates, most electricity-generating turbines run within a narrower operating range and at a 
controlled constant speed; they can therefore be designed to operate very efficiently at those conditions. 


Discussion Students’ answers should be in their own words. 





14-70C 
Solution We are to discuss the classification of dynamic pumps and reaction turbines. 
Analysis Dynamic pumps are classified according to the angle at which the flow exits the impeller blade — 


centrifugal, mixed-flow, or axial. Reaction turbines, on the other hand, are classified according to the angle that the 
flow enters the runner — radial, mixed-flow, or axial. This is the main difference between how dynamic pumps and 
reaction turbines are classified. 


Discussion Students’ answers should be in their own words. 





14-71C 
Solution We are to discuss the meaning and purpose of draft tubes. 
Analysis A draft tube is a diffuser that also turns the flow downstream of a turbine. Its purpose is to turn the 


flow horizontally and recover some of the kinetic energy leaving the turbine runner. If the draft tube is not designed 
carefully, much of the kinetic energy leaving the runner would be wasted, reducing the overall efficiency of the 
turbine system. 


Discussion Students’ answers should be in their own words. 





14-72C 
Solution We are to name and describe the two types of dynamic turbine. 
Analysis There are two basic types of dynamic turbine — impulse and reaction. In an impulse turbine, fluid is sent 


through a nozzle so that most of its available mechanical energy is converted into kinetic energy. The high-speed jet then 
impinges on bucket-shaped vanes that transfer energy to the turbine shaft. In a reaction turbine, the fluid completely fills the 
casing, and the runner is rotated by momentum exchange due to pressure differences across the blades, rather than by 
kinetic energy impingement. Impulse turbines require a higher head, but can operate with a smaller volume flow rate. 
Reaction turbines can operate with much less head, but require higher volume flow rate. 


Discussion Students’ answers should be in their own words. 
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14-73C 
Solution We are to discuss reverse swirl in reaction turbines. 
Analysis Reverse swirl is when the runner blades turn the flow so much that the swirl at the runner outlet is in 


the direction opposite to runner rotation. Reverse swirl is desirable so that more power is absorbed from the water. We 
can easily see this from the Euler turbomachine equation, 
W, 


shaft 


= OT pase = POV (Vz, 7 nV.) (1) 


Namely, since there is a negative sign on the last term, the shaft power increases if V\; is negative, in other words, if there is 
reverse swirl at the runner outlet. If there is too much reverse swirl, a lot of extra kinetic energy gets wasted downstream of 
the runner. 


Discussion A well designed draft tube can recover a good portion of the streamwise kinetic energy of the water leaving 
the runner. However, the swirling kinetic energy cannot be recovered. 





14-74 
Solution We are to prove that the maximum power of a Pelton wheel occurs when @r = V;/2 (bucket moving at half 
the jet speed). 


Assumptions 1 Frictional losses are negligible, so that the Euler turbomachine equation applies, and the relative exit 
speed of the jet is the same as its relative inlet speed. 2 The turning angle is sufficient to prevent the exiting fluid from 
striking the next bucket. 3 The fluid, jet speed, volume flow rate, turning angle, and wheel radius are fixed — rotation rate is 
the only variable about which we are concerned. 


Analysis With the stated assumptions, Eq. 14-40 applies, namely, 


Output shaft power: Wiat = parv(V, = or)(1 — Cos p) (1) 


We differentiate Eq. 1 with respect to @, and set the derivative equal to zero, 
Maximum power: 


AW hati =0 > (wv, -a*r)=0 —> V,-2oar=0 
do do’ ’ Í 


(2) 


Solution of Eq. 2 yields the desired result, namely, the maximum power of a Pelton wheel occurs when ar = V;/2 (bucket 
moving at half the jet speed). 


Discussion To be sure that we have not identified a minimum instead of a maximum, we could substitute some 


numerical values and plot W,,,, versus @. It turns out that we have indeed found the maximum value of Wya- 


shaft 
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Chapter 14 Turbomachinery 
14-75 


Solution We are to calculate several performance parameters for a Pelton wheel turbine. 

Assumptions 1 Frictional losses are negligible, so that the Euler turbomachine equation applies, and the relative exit 
speed of the jet is the same as its relative inlet speed. 2 The turning angle is sufficient to prevent the exiting fluid from 
striking the next bucket. 3 The water is at 20°C. 

Properties The density of water at T= 20°C is 998.0 kg/m’. 


Analysis (a) The volume flow rate of the jet is equal to jet area times jet velocity, 


V =V,2D,>/4=(102 m/s) z(0.100 m) /4 = 0.801m°/s 


(b) The maximum output shaft power occurs when the bucket moves at half the jet speed (œr = V/2). Thus, 
V, 102 m/s 

QO = — = — 

2r 2(1.83 m) 


> i =(27.87 rad/s)| <> = = 266rpm 
2a rad /\ min 


= 27.87 rad/s 





(c) The ideal shaft power is found from Eq. 14-40, 


W, 


ideal 


= porV(V, —ar)(1-cos f) 
3 
= (998.0 kaln)( 27.87 Ed) m[ oso | ms 1 -cost6s" 
s s 2 
2 
[5 (Ei ew |= 409 MW 
kg-m )\N-m/\ 10° W 


where we have substituted wr = V;/2 for convenience in the calculations. Since the turbine efficiency is given, we calculate 
the actual output shaft power, or brake horsepower, 














Wecuat = DAP = WeacaMursine = (4-09 MW) (0.82) = 3.35 MW 


actual 


Discussion At other rotation speeds, the turbine would not be as efficient. 





14-76 
Solution We are to estimate the ideal power production from a hydroturbine. 


Assumptions 1 Frictional losses are negligible. 2 The water is at 20°C. 
Properties The density of water at T = 20°C is 998.0 kg/m’. 


Analysis The ideal power produced by a hydroturbine is 


W, 


ideal 


= pgVH 











= (998.0 kg/m*)(9.81 m/s?)(1.5 m*/s)(650 m){ = I 


oa 
kg-m 


—— |= 9.55 MW 
N-m/\10° W 


gross 


Discussion If a hydroelectric dam were to be built on this site, the actual power output per turbine would be smaller 
than this, of course, due to inefficiencies. 
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Chapter 14 Turbomachinery 


14-77E 
Solution We are to estimate the power production from a hydroelectric plant. 


Properties The density of water at T= 70°F is 62.30 Ibm/ft’. 





Analysis The ideal power produced by one hydroturbine is 
Waca = PE VH os 
lbf -s? fè yf i. 1 mi 1M 
= (62.30 Ibm/ft’ ) (32.2 ft/s*)(203,000 gal/min)(1065 ft) x} ———"— || 0.1337 See 
32.2 Ibm - ft gal j\ ft- Ibf/s 60s J10 W 
= 40.70 MW 


But inefficiencies in the turbine, the generator, and the rest of the system reduce the actual electrical power output. For each 


turbine, 
= (40.70 MW ) (0.952) (0.945)(1- 0.035) = 35.3 MW 


Warcctrical ~~ © ideal Meardine 1) generator l other 


Finally, since there are 12 turbines in parallel, the total power produced is 


= 12Werccrica = 12(35.3 MW) = 424 MW 


Weu electrical electrical 


Discussion A small improvement in any of the efficiencies ends up increasing the power output, and increases the 
power company’s profitability. 
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Chapter 14 Turbomachinery 
14-78 


Solution We are to calculate runner blade angles, required net head, and power output for a Francis turbine. 


Assumptions 1 The flow is steady. 2 The fluid is water at 20°C. 3 The blades are infinitesimally thin. 4 The flow is 
everywhere tangent to the runner blades. 5 We neglect irreversible losses through the turbine. 


Properties For water at 20°C, 9 = 998.0 kg/m’. 


Analysis We solve for the normal component of velocity at the inlet, 


V 340 m°/s 
Vn = = 
” 2an 27 (2.00 m)(0.731 m) 





= 37.0 m/s (1) 


Using the figure provided with this problem as a guide, the tangential velocity component at the inlet is 


V,, =V>, tana, = (37.0 m/s) tan 30° = 21.4 m/s (2) 
The angular velocity is @ = 277/60 = 18.85 rad/s. 

The tangential velocity component of the absolute velocity at the inlet is obtained from trigonometry to be (see Eq. 
14-45) 





V, 
V,, = or, - — 
, tan Ø, 


From the above relationship, we solve for the runner leading edge angle /;, 


Von 37.0 m/s ` 
ß = arctan = arctan = 66.2 (3) 
i or, -Vz (18.85 rad/s )(2.00 m) -21.4 m/s 


Equations 1 through 3 are repeated for the runner outlet, with the following results: 





Runner outlet: Via =17.3 m/s, V, =3.05 m/s, £, =36.1° (4) 


l,n 


Using Eqs. 2 and 4, the shaft output power is estimated from the Euler turbomachine equation, 


W, 


shaft 


= p@oV (r,V,, =V., )= (998.0 kg/m° )(18.85 rad/s)}(340 m°/s)x[ (2.00 m)(21.4 m/s) - (1.42 m)(3.05 m/s) | 


8 (5) 
= 2.46x10 





3 2, 


kg-m’( MW:-s° 
s 10° kg-m?* 


= 246.055 MW = 246 MW 


Finally, we calculate the required net head using Eq. 14-44, assuming that 7Jubine = 100% since we are ignoring 
irreversibilities, 





bhp 246.055 MW | 10° kg-m? 


H=—_= = 73.9m 6 
pV (998.0 kg/m’ )(9.81 m/s’) (340 m/s) MW-s" (6) 
Since the required net head is less than the gross net head, the design is feasible. 


Discussion This is a preliminary design in which we are neglecting irreversibilities. Actual output power will be lower, 
and actual required net head will be higher than the values predicted here. 
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Chapter 14 Turbomachinery 
14-79 [Also solved using EES on enclosed DVD] 
Solution We are to examine the effect of runner outlet angle œ; on 


bhp (MW 
the required net head and the output power of a hydroturbine. a) P ( ) 
Assumptions 1 The flow is steady. 2 The fluid is water at 20°C. 3 The 100 
blades are infinitesimally thin. 4 The flow is everywhere tangent to the 
runner blades. 5 We neglect irreversible losses through the turbine. 80 
Properties For water at 20°C, p = 998.0 kg/m’. 60 
Analysis We repeat the calculations of the previous problem, but 
with a, varying from -20° to 20°. The results are plotted. We see that the 40 
required net head H and the output brake horsepower bhp decrease as q 
increases. This agrees with our expectations, based on the negative sign on 20 


the V,, term in the Euler turbomachine equation. In other words, we can 
produce greater power by increasing the reverse swirl, but at the cost of 





increased required net head. However, when aq; is smaller than about -9°, 0 

the required net head rises above Ħgross, which is impossible, even with no -20 -10 0 10 20 
irreversibilities. Thus, when a < -9°, the predicted net head and brake a (degrees) 
horsepower are not feasible — they violate the second law of 

thermodynamics. 


Discussion A small amount of reverse swirl is usually good, but too much reverse swirl is not good. 
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Chapter 14 Turbomachinery 
14-80 


Solution We are to calculate flow angles, required net head, and power output for a Francis turbine. 


Assumptions 1 The flow is steady. 2 The fluid is water at 20°C. 3 The blades are infinitesimally thin. 4 The flow is 
everywhere tangent to the runner blades. 5 We neglect irreversible losses through the turbine. 


Properties For water at 20°C, 9 = 998.0 kg/m’. 


Analysis The angular velocity is @ = 27n/60 = 10.47 rad/s. We solve for the normal component of velocity at the 
inlet, 


a 80.0 m’*/s 
2ar,b, 2(2.00 m)(0.85 m) 





= 7.490 m/s (1) 


2,n 


The tangential velocity component of the absolute velocity at the inlet is obtained from trigonometry to be (see Eq. 14-45) 


V, =0ñ-— Va (10.47 rad/s)(2.00 ga =17.61 m/s (2) 


tan Ø, tan 66 





From these two components of Vz in the absolute coordinate system, we calculate the angle œ through which the wicket 
gates should turn the flow, 


Vou 17. 
TAN ig SS eos er? (3) 


a, =tan> 
p Von 7.490 m/s 





In exactly similar fashion, we solve for the velocity components and swirl angle at the runner outlet. We get 


Runner outlet: 


V,, =4.664 m/s, V,, =-0.3253 m/s, @,=-3.990° ~-4.0° ® 


Since q is negative, this turbine operates with a small amount of reverse swirl. 
Using the tangential velocity components of Eqs. 2 and 4, the shaft output power is estimated from the Euler 
turbomachine equation, 


Won = POV (15, —4V,,) = (998.0 kg/m’ )(10.47 rad/s)(80.0 m*/s) 
x| (2.00 m)(17.61 m/s) —(1.30 m)(-0.3253 m/s) | 
7 | MW -s° 


(5) 
=2.98x10 





3 
S 


— z |=29.8 MW 
10° kg-m 


Finally, we calculate the required net head using Eq. 14-44, assuming that 7fubine = 100% since we are ignoring 
irreversibilities, 


H 





_ bhp 29.8 MW (z kg-m? 


pgV (998.0 kg/m*)(9.81 m/s”)(80.0 m’/s)\_ MW-s° ]-380m (6) 


Discussion This is a preliminary design in which we are neglecting irreversibilities. Actual output power will be lower, 
and actual required net head will be higher than the values predicted here. Notice the double negative in the outlet terms of 
Eq. 5 — reverse swirl leads to greater performance, but requires more head. 
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Chapter 14 Turbomachinery 
14-81E 


Solution We are to calculate flow angles, required net head, and power output for a Francis turbine. 


Assumptions 1 The flow is steady. 2 The fluid is water at 68°F. 3 The blades are infinitesimally thin. 4 The flow is 
everywhere tangent to the runner blades. 5 We neglect irreversible losses through the turbine. 


Properties For water at 68°F, p = 62.32 Ibm/ft. 


Analysis The angular velocity is @ = 27/60 = 12.57 rad/s. The volume flow rate is (4.70 x 10° gpm)[ft’/s / (448.83 
gpm)] = 10,470 ft’/s. We solve for the normal component of velocity at the inlet, 
us V_——s«10, 470 ft*/s 
= 27rb, 2a (6.60 ft)(2.60 ft) 





=97.1 ft/s (1) 


The tangential velocity component of the absolute velocity at the inlet is obtained from trigonometry to be (see Eq. 14-45) 


V, 
V,, = fr - —*— = (12.57 rad/s) (6.60 jos = 69.3 ft/s (2) 
tan £. tan 82° 


2 





From these two components of V2 in the absolute coordinate system, we calculate the angle œ through which the wicket 
gates should turn the flow, 








V. 
a, = tan’ —* = tan aes 35.5° (3) 
Von 97.1 ft/s 
In exactly similar fashion, we solve for the velocity components and swirl angle at the runner outlet. We get 
Runner outlet: Va = 52.6 ft/s, V,,=4.49 ft/s, a, =4.9° (4) 


Since œ is positive, this turbine operates with a small amount of forward swirl. 
Using the tangential velocity components of Eqs. 2 and 4, the shaft output power is estimated from the Euler 
turbomachine equation, 


Wian = POV (1V3, =V, ) = (62.32 Ibm/ft’ )(12.57 rad/s )(10,470 ft*/s) 


(5) 


x| (6.60 ft) (69.3 ft/s) —(4.40 ft) (4.49 em) | 
s m: 


ft -Ibf 


Aes [See hp:s 
S 


= 2.03 x 10° hp 
ft -lbf 


Finally, we calculate the required net head using Eq. 14-44, assuming that Murine = 100% since we are ignoring 
irreversibilities, 





bhp 1.116x10° ft-Ibf/s 32.174 Ibm- ft 
= PS 3 =171ft (6) 
peV (62.32 Ibm/ft’ )(32.174 fi/s* )(10,470 ft*/s) lbf -s 


Discussion This is a preliminary design in which we are neglecting irreversibilities. Actual output power will be lower, 
and actual required net head will be higher than the values predicted here. 
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Chapter 14 Turbomachinery 


14-82E 


Solution We are to calculate the runner blade trailing edge angle such that there is no swirl. At this value of £;, we 
are to also calculate the shaft power. 


Assumptions 1 The flow is steady. 2 The fluid is water at 68°F. 3 The blades are infinitesimally thin. 4 The flow is 
everywhere tangent to the runner blades. 5 We neglect irreversible losses through the turbine. 


Properties For water at 68°F, p = 62.32 Ibm/ft®. 
Analysis Using EES or other software, we adjust (; by trial and error until a = 0. It turns out that (; = 43.6°, at 
which W,,, = 2-12 x 10° hp. 


Discussion It turns out that the swirl angle at the runner output is a strong function of £, — a small change in £, leads to 
a large change in a. The shaft power increases, as expected, since the original swirl angle was positive. The increase in 
shaft power is less than 5%. 





Pump and Turbine Scaling Laws 


14-83C 
Solution We are to give a definition of “affinity”, and explain why the scaling laws are called “affinity laws’. 
Analysis Among the many definitions of “affinity” is “inherent likeness or agreement’, and “...resemblance in 


general plan or structure”. When two pumps or two turbines are geometrically similar and operate under dynamically 
similar conditions, they indeed have “inherent likeness”. Thus, the phrase “affinity laws’ is appropriate for the scaling 
laws of turbomachinery. 


Discussion Students will have various definitions, depending on the dictionary they use. 





14-84C 

Solution 

(a) True: Rotation rate appears with an exponent of 1 in the affinity law for capacity. Thus, the change is linear. 

(b) False: Rotation rate appears with an exponent of 2 in the affinity law for net head. Thus, if the rpm is doubled, the net 
head increases by a factor of 4. 

(c) False: Rotation rate appears with an exponent of 3 in the affinity law for shaft power. Thus, if the rpm is doubled, the 
shaft power increases by a factor of 8. 

(d) True: The affinity laws apply to turbines as well as pumps, so this statement is true, as discussed in Part (c). 





14-85C 
Solution We are to discuss which pump and turbine performance parameters are used as the independent parameter, 
and explain why 


Analysis For pumps, we use Co, the capacity coefficient, as the independent parameter. The reason is that the goal 
of a pump is to move fluid from one place to another, and the most important parameter is the pump’s capacity (volume 
flow rate). On the other hand, for most turbines, we use Cp, the power coefficient, as the independent parameter. The 
reason is that the goal of a turbine is to rotate a shaft, and the most important parameter is the turbine’s brake horsepower 


Discussion There are exceptions. For example, when analyzing a positive-displacement turbine used to measure 
volume flow rate, capacity is more important than output shaft power, so one might use Co, instead of Cp as the 
independent parameter. 
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Chapter 14 Turbomachinery 
14-86 
Solution We are to nondimensionalize a pump performance 
curve. 


Analysis The pump’s net head is approximated by the parabolic 
expression 


Pump performance curve: H=H,- aV? (1) 


where shutoff head Hp = 24.4 m of water column, coefficient a = 0.0678 
m/Lpm’, available pump head A,yaitabie iS in units of meters of water 
column, and capacity V is in units of liters per minute (Lpm). By 
definition, head coefficient Cy = (ea D’, and capacity coefficient 
Co = (V WoD’). To convert, we must be careful with units. For 
example, we must convert the rotation rate from rpm to radians per 
second. The rotational speed is 


o = 42002 (= zaf: min) = 439,823 28 
mı S 








n\ rot 60s 


Sample calculations at 14.0 Lpm are shown below. 





V 14.0 L/min í Im (= 


C= = 
°  @D (439.823 rad/s)(0.0180 m)’ \ 1000 L )\ 60 s 


) = 0.90966 = 0.0910 
At this flow rate (14.0 Lpm), the net head is obtained from Eq. 1, 
H =24.4 m-(0.0678 m/Lpm*)(14.0 Lpm) = 11.111 m=11.1m 


from which the head coefficient can be calculated, 


gH (9.81 m/s? )(11.111 m) 
œD? (439.823 rad/s} (0.0180 m) 





Cy = > =1.7391=1.74 


These calculations are repeated for a range of volume flow rates from 0 to V,,,,. The nondimensionalized pump 


performance curve is plotted. 


Discussion Since radians is a dimensionless unit, the units of Cy and Cg are unity. In other words, Cy and Cg are 
nondimensional parameters, as they must be. 
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Chapter 14 Turbomachinery 


14-87 
Solution We are to calculate the specific speed of a water pump, and determine what kind of pump it is. 
Analysis First, we use the values of Cy and Cg calculated in the previous problem at the BEP to calculate the 


dimensionless form of Nsp, 


Co? _ 0.090966" 


=—____,_ = 0.1992 
Cer Ager 





Dimensionless pump specific speed: Ny = 


Thus, Ns, = 0.199, and is dimensionless. From the conversion given in the text, Nspus = 0.1992 x 2,734 = 545. 
Alternatively, we can use the original dimensional data to calculate Ny, us, 


Dimensional pump specific speed in customary US units: 


1/2 
j 0.2642 gpm 
i (i. rpm)(V, oa i (4200 rm 140 tpm 2262: ) | 7 


Nspus 3/4 3/4 
H, ft) i 
(e (ian m iss) 


0.3048 m 


From either the dimensionless or the dimensional pump specific speed, Fig. 14-73 shows that this is definitely a 
centrifugal pump. 


Discussion We calculated the dimensional pump specific speed two ways as a check of our algebra, and (fortunately) 
the results agree. 
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Chapter 14 Turbomachinery 
14-88 


Solution We are to nondimensionalize a fan performance curve. 


Analysis The fan’s net head is approximated by the parabolic 








expression 2 
Fan performance curve: H=H,- aV? (1) 
where shutoff head Ho = 60.0 mm of water column, coefficient a = 2.50 x C 
10’ mm/Lpm’, available fan head A,yaitabe is in units of mm of water g 
column, and capacity V is in units of liters per minute (Lpm). By 1 
definition, head coefficient Cy = (gH)/(@D”), and capacity coefficient Co 
= ( V MoD’). To convert, we must be careful with units. For example, we 
must convert the rotation rate from rpm to radians per second. The 
rotational speed becomes 
rot { 27 rad \/ 1 min rad 0 
SOR xf = I 60s J= 6283191 0 005 O1 015 02 
Co 
Sample calculations at 13,600 Lpm are shown below. 
V 1 L/mi Im? \(1 mi 
Capacity coefficient at 13,600 Lpm: C, =—— = sey ean | = | min) = 0.13361 = 0.134 
oD’ (62.8319 rad/s)(0.300 m) \ 1000 L )\ 60 s 


At this flow rate, the net head is obtained from Eq. 1, 
H =60.0 mm—(2.50x107 mm/Lpm” )(13,600 Lpm) = 13.76 mm H,O 
from which the head coefficient can be calculated, 


gH (9.81 m/s? )(0.01376 m H,O) 998. kg/m’ (m air) 
Head coefficient at 13,600 Lpm: CQ, = ES eee OT = 0.32023 = 0.320 
ŒD’ (62.8319 rad/s) (0.300 m) 1.184 kg/m’ (m H,O) 
Note the ratio of water density to air density to convert the head from water column height to air column height. The 
calculations are repeated for a range of volume flow rates from 0 to Vax- The nondimensionalized pump performance 


curve is plotted. 


Discussion Since radians is a dimensionless unit, the units of Cy and Cg are unity. In other words, Cy and Cg are 
nondimensional parameters, as they must be. 
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Chapter 14 Turbomachinery 


14-89 
Solution We are to calculate the specific speed of a fan, and determine what kind of fan it is. 
Analysis First, we use the values of Cy and Cg calculated in the previous problem at the BEP (to four significant 


digits) to calculate the dimensionless form of Ng, 


C 1/2 1/2 
Dimensionless pump specific speed: Ns = am = aT = 0.8587 
i i 





Thus, Nsp = 0.859, and is dimensionless. From the conversion given in the text, Nspus = 0.8587 x 2,734 = 2350. 
Alternatively, we can use the dimensional data to calculate Ns, ys, the dimensional pump specific speed in US units, 


1/2 
0.2642 gpm 
. . 1 Lom| a oP 
(i, rpm) (V, cay i (600 vm 3,600 pm Lpm ) p 


H ft 3/4 3/4 
(#, ft) T 
0.3048 m 


Note that we use H = 11.60 m of air, since air is the fluid being pumped here. We calculate H as Hair = Hwater(Pwater Pair) = 
(0.01376 m of water)(998/1.184) = 11.60 m of air. From either the dimensionless or the dimensional pump specific speed, 
Fig. 14-73 shows that this is most likely a centrifugal fan (probably a squirrel cage fan). 





Sp.USs 7 


Discussion We calculated the dimensional pump specific speed two ways as a check of our algebra, and (fortunately) 
the results agree. 





14-90 
Solution We are to calculate the specific speed of a water pump, and determine what kind of pump it is. 
Analysis First, we use the values of Cy and Cọ calculated in Example 14-11 at the BEP to calculate the dimensionless 


form of Nsp, 


Cy” 0.0112! 
. á . i _ Q _ . = 
Dimensionless pump specific speed: Ns = T zr = 013 By 0.481 
5 . 


Thus, Ns, = 0.481. From the conversion given in the text, Ns, ys = 1310. From Fig. 14-73, this is most likely a centrifugal 
pump. 
Discussion From Fig. 14-73, the maximum efficiency one can expect from a centrifugal pump at this value of Ns, is 


about 0.87 (87%). The actual pump efficiency is only 81.2% (from Example 14-11), so there is room for improvement in 
the design. 

















14-91 

Solution We are to decide what king of pump should be designed for given performance criteria. 
Analysis We calculate the pump specific speed at the given conditions, 

2a rad/ 1m 1 mi a 
(1200 rpm)| =" SS || 18.0 Limin} —~ í min) 
oV"? 60 rpm 1000 L j\ 60s 
Ns, = 3/4 = 3/4 — -0.276 
(sH) ((9.81 nvs? )(1.6 m)) 


From Fig. 14-73, we see that Len should design a centrifugal pump. The maximum pump efficiency is about 0.75 
(75%) (based on Fig. 14-73 again). 


Discussion This value of Ns, is, in fact, on the low end of the curve for centrifugal pumps, so a centrifugal pump is the 
best Len can do, in spite of the low efficiency. 
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Chapter 14 Turbomachinery 
14-92E 
Solution We are to decide what king of pump should be designed for given performance criteria. 


Properties The density of water at 77°F is 62.24 Ibm/ft’. 











Analysis We calculate the pump specific speed at the given conditions, 
3 . 1/2 
(300 rpm) 27 rad/s 2,500 gal/min 0.13368 ft” |/ 1 min 
oV”? 60 rpm 1 gal 60 s 
Sp = 3/4 E 3/4 =0.316 
(sH) ((32.174 fus? )(45 fe) 


From Fig. 14-73, we choose a centrifugal pump. The maximum pump efficiency is about 0.82 (82%) (based on Fig. 14- 
73 again). From the definition of pump efficiency, bhp = "pump P V gH. Thus, the required brake horsepower is 


7 (62.24 Ibm/ft? )(32.174 ft/s? \(45 ft) (5.57 ft?/s 2 
psHv _| )( )(45 fe)( )(__We-s = 19,025 ft-Ibtfs| 1 *P 
0.82 32.174 Ibm -ft 550 ft- Ibf/s 





bhp = = 34.6 hp 


pump 


Thus, we expect that the pump will require about 35 hp to turn the shaft. 


Discussion Most large water pumps are of the centrifugal variety. This problem may also be solved in terms of the 
dimensional pump specific speed in customary US units: Ns, ys = 864. 





14-93 
Solution We are to calculate the performance of a modified pump. 


Assumptions 1 The modified pump operates at the best efficiency point. 2 Pump diameter and fluid properties remain the 
same. 


Analysis At homologous points, the affinity laws are used to estimate the operating conditions of the modified pump. 
We let the original pump be Pump A, and the modified pump be Pump B. We get 


3 
: : D 
Volume flow rate: V, =V, | 2a) = (18, Limin) 222 'P™ = 9.0 L/min 
@, \ Dy 1200 rpm 
1 
and 
Dey 600 rpm ) 
Net head: H, =H, (> (>) =(1.6 moe) = 0.40 m 
On Dy 1200 rpm 


The volume flow rate of the modified pump is 9.0 L/min; the net head is 0.40 m. The pump specific speed of the 
modified pump is 


3 i 1/2 
(600 rpm)} 22 } 9.0 Limin} —2— í - min) 
oV"? 60 rpm 1000 L J\ 60s 


- = = 0.276 
"(gH)" ((9.81 m/s*)(0.40 m)) 











Thus, Ns, = 0.276, which is the same as that of the original pump. This is not surprising since the two pumps operate at 
homologous points. 


Discussion When the rpm is cut in half, all else being equal, the volume flow rate of the pump decreases by a factor of 
two, while the net head decreases by a factor of four. This agrees with the mnemonic of Fig. 14-74. The specific speed of 
the two pumps must match since they operate at homologous points. 
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Chapter 14 Turbomachinery 
14-94 
Solution We are to prove the relationship between turbine specific speed and pump specific speed. 


Assumptions 1 The parameters such as net head, volume flow rate, diameter, etc. are defined in similar fashion for the 
pump and the turbine. 


Analysis First we write the definitions of pump specific speed and turbine specific speed, 
y” 2 
Pump specific speed: Ny, = cae (1) 
(sH) 
and 
1/2 
, a @ (bhp) 
Turbine specific speed: N, =a r D 


St (p) (gH) 


After some rearrangement of Eq. 2, 








oV'? (bhp V? 
Ns, = 3/4 í A ) (3) 
(gH) \ pgHV 


We recognize the first grouping of terms in Eq. 3 as Ns, and the second grouping of terms as the square root of turbine 
efficiency Murine. Thus, 











Final relationship: Ns, = Ns, Iunbine (4) 





Discussion Since turbine efficiency is typically large (90 to 95% for large hydroturbines), pump specific speed and 
turbine specific speed are nearly equivalent. Note that Eq. 4 does not apply to a pump running backwards as a turbine or 
vice-versa. Such devices, called pump-turbines, are addressed in the next problem. 
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14-95 
Solution We are to prove the relationship between turbine specific speed and pump specific speed for the case of a 
pump-turbine operating at the same volume flow rate and rotational speed when acting as a pump and as a turbine. 


Assumptions 1 The parameters such as net head, volume flow rate, diameter, etc. are defined in similar fashion for the 
pump and the turbine. 


Analysis First we write the definitions of pump specific speed and turbine specific speed, 
71/2 
Pump specific speed: Ny = ae (1) 
(s H pump ) 
and 
o bh N 1/2 
Turbine specific speed: s = ( Pris (2) 


(p)" (8H svine y“ 


Note that we have added subscripts “pump” and “turbine” on net head and brake horsepower since Hpump # Hwrbine and 
bhp pump # DhPwrbine. After some rearrangement of Eq. 2, 


: 1/2 . 
= oV' - | DMP wuroine ) = ov! 2 
3/4 S 
( EH subine ) ( gH 


1/2 
pg V 374 (Tarvin ) (3) 
turbine 
We also write the definitions of pump efficiency and turbine efficiency, 





St 
turbine ) 


— PE VH anp = DMP roine 
Doump = Turbine 7 A (4) 
PAP sux psVH 


turbine 
We solve both parts of Eq. 4 for V and equate the two, since V is the same whether the pump-turbine is operating as a 
pump or as a turbine. Eliminating V , 


H „bhp 


pump turbine 


Herp E 
mo DAP pamp pump Turbine 


where p and g have also dropped out since they are the same for both cases. We plug Eq. 5 into Eq. 3 and rearrange, 


/ 3/4 
oV!” 1/2 bhp a han htn 
Ny, E ae aes ) [Paglia ane (6) 
a ) P wurbine 


We recognize the first grouping of terms in Eq. 6 as Ns, and rearrange, 




















3/4 
. . . 5/4 3/4 DAP pamp 
Final relationship: Ng =Ns, (Marine ) (Trump) [ee (7) 
An alternate expression is obtained in terms of net heads by substitution of Eq. 5, 
H 3/4 
Alternate final relationship: Ns: = N sp N Turbine í a“ (8) 
turbine 











Discussion It is difficult to achieve high efficiency in a pump-turbine during both the pump duty cycle and the turbine 
duty cycle. To achieve the highest possible efficiency, it is critical that both Ns, and Ns, are appropriate for the chosen 
design, e.g. radial flow centrifugal pump and radial-flow Francis turbine. 
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14-96 


Solution We are to apply conversion factors to prove a conversion factor. 
Properties We set g = 32.174 ft/s’ and assume water at density p = 1.94 slug/ft’. 


Analysis We convert Ns,us to Ns, by dividing by g”" and p'”, and then using conversion ratios to cancel all units, 


_ (æ, rot/min) (bhp, hp)? 1 ` É min I slug ft ) (= ft Ibf ) ( Qn a) 
(H, ft)" (1.94 slug/ft?) "(32.174 fs?) A 60s /\ sè Ibf s hp s 
Novus 


Ny, =9.02301N ,, ys 


St 


Finally, the inverse of the above equation yields the desired conversion factor. 


Discussion As discussed in the text, some turbomachinery authors do not convert rotations to radians, introducing a 
confusing factor of 27 into the conversion. 





14-97 

Solution We are to calculate turbine specific speed for a given hydroturbine and compare to the guidelines of Fig. 
14-108. 

Assumptions 1 The fluid is water at 20°C. 


Properties The density of water at 20°C is p = 998.0 kg/m’. 





Analysis First we convert the turbine rotation rate from rpm to radians/s, 
t ( 2. d \/ 1 mi 

Rotational speed: o =180 = L | 3 |=18.85 rad/s 
min rot 60s 


With all other parameters already given in SI units, we calculate turbine specific speed, 


o(bhp)” (18.85 rad/s)(119x10° w)’ (ase) 
” (P? (eHY" (998 kg/m’) "| (9.81 m/s? )(105 m)} 3. W 





Comparing to the turbine specific speed guidelines of Fig. 14-108, we see that this turbine should be of the Francis type, 
which it is. 


Discussion In fact, the turbine specific speed of this turbine is close to that which yields the maximum possible 
efficiency for a Francis turbine. 
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14-98 
Solution We are to calculate turbine specific speed for a given hydroturbine and compare to the guidelines of Fig. 
14-108. 


Assumptions 1 The fluid is water at 20°C. 


Properties The density of water at 20°C is p = 998.0 kg/m’. 





Analysis First we convert the turbine rotation rate from rpm to radians/s, 
t ( 2 rad \( 1 mi 
Rotational speed: o =100 2| 4t || M | ~ 10.47 rad/s 
min\ rot 60s 


With all other parameters already given in SI units, we calculate turbine specific speed, 


o(bhp)? (1047 rad/s)(194x10" w) (z y pm 
s?-W ` 


” (P) (sH) (998 kgm’)? [(9.81 m/s?)(54.9 m) | 


Comparing to the turbine specific speed guidelines of Fig. 14-108, we see that this turbine should be of the Francis type, 
which it is. 


Discussion The turbine specific speed of this turbine is close to the crossover point between a Francis turbine and a 
Kaplan turbine. 





14-99 

Solution We are to calculate turbine specific speed for a given hydroturbine and compare to the guidelines of Fig. 
14-108. 

Assumptions 1 The fluid is water at 20°C. 


Properties The density of water at 20°C is p = 998.0 kg/m’. 





Analysis First we convert the turbine rotation rate from rpm to radians/s, 
rot ( 27 rad \( 1 mi 
Rotational speed: o =100 2| Z || P | -210.47 rad/s 
min\ rot 60s 


With all other parameters already given in SI units, we calculate turbine specific speed, 


(bhp) (10.47 rad/s) (5.37 x10° w)” (e ne 
© (0) (sy (998 kg/m’)! | (9.81 m/s?)(9.75 m) ] SW 





Comparing to the turbine specific speed guidelines of Fig. 14-108, we see that this turbine should be of the Kaplan type, 
which it is. 


Discussion In fact, the turbine specific speed of this turbine is close to that which yields the maximum possible 
efficiency for a Kaplan turbine. 
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Sn We are to calculate the specific speed of a turbine, and compare it to the normal range. 
Analysis We first calculate the nondimensional form of Ns, 
= o(bhp) (12.57 rad/s) (4.6110° W) = j oan 
* p'?(sH)" (998.0 kg/m’) ” [ (9.81 mis?)(78.6 m) | A WS l 


From Fig. 14-108, this is on the high end for Francis turbines — the designers may wish to consider a Kaplan turbine 
instead. From the conversion given in the text, Ns,us = 2.10 x 43.46 = 91.4. Alternatively, we can use the original 
dimensional data to calculate Ns, us, 


(ismm)(bhp- hp) _(120-pm)(6.18%10" bo)” a, 


N sus ~~ AA 574 
Gi (76 m{ oan ) 


0.3048 m 


Note that the actual values of brake horsepower and net head will differ from the values calculated here, because we have 
neglected irreversible losses; thus, the values of Ns, and Ns,us may change slightly. 


Discussion We calculated the dimensional pump specific speed two ways as a check of our algebra, and (fortunately) 
the results agree (within round-off error). 








aa We are to calculate the specific speed of a turbine, and compare it to the normal range. 
Analysis We first calculate the nondimensional form of Ns, 
(bhp)? (10.47 rad/s)(2.98x10" W) (sem |) arn 
"pl? (gH) (998.0 kgim’)""[ (9.81 m/s?) (38.05 m)] A WS l 


From Fig. 14-108, this is in the range of the typical Francis turbine. From the conversion given in the text, Ns,us = 1.10 
x 43.46 = 47.9. Alternatively, we can use the original dimensional data to calculate Ns, us, 


_(vi,rpm)(bhp, hp)'” _ (100 rpm)(4.00x10* hp) © i 
(H, ft)" (124.8 ft)” 


St,US 


Note that the actual values of brake horsepower and net head will differ from the values calculated here, because we have 
neglected irreversible losses; thus, the values of Ns, and Ns,ys may change slightly. 


Discussion We calculated the dimensional pump specific speed two ways as a check of our algebra, and the results 
agree. 
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14-102E 
Solution We are to calculate the specific speed of a turbine, and compare it to the normal range. 
Analysis We first calculate the specific speed in customary US units, 
i 1/2 1/2 
n, rpm )( bhp, h 120 rpm )( 202,700 h 
an eD ar 


(H, iy (170.8 ft)" 


From Fig. 14-108, this is on the high end of typical Francis turbines, on the border between Francis and Kaplan 
turbines. In nondimensional terms, Ns,ys = 87.5 / 43.46 = 2.01. Note that the actual values of brake horsepower and net 
head will differ from the values calculated here, because we have neglected irreversible losses; thus, the values of Ns, and 
Ns:us may change slightly. 


Discussion The actual values of brake horsepower and net head will differ from the values calculated here, because we 
have neglected irreversible losses; thus, the values of Ns, and Ns;us may change slightly. 








14-103 
Solution We are to calculate the specific speed of a turbine, and compare it to the normal range. 
Analysis We first calculate the nondimensional form of Ns, 
o(bhp)”? (18.85 rad/s)(2.46x10° W) (s a y E 
st 7 5 3/4 7 574 3 Ts 
p° (8H) (998.0 kg/m°)  [ (9.81 m/s?) (73.8 m) | \ W's 


From Fig. 14-108, this is much higher than the typical Francis turbine — the designers should consider a Kaplan turbine 
instead. From the conversion given in the text, Nsys = 2.49 x 43.46 = 108. Alternatively, we can use the original 
dimensional data to calculate Ns, ys, 


ae (i, rpm) (bhp, hp)” _ (180 rpm)(3.29 10° hp) ia 


St,US 5/4 5/4 
H, ft 
(H, ft) 73.8 m | 
0.3048 m 


Note that the actual values of brake horsepower and net head will differ from the values calculated here, because we have 
neglected irreversible losses; thus, the values of Ns, and Ns,uys may change slightly. 


1/2 





Discussion We calculated the dimensional pump specific speed two ways as a check of our algebra, and the results 
agree. 
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14-104 
Solution We are to determine a turbine’s efficiency and what kind of turbine is being tested. 


Properties The density of water at T = 20°C is 998.0 kg/m’. 





Analysis The turbine’s efficiency is calculated first, 
h 450 W kg-m?* 
Mine = = i 2 Ei "E Jeon 
pgHV (998.0 kg/m*)(9.81 m/s”)(15.0 m)(17.0 m°/hr) br J Wes? 


After converting 1500 rpm to 157.1 rad/s, we calculate the nondimensional form of turbine specific speed, 


— a(bhp) (157.1 rad/s)(450 W)'"” — j Per 
p° (8H) * (998.0 kgim’°)” [(9.81 ms? )(15.0 m| W-s 





St 
which we convert to customary US units, Ns,us = 0.206 x 43.46 = 8.94. This is most likely an impulse turbine (e.g., a 
Pelton wheel turbine). 


Discussion We could instead have used the dimensional units to directly calculate the turbine specific speed in 
customary US units. The result would be the same. 





14-105 
Solution We are to scale up the model turbine tests to the prototype turbine. 


Assumptions 1 The prototype and model are geometrically similar. 2 The tests are conducted under conditions of 
dynamic similarity. 3 The water is at the same temperature for both the model and the prototype (20°C). 


Properties The density of water at T = 20°C is 998.0 kg/m’. 


Analysis We use the turbine scaling laws, starting with the head coefficient, and letting the model be turbine A and 
the prototype be turbine B, 


gH, gH, D, |H, 1 / 50m 
C= = =C > O,=@ > o@, =(1500 rpm )— = 548 rpm 
DA opDE @D; ~"? P A DANA, s =( i )3 \15.0m P 








We then use the capacity coefficient to calculate the volume flow rate of the prototype, 





s ‘ 3 3 
V V, . : D . : 3 
on = — AG eat 2 YAY] Ss YA=(170 minr) s em (5) =776m°/hr 
© Ds Dg ' @, (Da 1500 rpm \ 1 


Finally, we use the power coefficient to calculate the brake horsepower of the prototype, 


3 5 3 3 

bl bl D : 

se n g a ta a E + Vv, =(450w)| 32 (>| = 68,500 W 
@ De as Ds , On Dy 1500 rpm 1 








PA 


Discussion All results are given to 3 significant digits, but we kept several extra digits in the intermediate calculations 
to reduce round-off errors. 
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14-106 
Solution We are to compare the model and prototype efficiency and turbine specific speed to prove that they operate 
at homologous points. 


Properties The density of water at T = 20°C is 998.0 kg/m’. 





Analysis The model turbine’s efficiency was calculated in Problem 14-104 as 64.9%. We calculate the prototype 
turbine’s efficiency as 
Turbine bhp z 3 oe = X 3 (=x s ` = ) = 64.9% 
psHV (998.0 kg/m’ )(9.81 m/s” )(50 m)(776 m*/hr)\ br A W:s 


The efficiency of the prototype is the same as that of the model. Similarly, the turbine specific speed of the model turbine 
was calculated previously as 0.206. After converting 548 rpm to 57.36 rad/s, we calculate the nondimensional form of 
turbine specific speed for the prototype turbine, 





St 


o(bhp)? (57.36 rad/s)(68,500 W)? (s -m? 
5i 


1/2 
1/2 5/4 1/2 4 W. 3 | = 0.206 
p° (gH) (998.0 kg/m?) | (9.81 m/s*)(50 m) | : 


Which is also the same as the previous calculation. Comparing to the results of Problem 14-104, we see that both “urine and 
Ns match between the model and the prototype. Thus, the model and the prototype operate at homologous points. 


Discussion Other nondimensional turbine parameters, like head coefficient, capacity coefficient, and power coefficient 
also match between model and prototype. We could instead have used dimensional units to calculate the turbine specific 
speed in customary US units. 





14-107 

Solution We are to estimate the actual efficiency of the prototype, and explain why it is higher than the model 
efficiency. 

Analysis We apply the Moody efficiency correction equation, 


prototype 


D 1/5 I 1/5 
Turbine, prototype È 1 = (1 7 Turbine, model (z= = 1 E (1 T 0.40) =| = 74.6% 


This represents an increase of 74.6 — 64.9 = 9.7%. However, as mentioned in the text, we expect only about 2/3 of this 
increase, or 2(9.7%)/3 = 6.5%. Thus, our best estimate of the actual efficiency of the prototype is 


= 64.9+6.5 =71.4% 


Turbine, prototype 


There are several reasons for this increase in efficiency: The prototype turbine often operates at high Reynolds numbers that 
are not achievable in the laboratory. We know from the Moody chart that friction factor decreases with Re, as does 
boundary layer thickness. Hence, the influence of viscous boundary layers is less significant as turbine size increases, since 
the boundary layers occupy a less significant percentage of the flow path through the runner. In addition, the relative 
roughness (&/D) on the surfaces of the prototype runner blades may be significantly smaller than that on the model turbine 
unless the model surfaces are micropolished. Finally, large full scale turbines have smaller tip clearances relative to blade 
diameter; therefore tip losses and leakage are less significant. 


Discussion The increase in efficiency between the model and prototype is significant, and helps us to understand why 
very large hydroturbines can be extremely efficient devices. 
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14-108 
Solution We are to design a new hydroturbine by scaling up an existing hydroturbine. Specifically we are to calculate 
the new turbine diameter, volume flow rate, and brake horsepower. 


Assumptions 1 The new turbine is geometrically similar to the existing turbine. 2 Reynolds number effects and roughness 
effects are negligible. 3 The new penstock is also geometrically similar to the existing penstock so that the flow entering the 
new turbine (velocity profile, turbulence intensity, etc.) is similar to that of the existing turbine. 


Properties The density of water at 20°C is p = 998.0 kg/m’. 


Analysis Since the new turbine (B) is dynamically similar to the existing turbine (A), we are concerned with only one 
particular homologous operating point of both turbines, namely the best efficiency point. We solve Eq. 14-38b for Dg, 


H, (i 11 1 
D, =D, F (5) = (1.50 m) oa [oan ) = 2.0729 = 2.07m 
A B S 


We then solve Eq. 14-38a for ¥%, 


f fy 3 3 3 3 
V, =V,| = De. = (162 m°/s) 120 1pm (222m) =342.027 2 = 342 ™— 
Ny Me 150 rpm 1.50 m s s 





Finally, we solve Eq. 14-38c for bhpp, 


. 3 5 3 5 

D 3 

bhp, =bhp,| 22.|| “| | 28.) = 132 mw| 2280 Kel 120 rpm } | 2.0729 my _ 340.62 MW = 341 MW 
Pa J a Dy 998.0 kg/m” J( 150 rpm 1.50 m 





Discussion To avoid round-off errors, we save several more significant digits for Dg than are given in the final answer. 
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14-109 

Solution We are to compare the efficiency of two similar turbines, and discuss the Moody efficiency correction. 
Analysis We calculate the turbine efficiency for both turbines, 

6 2 
Turbine A = bhp, = eaaa W 3 (s = ) = 92.5% 
Px8HV, (998.0 kg/m’ )(9.81 m/s” )(90 m)(162 m*/s)\ Ws’ 
6 2 
Turbine B = bhp, oe 3 sea x 3 E m |- 92.5% 
PH ,V, (998.0 kg/m’ )(9.81 m/s” )(110 m)(342.027 m°/s) ( W:s 


As expected, the two efficiencies are the same, since we have assumed dynamic similarity. However, total dynamic 
similarity may not actually be achieved between the two turbines because of scale effects (larger turbines generally have 
higher efficiency). The diameter of the new turbine is about 38% greater than that of the existing turbine, so the increase in 
efficiency due to turbine size should not be very significant. We verify this by using the Moody efficiency correction 
equation, considering turbine A as the “model” and B as the “prototype”, 


1.50 m 


1/5 
D 
Efficiency correction: ite oe LVI Tie A =1-(1-0.925 
Hi "Tene, 8 (1 Mh (2) ( (oe 





1/5 
) = 0.930 


or 93.0%. So, the first-order correction yields a predicted efficiency for the larger turbine that is about half of a percent 
greater than the smaller turbine. However, as mentioned in the text, we expect only about 2/3 of this increase, or 2(0.5%)/3 
= 0.3%. Thus, our best estimate of the actual efficiency of the prototype is M urineg ~ 92.5 + 0.3 = 92.8% . 

Thus, our best estimate indicates that the new larger turbine will be slightly more efficient than its smaller brother, but the 
increase is only about 0.3%. 


Discussion If the flow entering the new turbine from the penstock were not similar to that of the existing turbine (e.g., 
velocity profile and turbulence intensity), we could not expect exact dynamic similarity. 





14-110 
Solution The turbine specific speed of two dynamically similar turbines is to be compared, and the most likely type 
of turbine is to be determined. 


Properties The density of water at T= 20°C is p= 998.0 kg/m’. 








Analysis We calculate the dimensionless turbine specific speed for turbines A and B, 
w. lbh) (15.71 rad/s)(132x10° W) fee l yas 
St, 5 3 S 
C (Pa)? (8H) (998.0 kgm?) ® [(9.81 m/s?) (90.0 m) | Ws" 
o (bhp) (12.57 rad/s) (341x10° W) ° = T ne 
E (Pa) (8Ha) (998.0 kg/m’) | (9.81 mvs?)(110 m) | WS l 


We see that the turbine specific speed of the two turbines is the same. In customary US units, 


Nsusa = Nsusp = 43-46N,, = (43.46)(1.19) = 51.6 


St,US,A St,US,B 


From Fig. 14-108, both of these turbines are most likely Francis turbines. 


Discussion Since turbine A and turbine B operate at homologous points, it is no surprise that their turbine specific 
speeds are the same. In fact, if they weren’t the same, it would be a sure sign of an algebraic or calculation error. 
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Review Problems 


14-111C 

Solution 

(a) True: As the gears turn, they direct a closed volume of fluid from the inlet to the outlet of the gear pump. 

(b) True or False: Rotary pumps can be either positive displacement or dynamic (an unfortunate use of terminology). As a 
positive-displacement pump, the rotors direct a closed volume of fluid from the inlet to the outlet of the rotary pump. 
As a dynamic pump, “rotary pump” is sometimes used in place of the more correct term, “rotodynamic pump”. 

(c) True: At a given rotational speed, the volume flow rate of a positive-displacement pump is fairly constant regardless of 
load because of the fixed closed volume. 

(d) False: Actually, the net head increases with fluid viscosity, because high viscosity fluids cannot penetrate the gaps as 





easily. 
14-112C 
Solution We are to discuss a water meter from the point of view of a piping system. 
Analysis Although a water meter is a type of turbine, when analyzing pipe flow systems, we would think of the water 


meter as a type of minor loss in the system, just as a valve, elbow, etc. would be a minor loss, since there is a pressure 
drop associated with flow through the water meter. 


Discussion In fact, manufacturers of water meters provide minor loss coefficients for their products. 





14-113C 
Solution We are to discuss the purpose of pump and turbine specific speeds. 
Analysis Pump specific speed is used to characterize the operation of a pump at its optimum conditions (best 


efficiency point), and is useful for preliminary pump selection. Likewise, turbine specific speed is used to characterize the 
operation of a turbine at its optimum conditions (best efficiency point), and is useful for preliminary turbine selection. 


Discussion Pump specific speed and turbine specific speed are parameters that can be calculated quickly. Based on the 
value obtained, one can quickly select the type of pump or turbine that is most appropriate for the given application. 





14-114C 
Solution We are to discuss the definition and usefulness of a pump-turbine. 
Analysis A pump-turbine is a turbomachine that can run both as a pump and as a turbine (by running in the 


opposite direction). A pump-turbine is used by some power plants for energy storage; specifically, water is pumped by the 
pump-turbine during periods of low demand for power, and electricity is generated by the pump-turbine during periods of 
high demand for power. 


Discussion We note that energy is “lost” both ways — when the pump-turbine is acting as a pump, and when it is acting 
as a turbine. Nevertheless, the energy storage scheme may still be cost-effective and profitable, in spite of the energy losses, 
because it may enable a power company to delay construction of costly new power-production facilities. 
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14-115 
Solution We are to prove a relationship between two dynamically similar pumps, and discuss its application to 
turbines. 


Assumptions 1 The two pumps are geometrically similar. 2 Reynolds number and roughness effects are not critical in the 
analysis (the two pumps are not grossly different from each other in size, capacity, etc.). 





Analysis Since the two pumps are dynamically similar, dimensionless pump parameter Cy, must be the same for both 
pumps, 
H H H, D 
Cua = ETA = Cpp = a > Dy _ A 4B 
Oy Dy Og Dg Og A, Dy 


Similarly, dimensionless pump parameter Cg must be the same for both pumps, 


4 : 3 3 
C = V, = Va > D; ) = O, V 
B 


Q.A 3 3 
o, D, Og Dp Dy Qs; V, 


Ds = Ay Ds V, 
Dy A, Dy V, 


2 . 1/4 . 1/2 
(f n o oT 
D, Ay V, A, V, 
Thus, we have eliminated the angular velocity as a parameter, and the relationship is proven. 


Since turbines follow the same affinity laws as pumps, the relationship also applies to two dynamically similar 
turbines. 


Combining the above two equations yields 


which reduces to 

















Discussion In like manner, we can eliminate other parameters through algebraic manipulations to scale a pump or 
turbine up or down. 
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Chapter 14 Turbomachinery 
14-116 
Solution We are to prove a relationship between two dynamically similar turbines, and discuss its application to 
pumps. 


Assumptions 1 The two turbines are geometrically similar. 2 Reynolds number and roughness effects are not critical in 
the analysis (the two turbines are not grossly different from each other in size, capacity, etc.). 


Analysis Since the two turbines are dynamically similar, dimensionless turbine parameter Cy must be the same for 
both turbines, 


gH, gH, Os H, Ds 


Caa = -= Cue =G 
Ki “ Og Dg Og Ay D, 





3 
On Ds 


Similarly, dimensionless turbine parameter Cp must be the same for both turbines, 


5 3 

C. = bhp, _ C. = bhp, Dz \ _[ @, | Pa PhPs 
PA 3 5 Q.B 3 5 7 

PaO Da Psg Dg D, @g ) Pg bhp, 





Combining the above two equations yields 


5 3/2 3 
(> : (2 (2) Pa bhp, 
D; A, Dy) Ps bhp, 
which reduces to 


2 3/2 3/4 1/2 1/2 
D; | _| Ha Pa bhp, > (Dp. =D H, Pa bhp, 
Dy A, Ps bhp, P ^ A, Pp bhp 
Thus, we have eliminated the angular velocity as a parameter, and the relationship is proven. 


Since pumps follow the same affinity laws as turbines, the relationship also applies to two dynamically similar 
pumps. 

















Discussion In like manner, we can eliminate other parameters through algebraic manipulations to scale a pump or 
turbine up or down. 
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Chapter 14 Turbomachinery 


Design and Essay Problems 


14-117 [Also solved using EES on enclosed DVD] 
Solution We are to generate a computer application that uses the affinity laws to design a new pump that is 
dynamically similar to an existing pump. 


Assumptions 1 The two pumps are geometrically similar. 2 Reynolds number and roughness effects are not critical in the 
analysis (the two pumps are not grossly different from each other in size, capacity, etc.). 


Analysis First, we calculate the brake horsepower for pump A, 





bhp, 


0.81 


O Vig, (998.0 kg/m’ )(0.00040 m*/s)(9.81 m/s? )(1.20 ™ Ws? 
kg-m? 


J- 5.80 W 


1 pump,A 


We use the affinity laws to calculate the new pump parameters. Using the given data, we first calculate the new pump 
diameter, 


H N vN? 120 cm \*( 2400 cm3/s )” 
p=», 2 | | = (50 em)( =| = ) = 8.80cm 


H, V 450 cm 400 cm*/s 


A 





Knowing Dg, we calculate the rotation rate of the new pump, 


1/2 1/2 
: . D,[{ H 5.0 cm { 450 cm 
ip = Ny 2f) =(1725 rpm) a | on em) = 1898 rpm 
B A 5 








Knowing Dg and œg, we now calculate the required shaft power, 


5 3 5 3 
D (8. 
mtp a Px.) { =.) aon e n ea Ta i giy 
Pa Da ONN 998.0 kg/m” | 5.0 cm 1725 rpm 





Our answers agree with those given. Now we are confident that we can apply our computer program to other design 
problems of similar nature, as in the next problem. 


Discussion To avoid round-off errors in the calculations, we saved several more significant digits for Dg than are 
reported here. 
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Chapter 14 Turbomachinery 


14-118 


Solution We are to use a computer code and the affinity laws to design a new pump that is dynamically similar to an 
existing pump. 


Assumptions 1 The two pumps are geometrically similar. 2 Reynolds number and roughness effects are not critical in the 
analysis (the two pumps are not grossly different from each other in size, capacity, etc.). 3 Both pumps operate at their 
BEP. 


Analysis Using our computer code, Dg = 12.8 cm, n, = 1924 rpm, and bhps = 235 W. We calculate pump specific 


speed for the new pump, 














yin (1924 rom)[ 24 ad ` )(0.00367 mis)” 
Pump B: N., = = = m _ 0,597 
Sp 3/4 5 374 
(sH) ((9.81 m/s?)(5.70 m)) 
and we repeat the calculation for the existing pump, 
2 (1500 rom) 28 = ` )(000135 m/s )” 
mma me e N 
p 3/4 3/4 
(sH) ((9.81 nvs?) (2.10 m)) 


Our answers agree, as they must, since the two pumps are operating at homologous points. From Fig. 14-73, we can see that 
these are most likely centrifugal pumps. 


Discussion The pump performance parameters of pump B can be calculated manually to further verify our computer 
code. 
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Chapter 14 Turbomachinery 


14-119 


Solution We are to generate a computer application that uses the affinity laws to design a new turbine that is 
dynamically similar to an existing turbine. 


Assumptions 1 The two turbines are geometrically similar. 2 Reynolds number and roughness effects are not critical in 
the analysis (the two turbines are not grossly different from each other in size, capacity, etc.). 


Analysis We use the affinity laws to calculate the new turbine parameters. Using the given data, we first calculate the 
new turbine diameter, 





H,(n 95.0 m /{ 150 rpm 
A B x 


We then solve Eq. 14-38a for V, : 





; 3 3 
W =V, (2 = (162 np) Om 1 =| = 328 m’/s 
n, J Dy 150 rpm j\ 1.40 m 
Finally, we solve Eq. 14-38c for bhppg, 


3 5 3 3 5 
bin- bho Pe Ta Dg -118 MW 998.0 kpm 120 rpm | ( 1.91m \ _ 283 MW 
P n D; 998.0 kg/m” J( 150 rpm } \ 1.40 m 


A A 





Our answers agree with those given. Now we are confident that we can apply our computer program to other design 
problems of similar nature. 


Discussion To avoid round-off errors in the calculations, we saved several more significant digits for Dg than are 
reported here. 


14-120 


Solution We are to use a computer program and the affinity laws to design a new turbine that is dynamically similar 
to an existing turbine. 





Assumptions 1 The two pumps are geometrically similar. 2 Reynolds number and roughness effects are not critical in the 
analysis (the two pumps are not grossly different from each other in size, capacity, etc.). 





Analysis Using our computer code, Dz = 2.04 m, V, = 815 m/s, and bhpg = 577 MW. We calculate turbine specific 
speed for the new turbine, 

a, (bhp) (25.13 rad/s)(11.4x10° W) ra 

Nga = 1/2 5/4 = 3 1/2 araa a le W. =3.25 
(Pa) (8Ha) (998.0 kg/m?) | (9.81 m/s*)(22.0 m) | 

and for turbine B, 

0, (bhp) ” (21.99 rad/s)(577x10° W) ($ m? y = 

oT (Pa) (8Ha) (998.0 kg/m’)? [(0.81 m/s?)(95.0 m) | A WS l 


Our answers agree, as they must, since the two turbines are operating at homologous points. From Fig. 14-108, we see that 
these are most likely Kaplan turbines. 


Discussion The turbine parameters of turbine B can be calculated manually to further verify our computer code. 
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Chapter 14 Turbomachinery 








14-121 
Solution We are to compare efficiencies for two geometrically similar turbines, and discuss the Moody efficiency 
correction. 
Analysis We calculate the turbine efficiency for both turbines, 
bl 11.4x10° kg-m? 
N T í sn |=762% 
PagH,V, (998.0 kg/m*)(9.81 m/s*) (22.0 m)(69.5 m*/s)\_ W-s" 
and 
H 77x10% W kg-m? 
Turbine B = Ppa m 3 2 > 3 í g = J- 76.2% 
PagH, V, (998.0 kg/m’) (9.81 m/s” )(95.0 m)(814.6 m*/s) | W-s’ 


where we have included an extra digit in the intermediate values to avoid round-off error. As expected, the two 
efficiencies are the same, since we have assumed dynamic similarity. However, total dynamic similarity may not 
actually be achieved between the two turbines because of scale effects (larger turbines generally have higher efficiency). 
The diameter of the new turbine is more than twice that of the existing turbine, so the increase in efficiency due to turbine 
size may be significant. We account for the size increase by using the Moody efficiency correction equation, considering 
turbine A as the “model” and B as the “prototype”, 


1/5 
D ; 
Efficiency correction: Mearbine, B © 1- (1 = Witch (2) =]= (1 -= 0.762) (3 æ z 
.04 m 


B 





1/5 
) = 0.800 


or 80.0%. So, the first-order correction yields a predicted efficiency for the larger turbine that is about four percent greater 
than the smaller turbine. However, as mentioned in the text, we expect only about 2/3 of this increase, or 2(0.800 — 0.762)/3 
= 0.025 or 2.5%. Thus, our best estimate of the actual efficiency of the prototype is 


1l urbine B x 76.2 at 2.5 a 78.7% 


The higher efficiency of the new larger turbine is significant because an increase in power production of 2.5% can lead to 
significant profits for the power company. 


Discussion If the flow entering the new turbine from the penstock were not similar to that of the existing turbine (e.g., 
velocity profile and turbulence intensity), we could not expect exact dynamic similarity. 





SQ 
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Chapter 15 Computational Fluid Dynamics 


Fundamentals, Grid Generation, and Boundary Conditions 


15-1C 
Solution We are to list the unknowns and the equations for a given flow situation. 
Analysis There are only three unknowns in this problem, u, v, and P (orP’). Thus, we require three equations: 


continuity, x momentum (or x component of Navier-Stokes), and y momentum (or y component of Navier-Stokes). These 
equations, when combined with the appropriate boundary conditions, are sufficient to solve the problem. 


Discussion The actual equations to be solved by the computer are discretized versions of the differential equations. 





15-2C 


Solution We are to define several terms or phrases and provide examples. 


Analysis 

(a) A computational domain is a region in space (either 2-D or 3-D) in which the numerical equations of fluid flow 
are solved by CFD. The computational domain is bounded by edges (2-D) or faces (3-D) on which boundary 
conditions are applied. 

(b) A mesh is generated by dividing the computational domain into tiny cells. The numerical equations are then solved 
in each cell of the mesh. A mesh is also called a grid. 

(c) A transport equation is a differential equation representing how some property is transported through a flow 
field. The transport equations of fluid mechanics are conservation equations. For example, the continuity equation is a 
differential equation representing the transport of mass, and also conservation of mass. The Navier-Stokes equation is a 
differential equation representing the transport of linear momentum, and also conservation of linear momentum. 

(d) Equations are said to be coupled when at least one of the variables (unknowns) appears in more than one 
equation. In other words, the equations cannot be solved alone, but must be solved simultaneously with each other. 
This is the case with fluid mechanics since each component of velocity, for example, appears in the continuity equation 
and in all three components of the Navier-Stokes equation. 


Discussion Students’ definitions should be in their own words. 





15-3C 
Solution We are to discuss the difference between nodes and intervals and analyze a given computational domain in 
terms of nodes and intervals. 


Analysis Nodes are points along an edge of a computational domain that represent the vertices of cells. In other 
words, they are the points where corners of the cells meet. Intervals, on the other hand, are short line segments between 
nodes. Intervals represent the small edges of cells themselves. In Fig. P15-3 there are 6 nodes and 5 intervals on the top 
and bottom edges. There are 5 nodes and 4 intervals on the left and right edges. 


Discussion We can extend the node and interval concept to three dimensions. 
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Chapter 15 Computational Fluid Dynamics 
15-4C 
Solution For a given computational domain with specified nodes and intervals we are to compare a structured grid 
and an unstructured grid and discuss. 


Analysis We construct the two grids in the figure: (a) structured, and (b) unstructured. 


a i 
es 


Dy 
a 
(a) (b) 





There are 5 x 4 = 20 cells in the structured grid, and there are 36 cells in the unstructured grid. 


Discussion Depending on how individual students construct their unstructured grid, the shape, size, and number of cells 
may differ considerably. 





15-5C 
Solution We are to summarize the eight steps involved in a typical CFD analysis. 
Analysis We list the steps in the order presented in this chapter: 
1. Specify a computational domain and generate a grid. 
2. Specify boundary conditions on all edges or faces. 
3. Specify the type of fluid and its properties. 
4. Specify numerical parameters and solution algorithms. 
5. Apply initial conditions as a starting point for the iteration. 
6. Iterate towards a solution. 
7. After convergence, analyze the results (post processing). 
8. Calculate global and integral properties as needed. 


Discussion The order of some of the steps is interchangeable, particularly Steps 2 through 5. 





15-6C 
Solution We are to explain why the cylinder should not be centered horizontally in the computational domain. 
Analysis Flow separates over bluff bodies, generating a wake with reverse flow and eddies downstream of the 


body. There are no such problems upstream. Hence it is always wise to extend the downstream portion of the domain as far 
as necessary to avoid reverse flow problems at the outlet boundary. 


Discussion The same problems arise at the outlet of ducts and pipes — sometimes we need to extend the duct to avoid 
reverse flow at the outlet boundary. 
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Chapter 15 Computational Fluid Dynamics 
15-7C 


Solution We are to discuss the significance of several items with respect to iteration. 


Analysis 

(a) In a CFD solution, we typically iterate towards a solution. In order to get started, we make some initial conditions 
for all the variables (unknowns) in the problem. These initial conditions are wrong, of course, but they are necessary 
as a Starting point. Then we begin the iteration process, eventually obtaining the solution. 

(b) A residual is a measure of how much our variables differ from the “exact” solution. We construct a residual by 
putting all the terms of a transport equation on one side, so that the terms all add to zero if the solution is correct. As 
we iterate, the terms will not add up to zero, and the remainder is called the residual. As the CFD solution iterates 
further, the residual should (hopefully) decrease. 

(c) Iteration is the numerical process of marching towards a final solution, beginning with initial conditions, and 
progressively correcting the solution. As the iteration proceeds, the variables converge to their final solution as the 
residuals decrease. 

(d) Once the CFD solution has converged, post processing is performed on the solution. Examples include plotting 
velocity and pressure fields, calculating global properties, generating other flow quantities like vorticity, etc. Post 
processing is performed after the CFD solution has been found, and does not change the results. Post processing is 
generally not as CPU intensive as the iterative process itself. 


Discussion We have assumed steady flow in the above discussions. 





15-8C 


Solution We are to discuss how the iteration process is made faster. 


Analysis 

(a) With multigridding, solutions of the equations of motion are obtained on a coarse grid first, followed by 
successively finer grids. This speeds up convergence because the gross features of the flow are quickly established on 
the coarse grid, and then the iteration process on the finer grid requires less time. 

(b) Insome CFD codes, a steady flow is treated as though it were an unsteady flow. Then, an artificial time is used to 
march the solution in time. Since the solution is steady, however, the solution approaches the steady-state solution as 
“time” marches on. In some cases, this technique yields faster convergence. 


Discussion There are other “tricks” to speed up the iteration process, but CFD solutions often take a long time to 
converge. 





15-9C 
Solution We are to list the boundary conditions that are applicable to a given edge, and we are to explain why other 
boundary conditions are not applicable. 


Analysis We may apply the following boundary conditions: outflow, pressure inlet, pressure outlet, symmetry (to 
be discussed), velocity inlet, and wall. The curved edge cannot be an axis because an axis must be a straight line. The edge 
cannot be a fan or interior because such edges cannot be at the outer boundary of a computational domain. Finally, the 
edge cannot be periodic since there is no other edge along the boundary of the computational domain that is of 
identical shape (a periodic boundary must have a “partner’’). The symmetry boundary condition merits further discussion. 
Numerically, gradients of flow variables in the direction normal to a symmetry boundary condition are set to zero, and there 
is no mathematical reason why the curved right edge of the present computational domain cannot be set as symmetry. 
However, you would be hard pressed to think of a physical situation in which a curved edge like that of Fig. P15-9 would 
be a valid symmetry boundary condition. 


Discussion Just because you can set a boundary condition and generate a CFD result does not guarantee that the result 
is physically meaningful. 
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Chapter 15 Computational Fluid Dynamics 


15-10C 
Solution We are to discuss the standard method to test for adequate grid resolution. 
Analysis The standard method to test for adequate grid resolution is to increase the resolution (by a factor of 2 in all 


directions if feasible) and repeat the simulation. If the results do not change appreciably, the original grid is deemed 
adequate. If, on the other hand, there are significant differences between the two solutions, the original grid is likely of 
inadequate resolution. In such a case, an even finer grid should be tried until the grid is adequately resolved. 


Discussion Keep in mind that if the boundary conditions are not specified properly, or if the chosen turbulence model is 
not appropriate for the flow being simulated by CFD, no amount of grid refinement is going to make the solution more 
physically correct. 





15-11C 
Solution We are to discuss the difference between a pressure inlet boundary condition and a velocity inlet boundary 
condition, and we are to explain why both pressure and velocity cannot be specified on the same boundary. 


Analysis At a pressure inlet we specify the pressure but not the velocity. At a velocity inlet we specify the 
opposite — velocity but not pressure. To specify both pressure and velocity would lead to mathematical over- 
specification, since pressure and velocity are coupled in the equations of motion. When pressure is specified at a 
pressure inlet (or outlet), the CFD code automatically adjusts the velocity at that boundary. In a similar manner, when 
velocity is specified at a velocity inlet, the CFD code adjusts the pressure at that boundary. 


Discussion Since pressure and velocity are coupled, specification of both at a boundary would lead to inconsistencies in 
the equations of motion at that boundary. 





15-12C 
Solution We are to label all the boundary conditions to be applied to a computational domain. 
Analysis The inlet is a velocity inlet. The outlet is a pressure outlet. All other edges that define the outer limits of the 


computational domain are walls. Finally, there are three edges that must be specified as interior. These are all labeled in the 
figure below. 





Velocity inlet 
Interior 


Discussion It is critical that each boundary condition be specified carefully. Otherwise the CFD solution will not be 
correct. 
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Chapter 15 Computational Fluid Dynamics 
15-13C 
Solution We are to analyze what will happen to inlet pressure and outlet velocity when a fan is turned on in the 
computational domain of the previous problem. 


Analysis Since the fan helps to push air through the channel, the inlet pressure will adjust itself so that less inlet 
pressure is required. In other words, the inlet pressure will decrease when the fan is turned on. Since the inlet velocity is 
the same in both cases, the mass flow rate (and volume flow rate since the flow is incompressible) must remain the same 
for either case. Therefore, outlet velocity will not change. 


Discussion It may seem at first glance that Vow should increase because of the fan, but in order to conserve mass, the 
outlet velocity cannot change. The solution is constrained by the specified inlet boundary condition. In a real physical 
experiment, there is no such restriction. The fan would cause the inlet pressure to decrease, the inlet velocity to increase, 
and the outlet velocity to increase. 





15-14C 
Solution We are to list and briefly describe six boundary conditions, and we are to give an example of each. 
Analysis In the chapter we list ten, so any six of these will suffice: 


— Axis: Used in axisymmetric flows as the axis of rotation. Example: the axis of a torpedo-shaped body. 

— Fan: An internal edge (2-D) or face (3-D) across which a sudden pressure rise is specified. Example: an axial flow 
fan in a duct. 

— Interior: An internal edge (2-D) or face (3-D) across which nothing special happens — the interior boundary 
condition is used at the interface between two blocks. Example: all of the multiblock problems in this chapter, 
which require this boundary condition at the interface between any two blocks. 

— Outflow: An outlet boundary condition in which the gradient of fluid properties is zero normal to the outflow 
boundary. Outflow is typically useful far away from the object or area of interest in a flow field. Example: the far 
field of flow over a body. 

— Periodic: When the physical geometry has periodicity, the periodic boundary condition is used to specify that 
whatever passes through one face of the periodic pair must simultaneously enter the other face of the periodic pair. 
Example: in a heat exchanger where there are several rows of tubes. 

— Pressure inlet: An inflow boundary in which pressure (but not velocity) is known and specified across the face. 
Example: the high pressure settling chamber of a blow-down wind tunnel facility. 

— Pressure outlet: An outflow boundary in which pressure (but not velocity) is known and specified across the face. 
Example: the outlet of a pipe exposed to atmospheric pressure. 

— Symmetry: A face over which the gradients of all flow variables are set to zero normal to the face — the result is a 
mirror image across the symmetry plane. Fluid cannot flow through a symmetry plane. Example: the mid-plane of 
flow over a circular cylinder in which the lower half is a mirror image of the upper half. 

— Velocity inlet: An inflow boundary condition in which velocity (but not pressure) is known and specified across 
the face. Example: a uniform freestream inlet flow entering a computational domain from one side. 

— Wall: A boundary through which fluid cannot pass and at which the no-slip condition (or a shear stress condition) 
is applied. Example: the surface of an airfoil that is being modeled by CFD. 


Discussion There are additional boundary conditions used in CFD calculations, but these are the only ones discussed in 
this chapter. 
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Chapter 15 Computational Fluid Dynamics 
15-15 
Solution We are to sketch a structured and an unstructured grid near the airfoil surface, and discuss advantages and 
disadvantages of each. 


Analysis In either case it is wise to cluster cells close to the airfoil surface since we expect that a thin boundary layer 
will exist along the surface, and we need many tiny cells within the boundary layer to adequately resolve it. Some simple, 
coarse meshes are drawn in Fig. 1. We would certainly want much higher resolution for CFD calculations. 


FIGURE 1 

A coarse structured (a) and 
unstructured (b) grid. Notice that 
the cells are clustered (more fine) 
near the surface of the airfoil since 
there is likely to be large velocity 
gradients there (in the boundary 
layer). 





(b) 


The structured grid in Fig la is called a C-grid since it wraps around the airfoil like the letter “C”. The main advantage of 
the structured grid is that we can get high resolution near the surface with few cells. The main advantage of the unstructured 
grid is that it is somewhat easier to generate when the geometry is complicated (especially for highly curved surfaces). 
Furthermore, it is easier to transition between curved and straight edges with an unstructured grid. The main disadvantage 
of an unstructured grid is that more cells are required for the same spatial resolution. 


Discussion There are numerous other ways to construct a grid around this airfoil. 





15-16 
Solution We are to sketch a hybrid grid around an airfoil and explain its advantages. 
Analysis We sketch a hybrid grid in the figure. Note that the grid is 


structured near the airfoil surface, but unstructured beyond the surface. The 
advantage of a hybrid grid is that it combines the advantages of both 
structured and unstructured grids. Near surfaces we can use a structured 
grid to finely resolve the boundary layer with a minimum number of cells, 
and away from surfaces we can use an unstructured grid so that we can 
rapidly expand the cell size. We can also more easily blend the grid into the 
edges of the computational domain with an unstructured grid. 





Discussion A structured grid is generally the best choice, but a hybrid grid is often a better option than a fully 
unstructured grid. 
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Chapter 15 Computational Fluid Dynamics 
15-17 
Solution We are to sketch the blocking for a structured grid, sketch a coarse grid, and label all the boundary 
conditions to be applied to the computational domain. 


Analysis First of all, we recognize that because of symmetry, we can split the domain in half vertically. We construct 
four blocks around the half-cylinder to transform from round to square, and then we add simple rectangular blocks 
upstream and downstream of the cylinder (Fig. 1). There is a total of six blocks. 


Block 3 Block 4 


FIGURE 1 
A possible blocking topology and 


coarse structured grid for a 2-D 7 Block 1 Block 2 77 \ Block 5 Block 6 





multiblock computational domain. i 
Symmetry line 


With the block structure of Fig. 1 no cells are highly skewed, and cells are clustered near the cylinder wall and the upper 
wall of the duct as desired. 

The bottom edge of the computational domain is a line of symmetry. The inlet is a velocity inlet. The outlet is a 
pressure outlet. The upper edge of the computational domain is a wall. The edges that define the cylinder are also walls. 
Finally, there are 5 edges that are specified as interior. These are all labeled in Fig. 2. 


Velocity inlet 7 


Wall 






; Pressure outlet 
| > Interior 


FIGURE 2 
Boundary conditions specified on 
each edge of a 2-D multiblock 


computational domain. Symmetry Symmetry 


Discussion There are alternative ways to set up the blocking topology. For example, at the top we may define a thin 
block (Block 7) that stretches across the entire horizontal domain so that the boundary layer on the top wall of the channel 
can be more adequately resolved (Fig. 3). 


Block 3 Block 4 






Block 7 


FIGURE 3 

An alternative blocking topology 
and coarse structured grid for the 2- 
D multiblock computational 
domain. A seventh block is added 
at the top for better boundary layer 
resolution near the top plate. 








Block 1 Block 2 k Block 5 Block 6 


Symmetry line 
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Chapter 15 Computational Fluid Dynamics 
15-18 
Solution We are to sketch the blocking for a structured grid, sketch a coarse grid, and label all the boundary 
conditions to be applied to the computational domain. 


Analysis First of all, we recognize that because of symmetry, we can split the domain in half vertically. We construct 
four blocks inside the half-circle, and then we add blocks with one curved edge and three straight edges upstream and 
downstream of the cylinder (Fig. 1). 

Block 3 







Block 4 
Block 6 


Block 2 
Block 1 






FIGURE 1 

The blocking and coarse structured 
grid for a 2-D multiblock 
computational domain. Block 5 Symmetry line 





The setup of Fig. 1 contains six blocks. With this block structure, no cells are highly skewed, and cells are clustered near 
upper wall of the duct as desired. Cells are also clustered at the junctions between Blocks 1 and 2 and Blocks 4 and 6, 
where flow separation may occur. 

The bottom edge of the computational domain is a line of symmetry. The inlet is a velocity inlet. The outlet is a 
pressure outlet. The upper edge of the computational domain is a wall. The edges that define the cylinder are also walls. 
Finally, there are 5 edges that are specified as interior. These are all labeled in Fig. 2. 






Velocity 


inlet Pressure 


outlet 





FIGURE 2 

Boundary conditions specified on 
each edge of a 2-D multiblock 
computational domain. 


Symmetry Symmetry 


Discussion There are of course, alternative ways to set up the blocking topology. 
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Solution We are to modify an existing grid so that all blocks are elementary blocks. Then we are to verify that the 
total number of cells does not change. 


Analysis The right edge of Block 2 of Fig. 15-11b is split twice to accommodate Block 1. We therefore split Block 2 
into three separate elementary blocks. Unfortunately, this process ends up splitting Block 6 twice, which in turn splits 
Block 4 twice. We end up with 12 elementary blocks as shown in Fig. 1. 


Block 11 (8x8) Block 10 (8x4) 









Block 4 (5x8) 
Block 3 (5x4) 


Block 2 (5x8) 


Block 5 
(5x4) 





Block 6 
FIGURE 1 (5x8) 
The blocking and coarse structured grid 
for a 2-D multiblock computational 
domain. Only elementary blocks are used Block 7 







in this grid. (5x4) Block 1 (12x8) 
Block 9x (5x4) 
Block 12 (8x4) Block 8 (5x8) 


We add up all the cells in these 12 blocks — we get a total of 464 cells. This agrees with the total of 464 cells for the original 
6 blocks in the domain. 


Discussion Sometimes it is easier to create a grid with elementary blocks, even if the CFD code can accept blocks with 
split edges or faces. 





15-20 
Solution We are to modify an existing grid into a smaller number of non- elementary blocks, and we are to verify 
that the total number of cells does not change. 


Analysis We combine Blocks 2, 3, 4, and 5 of Fig. 15-10b. Together, these produce one structured grid that wraps 
around the square in the middle — there are still 5 i intervals, but now there are 48 j intervals. We end up with 3 non- 
elementary blocks, as shown in Fig. 1. 






Block 2 (5x48) 


Block 3 (8x16) 





FIGURE 1 

The blocking and coarse structured grid for 
a 2-D multiblock computational domain. 
Only elementary blocks are used in this grid. 


Block 1 (12x8) 





We add up all the cells in these 12 blocks — we get a total of 464 cells. This agrees with the total of 464 cells for the original 
6 blocks in the domain. 


Discussion Block 2 in Fig. 1 is called an O-grid (for obvious reasons). 
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Solution We are to generate a computational domain and label all appropriate boundary conditions for one stage of a 
new heat exchanger design. 


Analysis We take advantage of the periodicity of the geometry. There are several ways to create a periodic grid for 
this flow. The simplest computational domain consists of a single flow passage between two neighboring tubes. We can 
make the periodic edge intercept anywhere on the front portion of the tube that we desire. We choose the lower surface for 
convenience and simplicity. The periodic computational domain is sketched in Fig. 1. 

Boundary conditions are also straightforward, and are labeled in Fig. 1. For a known inlet velocity we set the 
boundary condition at the left edge as a velocity inlet. The tube walls are obviously set as walls. The outlet can be set as 
either a pressure outlet or an outflow, depending on the provided information and how far the outlet region extends 
beyond the tubes. Finally, we set two pairs of translationally periodic boundaries, one fore and one aft of the tubes. We 
label them separately to avoid confusion. 


Velocity 
inlet 


FIGURE 1 

A periodic computational domain for a 
given geometry. Boundary conditions are 
also labeled. 





Velocity 
FIGURE 2 me 
An alternative periodic computational 
domain for a given geometry. Boundary 
conditions are also labeled. 


Pressure 
outlet or 
outflow 





Discussion The fore and aft periodic edges are not horizontal in Fig. 1. This is not a problem since the periodic 
boundary condition is not restricted to horizontal or even to flat surfaces. An alternative, equally acceptable computational 
domain is shown in Fig. 2. 
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15-22 

Solution We are to sketch a structured multiblock grid with four-sided elementary blocks for a given computational 
domain. 

Analysis We choose the computational domain of Fig. 1 of the previous problem. Since all edges are straight, the 


blocking scheme can be rather simple. We sketch the blocking topology and apply a coarse mesh in Fig. | for the case in 
which the CFD code does not require the node distribution to be exactly the same on periodic pairs. 


FIGURE 1 

The blocking topology and a coarse 
structured grid for a periodic computational 
domain. This blocking topology applies to 
CFD codes that allow a block’s edges to be Block 2 
split for application of boundary conditions, 

and do not require periodic edge pairs to 

have identical node distributions. 






Block 4 


Unfortunately, many CFD codes require that the node distribution on periodic pairs of edges be identical (the two edges of 
a periodic pair are “linked” in the grid generation process). In such a case, the grid of Fig. 1 would not be acceptable. 
Furthermore, although the edges of the blocks of Fig. | are not split with respect to adjacent blocks, the top edges of Block 
1 and Block 3 are split with respect to the boundary conditions (part of the edge is periodic and part is a wall). Thus these 
blocks are not really elementary blocks after all. We construct a more elaborate blocking topology in Fig. 2 to correct these 
problems. The node distribution on the edges of each periodic pair are identical, at the expense of more complexity (7 
instead of 5 blocks) and more cell skewness. 


FIGURE 2 

The blocking topology and a coarse 
structured grid for a periodic computational 
domain. This blocking topology applies to 
CFD codes that require elementary blocks 
and require periodic edge pairs to have 
identical node distributions. 





Discussion Some of the cells have moderate skewness with the blocking topology of Fig. 2, especially near the corners 
of Block 2 and Block 7 and throughout Block 5. A more complicated topology can be devised to reduce the amount of 
skewness. 
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Solution We are to discuss why there is reverse flow in this CFD calculation, and then we are to explain what can be 
done to correct the problem. 


Analysis Reverse flow at an outlet is usually an indication that the computational domain is not large enough. 
In this case the rectangular heat exchanger tubes are inclined at 35°, and the flow will most certainly separate, leaving large 
recirculating eddies in the wakes. Anita should extend the computational domain in the horizontal direction 
downstream so that the eddies have a chance to “close” and the flow has a chance to re-develop into a flow without any 
reverse flow. 


Discussion In most commercial CFD codes a warning will pop up on the computer monitor whenever there is reverse 
flow at an outlet. This is usually an indication that the computational domain should be enlarged. 





15-24 
Solution We are to generate a computational domain and label all appropriate boundary conditions for two stages of 
a heat exchanger. 


Analysis We look for the smallest computational domain that takes advantage of the periodicity of the geometry. 
There are several ways to create a periodic grid for this flow. The simplest computational domain consists of a single flow 
passage between two neighboring tubes. We can make the periodic edge intercept anywhere on the fore and aft portions of 
the heat exchanger that we desire. We choose the periodic computational domain sketched in Fig. 1. 

Boundary conditions are also straightforward, and are labeled in Fig. 1. For a known inlet velocity we set the 
boundary condition at the left edge as a velocity inlet. The tube walls are obviously set as walls. The outlet can be set as 
either a pressure outlet or an outflow, depending on the provided information and how far the outlet region extends 
beyond the tubes. Finally, we set three pairs of translationally periodic boundaries, one fore, one mid, and one aft of the 
tubes. We label them separately to avoid confusion. 






ys. Wall -% J°” Pressure 
S outlet or 
outflow 






Velocity 
inlet 





Periodic “fore” 


FIGURE 1 

A periodic computational domain < : 

for a given geometry. Boundary EN Ne “Wall 
conditions are also labeled. Sat is 


Discussion Many other equally acceptable computational domains are possible. 
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15-25 

Solution We are to sketch a structured multiblock grid with four-sided elementary blocks for a given computational 
domain. 

Analysis We choose the computational domain of Fig. | of the previous problem. We sketch one possible elementary 


blocking topology in Fig. 1 for the case in which the CFD code requires the node distribution to be exactly the same on 
periodic pairs. We also assume that we cannot split one periodic edge and not its partner. The blocks are numbered. This 
topology has 16 elementary blocks. 


FIGURE 1 

The elementary blocking topology for a 
periodic computational domain. This 
blocking topology applies to CFD codes that 
do not allow a block’s edges to be split for 
application of boundary conditions, and 
requires periodic edge pairs to have identical 
node distributions. 





Note that with this blocking topology we had to split the periodic “mid” boundary pair into two edges (the tops of blocks 6 
and 7 and the bottoms of blocks 9 and 10). As long as both pairs of each segment are the same size and have the same 
number of nodes, this is not a problem. In the CFD code we would have to name each periodic pair separately, however. 
The block numbers are labeled. Notice that most of the blocks are nearly rectangular such that none of the computational 
cells would have to be highly skewed. 


Discussion This seems like a rather complicated blocking topology. It would require a bit of work to generate the grid. 
However, the time spent on developing a good grid is usually well worth the effort. By reducing the amount of cell 
skewness, we are able to speed up the CFD calculations and obtain more accurate results. This kind of topology also 
enables us to cluster cells near walls and wakes as needed. 
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FlowLab Problems 


15-26 


Solution We are to generate CFD solutions for external flow over a 2-D block. Specifically, we are to compare drag 
coefficient for various values of R/D (the extent of the outer boundary of the computational domain). In addition, we are to 


compare the calculated value of Cp with experiment. 


Assumptions 1 The flow is two-dimensional and incompressible. 2 The 
flow is symmetric about the x axis. 3 The flow is turbulent, but steady in the 
mean. 


Properties The fluid is air with p = 1.225 kg/m’ and u = 1.7894 x 10° 
kg/m-:s. 


Analysis 
(a) The Reynolds number is 


pvD (1.225 kg/m*)(2.0 m/s)(0.10 m) 


=1.37x10° 
4 1.7894x10% kg/m-s 


Re 





Experimental data indicate that the drag coefficient for this body is Cp = 1.9 
at Reynolds numbers greater than 10* (see Chap. 11). 


TABLE 1 

Drag coefficient as a function of the 
normalized extent of the 
computational domain for turbulent 
flow over a rectangular block. 


R/D Cp 
5 1.81927 
10 1.50662 
20 1.41076 
50 1.36723 
100 1.35282 
200 1.34671 
500 1.34408 


(b) The CFD code is run for eight values of R, all else being equal. Cp is tabulated as a function of R/D in Table 1, and 
plotted in Fig. 2. As the extent of the computational domain grows in size, the drag coefficient decreases steadily, but levels 


off to three significant digits of precision by R/D ~ 200. Thus, a 
computational domain extent of R/D ~ 100 is sufficient to achieve 
independence of Cp. We report a final value of Cp = 1.34. 

(c) There are several possible reasons for the discrepancy between the 
calculated value of Cp (1.34) and the experimentally obtained value of 
Cp (about 1.9). First of all, the actual flow is most likely unsteady, with 
vortices being shed into the wake, whereas we are simulating a steady 
flow. In addition, the unsteady shedding of vortices renders the flow no 
longer symmetric about the x axis, whereas we are forcing our flow to be 
symmetric. Furthermore, the grid resolution may not be adequate to 
achieve grid independence (this is checked in the following problem). 
Finally (and most importantly), we are using a turbulence model to 
simulate this flow field. The CFD solution we obtain is only as good as 
the degree to which the turbulence model correctly models the physics of 
the turbulence. As discussed in the text, no turbulence model is 
universally valid for all types of turbulent flows. Discrepancies between 
experiment and CFD will always exist regardless of how fine the grid or 
how large the extent of the computational domain. 


(d) Streamlines near the body are plotted for R/D = 5 and 500 in Fig. 2. 
We notice that the streamlines for the R/D = 5 case are more tight around 
the body compared to those for R/D = 500. This is most likely due to 
interference from the outer edges of the computational domain, which 
are too close for the R/D = 5 case. 


15-15 








FIGURE 1 

Drag coefficient plotted as a function of the 
normalized extent of the computational 
domain for turbulent flow over a rectangular 
block. 
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FIGURE 2 

Streamlines for steady, 
incompressible, two-dimensional, 
turbulent flow over a rectangular 


block at R/D = (a) 5, (b) 500. Only | Block | 
the upper half of the flow is 


simulated (a) R/D=5 (b) R/D = 500 


Discussion Newer versions of FlowLab may give slightly different results. It is perhaps surprising how far away the 
edges of the computational domain must be in order for them not to influence the flow field around the body. No attempt 
was made here to optimize the grid, and although the comparison between various grid extents is valid, the solution itself 
may not be grid independent; the actual value of drag coefficient may not be correct due to lack of grid resolution. Grid 
independence is analyzed in the next problem. 
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Solution We are to test for grid independence by running various values of grid resolution, and we are to examine the 
effect of grid resolution on drag coefficient. 


Assumptions 1 The flow is two-dimensional and incompressible. 2 The flow is symmetric about the x axis. 3 The flow is 
turbulent, but steady in the mean. TABLE 1 


Drag coefficient as a function of number of 
cells in the computational domain for 
turbulent flow over a rectangular block. 


Properties The fluid is air with p = 1.225 kg/m’ and y= 1.7894 x 
10° kg/m-s. 





Analysis We run the CFD code for several grid resolutions, and 
we list drag coefficient as a function of total number of computational 
cells in Table 1. Although some discrepancies exist in the third or 
fourth digit, the drag coefficient levels off to three significant digits of 
precision by the sixth row of the table. Further grid refinement may be 18720 133839 
necessary. We report a final value of Cp = 1.33 (to three significant 23920 1.33595 

digits of precision for comparison with experimental results). This 26000 1 33379 

result differs from the experimentally obtained value of Cp = 1.9 by : 

about 30%. We have achieved grid independence to three digits, and 

thereby eliminate lack of grid resolution as a source of the discrepancy. The other reasons for the discrepancy between CFD 
and experiment remain, regardless of how fine the grid. Namely, nonuniversality of the turbulence model, unsteadiness, and 
nonsymmetry. 


Number of cells Cp 
3120 1.45505 

10400 1.35249 

12480 1.34893 





Discussion Newer versions of FlowLab may give slightly different results. This exercise illustrates that grid refinement 
does not necessarily lead to improved CFD predictions. 
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Solution We are to repeat the CFD calculation of drag coefficient around a rectangular block for two other fluids — 
water and kerosene, and we are to compare our results to those obtained using air as the fluid. 








Assumptions 1 The flow is two-dimensional and incompressible. 2 The TABLE 1 

flow is symmetric about the x axis. 3 The flow is turbulent, but steady in the Drag coefficient as a function of fluid 

mean. type for the case of turbulent flow over 

a rectangular block. In all cases, the 

Properties The density and viscosity of the default air are p = 1.225 Reynolds number is the same. 

kg/m? and yw = 1.7894 x 10° kg/m-s. The density and viscosity of liquid 

water at T = 15°C are 998.2 kg/m? and 1.003 x 10° kg/m-s. The density and Fluid Re Cp 

viscosity of kerosene at T = 15°C are 780.0 kg/m’ and 2.40 x 10° kg/m:s. Air 1.37x10* 1.34344 
Water 1.37x10* 1.34343 

Analysis A comparison of the CFD calculations for all three fluids is Kerosene 1.37x10* 1.34343 





given in Table 1. The drag coefficient is identical to about five digits of 
precision. We conclude that for incompressible flow without free surface 
effects, the Reynolds number is the critical parameter; the type of fluid is irrelevant provided that the Reynolds number 
is the same. This reinforces what we learned about dimensional analysis in Chap. 7. 


Discussion Newer versions of FlowLab may give slightly different results. Some incompressible CFD codes work with 
normalized variables from the start, requiring input of a Reynolds number instead of dimensional quantities such as 
velocity, density, and viscosity. 
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Solution We are to generate CFD solutions for drag coefficient as a function of Reynolds number and compare and 
discuss. 


TABLE 1 

Drag coefficient as a function of 
Reynolds number for turbulent flow 
over a rectangular block. 


Assumptions 1 The flow is two-dimensional and incompressible. 2 The 
flow is symmetric about the x axis. 3 The flow is turbulent, but steady in 
the mean. 


Properties The fluid is air with p= 1.225 kg/m? and w= 1.7894 x 10° 


kg/m-s, — Re OG 
10000 1.30788 
Analysis We compare six cases in Table 1. We see that Cp levels 50000 1.40848 


100000 1.42215 
500000 1.43065 
1.00E+06 1.43194 
3.00E+06 1.43296 
5.00E+06 1.43431 


off to a value of 1.43 to three digits of precision for Re greater than about 
5 x 10°. Thus, we have achieved Reynolds number independence, 
although the required Reynolds number is somewhat larger than that 
required experimentally. 

The last two cases are peculiar in that the Mach numbers are well 
beyond the incompressible limit (around 0.3) since the speed of sound in 
air at room temperature is around 340 m/s. However, even though these flows are unphysical, the CFD code is run as 
incompressible, and is not “aware” of this problem since the speed of sound is treated as infinite in an incompressible flow 
solver. The comparison with Re is still valid since we can use any incompressible fluid for the calculations, as illustrated in 
the previous problem. 


Discussion Newer versions of FlowLab may give slightly different results. Reynolds number independence checks are 
not always as simple as that shown here, because as Re increases, boundary layer thicknesses tend to decrease, requiring a 
finer mesh near walls. In the present problem this is not really an issue because the flow separates at the sharp edges of the 
block, and boundary layer thickness is not an important parameter in calculation of the drag. 
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Solution We are to generate CFD solutions using several turbulence models, and we are to compare and discuss the 
results, particularly the drag coefficient. 


Assumptions 1 The flow is two-dimensional and incompressible. 2 The flow is symmetric about the x axis. 3 The flow is 
turbulent, but steady in the mean. 


Properties The fluid is air with p = 1.225 kg/m’ and yz= 1.7894 x 10° kg/m-s. 


Analysis All cases are run at the same Reynolds number, namely 1.37 x 10°. We compare drag coefficient for all four 
cases in Table 1. We see that Cp depends greatly on turbulence model. Most of the models underpredict the drag coefficient 
by about 30%, but the k-@ model overpredicts Cp by more than 33%. In terms of percentage error, the Reynolds stress 
model is closest to the experimental value of 1.9. 


TABLE 1 
Drag coefficient as a function of turbulence model for flow over a rectangular block. The error is in 
comparison to the experimental value of 1.9. 








Turbulence model Cp Error (%) 
k-e (2 eq.) 1.34342 -29.5% 
k-@ (2 eq.) 2.536939 33.5% 
Spallart-Allmaras (1 eq.) 1.360602 -28.4% 
Reynolds stress model (5 eq.) 1.385374 -27.1% 


Discussion Newer versions of FlowLab may give slightly different results. Turbulence models involve semi-empirical 
analysis, curve-fits, and simplifications, and no turbulence model is best for every kind of fluid flow. It is not always 
clear which turbulence model to use for a given problem. 





15-18 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and 
educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 15 Computational Fluid Dynamics 
15-31 
Solution We are to run CFD simulations of flow over a 2-D rectangular block with various values of L/D. We are to 
compare and discuss streamlines and drag coefficient, and we are to 
compare our CFD results to experiment. 





2.6 
Assumptions 1 The flow is two-dimensional and incompressible. 2 The 24 
flow is symmetric about the x axis. 3 The flow is turbulent, but steady in 22 
the mean. 

2 
Cp 

Properties The fluid is air with p = 1.225 kg/m? and yw = 1.7894 x 1.8 
10° kg/m:s. 16 
Analysis (a) Drag coefficient is tabulated as a function of L/D in 14 
Table 1. These data are also plotted in Fig. 1, along with experimental (22-30. 
data from Chap. 11. We see that the calculations are consistently lower I 
than the experimental values for the smaller lengths, but the agreement is 
very good at L/D = 3 (as high as the table goes). While the 0 1 2 3 4 35 
experimentally obtained drag coefficient peaks at L/D = 0.5, the CFD LID 
calculations predict that Cp decays continually with L/D. FIGURE 1 


Drag coefficient as a function of L/D for 
turbulent flow over a rectangular block. 


(b) For several values of L/D, we plot streamlines near the block (Fig. 2). We can see why the drag coefficient decreases as 
L/D increases. Namely, as the block length increases, the large recirculating flow regions in the wake (wake eddies) 
decrease in size (particularly in the vertical direction). In all cases, the flow 


separates at the sharp corner of the blunt face, but as L increases, the flow has TABLE 1 
more time to flatten out along the upper and lower walls of the block, leading to Drag coefficient as a function of 
wake eddies of reduced thickness. Indeed, by L/D = 3.0 (Fig. 2f) the separated LID for turbulent flow over a 
flow along the upper and lower walls appears to reattach just upstream of the rectangular block. 
back of the block. The wake eddies in this case are much thinner than those of the 
shorter blocks (compare Fig. 2b and 2e for example). Another way to express this L/D Cb 
is to say that the longer blocks are more “streamlined” (in a gross sense of the ~ 01 1.53997 
word) than are the shorter blocks, and therefore have less drag. Experiments 0.5 1.50858 
show that the drag is highest at L/D = 0.5. Apparently the vortex shedding 1 1.46466 
process is strong for this case, leading to high drag. Our steady, symmetric CFD 1.5 1.42077 
model is not able to simulate the unsteady features of the actual flow. 2 1.36825 
3 1.26405 
5 1.09386 


(c) There are many possible reasons for the discrepancy between CFD 

calculations and experiment. We are modeling the problem as a steady flow that is symmetric about the axis, but 
experiments reveal that flow over bluff bodies like these oscillate and shed vortices — the flow is neither steady nor 
symmetric. Furthermore, we are using a turbulence model. As discussed previously, turbulence models are not universal, 
and may not be applicable to the present problem. A DNS or LES simulation would be required to correctly model the 
unsteady turbulent eddies. 
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te  @ UD =0.1 Oo) UD=0.5 





(c) LID =1.0 ” (d) LID = 1.5 


FIGURE 2 

Streamlines for steady, incompressible, 
two-dimensional, turbulent flow over a 
rectangular block with various values 
of block length to block height: L/D = 
(a) 0.1, (b) 0.5, (c) 1.0, (d) 1.5, (e) 2.0, 
and (f) 3.0. 





Sa (e) L/D = 2.0 


(f) L/D = 3.0 


Discussion Newer versions of FlowLab may give slightly different results. CFD issues such as grid resolution and the 
extent of the computational domain do not contribute appreciably to the discrepancy here, since we have set up the 
computational domain based on results of similar previous problems. As L/D increases, the discrepancy between CFD 
results and experiment gets smaller. This can be explained by the fact that the shed vortices are reduced in strength as L/D 
increases — the steady, symmetric CFD simulation thus becomes more physically correct with increasing L/D. 
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Solution We are to generate CFD solutions for external flow over a cylindrical block. Specifically, we are to 
compare drag coefficient for various values of R/D (the extent of the outer boundary of the computational domain). In 
addition, we are to compare the calculated value of Cp with experiment. 





TABLE 1 
Assumptions 1 The flow is incompressible. 2 The flow is Drag coefficient as a function of the 
axisymmetric about the x axis. 3 The flow is turbulent, but steady in normalized extent of the computational 
the mean. domain for turbulent flow over a cylindrical 
block. 
Properties The fluid is air with p = 1.225 kg/m? and w= 1.7894 x RID G 
10° kg/m:s. 5 7 0704 
. 10 1.04053 
Analysis 20 1.03567 
(a) The Reynolds number based on cylinder diameter is the same as 50 1.021 55 
that of Problem 15-26, namely, 100 1 00781 
3 200 0.998819 
1.225 kg/m’ )(2.0 m/s) (0.10 
pe = LUD _ (1.225 kg/m’ )(2.0 m/s)(0.10m) ot 500 0.992311 


u 1.7894x 10> kg/m-s 


Experimental data indicate that the drag coefficient for this body is Cp 0.90 at Reynolds numbers greater than 10* (see 
Chap. 11). 


(b) The CFD code is run for eight values of R, all else being equal. Cp is 
tabulated as a function of R/D in Table 1, and plotted in Fig. 2. As the 
extent of the computational domain grows in size, the drag coefficient 
decreases steadily, but is trying to level off by R/D ~ 500. Thus, a 
computational domain extent of R/D ~ 500 or more is needed to achieve 
independence of Cp. We report a final value of Cp = 0.99. Unfortunately, 
the program does not allow for R/D values greater than 500. 


(c) There are several possible reasons for the discrepancy between the 
calculated value of Cp and the experimentally obtained value of Cp 
(about 0.90). First of all, the actual flow is most likely unsteady, with 
vortices being shed into the wake, whereas we are simulating a steady 
flow. In addition, the unsteady shedding of vortices renders the flow no 
longer axisymmetric about the x axis, whereas we are forcing our flow to 0 100 200 300 400 500 
be axisymmetric. Furthermore, the grid resolution may not be adequate to RID 

achieve grid independence. Finally (and most importantly), we are using FIGURE 1 

a turbulence model to simulate this flow field. The CFD solution we 
obtain is only as good as the degree to which the turbulence model 
correctly models the physics of the turbulence. As discussed in the text, 
no turbulence model is universally valid for all types of turbulent flows. 
Discrepancies between experiment and CFD will always exist regardless 
of how fine the grid or how large the extent of the computational domain. 





Drag coefficient plotted as a function of the 
normalized extent of the computational 
domain for turbulent flow over a rectangular 
block. 


(d) Streamlines near the body are plotted for R/D = 5 and 500 in Fig. 2. There is surprisingly little observable difference 
between these two extreme cases. Compared to the 2-D case, it appears that the axisymmetric case requires a greater 
computational domain extent. This is surprising, because in an axisymmetric flow field, the fluid can flow around the 
body in all directions, not just over the top and bottom as in 2-D flow. As fluid moves away from the body, the radius also 
increases there, and more mass can flow through that radial location compared to the 2-D case. In other words an 
axisymmetric flow is less “confined” or “constrained” than a corresponding two-dimensional flow. Thus, we might have 
expected the opposite behavior. 

We compare our predicted drag coefficient (0.99) with that of experiment (0.90). The discrepancy is only about 
10% — much better agreement than the two-dimensional case. The reasons for this improvement is not clear. Axisymmetric 
flows tend to be less unsteady, and the vortices they shed are generally less coherent and weaker. This may contribute to 
some of the improvement. It may be merely fortuitous that the turbulence model yields better results for the axisymmetric 
case as compared to the 2-D case. 
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FIGURE 2 

Streamlines for steady, 
incompressible, axisymmetric, 
turbulent flow over a rectangular 


block at R/D = (a) 5, (b) 500. Only = 
one slice of the flow is shown. i, Block 


Discussion Newer versions of FlowLab may give slightly different results. The far field boundaries must be quite far 
away to achieve results that are independent of the extent of the boundary. 
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15-33 
Solution We are to generate CFD solutions for several grid resolutions to test for grid independence for flow through 
a diffuser. Specifically, we are to compare streamlines and pressure difference at each level of grid resolution. 


Assumptions 1 The flow is incompressible. 2 The flow is axisymmetric about the x axis. 3 The flow is turbulent, but 
steady in the mean. 


Properties The fluid is air with p= 1.225 kg/m’ and z= 1.7894 x 10° kg/m:s. 


Analysis 
(a) Streamlines are plotted for six grid resolution cases in Fig. 1. 


(a) Aee (b) 


FIGURE 1 

Streamlines for steady, 
incompressible, axisymmetric, 
turbulent flow through a 





diffuser at various levels of grid E ee 
resolution; the number of cells -e 

is (a) 880, (b) 3520, (c) 4950, (e) — (f) 

() 8800, © 13750,1 O m 

19800. ———e 


At the very coarse grid resolution, the streamlines are not well defined 
(Fig. 1a), and the calculation is not reliable. As grid resolution improves, 
details of the flow separation region become more refined — the boundary 
layer is unable to remain attached in such a strong adverse pressure 
gradient. From these plots, it appears that grid independence has been 
achieved by about the fourth case (Fig. 1d), beyond which there is no 
noticeable change in the shape of the streamlines. We note that simulation 
of flow separation and separation bubbles is often a very difficult task for 
a CFD program. In this particular problem we must use an extremely fine 
grid in order to resolve the details of the flow separation. 


(b) AP is tabulated as a function of cell 





count in the table for the case with 0 = cellcount AP (Pa) 
20°. As grid resolution improves, AP 880 -34.5622 
increases, and becomes independent of 3520 -32.7267 10° 10° 10° 10° 


grid resolution by the fourth or fifth 4950 -32.4183 Number of cells 
mesh. This is also seen in Fig. 2 where FIGURE 2 
AP is plotted as a function of cell count. 8800 -32.2021 Pressure difference as a function of the 
13750 -32.1162 number of cells in the computational 
19800 -32.1099 domain. Turbulent flow through an 
axisymmetric diffuser. 


Discussion The unphysical-looking streamlines at the very coarse grid resolution (Fig. la) are due to interpolation 
errors when the CFD code calculates contours of constant stream function. Notice that even though there is gross flow 
separation in this diffuser, there is still a pressure recovery through the diffuser (Pin is less than Pou). A better design (with 
even higher pressure recovery) would use a smaller diffuser angle so as to avoid flow separation along the diffuser wall. 
The outlet of the computational domain is reasonably far downstream (several pipe diameters) to avoid reverse flow at the 
outlet. 
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Solution We are to compare the pressure drop and the pressure distribution at the outlet of a diffuser in a round pipe 
with two different outlet conditions: pressure outlet and outflow. 


Assumptions 1 The flow is incompressible. 2 The flow is axisymmetric about the x axis. 3 The flow is turbulent, but 
steady in the mean. 


Properties The fluid is air with p = 1.225 kg/m’ and sz= 1.7894 x 10° kg/m-s. 


Analysis For the present case (outflow boundary condition), the pressure difference is AP = Pin — Pour = —32.1096 Pa, 
which agrees to four digits of precision with the result of the previous problem at the same grid resolution, for which AP = 
Pin — Pou = —32.1090 Pa. Thus we conclude that the outlet boundary condition has negligible effect on this flow field. 

For the case with the pressure outlet boundary condition, the static pressure at the outlet of the computational 
domain is forced to be constant (zero gage pressure in the calculations of the previous problem). In the present case 
however, the outflow boundary condition does not fix static pressure — rather, it forces flow variables to level off as they 
approach the outlet boundary. We find that P varies by less than 0. percent across the boundary. Thus, even though P is not 
forced to be constant along the outflow boundary, it turns out to be nearly constant anyway. 


Discussion Newer versions of FlowLab may give slightly different results. With a velocity inlet and an outflow outlet, 
we do not fix the value of pressure at either boundary. Instead, the CFD code assigns P = 0 gage pressure at some 
(arbitrary) location in the flow field (the default location is the origin). Even though the inlet and outlet pressures differ 
significantly between the two cases, AP is identical to within four significant digits of precision. These results verify the 
statement we made in Chap. 9: For incompressible flow, it is not pressure itself which is important to the flow field, but 
rather pressure differences. We conclude that the differences between pressure outlet and outflow are small, provided that 
the outlet boundary is far enough away from the region of interest in the flow field. 
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15-35 
Solution We are to generate CFD solutions for flow through a diffuser at various values of diffuser half-angle 6. 
Specifically, we are to compare streamlines and pressure difference for each case, and we are to determine the maximum 
value of @ that achieves the stated design objectives. 


Assumptions 1 The flow is incompressible. 2 The flow is axisymmetric about the x axis. 3 The flow is turbulent, but 
steady in the mean. 


Properties The fluid is air with p= 1.225 kg/m? and z= 1.7894 x 10° kg/m-s. 


Analysis 
(a) Streamlines are plotted in Fig. | for all twelve cases. 


ol a 
I 
(a) 0=5° A (b) 0=7.5° ~ 
— = 
aaas > 
(c) 8=10° x (d) O= 12.5° x% 
p =x 
(e) 0=15° x (f) = 17.5° x 
FIGURE 1 
Streamlines for steady, = = 
incompressible, axisymmetric, A L 95° = 
turbulent flow through a diffuser Ke) .@— 20 e- 25 
at various values of diffuser half- a i 
angle: 0 = (a) 5°, (b) 7.5°, (c) 10°, ; 
(d) 12.5°, (e) 15°, Œ 17.5°, (g) (i) 0=30° x (j) 0= 45° x 
20°, (h) 25°, (i) 30°, G) 45°, (k) SS 
60°, and (1) 90°. (The latter case mat = 
is a sudden expansion.) _——————————— 
(k) 0= 60° A (1) d= 90° A 


At 0 = 5° and 7.5°, the flow does not separate along the diffuser wall 
(Figs. la and 1b), although separation appears imminent near the -10.0 
downstream corner of the diffuser for the latter case. To avoid flow 
separation, Barb should recommend a diffuser half-angle of 7.5° or 


less. As Gincreases, the boundary layer is unable to remain attached in the -20.0 
adverse pressure gradient, and the flow separates. A very small separation AP 
bubble is apparent at 9 = 10° (Fig. 1c). As @ continues to increase, the (Pa) 
separation bubble grows in size, and the separation point moves upstream, -30.0 


closer and closer to the upstream corner of the diffuser (compare Figs. 1d 
through 1g). By 0= 25° (Fig. 1h), the flow separates very close to the start 
of the diffuser. From this point on, the diffuser angle is so sharp that the -40.0 
flow separates right at the upstream corner of the diffuser. The streamline 
patterns reveal that the separation bubble continues to grow in size as 0 





increases (Figs. li through 1j). Beyond 6 = 45° however, the streamline -50.0 

pattern changes very little in the separation bubble (compare Figs. 1k and 0 50 100 

11). 0 (degrees) 
FIGURE 2 


Pressure difference from inlet to outlet as a 
function of diffuser half-angle 0. 
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(b) AP is tabulated as a function of diffuser half-angle in the table (four extra cases 
are solved for improved clarity). As @ increases, Pi, increases, reflecting the effect of 





the larger separation bubble. Physically, we achieve less and less pressure recovery as 8 791 AP 
the separation bubble grows. We see that AP flattens out at high values of 0, a: ee 
: ra Oates Bsns 7.5 -47.7787 
becoming nearly independent of @beyond 6 60°. This is also seen in Fig. 2 where 
i . i ; oe 10 -44.9927 
Pin is plotted as a function of diffuser half-angle. There is a sharp rise in AP beyond 125 42 4013 
30°. The reason for this is not certain, but is probably related to the fact that when ĝis i —— 
o : 15 -39.6981 
greater than about 30°, the flow separates right at the upstream corner. The pressure 475376431 
rise is greater than 40 Pa for all angles below 15°. Thus, to ensure a pressure recovery - —— 
of at least 40 pascals, Barb should recommend a diffuser half-angle of 12.5° or 20 -36.0981 
less. 25 -32.7173 
——— 30 -29.9919 
Discussion The results here are for an older version of FlowLab, and the results at — 32.5 -23.2118 
20° are therefore not exactly the same as those of the previous problem. Newer 35 -21.6434 
versions of FlowLab would give slightly different results, and the agreement would 37.5 -21.0490 
be exact. The outlet of the computational domain is reasonably far downstream 45 -19.6571 
(several pipe diameters) to avoid reverse flow at the outlet. Notice that even for the 60 -18.7252 
case of a sudden expansion (@ = 90°) there is still a pressure recovery through the 75 -18.1364 
diffuser (Pj, is less than Poy). 90 -18.3018 
15-36 
Solution We are to perform a grid independence test on the 90° diffuser (sudden expansion) case of the previous 


problem by refining the grid resolution. 


Assumptions 1 The flow is incompressible. 2 The flow is axisymmetric about the x axis. 3 The flow is turbulent, but 
steady in the mean. 


Properties The fluid is air with p = 


-18.0 
1.225 kg/m? and z= 1.7894 x 10° kg/m:s. 


cell count AP (Pa) 





Analysis We tun several levels of grid 996 -19.3374 -18.5 
refinement, tabulate the results, and plot the 2700 -18.5233 AP 
results. We have achieved grid 4500 -18.4956 (Pa) 
independence to the third significant digit of 8100 -18.4171 ‘ 19.0 
precision by the fourth refinement level, g i ' 
namely, 8100 cells. The final value of AP is 13500 -18.3977 

reported to three significant digits as -18.4 17855 -18.3984 -19.5 
Pa. 
Discussion Newer versions of FlowLab may give slightly different -20.0 


results. We could try refining the grid even further, but the increase in 
precision would not be worth the effort. In a flow field such as this, the 
separation point is fixed at the sharp corner; the CFD code does not have 
problems identifying the separation point. Notice that even for the case of 
a sudden expansion (@= 90°) there is still a pressure recovery through the diffuser (Pin is less than Pou). 


100 1000 10000 100000 
Cell count 
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Solution We are to generate CFD solutions for several downstream 
tube extension lengths to see the impact of the downstream boundary. We 
are also to discuss the variation of Pj, with Lextena- 


Assumptions 1 The flow is steady and incompressible. 2 The flow is 
axisymmetric about the x axis. 3 The flow is laminar. 

Properties The fluid is water with p = 998.2 kg/m’ and yz = 0.001003 
kg/m-s. 


Analysis 

(a) Only the first case at Lexteng/D2 = 0.25 has reverse flow at the pressure 
outlet. By Lextend/D2 = 0.50 the reverse flow problems are gone. The 
streamlines reveal that the flow separates at the comer, forming a 
recirculating eddy. The eddy reattaches at approximately x/D, = 0.50. 
Streamlines are shown for the first three cases in Fig. 1. The overall 
streamline shapes appear to be unaffected by the downstream extent of 
the computational domain. 


(b) Pin, P}, and AP = P;, — P, are tabulated as functions of Lexteng/D2. AP is 
independent of Lextena (to three significant digits of precision) by Lextend/D2 
= 0.5. 
































Lextena/D2 Pin (Pa, gage) P, (Pa, gage) AP (Pa) 
0.25 664.924 212.156 452.767 

0.5 622.068 171.15 450.918 

0.75 597.788 146.831 450.957 

1 590.532 139.464 451.068 

1.25 590.036 138.86 451.176 

1.5 592.523 141.24 451.283 

2 601.075 149.576 451.498 

2.5 609.822 158.733 451.089 

3 620.434 169.248 451.186 








(c) Inlet gage pressure Pin is plotted as a function of Lextena/ D2 in Fig. 2. 
The inlet pressure drops as Lextena/ D2 increases from 0.25 to 1.25, but then 
starts to slowly rise as Lextena/ D2 continues to increase. We explain this 
trend with help from the streamlines of Fig. 1. First of all, the data for 
Lextena/ D2 = 0.25 are not reliable, since there is reverse flow at the 
pressure outlet. Thus, we begin our discussion at Lextena/ D2 = 0.50. The 
separation bubble (recirculating eddy) at the inlet to the smaller diameter 
tube forces the flow to converge and accelerate through an effective area 
that is smaller than the cross-sectional area of the small tube (a vena 
contracta). This high speed flow leads to a low pressure region near the 
separation bubble. Downstream of the separation bubble, the pressure 
tries to increase slightly (the downstream portion of the eddy behaves 
like a diffuser, recovering some of the pressure loss). However, since the 
outlet pressure is fixed at zero gage pressure, the inlet pressure must 
decrease to compensate. This explains why Pin decreases when Lextena/ D2 
increases from 0.50 to 1.25. By Lexteng/D2 = 1.25, the outlet of the 
computational domain is beyond the region of pressure recovery due to 
the eddy, and the flow begins its slow development towards fully 
developed laminar pipe flow. Beyond x/D2 ~ 1.25 the pressure decreases 
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(a) 









Reverse flow 








x 
X (b) 
N Separation 

N bubble (eddy) 
NYY \\ 
So No reverse 
~ flow 











FIGURE 1 
Streamlines: Lextena/ D2 = (a) 0.25, (b) 0.50, 
and (c) 0.75. 
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FIGURE 2 

Inlet gage pressure as a function of 
normalized downstream extent of the 
computational domain. 
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axially along the tube because of friction along the pipe wall. But since the exit pressure is atmospheric, the inlet pressure 
must rise accordingly. In other words, the pressure at the inlet must rise to overcome the increasing pressure drop through 
the tube. We expect this trend to continue, eventually becoming linear. 

Based on all our results taken collectively, we recommend that Shane use a value of Lyxtena/D2 of 2.0 or more to 
ensure proper simulation of this flow. If computer speed or memory is a problem, he can get away with a minimum of 
Lextena/ D2 = 0.75 to avoid reverse flow problems at the outlet. 


Discussion For other geometries, fluids, or speeds, the separation bubble may extend farther than in this example. Thus 
is wise to extend the computational domain reasonably far downstream (several tube diameters). 
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Solution We are to simulate flow through a sudden contraction in a tube, es no downstream tube extension. We 
are to calculate the error in pressure drop and discuss. aon SC 


Assumptions 1 The flow is steady and incompressible. 2 The flow is 
axisymmetric about the x axis. 3 The flow is laminar. 


Properties The fluid is water with p = 998.2 kg/m* and u = 
0.001003 kg/m-s. 


Analysis There is no reverse flow in the CFD simulation. The 
streamlines (shown in the figure) reveal that since there is no 
downstream extension, there is obviously no way to have a separation 
bubble. With the outlet pressure set to a constant value, the streamlines 
adjust themselves such that the fluid flows through the outlet without 
reverse flow. Although this may appear to be a good CFD solution, it 
turns out to be erroneous because the actual pressure across the interface of a sudden contraction is not constant. We obtain 
a net pressure difference of AP = Pi, — Poy, = 519.6 Pa. Compared to the best values from the previous problem (AP = 451 
Pa), the percentage error is about 15%. 








Discussion Newer versions of FlowLab may give slightly different results. The error in AP caused by neglecting the 
downstream extension is significant. This reinforces our discussion in the text about extending outlets. 
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Solution We are to simulate flow through a sudden contraction in a tube, using three different values of outlet 
pressure at the pressure outlet boundary. We are to compare the pressure drop and discuss. 


Assumptions 1 The flow is steady and incompressible. 2 The flow is axisymmetric. 3 The flow is laminar. 
Properties The fluid is water with p = 998.2 kg/m’ and y= 0.001003 kg/m-s. 


Analysis Results for the three cases are summarized in the table for the case in which Lextenq/D2 = 2.0. We see that the inlet 
pressure and the pressure at x = O rise or fall in symphony with Pow, such that the net pressure difference is the same (to 
more than four significant digits) in all 

















cases. The results verify a statement we Pout (Pa, gage) Pin (Pa, gage) _—P (Pa, gage) AP (Pa) 
made in Chap. 9: For incompressible flow, -50,000 -49,398.9 -49,850.4 451.500 
it is not pressure itself which is important to 0 601.075 149.576 451.498 
the flow field, but rather pressure 50,000 50,601.1 50, 149.6 451.496 
differences. ee 





Discussion The slight differences (in the fifth digit) in AP are due to numerical inaccuracies in the CFD code (the 
residuals never go to exactly zero). Note that we are subtracting two large numbers, which inevitably leads to precision 
errors. If we had run the simulation with double precision arithmetic and adjusted some of the numerical parameters, we 
could have obtained even better agreement. 
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Solution We are to generate CFD solutions for several downstream tube extension lengths to see the impact of the 
downstream boundary. 


WW 
Assumptions 1 The flow is incompressible. 2 The flow is axisymmetric 
about the x axis. 3 The flow is turbulent, but steady in the mean. a 


Properties The fluid is water with p = 998.2 kg/m? and u = 0.001003 
kg/m-s. 


Analysis (a) Four Reynolds numbers are calculated. Note that since eS 
the diameter decreases by a factor of 4 through the contraction, the z = 


SSS EEE 
average velocity in the smaller downstream tube increases by a factor of SSS 
S| 




















4° = 16 compared to that in the larger upstream tube. For the laminar case A eS 
of Problem 15-37, er 
Upstream tube: FIGURE 1 
Streamlines for steady, incompressible, 
pv D, (998.2 kg/m’ )(0.05 m/s) (0.008 m) (1) axisymmetric, turbulent flow through a 
Re, = a = _0,.001003kg/m-s = 398.1 sudden contraction at Lextend/D2 = 0.75. 
998.2 kg/m’ )(0.8 m/s)(0.002 m 
Downstream tube: Re, = Mis G a a =1592 (2) 


uo 0.001003 kg/m: s 


Since both of these values are smaller than 2300, the laminar flow assumption for Problem 15-37 is reasonable. For the 
turbulent pipe flow of the present problem, 
pV.D, (998.2 kg/m* )(1.0 m/s) (0.8 m) 


= 796,200 (3) 
u 0.001003 kg/m -s 





Upstream pipe: Re, = 





998.2 kg/m* )(16.0 m/s)(0.2 
Downstream pipe: Re, = PVD, _ ( gm )( s)( m) 


= 3,185,000 (4) 
° u 0.001003 kg/m- s 


These Reynolds numbers are clearly high enough that the flow is indeed turbulent. 


(b) Our CFD solutions reveal reversed flow for the smallest two cases, i.e. for Lextenqg/D2 = 0.25 and 0.5. For higher values of 
Lextena’ D2 there is no reverse flow. Comparing to the results of Problem 15-37, apparently the separation bubble for 
turbulent flow is somewhat longer (proportionally) than that for laminar flow. This is verified by comparing the streamlines 
of Fig. 1 to those of Fig. lc of Problem 15-37. 


(c) Pressures Pin, P1, and AP = P;, — P; are 
tabulated as functions of Lextend/D2 in the table. 





Lextena/ D2 Pin (kPa, gage) Pı (kPa, gage) AP (kPa) 


























Note that we use units of kPa instead of Pa here 0.25 309.31 122.121 187.189 
; 52 da 0.5 276.188 90.3473 185.841 
for convenience. AP is independent of Lextena (tO 
three significant digits of precision) by Lexteng/ D2 = 0.75 251.176 65.3649 185.811 
0.5. 1 237.423 51.5843 185.839 
1.25 228.954 43.0877 185.866 
Discussion Newer versions of FlowLab may 1.5 223.423 37.4649 185.958 
give slightly different results. The lack of scatter 2 216.361 30.2144 186.147 





in the turbulent data for AP beyond Lextend/D2 = 

0.5 is a rather pleasant surprise; we might have expected more scatter than the laminar flow solution of Problem 15-37, 
since we have two additional nonlinear transport equations to solve, with their associated interactions that complicate the 
solution. 
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Solution We are to compare the pressure drop through a sudden contraction in a round pipe with two different outlet 
conditions: pressure outlet and outflow. 


Assumptions 1 The flow is incompressible. 2 The flow is axisymmetric about the x axis. 3 The flow is turbulent, but 
steady in the mean. 


Properties The fluid is water with p = 998.2 kg/m’ and y= 0.001003 kg/m:s. 


Analysis For the previous case (pressure outlet boundary condition), the average pressure at the inlet is P;, = 251.18 
kPa, the average pressure at x = 0 is P; = 65.36 kPa, and the pressure difference is AP = P;, — P; = 185.82 kPa. For the 
present case (outflow boundary condition), the average pressure at the inlet is P;, = 127.94 kPa, the average pressure at x = 
0 is P; = —57.87 kPa, and the pressure difference is AP = Pin — P1 = 185.81 kPa. While the actual values of pressure differ 
throughout the contraction, the pressure difference agrees to nearly five digits of precision for the two cases. Thus we 
conclude that the outlet boundary condition has very little effect on this flow field. 

For the case with the pressure outlet boundary condition, the static pressure at the outlet of the computational 
domain is forced to be constant (zero gage pressure in the calculations of the previous problem). In the present case 
however, the outflow boundary condition does not fix static pressure — rather, it forces flow variables to level off as they 
approach the outlet boundary. 


Discussion Newer versions of FlowLab may give slightly different results. With a velocity inlet and an outflow outlet, 
we do not fix the value of pressure at either boundary. Instead, the CFD code assigns P = 0 gage pressure at some 
(arbitrary) location in the flow field (the default location is the origin). Even though the inlet and outlet pressures differ 
significantly between the two cases, AP is identical to almost five significant digits of precision. This result again verifies 
the statement we made in Chap. 9: For incompressible flow, it is not pressure itself which is important to the flow field, but 
rather pressure differences. 
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Solution We are to generate CFD solutions for several downstream duct extension lengths to see the impact of the 
downstream boundary. 





Separation 


Assumptions 1 The flow is incompressible. 2 The flow is two- bubble 


dimensional and symmetric about the x axis. 3 The flow is turbulent, but 
steady in the mean. 


Reverse 
flow 


Properties The fluid is water with p = 998.2 kg/m’ and w= 0.001003 
kg/m-s. 


Analysis (a) Our CFD solutions reveal reversed flow for the SSS 
ee 


smallest three cases, ie. for Lextena/D2 = 0.25, 0.5, and 0.75. For higher 

values of Lextend/D2, there is no reverse flow. Comparing to the results of 

Problem 15-40, the separation bubble for 2-D flow is somewhat longer FIGURE 1 

than that for axisymmetric flow. This is verified by comparing the Streamlines for steady, incompressible, two- 

streamlines of Fig. 1 to those of Fig. 1 of Problem 15-40. dimensional, turbulent flow through a 
sudden contraction at Lextend/D2 = 0.75. 






































(b) Pressures Pin, P1, and AP = Pin — P; are tabulated as functions of 
Lextena/ D2 in Table 1. AP is independent of Lextena (to three significant digits of precision) by Lextena/ D2 = 0.5. 


TABLE 1 


Inlet pressure, average pressure at x = 0, and 





Lextena/D2 Pin (kPa, gage) Pı (kPa, gage) AP (kPa) 





























pressure difference as functions of 0.25 18.203 7.3241 10.8789 
downstream extent of the computational 0.5 17.3614 6.65408 10.7073 
domain. Data tabulated from CFD runs for 0.75 15.3649 4.67913 10.6858 
steady, incompressible, two-dimensional, 1 13.7764 3.09228 10.6841 
turbulent flow through a sudden contraction 1.25 12.9757 2.29043 10.6853 
in a duct. 1.5 12.5034 1.81676 10.6867 
2 11.9787 1.29006 10.6887 
3 11.5309 0.845519 10.6853 
4 11.3452 0.660043 10.6852 








Discussion Newer versions of FlowLab may give slightly different results. Comparing AP between this problem (2-D) 
and Problem 15-40 (axisymmetric), we see that AP for the axisymmetric case is more than 17 times greater than AP for the 
2-D case. This is because for the axisymmetric case, the area downstream of the sudden contraction is 16 times smaller than 
the upstream area, while for the 2-D case, the area changes by only a factor of 4. Nevertheless, the 2-D case generates a 
longer separation bubble. 





15-31 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. Limited distribution permitted only to teachers and 
educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 15 Computational Fluid Dynamics 


15-43 
Solution We are to generate CFD solutions for several grid resolutions to test for grid independence for flow through 
a jog ina channel. Specifically, we are to compare streamlines and pressure difference at each level of grid resolution. 


Assumptions 1 The flow is incompressible and two-dimensional. 2 The flow is turbulent, but steady in the mean. 
Properties The fluid is air with p = 1.225 kg/m? and sz= 1.7894 x 10° kg/m-s. 


Analysis 

(a) Streamlines are plotted for six grid resolution cases in Fig. 1. At the very coarse grid resolution, a small separation 
bubble appears at the lower left corner of the jog (Fig. la); flow separation is not obvious at the other corners, but it appears 
imminent at the most downstream corner. As grid resolution improves, the separation bubble on the lower left corner grows 
in size (compare Figs. la and 1b), and another separation bubble appears downstream of the jog. With continued 
improvement of the grid, both separation bubbles, especially the downstream one, continue to grow in size (Fig. 1c through 
1f). Meanwhile, the streamlines become more rounded near the upper right corner of the jog. By 13,600 cells (Fig. le), a 
small recirculating zone is seen in this corner. The streamline pattern settles down by about 13,600 cells. We note that 
simulation of flow separation, separation bubbles, and reattachment is often a very difficult task for a CFD program. In this 
particular problem we must use a fairly fine grid in order to resolve all the details of the flow separation. 














| 





























FIGURE 1 

Streamlines for steady, 
incompressible, two- 
dimensional, turbulent flow 
through a jog in a channel at 
various levels of grid resolution: === 


SSS 

































































cell count = (a) 900, (b) 2500, = \ 

(c) 5700, (d) 9100, (e) 13,600, (0,0) > 

and (f) 18,000. The origin (0,0) i 

is marked on each figure for NG [a 
reference. o Ù 






































(b) AP is tabulated as a function of cell 


count in the table. As grid resolution cell count AP (Pa) 28 
improves, AP increases, reflecting the effect 900 2.26846 
of the larger separation bubbles. Physically, 2500 2.63636 27 
we achieve less and less pressure recovery 5700 2.71292 
as the separation bubbles grow. We see that 9100 2.71739 Ap 26 


AP becomes independent of grid resolution 


to four significant digits by the fifth level of 13600 2.71835 (Pa) 2.5 





resolution, namely, at 13,600 cells. This is 15200 2.71828 
also seen in Fig. 2 where AP is plotted as a 18000 2.71856 2.4 
function of number of cells. 20352 2.71746 
24840 2.71544 2.3 
Discussion Newer versions of FlowLab 
may give slightly different results. The sharp corners in the streamlines of 2.2 
the very coarse grid resolution case (Fig. la) are due to interpolation errors 10° 10° 104 10° 


when the CFD code calculates contours of constant stream function. The 
outlet of the computational domain is reasonably far downstream (ten 


channel heights) to avoid reverse flow at the outlet. FIGURE 2 
Pressure difference vs. number of cells. 


Number of cells 
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Solution We are to generate CFD solutions for several grid resolutions to test for grid independence for flow through 
a jog ina channel. Specifically, we are to compare streamlines and pressure difference at each level of grid resolution. 


Assumptions 1 The flow is incompressible. 2 The flow is two-dimensional. 3 The flow is laminar and steady. 
Properties The fluid is water with p = 998.2 kg/m? and z= 0.001003 kg/m-s. 


Analysis 
(a) Streamlines are plotted for six grid resolution cases in Fig. 1. 
























FIGURE 1 

Streamlines for steady, 
incompressible, two- 
dimensional, laminar flow 
through a jog in a channel at 
various levels of grid resolution: 
cell count = (a) 272, (b) 576, (c) 
847, (d) 1700, (e) 3388, and (f) 
14,123. The origin (0,0) is 
marked on each figure for 
reference. The inlet velocity for 
these runs is 0.10 m/s. 


wa = 






































At the very coarse grid resolution (Fig. la), the streamlines are not very smooth, but reveal the overall flow pattern. 
Although there are no closed streamlines, it appears that flow separation is imminent at the lower left and upper right 
corners of the jog. The streamlines appear fairly similar to those of the turbulent flow of the previous problem. At the grid 
resolution of Fig. 1b, the flow clearly separates at the sharp corner at the origin. The flow also separates at the downstream 
inside corner of the jog. The streamlines are not well-enough resolved to show closed separation bubbles. As the grid is 
further refines, the separation bubbles grow in size (compare Figs. 1b through 1d). In addition, the streamlines are smoother 
and more rounded. With continued improvement of the grid, the streamlines become more rounded near the upper right 
corner of the jog. By Fig. le, a recirculating flow pattern is seen downstream of the jog. Based on streamline patterns, the 
grid is fully resolved at a cell count of about 10,000. However, the pressure drop seems to be creeping up a bit as grid 
resolution is refined even further; it is not clear why. 


(b) AP is tabulated as a function of grid resolution in Table 1. AP is also plotted as a function of number of cells in Fig. 2. 
As grid resolution improves, AP rises at first, reflecting the effect of the larger separation bubbles, but then decreases with 
further grid refinement, eventually leveling off after about 10,000 cells, implying grid independence by 10° cells. 
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Discussion Newer versions of 
FlowLab may give slightly 


TABLE 1 


Pressure difference from inlet to 


Chapter 15 Computational Fluid Dynamics 








different results. All cases : 38.0 
converge nicely — the flow at this outlet as a function of cell 
Reynolds number is steady and count, V=0.10 m/s. 
gee pi : -i hited o cell count AP (Pa) 37.5 
instability 1n the flow. Ihe outlet 
of the computational domain is ere SEONG A 
reasonably far downstream (ten 576 37.8096 37.0 
channel heights) to avoid reverse 847 37.5031 
flow at the outlet. 1700 36.9068 
3388 36.5925 36.5 
10625 36.4095 
14123 36.4187 36.0 
18645 36.435 10? 10° 10° 10° 
Bente. SORIG Number of cells 
FIGURE 2 
Pressure difference vs. number of cells, V = 
0.10 m/s. 
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Solution We are to generate CFD solutions for several grid 
resolutions to test for grid independence for flow through a jog in a 
channel. Specifically, we are to compare streamlines and pressure 
difference at each level of grid resolution. 


Chapter 15 Computational Fluid Dynamics 


TABLE 1 

Pressure difference from inlet to outlet as a 
function of cell count for laminar flow 
through a two-dimensional jog, V= 1.0 m/s. 


Assumptions 1 The flow is incompressible. 2 The flow is two- cellcount AP (Pa) 
dimensional. 3 The flow is laminar and steady. 979 202569 
Properties The fluid is water with p = 998.2 kg/m? and sz = 0.001003 976 2269.26 
kg/m-s. 847 2324.99 
1700 2482.44 
Analysis 3388 2582.17 
(a) Streamlines are plotted for six grid resolution cases in Fig. 1. 10625 2515.71 
14123 2484.86 
18645 2468.57 
23273 2511.98 

FIGURE 1 


Streamlines at various levels of 
grid resolution: cell count = (a) 
272, (b) 576, (c) 847, (d) 1700, 
(e) 3388, and (f) 14,123. The 
origin (0,0) is marked on each 
figure for reference. The inlet 


velocity for these runs is 1.0 m/s. 


For cases (e) and (f), the 
streamline patterns are at an 
arbitrary point in the solution. 
For these two cases, the CFD 
calculations do not converge, 
and eddies appear in the channel 
downstream of the jog. As the 
iterations continue, these eddies 
are swept downstream, but new 
ones appear, implying that the 
flow at this Reynolds number is 
not steady. The streamline 
patterns change as the CFD code 
iterates. 






























































































j Flow is not converging 
a! IAO 
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At the very coarse grid resolution, a small separation bubble appears at the lower left corner of the jog (Fig. la); flow 
separation is not obvious at the other corners, but it appears imminent at the most downstream corner. The streamlines 
appear quite similar to those of the turbulent flow of Problem 15-43. As grid resolution improves, the separation bubble on 
the lower left corner grows in size (compare Figs. la and 1b), the 
streamlines are smoother and more rounded, and another separation 
bubble appears downstream of the jog. With continued improvement of 
the grid, both separation bubbles continue to grow in size (Figs. 1c and 
1d). Meanwhile, the streamlines become more rounded near the upper 
right corner of the jog. By Fig. 1c, a small recirculating zone is seen in 
this corner. The streamline pattern continues to change somewhat as the 
grid is further refined. However, just as we appear to be approaching grid 
independence, the flow develops some instabilities and cannot converge 
to a steady-state solution. This is first seen in the lower right portion of 
Fig. 1d — the streamlines drift away from the lower wall. While the 
streamline pattern in the front portion of the jog do not change 
appreciably, eddies develop in the recovery zone beyond the jog and are 
swept downstream as the grid is further refined (Figs. le and If). At the 
two finest grid resolutions, the flow is attempting to become unsteady. 
But since we are iterating towards a steady solution, the development and 





motion of these eddies is not physical. The solution fluctuates and is Number of cells 
unable to converge. The bottom line is that we really should simulate this FIGURE 2 

flow with an unsteady CFD solver. Grid independence is not achieved Pressure difference as a function of the 
because the flow becomes unsteady and unstable when a very high number of cells in the computational 
resolution grid is used. domain; laminar flow through a jog ina 


channel. V = 1.0 m/s. 
(b) AP is tabulated as a function of grid resolution in Table 1. AP is also 


plotted as a function of number of cells in Fig. 2. As grid resolution improves, AP does not level off because the flow field 
is unstable — we should use an unsteady solver instead of a steady solver for this flow. 
The Reynolds number for the present problem is 


pvD (998.2 kg/m*)(1.0 m/s)(0.001 m) 
u 0.001003 kg/m -s 


Re at V= 1.0 m/s: Re 995 (1) 





and for the previous problem, it is 


998.2 kg/m* }(0.10 m/s)(0.001 
pvp _ (998.2 kg/m')(0.10 m/s)(0.001m) _ 4 
u 0.001003 kg/m -s 


Re at V = 0.10 m/s: Re= (2) 





Since the Reynolds number of the present case is ten times larger than that of the previous case, and since it is almost 1000, 
it is not surprising that unsteadiness and instabilities in the flow start to develop at high grid resolutions. 


Discussion Newer versions of FlowLab may give slightly different results. The results here are similar to those of CFD 
simulations of flow around a circular cylinder. Namely, the flow is naturally unsteady, and leads to convergence difficulties 
at high grid resolution when the simulation is forced to be steady. 
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Solution We are to generate CFD solutions for compressible flow of air through a converging-diverging nozzle, and 
compare mass flow rate at various values of back pressure. 


Assumptions 1 The flow is steady and compressible. 2 The flow is axisymmetric. 3 The flow is approximated as inviscid. 
Properties The fluid is air with k = 1.4. 


Analysis We tabulate and plot m as a function of P;/Po inet in Table 1 and Fig. | respectively. 


TABLE 1 

Pressure difference from inlet to outlet as a 
function of cell count for laminar flow 
through a two-dimensional jog, V = 1.0 m/s. 


P,JPo inlet m (kg/s) 
0.454545 9.08358 
0.545455 9.08356 
0.636364 9.08355 
0.727273 9.08357 
0.818182 9.08356 
0.909091 9.08354 
0.954545 9.03556 
0.977273 6.91699 
0.988636 4.97062 








FIGURE 1 
0.990909 4.45686 Mass flow rate as a function of back 
0.995455 3.16752 pressure ratio in a converging-diverging 
nozzle. 


We see that m is constant as long as the flow through the throat is sonic, because the flow is choked (P;/Po inte, < 0.95). 
For values of P,/Po,inie, around 0.95 or higher, however, the flow in the diverging section becomes subsonic (no shock 
waves, and not choked), and the mass flow rate decreases with increasing P,/Po inlet from there on, as expected, since the 
flow is subsonic. 


Discussion The small variations in m in Table 1 (in the sixth digit of precision) are due to the fact that the residuals in 
the CFD solution do not go to zero. A finer grid and longer run times would correct this. 
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Solution We are to generate CFD solutions for compressible flow of air through a converging-diverging nozzle, and 
plot pressure and Mach number contours at two values of back pressure. 


Assumptions 1 The flow is steady and compressible. 2 The flow is axisymmetric. 3 The flow is approximated as inviscid. 
Properties The fluid is air with k = 1.4. 


Analysis We plot contours of P and Ma in Fig. 1. For the case in which P,/Po inter = 0.455 (Fig. la), we observe a 
shock wave in the diverging portion of the nozzle. When P,/Po ine. = 0.977 (Fig. 1b), however, the flow in the entire nozzle 
is subsonic, and there are no shock waves. 


(a) 
FIGURE 1 
Contour plots of P and Ma for 
compressible flow of air 
through a converging-diverging 
nozzle: P»/Po inter = (a) 0.455, 
and (b) 0.977. A normal shock 
is seen for the first case, since 
the flow is choked, but no P 
shock is seen in the second 
case, since the flow is subsonic 
everywhere. The pressure scale (b) 
is 0 (blue) to 220 kPa (red) for 
both cases. The Mach number Ma 
scale is 0 (blue) to 2.5 (red) for 
both cases. 


Ma 





Plots of P and Ma versus x are shown in Fig. 2 for the two cases. Also shown are calculations from one-dimensional 
inviscid theory. The agreement is excellent. 


Discussion Newer versions of FlowLab may give slightly different results. The shock wave calculated by CFD is not 
straight, but curved, since the calculations are axisymmetric, and therefore show more detail than the simplified one- 
dimensional approximation. 





15-48 
Solution We are to repeat the previous problem, but for the axisymmetric case. 
Analysis The results are expected to be similar, except that for the 2-D case, the area change is much less significant. 


Therefore it the value of back pressure that causes the flow to choke will be different than the axisymmetric case. We 
should still be able to observe a normal shock in the flow at low-enough values of back pressure. 


Discussion Newer versions of FlowLab may give slightly different results. 
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Solution We are to study the effect of rear-end shape on automobile drag coefficient. 
Analysis The template provides five different geometries. Model | has a very blunt rear end, kind of like a station 


wagon. As the model number increases, the rear end 
gets more slanted and rounded. Table 1 shows the 
calculated drag coefficient for each model. 


TABLE 1 
Drag coefficient as a function of model number, where the 
rear end of the car is modified according to model number. 




















It turns out that Model number 4 has the lowest Model Description Cp 
drag coefficient, and Model number | has the number 

highest. We probably would have guessed the latter, 1 Blunt rear end, like a station wagon 0.320 
but not the former. Namely, the car with the most Back window with a short trunk 

blunt rear end (Model 1) has the highest drag as we J- sectioi 0.298 
might expect, but most people would predict that Similar to model 2, but with a longer 

Model 5, which is the most rounded, would have the 3 trunk 0.276 
lowest drag. Model 4 has a short notch for the trunk, More rounded backend viha shor 0.180 
and the aerodynamics turn out such that it has the A notch.for the trink 

lowest arae, 5 Fully rounded back end 0.212 





Streamline plots are shown in Fig. | for Models 1 

and 4, the highest and lowest drag cases, respectively. It is clear from these plots that the blunted rear body has a larger 
separation bubble in the wake (low pressure in the wake which leads to large drag). On the other hand, Model 4 has a much 
smaller wake and therefore much less drag. 


Model 


(a) 1 


(b) 4 


FIGURE 1 

Streamlines for two representative two- 
dimensional automobile shapes: (a) Model 1, 
and Model 4. 





Discussion Newer versions of FlowLab may give slightly different results. It is not always immediately obvious 
whether a shape will have more or less drag than another shape. These results are two-dimensional, whereas actual 
automobiles, of course, are three-dimensional [see Problem 15-52]. 
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15-50 
Solution We are to examine the effect of the location of the upstream boundary on automobile drag calculations. 
Analysis We run five cases, and show the results in Table 1. It turns out that by about 20 heights away, the upper 


boundary condition no longer impacts the solution significantly to within three significant digits. The final drag coefficient 
is reported as 0.180 to three significant digits. 


These data are also plotted in Fig. 1. We use a log scale on the horizontal axis since the range of H/h is fairly large. For 
three digits of precision, it is necessary that the top boundary be at least 20 car heights tall. If H/h is shorter than this, the 
upper boundary of the computational domain adversely influences the 
flow field. In the real-life flow, of course, the upper boundary is nearly 
infinite. 


TABLE 1 

Drag coefficient as a function of the 
normalized extent of the computational 
domain for turbulent flow over a cylindrical 





block. 
Hh Cp 
5 0.2101 
10 0.1847 
20 0.1798 
35 0.1796 i i 5 
50 0.1797 a E 1o 
100 0.1798 WH 
FIGURE 1 


Drag coefficient plotted as a function of the 
normalized extent of the computational 
domain for turbulent flow over a two- 
dimensional automobile. 


Discussion Newer versions of FlowLab may give slightly different 
results. The bottom wall of the computational domain is not moving in 
these calculations, so the flow near the ground is not modeled properly. 
Furthermore, the calculations are two-dimensional, while a real car is of 
course fully three-dimensional. 
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Solution We are to compare turbulence models for the calculation of automobile drag. 

Analysis The results from the CFD calculations are 

presented in Table 1. There is some variation in the calculated TABLE 1 

values of Cp depending on the turbulence model used; Cp Predicted drag coefficient on a two-dimensional 
ranges from 0.175 for the Spallart-Allmaras model to 0.223 automobile as a function of turbulence model. 





for the RSM model. The range of scatter is about 12%, which 





: f , Turbulence model Cp 

is actually not that large for comparison of four very different 
P a i š y Spallart-Allmaras (1 eq.) 0.175 

turbulence models. It is impossible to say which one, if any, is 
: eee: . k-e (2 eq.) 0.182 

correct, since all turbulence models are approximations, with 
calibrated constants. Furthermore, we have no experimental k-@ (2 eq.) 0.221 
Reynolds stress model (7 eq.) 0.223 


data with which to compare the CFD results. 





Discussion Newer versions of FlowLab may give slightly different results. It would be good if we had experimental 
data with which to compare. 
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15-52 
Solution We are to compare 2-D and 3-D drag predictions for flow over an automobile. 
Analysis The 3-D drag coefficient is 0.785, significantly higher than the 2-D case, which is around 0.2 for most of 


the cases. This is most likely due to the fact that flow separates off the sides of the car as well as off the top. Note too that 
the car model used in this analysis is more like a truncated 2-D model rather than a truly three-dimensional model. If all the 
sharp comers were rounded off, the drag coefficient would be much lower than that calculated here. 


Discussion Newer versions of FlowLab may give slightly different results. This is not a very good drag coefficient for a 
modern car, and there is much improvement possible by further streamlining. 
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Solution We are to examine entrance the length for laminar pipe flow. 
Analysis Table 1 shows the entrance length calculations, 
along with a comparison with theory. The results are very good, as TABLE 1 
is expected for laminar pipe flow. Note that the results are somewhat Entry length vs. Reynolds number for 
subjective since the end of the developing region is being judged developing laminar pipe flow. 

by eye”. Figure 1 shows the pressure along the axis as a function of Re LelD,CFD LelD, Theory 
downstream distance along the pipe axis for the case in which Re = 500 20 30 
500. It is clear that the pressure drop is more severe (higher slope) at 1000 50 60 
the beginning section of the pipe, but it is hard to tell at what axial 

i : 1500 86 90 

location the flow becomes fully developed from this type of a plot. 2000 1050 120 


Thus, the entrance length is more appropriately determined by 


studying the velocity profiles, as above. 


0.0007 

0.0006 

0.0005 

P (Pa) 0.0004 

0.0003 

0.0002 

FIGURE 1 0.0001 


Pressure as a function of axial distance 0 
down a long straight pipe at Re = 500. 0 50 100 150 200 





x (m) 


Discussion Newer versions of FlowLab may give slightly different results. Also, student answers may vary 
considerably because of the subjectivity of these results, as mentioned above. There are no shed vortices, unsteadiness, or 
non-symmetries in straight laminar pipe flow, so it is no surprise that the CFD calculations perform so well. 
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oT We are to study the entrance region in turbulent pipe TABLE 1 

SW Entry length vs. Reynolds number for 
Analysis Table 1 shows the entrance length calculations, along developing turbulent pipe flow. 
with a comparison with the empirical equation. The CFD results are Re Le/D, CFD Le/D, Exper. 
consistently low compared to the empirical results, although the 2000 10 15.6 
agreement improves as Reynolds number increases. Since the grid is 5000 11 18.2 
sufficiently resolved and y* values are appropriate, the discrepancies 10000 13 20. 4 
are due to deficiencies in the turbulence model. 20000 18 229 
Discussion Newer versions of FlowLab may give slightly WUN 2E 25.1 
different results. 
15-55 
Solution We are to study fully developed laminar pipe flow, and compare CFD calculations of Darcy friction factor 
with theory. 
Analysis Table 1 shows the CFD calculations of f, along with a comparison with theory. The CFD and theoretical 


results agree very well, since that the grid is well-enough resolved, and the flow is laminar. The values agree to within 
0.05%, which is as good as one can ever expect from a CFD analysis. 


TABLE 1 
Darcy friction factor vs. Reynolds number for fully developed laminar pipe flow — comparison between CFD calculations 
and theory (f= 64/Re). 














Re f, CFD | f, Theory | Error (%) 
500 0.127944 0.128 -0.04375 
750 | 0.0852963 | 0.085333 -0.0434 

1000 | 0.0639721 0.064 -0.04359 





1250 | 0.0511774 0.0512 -0.04414 
1500 | 0.0426476 | 0.042667 -0.04469 
2000 | 0.0319855 0.032 -0.04531 


























Discussion Newer versions of FlowLab may give slightly different results. There are no shed vortices, unsteadiness, or 
non-symmetries in straight laminar pipe flow, so it is no surprise that the CFD calculations perform so well. 
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Solution We are to study fully developed turbulent pipe flow, TABLE 1 

with smooth walls and compare CFD calculations of Darcy friction Darcy friction factor vs. Reynolds number 
factor with experimentally determined values. for fully developed turbulent pipe flow. 
Analysis Table 1 shows the CFD calculations of f,; along with a Re f, CFD f, Exper. 
comparison with the empirical formula (the Colebrook equation). The 5000 0.040007 0.0374 
CFD and theoretical results agree reasonably well (within less than 10000 0.03293 0.0309 
10% for all cases tested), and the agreement improves with increasing 50000 0.022029 0.0209 


Reynolds number. The k-¢ model performs better at the higher values 
of Reynolds number because the turbulence model is calibrated for high Re flows. 


Discussion Newer versions of FlowLab may give slightly different results. Ten percent agreement is excellent, 
considering that the Colebrook equation (or the Moody chart) is accurate to only about 15% to begin with. 
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Solution We are to study fully developed turbulent pipe flow 

with rough walls, and compare CFD calculations of Darcy friction TABLE 1 

factor with experimentally determined values. Darcy friction factor vs. dimensionless 

: ; . roughness height for fully developed 

Analysis Table 1 shows the CFD calculations of f, along with a turbulent pipe flow at Re = 1 x 10° 

comparison with the empirical formula (the Colebrook equation). The ` 

CFD and theoretical results agree reasonably well (within less than aD f, CED f, Exper. 

15% for all cases tested), and the agreement improves with increasing 0.00005 0.0113382 0.0126 

roughness. Since the agreement is within the known inaccuracy of the 0.00025 0.0134436 0.0152 

Colebrook equation (about 15%), these CFD results are considered 0.0005 0.016288 0.0172 

adequate. 0.001 0.0204516 0.0199 
0.0015 0.0231213 0.0220 

Discussion Newer versions of FlowLab may give slightly 0.002 0.0246173 0.0236 

different results. 
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Solution We are to model the laminar boundary layer on a flat plate using CFD, and compare to analytical results. 

Analysis For a Reynolds number of 1 x 10°, the CFD calculations give a nondimensional boundary layer thickness of 


ô /x = 0.0154 and a drag coefficient of Cp = 0.00435. The theoretical values are obtained from equations in Chaps. 10 and 
11, namely, 














ô 491 4.91 
~= = = 0.0155 1 
x Re, 1x10 a) 
and 
C=C, = la = Bae = 0.00421 (2) 


Re, 1x10" 


The agreement is excellent for both values, the discrepancy being less than 1% for d/x and about 3% for drag coefficient. 


Discussion Newer versions of FlowLab may give slightly different results. 
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Solution We are to compare CFD results to experimental results for the case of a flat plate turbulent boundary layer. 
Analysis For a Reynolds number of 1 x 10’, the CFD calculations give a nondimensional boundary layer thickness of 


olx = 0.0140 and a drag coefficient of Cp = 0.00292. The empirical values are obtained from equations in Chaps. 10 and 
11, namely, 


ð _ 0.38 __ 0.38 -0.015 sad Gene 0.074 _ 0.074 


x Re,” (1x10 r fo Re," (bao) = 0.0029 








The agreement is excellent for both values, the discrepancy being about 7% for d/x and negligible (within 2 significant 
digits) for drag coefficient. 


Discussion Newer versions of FlowLab may give slightly different results. We report our empirical values to only two 
significant digits in keeping with the level of precision and accuracy of turbulent flows. 
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Solution We are to compare turbulence models in CFD calculations of a flat plate turbulent boundary layer. 
Analysis The calculations for drag coefficient and boundary layer thickness are shown in Table 1 for four turbulence 
models: standard k-g, standard k-@, Spallart-Allmaras, and the 

Reynolds stress model (RSM). The first two are two-equation models, TABLE 1 

the third is a one-equation model, and the fourth is a full Reynolds Drag coefficient and boundary layer 

stress model (5 equations for the two-dimensional case). All thickness for a flat plate at Re = 1 x 10’ » as 
turbulence models are approximations, with calibrated constants. The predicted by CFD with various turbulence 
drag coefficients range from 0.0027 for the RSM model to 0.0029 for models. 

the k-e model. The empirical value is 0.0029. The dimensionless aD n SIL 
boundary layer thickness ranges from 0.012 for the k-@ model to ke 0.00291589 0.0140152 
0.014 for the k-€ model. The empirical value 1s 0.015. Thus, all the kü 0.00281271 0.0122085 
turbulence models do very well at predicting this flow, and the ke S-A 0.00276828 0.013329 
model performs the best, overall. The RSM model, in spite of its RSM 0.00274706 0.0131455 


increased complexity, does not do as well as some of the simpler 
models. Since all turbulence models are calibrated with the turbulent flat plate boundary layer, it is not surprising that all of 
them give reasonable results. 


Discussion Newer versions of FlowLab may give slightly different results. 
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Solution We are to compare the velocity and thermal boundary layer thicknesses on a heated flat plate, laminar flow. 
Analysis The results are shown in Table 1. We denote the thermal boundary layer thickness as 6; /L, and compare to 
the velocity boundary layer thickness, which we denote as 6, /L. The TABLE 1 

velocity (or momentum) boundary layer thicknesses are identical, as Nondimensional temperature and boundary 
expected, since the Reynolds number is the same for either fluid. layer thicknesses for a heated flat plate at 
However, since the Prandtl number (Pr = Wx) of water is close to Re=1x10° , as predicted by CFD (laminar 
1000, which is much greater than one, the velocity boundary layer flow). 

thickness is much greater than the thermal boundary layer thickness for : 

the water flow. In other words, momentum diffuses into the free- Fluid 6 IL ô IL 
stream flow much more rapidly than does temperature since the alr 0.017313 0.015412 
Prandtl number is large. The two thicknesses are nearly equal for the water 0.007664 0.015412 


air, although the thermal boundary layer thickness is somewhat higher 
than the momentum boundary layer thickness. This is to be expected since the Prandtl number in air is about 0.70, which 
means that temperature diffuses more rapidly than does momentum since Pr < 1. 


Discussion Newer versions of FlowLab may give slightly different results. Since the flow is laminar and the grid is 
well resolved with a large computational domain, these results are nearly “exact”. 
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15-62 
Solution We are to compare the velocity and thermal boundary layer thicknesses on a heated flat plate, turbulent 
flow. 

i . TABLE 1 
Analysis The results are shown in Table 1. We denote the Nondimensional temperature and boundary 
thermal boundary layer thickness as ôr /L, and compare to the velocity layer thicknesses for a heated flat plate at 
boundary layer thickness, which we denote as 6, /L. The velocity (or Re=1 x10’, as predicted by CFD 


momentum) boundary layer thicknesses are identical, as expected, 
since the Reynolds number is the same for either fluid. The velocity 
boundary layer thickness is slightly greater than the thermal boundary 


(turbulent flow, using the standard k-¢ 
turbulence model). 








layer thickness for the water flow, while the two thicknesses are nearly Fluid OIL 6, /L 
equal for the air, although the thermal boundary layer thickness is air 0.014527 0.014015 
slightly greater than the momentum boundary layer thickness. These water 0.013162 0.014014 


small differences are attributed to differences in the Prandtl number, as 

explained for the laminar case of the previous problem. However, turbulent diffusion dominates over laminar diffusion, and 
therefore the effect of Prandtl number is minimal. The thermal and momentum boundary layer thicknesses are nearly equal 
in both fluids since turbulent diffusion effects dominate laminar (molecular) diffusion effects, especially at high Re. 


Discussion Newer versions of FlowLab may give slightly different results. Mass (species), momentum (velocity), and 
energy (temperature) diffuse nearly equally in a turbulent flow since the large turbulent eddies cause rapid mixing through 
the boundary layer. Turbulence models do not actually calculate the details of the unsteady flow caused by these turbulent 
eddies; rather, they model the increased diffusion effects with approximations that enable the calculations to be performed 
in reasonable time on a computer. 
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Solution We are to calculate and plot pressure drop down a pipe with an elbow in turbulent flow. 
Analysis A plot of pressure as a function of axial distance along the upstream pipe, through the elbow, and through 


the downstream pipe is shown in Fig. 1. The pressure losses are nearly linear through the entrance region. In the elbow 
itself, and just downstream of it, the pressure drops rapidly. The rate of pressure drop in the pipe section downstream of the 
elbow is about the same as that upstream. Therefore, it appears that most of the pressure drop occurs near the region of the 
elbow. 


Upstream 
pipe section 


Downstream 
FIGURE 1 pipe section 
Pressure along the axis of a pipe 
with an elbow at Re = 2 x 10‘, as 
predicted by CFD (turbulent flow, 
using the standard k-¢ turbulence 
model). 





0 10 20 30 40 50 
Axial distance x along the pipe & elbow, m 


Discussion Newer versions of FlowLab may give slightly different results. 
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Solution We are to study the counter-rotating vortices in a turbulent pipe flow downstream of an elbow. 
Analysis Velocity vectors at several cross sections are plotted in Fig. 1. There are no counter-rotating eddies 


upstream of the elbow. However, they are formed as the fluid passes through the elbow, and are very strong just 
downstream of the elbow. These vortices decay in strength down the pipe after the elbow, but they persist for a very 
long time, and may influence the accuracy of flow meters downstream of an elbow. This is why many manufacturers of 
pipe flow meters recommend that their flow meter be installed at least 10 or 20 pipe diameters downstream of an elbow — to 
avoid influence of the counter-rotating eddies. 


Downstream Pa 
pipe section s 








Upstream 
FIGURE 1 pipe section 
Velocity vector plots at several cross 
sections of a pipe with an elbow at Re = 2 x 
10*, as predicted by CFD (turbulent flow, Tie 
using the standard k-¢ turbulence model). Flow direction 


Discussion The counter-rotating eddies lead to additional irreversible head loss as they dissipate. 
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Solution We are to calculate the minor loss coefficient through a pipe elbow in turbulent flow. 
Analysis The value of Kz, given in Chap. 8 is 0.30. For the pipe with the elbow, the pressure drop calculated by the 


CFD code is 0.284 kPa. For the straight pipe, the pressure drop is calculated to be 0.224 kPa. Subtracting these and 
converting to minor loss coefficient, the value of Kz predicted by our CFD calculation for the standard k-¢ turbulence model 
is 0.295 — a difference of less than two percent, and well within the accuracy of the Colebrook equation, which is about 
15%, and the accuracy of the tabulated minor loss coefficients, which is often much greater than 15%. This agreement is 
better than expected, considering that this is a very complex 3-D flow, and turbulence models may not necessarily apply for 
such problems. 


Discussion The agreement here is excellent - CFD does not always match so well with experiment, especially in 
turbulent flow when using turbulence models, since turbulence models are approximations that often lead to significant 
error. 
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Solution We are to compare various turbulence models — how well they predict the minor loss in a pipe elbow. 
Analysis The results for four turbulence models are listed in Table 1. The standard k-e turbulence model does the 


best job in predicting K,. The standard k-q@ turbulence model does the worst job. The Spallart-Allmaras turbulence 
model calculations are not the worst, even though 








this is the simplest of the models. One would hope TABLE 1 
that the more complicated model (Reynolds stress Minor loss coefficient as a function of turbulence model for flow 
model) would do a better job than the simpler through a 90° elbow in a pipe. The error is in comparison to the 
models, but this is not the case in the present experimental value of 0.30. 
problem (it does worse than the k-e model, but Torbulence modél K; Error (%) 
better than the other two. All turbulence models 

j eee Die : e Spallart-Allmaras (1 eq.) 0.204 -32% 
are approximations, with calibrated constants. kel 0.295 1.7% 
While one model may do a better job in a certain -E 2 eq.) i 3 4 a 
flow, it may not do such a good job in another k-o (2 eq.) 0.401 7 
flow. This is the unfortunate state of affairs Reynolds stress model (7 eq.) 0.338 13% 





concerning turbulence models. 


Discussion Newer versions of FlowLab may give slightly different results. Although the RSM model does not seem to 
be too impressive based on this comparison, keep in mind that this is a very simple flow field. There are flows (generally 
flows of very complex geometries and rotating flows) for which the RSM model does a much better job than any 1- or 2- 
equation turbulence model, and is worth the required increase in computer resources. 





15-67 
Solution We are to use CFD to calculate the lift and drag 
coefficients on an airfoil as a function of angle of attack. 








a (degrees) CL Cp 
Analysis The CFD analysis involves turbulent flow, using the 7 0.138008 0.0153666 
standard k-¢ turbulence model. The results are tabulated and plotted. 
The lift coefficient rises to 1.44 at æ = 14°, beyond which the lift 
coefficient drops off. So, the stall angle is about 14°. Meanwhile, 
the drag coefficient increases slowly up to the stall location, and then 
rises significantly after stall. 


2 

0 0.348498 0.0148594 
2 0.560806 0.0149519 
4 0.769169 0.0170382 
5 0.867956 0.0192945 
6 0.967494 0.0210042 
8 1.14544 0.0275433 





i 10 1.29188  0.0375832 

l 12 1.39539 0.0522318 

14 14 1.44135  0.0725146 

c, 1.2 16 1.41767 0.100056 

& 1 18 1.34726 0.140424 

Cp 0.8 20 1.29543 0.274792 
0.6 
0.4 
0.2 
0 

-5 0 5 10 15 20 


Angle of attack a, degrees 


Discussion We note that this airfoil is not symmetric, as can be verified by the fact that the lift coefficient is nonzero at 
zero angle of attack. The lift coefficient does not drop as dramatically as is observed empirically. Why? The flow becomes 
unsteady for angles of attack beyond the stall angle. However, we are performing steady calculations. For higher angles, the 
run does not even converge; the CFD calculation is stopped because it has exceeded the maximum number of allowable 
iterations, not because it has converged. Thus the main reason for not capturing the sudden drop in Cz after stall is because 
we are not accounting for the transient nature of the flow. The airfoil used in these calculations is called a ClarkY airfoil. 
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Solution We are to analyze the effect of Reynolds number on : 

lift and drag coefficient. Re =3 x 10 
Analysis The CFD analysis involves turbulent flow, using the a (degrees) C: Cp 
standard k-e turbulence model. For this airfoil, which is different 0 0.221797 = 0.0118975 
than the airfoil analyzed in the previous problem, and for the case in 4 0.65061 0.0166523 
which Re = 3 x 10°, the lift coefficient rises to about 1.77 at about 6 0.858744 0.0212052 
18°, beyond which the lift coefficient drops off (see the first table). 8 1.05953 0.0273125 
So, the stall angle is about 18°. Meanwhile, the drag coefficient 10 1.2501 0.0351061 
increases slowly up to the stall location, and then rises significantly 12 1.42542 0.0447038 
after stall. The data are also plotted below. 14 1.57862 0.0562746 
16 1.69816 0.0702321 
Re =3 x 10° 18 1.76686 0.087588 
20 1.75446 0.111326 
22 1.70497 0.178404 

Re = 6 x 10° 
a (degrees) C: Cp 
0 0.226013 0.0106894 
4 0.659469 0.015384 
6 0.870578 0.0198087 
8 1.07512 0.0256978 
10 1.27094 0.0331355 
12 1.4533 0.0422083 
srl atic do E  o.0sa011 
Re = 6 x 10° 18 1.83901 0.0812925 
20 1.85799 0.101563 
22 1.76048 0.138806 





0 5 10 15 20 25 


For the case in which Re = 6 x 10°, lift 
coefficient rises to about 1.86 at about 20°, 
beyond which the lift coefficient drops off (see 
the second table). So, the stall angle is about 
20°. Meanwhile, the drag coefficient increases 
slowly up to the stall location, and then rises 
significantly after stall. These data are also 
plotted. 


Angle of attack a, degrees 


The maximum lift coefficient and the stall angle have both increased somewhat 
compared to those at Re = 3 x 10° (half the Reynolds number). Apparently, the 
higher Reynolds number leads to a more vigorous turbulent boundary layer 
that is able to resist flow separation to a greater downstream distance than for 
the lower Reynolds number case. For all angles of attack, the drag coefficient 
is slightly smaller for the higher Reynolds number case, reflecting the fact that 
the skin friction coefficient decreases with increasing Re along a wall, all else 
being equal. [Airfoil drag (before stall) is due mostly to skin friction rather 
than pressure drag. ] 

Finally, we plot the lift coefficient as a function of angle of attack for 
the two Reynolds numbers. The airfoil clearly performs better at the higher 
Reynolds number. 


Discussion The behavior of the lift and drag coefficients beyond stall is not 
as dramatic as we might have expected. Why? The flow becomes unsteady for 
angles of attack beyond the stall angle. However, we are performing steady 


calculations. For higher angles, the run does not even converge; the CFD calculation is stopped because it has exceeded the 
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maximum number of allowable iterations, not because it has converged. Thus the main reason for not capturing the sudden 
drop in C; after stall is because we are not accounting for the transient nature of the flow. We note that the airfoil used in 
this problem (a NACA241/5 airfoil) is different than the one used in Problem 15-67 (a ClarkY airfoil). Comparing the two, 
the present one has better performance (higher maximum lift coefficient and higher stall angle, even though the Reynolds 
numbers here are lower than that of Problem 15-67. At higher Re, this airfoil may perform even better. 
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Solution We are to examine the effect of grid resolution on airfoil stall at a given angle of attack and Reynolds 

number. 

Analysis The CFD results are shown in Table 1 for the case in TABLE 1 

which the airfoil is at a 15° angle of attack at a Reynolds number of 1 Lift and drag coefficients as a function of 

x 107. The lift coefficient levels off to a value of 1.44 to three cell count (higher cell count means finer 

significant digits by a cell count of about 17,000. The drag coefficient grid resolution) for the case of flow over a 

levels off to a value of 0.849 to three significant digits by a cell count 2-D airfoil at an angle of attack of 15° and 

of about 22,000. Thus, we have shown how far the grid must be Re=1x 10". 

refined in order to achieve grid independence. Thus, we have 

achieved grid independence for a cell count greater than about Cells CL Cp 

20,000. 672 1.09916 0.242452 
As for the effect of grid resolution on stall angle, we see that 1344 1.00129 0.224211 

with poor grid resolution, flow separation is not predicted accurately. 2176 1.06013 0.196212 

Indeed, when the grid resolution is poor (under 10,000 cells in this 6264 1.02186 0.189023 

particular case), stall is not observed even though the angle of attack 12500 1.42487 0.0869799 

(15°) is above the stall angle (14°) for this airfoil at this Reynolds 16800 1.4356 0.0857791 

number (1 x 10’). When the cell count is about 15,000, however, stall 21700 1.43862 0.0848678 


24320 1.43719 0.0852304 


is observed. Thus, yes, grid resolution does affect calculation of the 
27200 1.43741 0.0854769 


stall angle — it is not predicted well unless the grid is sufficiently 
resolved. 


Discussion Newer versions of FlowLab may give slightly different results. 
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Solution We are to study the effect of computational domain extent on 

the calculation of drag in creeping flow. 350 

Analysis The drag coefficient is — MM O 340 

listed as a function of R/L in the table. The 3 334.067 

data are also plotted. From these data we 10 289.152 at 

see that for R/L greater than about 50, the 50 278.291 320 

drag coefficient has leveled off to a value 100 277.154 310 

of about 278 to three significant digits. 500 277.647 Cp 

This i i asine si 1000 277.776 309 
is is rather surprising since the 

Reynolds number is so small, and the 2000 278.226 290 

viscous effects are expected to influence 280 

the flow for tens of body lengths away from the body. 270 


Discussion When analyzing creeping flow using CFD, it is important to 260 
extend the computational domain very far from the object of interest, since 250 
viscous effects influence the flow very far from the object. This effect is not 

as great at high Reynolds numbers, where the inertial terms dominate the 

viscous terms. 
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Solution We are to study the TABLE 1 

effect of Reynolds number on flow Drag coefficient as a function 
over an ellipsoid. of Reynolds number for flow 
Analysis The velocity profile pire aah elliot. 

for creeping flow (Re < 1) shows a Re Cp 
very slowly varying velocity from 0.1 552.89 
zero at the wall to V eventually. At 0.5 114.634 
high Re, we expect a thin boundary 5 14.3342 
layer and flow that accelerates 20 4.89852 
around the body. However, in 50 2.61481 
creeping flow, there is negligible 100 1.691 


inertia, and the flow does not 

accelerate around the body. Instead, 

the body has significant impact on the flow to distances very far from the 
body. As Re increases, the drag coefficient drops sharply, as expected 
based on experimental data (see Chap. 11). At the higher values of Re 
(here, for Re = 50 and 100), inertial effects are becoming more 
significant than viscous effects, and the velocity flow disturbance caused 
by the body is confined more locally around the body compared to the 
lower Reynolds number cases. If Re were to be increased even more, 
very thin boundary layers would develop along the walls. The data are 
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1000 





FIGURE 1 

Drag coefficient plotted as a function of 
Reynolds number for creeping flow over a 
2x1 ellipsoid. 


also plotted in Fig. 1. The drop in drag coefficient with increasing Reynolds number is quite dramatic as Re ranges from 0.1 
to 100. (Cp decreases from more than 500 to nearly 1| in that range). Thus, we use a log-log scale in Fig. 1. 


Discussion Newer versions of FlowLab may give slightly different results. 
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General CFD Problems 


15-72 
Solution We are to generate three different coarse grids for the same 
geometry and node distribution, and then compare the cell count and grid 
quality. 


Analysis The three meshes are shown in Fig. 1. The node distributions 
along the edges of the computational domain are identical in all three cases, 
and no smoothing of the mesh is performed. The structured multi-block 
mesh is shown in Fig. la. We split the domain into four blocks for 
convenience, and to achieve cells with minimal skewing. There are 1060 
cells. The unstructured triangular mesh is shown in Fig. 1b. There is only 
one block, and it contains 1996 cells. The unstructured quad mesh is shown 
in Fig. Ic. It has 833 cells in its one block. Comparing the three meshes, the 
triangular unstructured mesh has too many cells. The unstructured quad 
mesh has the least number of cells, but the clustering of cells occurs in 
undesirable locations, such as at the outlets on the right. The structured quad 
mesh seems to be the best choice for this geometry — it has only about 27% 
more cells than the unstructured quad mesh, but we have much more control 
on the clustering of the cells. Skewness is not a problem with any of the 
meshes. 


FIGURE 1 

Comparison of three meshes: (a) structured 
multiblock, (b) unstructured triangular, and (c) 
unstructured quadrilateral. 





(a) 





(c) 








Discussion Depending on the grid generation software and the specified node distribution, students will get a variety of 


results. 
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Solution 
flow splits between the two branches. 


Analysis We choose the structured grid for our CFD calculations. 
The back pressure at both outlets is set to zero gage pressure, and the 
average pressure at the inlet is calculated to be -8.74 x 10° Pa. The 
pressure drop through the wye is thus only 8.74 x 10° Pa (a negligible 
pressure drop). The streamlines are shown in Fig. 1. For this case, 57.8% 
of the flow goes out the upper branch, and 42.2% goes out the lower 
branch. 


Discussion There appears to be some tendency for the flow to 
separate at the upper left corner of the branch, but there is no reverse flow 
at the outlet of either branch. This case is compared to a turbulent flow 
case in the following problem. 
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We are to run a laminar CFD calculation of flow through a wye, calculate the pressure drop and how the 
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FIGURE 1 


Streamlines for laminar flow through a wye. 
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Solution 
flow splits between the two branches. 


Analysis We choose the structured grid for our CFD calculations. 
The back pressure at both outlets is set to zero gage pressure, and the 
average pressure at the inlet is calculated to be -3.295 Pa. The pressure 
drop through the wye is thus 3.295 Pa (a significantly higher pressure 
drop than that of the laminar flow, although we note that the inlet 
velocity for the laminar flow case was 0.002 times that of the turbulent 
flow case). The streamlines are shown in Fig. 1. For this case, 54.4% of 
the flow goes out the upper branch, and 45.6% goes out the lower 
branch. Compared to the laminar case, a greater percentage of the flow 
goes out the lower branch for the turbulent case. The streamlines at first 
look similar, but a closer look reveals that the spacing between 
streamlines in the turbulent case is more uniform, indicating that the 
velocity distribution is also more uniform (more “full’”), as is expected 
for turbulent flow. 


Discussion 
is no reverse flow at the outlet of either branch. 


We are to run a turbulent CFD calculation of flow through a wye, calculate the pressure drop and how the 
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FIGURE 1 
Streamlines for turbulent flow through a 
wye. The k-¢ turbulence model is used. 


There appears to be some tendency for the flow to separate at the upper left corner of the branch, but there 
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Solution 


Analysis 
computational domain, etc. 


Discussion 
students’ results. 


We are to keep refining a grid until it becomes grid independent for the case of a laminar boundary layer. 


Students will have varied results, depending on the grid generation code, CFD code, and their choice of 


Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
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Solution 


Analysis 
their choice of computational domain, etc. 


Discussion 
students’ results. 


We are to keep refining a grid until it becomes grid independent for the case of a turbulent boundary layer. 


Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


Instructors can add more details to the problem statement, if desired, to ensure consistency among the 





15-52 
PROPRIETARY MATERIAL. © 2006 The McGraw-Hill Companies, Inc. 


Limited distribution permitted only to teachers and 


educators for course preparation. If you are a student using this Manual, you are using it without permission. 


Chapter 15 Computational Fluid Dynamics 


15-77 
Solution We are to study ventilation in a simple 2-D room using CFD, and using a structured rectangular grid. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, and their choice of 


computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 
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Solution We are to repeat the previous problem except use an unstructured grid, and we are to compare results. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 
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Solution We are to use CFD to analyze the effect of moving the supply and/or return vents in a room. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 
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Solution We are to use CFD to analyze a simple 2-D room with air conditioning and heat transfer. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 
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Solution We are to compare the CFD predictions for 2-D and 3-D ventilation. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 
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Solution We are to use CFD to study compressible flow through a converging nozzle with inviscid walls. 
Specifically, we are to vary the pressure until we have choked flow conditions. 


Analysis Students will have varied results, depending on the grid generation code, CFD code, and their choice of 
computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-83 
Solution We are to repeat the previous problem, but allow friction at the wall, and also use a turbulence model. We 
are then to compare the results to those of the previous problem to see the effect of wall friction and turbulence on the flow. 


Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 
their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-84 
Solution We are to generate a low-drag, streamlined, 2-D body, and try to get the smallest drag in laminar flow. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, and their choice of 


computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-85 
Solution We are to generate a low-drag, streamlined, axisymmetric body, and try to get the smallest drag in laminar 
flow. We are also to compare the axisymmetric case to the 2-D case of the previous problem. 


Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 
their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-86 
Solution We are to generate a low-drag, streamlined, axisymmetric body, and try to get the smallest drag in turbulent 
flow. We are also to compare the turbulent drag coefficient to the laminar drag coefficient of the previous problem. 


Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 
their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 
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15-87 
Solution We are to use CFD to study Mach waves in supersonic flow. We are also to compare the computed Mach 
angle with that predicted by theory. 


Analysis Students will have varied results, depending on the grid generation code, CFD code, and their choice of 
computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-88 
Solution We are to study the effect of Mach number on the Mach angle in supersonic flow, and we are to compare to 
theory. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





Review Problems 


15-89C 

Solution 

(a) False: If the boundary conditions are not correct, if the computational domain is not large enough, etc., the solution can 
be erroneous and nonphysical no matter how fine the grid. 

(b) True: Each component of the Navier-Stokes equation is a transport equation. 

(c) True: The four-sided cells of a 2-D structured grid require less cells than do the triangular cells of a 2-D unstructured 
grid. (Note however, that some unstructured cells can be four-sided as well as three-sided.) 

(d) True: Turbulence models are approximations of the physics of a turbulent flow, and unfortunately are not universal in 
their application. 





15-90C 
Solution We are to discuss right-left symmetry as applied to a CFD simulation and to a potential flow solution. 
Analysis In the time-averaged CFD simulation, we are not concerned about top-bottom fluctuations or periodicity. 


Thus, top-bottom symmetry can be assumed. However, fluid flows do not have upstream-downstream symmetry in general, 
even if the geometry is perfectly symmetric fore and aft. In the problem at hand for example, the flow in the channel 
develops downstream. Also, the flow exiting the left channel enters the circular settling chamber like a jet, separating at the 
sharp corner. At the opposite end, fluid leaves the settling chamber and enters the duct more like an inlet flow, without 
significant flow separation. We certainly cannot expect fore-aft symmetry in a flow such as this. 

On the other hand, potential flow of a symmetric geometry yields a symmetric flow, so it would be okay to cut our 
grid in half, invoking fore-aft symmetry. 


Discussion If unsteady or oscillatory effects were important, we should not even specify top-bottom symmetry in this 
kind of flow field. 
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15-91C 
Solution We are to discuss improvements to the given computational domain. 
Analysis (a) Since Gerry is not interested in unsteady fluctuations (which may be unsymmetric), he could eliminate 


half of the domain. In other words, he could assume that the axis is a plane of symmetry between the top and bottom 
of the channel. Gerry’s grid would be cut in size by a factor of two, leading to approximately half the required CPU time, 
but yielding virtually identical results. 


(b) The fundamental flaw is that the outflow boundary is not far enough downstream. There will likely be flow 
separation at the corners of the sudden contraction. With a duct that is only about three duct heights long, it is possible that 
there will be reverse flow at the outlet. Even if there is no reverse flow, the duct is nowhere near long enough for the flow 
to achieve fully developed conditions. Gerry should extend the outlet duct by many duct heights to allow the flow to 
develop downstream and to avoid possible reverse flow problems. 


Discussion The inlet appears to be perhaps too short as well. If Gerry specifies a fully developed channel flow velocity 
profile at the inlet, his results may be okay, but again it is better to extend the duct many duct heights beyond what Gerry 
has included in his computational domain. 





15-92C 

Solution We are to discuss a feature of modern computer systems for which nearly equal size multiblock grids are 
desirable. 

Analysis The fastest computers are multi-processor computers. In other words, the computer system contains more 


than one CPU - a parallel computer. Modern parallel computers may combine 32, 64, 128, or more CPUs or nodes, all 
working together. In such a situation it is natural to let each node operate on one block. If all the nodes are identical (equal 
speed and equal RAM), the system is most efficient if the blocks are of similar size. 


Discussion In such a situation there must be communication between the nodes. At the interface between blocks, for 
example, information must pass during the CFD iteration process. 





15-93C 

Solution We are to discuss the difference between multigridding and multiblocking, and we are to discuss how they 
may be used to speed up a CFD calculation. Then we are to discuss whether multigridding and multiblocking can be 
applied together. 


Analysis Multigridding has to do with the resolution of an established grid during CFD calculations. With 
multigridding, solutions of the equations of motion are obtained on a coarse grid first, followed by successively finer 
grids. This speeds up convergence because the gross features of the flow are quickly established on the coarse grid (which 
takes less CPU time), and then the iteration process on the finer grid requires less time. 

Multiblocking is something totally different. It refers to the creation of two or more separate blocks or zones, 
each with its own grid. The grids from all the blocks collectively create the overall grid. As discussed in the previous 
problem, multiblocking can have some speed advantages if using a parallel-processing computer. In addition, some CFD 
calculations would require too much RAM if the entire computational domain were one large block. In such cases, the grid 
can be split into multiple blocks, and the CFD code works on one block at a time. This requires less RAM, although 
information from the dormant blocks must be stored on disk or solid state memory chips, and then swapped into and out of 
the computer’s RAM. 

There is no reason why multigridding cannot be used on each block separately. Thus, multigridding and 
multiblocking can be used together. 


Discussion Although all the swapping in and out requires more CPU time and I/O time, for large grids multiblocking 
can sometimes mean the difference between being able to run and not being able to run at all. 
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15-94C 
Solution We are to discuss why we should spend a lot of time developing a multiblock structured grid when we 
could just use an unstructured grid. 


Analysis There are several reasons why a structured grid is “better” than an unstructured grid, even for a case in 
which the CFD code can handle unstructured grids. First of all the structured grid can be made to have better resolution 
with fewer cells than the unstructured grid. This is important if computer memory and CPU time are of concern. 
Depending on the CFD code, the solution may converge more rapidly with a structured grid, and the results may be 
more accurate. In addition, by creating multiple blocks, we can more easily cluster cells in certain blocks and locations 
where high resolution is necessary, since we have much more control over the final grid with a structured grid. 


Discussion As mentioned in this chapter, time spent creating a good grid is usually time well spent. 





15-95 
Solution We are to calculate flow through a single-stage heat exchanger. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-96 

Solution We are to study the effect of heating element angle of attack on heat transfer through a single-stage heat 
exchanger. 

Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-97 
Solution We are to calculate flow through a single-stage heat exchanger. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 
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15-98 

Solution We are to study the effect of heating element angle of attack on heat transfer through a two-stage heat 
exchanger. 

Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-99 
Solution We are to study the effect of spin on a cylinder using CFD, and in particular, analyze the lift force. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-100 
Solution We are to study the effect of spin speed on a spinning cylinder using CFD, and in particular, analyze the lift 
force as a function of rotational speed in nondimensional variables. 


Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 
their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-101 
Solution We are to study flow into a slot along a wall using CFD. 
Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 


their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 





15-102 
Solution We are to calculate laminar flow into a 2-D slot, compare with irrotational flow theory, and with results of 
the previous problem, and discuss the vorticity field. 


Assumptions 1 The flow is steady and 2-D. 2 The flow is laminar. 


Analysis The flow field does not change much from the previous problem, except that a thin boundary layer shows 
up along the floor. The vorticity is confined to a region close to the floor — vorticity is negligibly small everywhere else, so 
the irrotational flow approximation is appropriate everywhere except close to the floor. 


Discussion The irrotational flow approximation is very useful for suction-type flows, as in air pollution control 
applications (hoods, etc.). 
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15-103 
Solution We are to model the flow of air into a vacuum cleaner using CFD, and we are to compare the results to 
those obtained with the potential flow approximation. 








same volumetric suction flow rate as in the example problem, i.e., 


Analysis We must include a second length scale in the problem, V: ili- `. 

namely the width w of the vacuum nozzle. For the CFD calculations, we 2L i ae 

set w = 2.0 mm and place the inlet plane of the vacuum nozzle at b = 2.0 i s Ysg S Far 

cm above the floor (Fig. 1). Only half of the flow is modeled since we P ymmetry N, field 
: ae 3 iis line ` 

can impose a symmetry boundary condition along the y-axis. We use the i S Pa 






V/L=0.314 m’/s, but in the CFD analysis we specify only half of this ee N 
value since we are modeling half of the flow field. i Vacuum 
Results of the CFD calculations are shown in Fig. 2. Fig. 2a $ nozzle 
shows a view of streamlines in the entire computational plane. Clearly, b 
the streamlines far from the inlet of the nozzle appear as rays into the $ Floor 


origin; from “far away” the flow feels the effect of the vacuum nozzle in 
the same way as it would feel a line sink. In Fig. 2b is shown a close-up FIGURE 1 


view of these same streamlines. Qualitatively, the streamlines appear CFD model of air being sucked into a 
similar to those predicted by the irrotational flow approximation. In Fig vertical vacuum nozzle; the y-axis is a line 
2c we plot contours of the magnitude of vorticity. Since irrotationality is of symmetry (not to scale —the far field is 
defined by zero vorticity, these vorticity contours indicate where the actually much further away from the nozzle 
irrotational flow approximation is valid — namely in regions where the than is sketched here). 


magnitude of vorticity is negligibly small. 
















0.005 
} Cp 0 Beni 

V approximation 

OL -0.005 
FIGURE 2 ; -0.01 
CFD calculations of flow into Irrotational 
the nozzle of a vacuum cleaner; y flow region -0.015 

oe : acuum 

(a) streamlines in the entire flow nozžle -0.02 
domain, (b) close-up view of -0.025 
streamlines, (c) contours of F , : 
constant magnitude of vorticity p Rotational -0.03 
illustrating regions where the flow regions -0.035 
irrotational flow approximation 4 : 
is valid, and (d) comparison of -0.04 
pressure coefficient with that 0 1 2 3 4 5 
predicted by the irrotational flow x" 
approximation. (c) (d) 


We see from Fig. 2c that vorticity is negligibly small everywhere in the flow field 
except close to the floor, along the vacuum nozzle wall, near the inlet of the nozzle, and inside the nozzle duct. In these 
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regions, net viscous forces are not small and fluid particles rotate as they move; the irrotational flow approximation is not 
valid in these regions. Nevertheless, it appears that the irrotational flow approximation is valid throughout the majority of 
the flow field. Finally, the pressure coefficient predicted by the irrotational flow approximation is compared to that 
calculated by CFD in Fig. 2d. 


Discussion For x* greater than about 2, the agreement is excellent. However, the irrotational flow approximation is not 
very reliable close to the nozzle inlet. Note that the irrotational flow prediction that the minimum pressure occurs at x* = | 
is verified by CFD. 





15-104 
Solution We are to compare CFD calculations of flow into a vacuum cleaner for the case of laminar flow versus the 
inviscid flow approximation. 


Analysis Students will have varied results, depending on the grid generation code, CFD code, turbulence model, and 
their choice of computational domain, etc. 


Discussion Instructors can add more details to the problem statement, if desired, to ensure consistency among the 
students’ results. 
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